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Abstract. The dynamic stability of the spherical gravitationahnalysis, (Blottiau et l. 1988), analytical lagrangian approaches
evolution (collapse or expansion) for a homogeneous polytropamain in discrepancy (Bonnor 1957; Buff & Gerpla 1979).

gas with any exponen, is studied using the lagrangian formal-  In this study we use widely and intensively the analytical
ism. We obtain the analytical expression for density perturbagrangian approach to check and to compare our results with
tions at the first order. the ones previously found by eulerian self-similar ways. The

Inthe case = 4/3, the Jeans’ criterion is easily generalizetpredilection” model is still the one describing the evolution
to a self-similar expanding background. The collapsing caseofsa homogeneous polytropic spherical mass. The stability is
found to be always unstable. The stability of density modesscussed from the study of the time evolution of density per-
obtained fory # 4/3 does not introduce any conditions on théurbations at the first order (Bonrior 1957; Bouquet 1999). From
wavelength perturbation, but only a criterion on the polytropibe simplicity of the assumptions, it is obvious that such treat-
index. As a result, stability is obtained for an expanding gasent cannot describe thoroughly stellar explosions or collapses.
providedy < 4/3, and for a collapsing one, for > 5/3. However, it can provide relevant conditions and results for the

starting processes leading to the dynamic evolution. On the other
Key words: stars: formation — hydrodynamics — instabilities -hand, laboratory experiments will allow us to delimit the domain
accretion, accretion disks of validity of such “simple” models, but which are almost the
only ones fully computable analytically.

In Sect[2, similar results of Blottiau et al. (1988) and Bou-
quet [(1999) are refered to and used to generalize the Jeans
1. Introduction criterion in the case of an expanding homogeneous polytropic
S withy = 4/3.

o : . a
Within the framework of high energy laser experiments, i . : -
study of dynamic stability for a gas in a microtarget under SectB deals with the lagrangian description. The system

an external field becomes experimentally possible (Kane ety .iCh copsists in t'he hydrodynamical equations for the density
1997419971, 1999; Remington efal. 1997). The extrapolatidfi lUroations at first order has been solved analytically. The
ofthe results to large self-gravitating masses (Ryutovletal. 19%55;3 |I|t_y Cm?r:ﬁ are oblta;!ned ;‘rom the sltudy f(l)_];]the asly;nptf)tlc
opens the way to the “laboratory astrophysics”. In particular, in- aviour o Efe. SO duflons or_a?y_;/a ueo t'e analytica

stabilities in giant molecular hydrogen clouds can be considergPression IS obtained from an infinite summation over eigen-

asinitial seeds to the gravitational collapse and, consequentlyEl%?ﬁ St?:t'ffymg thene;ip; E:O%atjt br?g?r? any crcmdlgi)n;i. r,lL_tg ur?sz
the birth of stars. Due to simple models, it is therefore conce utthattne resutts co and exte ose presente ect.<.

able to find conditions on protostellar configurations which dihe conclusion is given in Setd. 4.
or do not lead to their own gravitational collapse. A first method

for dealing with this process is the analysis of non-linear equa- _ , .
tions by eulerian self-similar techniques (Blottiau et al. 1988; Eulerian collapse
Bouquet et al. 1985a; Shu 1977; Yahil ' 1983). The lagrangian . Previous results

way, often prefered in numerical studies, has also been used by o } . )
Blottiau (1989). However, whereas the numerical results sedfi€ Study of self-gravitating configurations can be made with

to agree with theoretical stability obtained from self-similaritj€ US€ of scaling transformations (Bouquet et al. 1985a; Blot-
iau et al[198B; Chize et al. 1997; Hanawa & Nakayama 1997;
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particular, the dynamic stability problem may reduce to a stat&cnot so easy to be managed. For instance, the spatial extension
one. The Euler self-similar approach of Blottiau et @al. (198®f the configuration must be zero.
deals with a homogeneous self-gravitating infinite mass which In opposition, the introduction of the parameferallows
follows a polytropic equation of state: us to leavet = 0 as the initial time in any case. In order to

N describe expansions, we take the positive solution in[Eg. (10),
P=Kp @) o= ++/3/2 Q; andt elapses fronf) up to+oo. In contrast,

with an exponent = 4/3 and whereP and) are respectively collapses will be obtained f&2 = —/3/2 €2, (negative solu-
the pressure and the density of the medium. The gaget/3 tion in Eq. [10)) and the final gravitational singularity will arise
was also studied but only in a numerical way. In the presdigf 1 + Qtsing = 0, i.e., atts;ng = —1/€2 (Which, of course, is
paper, we first recall the Euler analytical studyfoe 4/3,and @ positive value sinc is negative). It should be noted that this
we recast it into the lagrangian frame. Second, we extend tH&dy simple remark provides, in a very straightforward and easy
approach, analytically, to any value of the polytropic exponewgy, the free fall-time for a homogeneous gravitational system:

Y.
The evolution of the system is governed by the Euler, Poigsf-f = /#.
. . . . . . 67T 3 G
son and continuity equations which read respectively: Po

ov Ov 10P Inaddition, and for any situationremains positive and its initial
o Yor — por 9 (2)  value is finite and is always = 0. Moreover, since at = 0
19, no singularity arises, the extension of the configuration can be
ol (r’g) = —4mpG 3) not (and is not) zero whereas removing the paranfeteould
dp 19 ,, give rise to expansions beginning at the singularity=(0 and
% - 2o (r*pv) (4) t = 0)which, in our mind, does not make sense. Thanks to the

parametef?, we may specify any spatial profile (for the density,
wherer, t, v(r,t) andg(r, t) are respectively the radial posi-for the velocity, etc.) at the initial time and study its influence on
tion, the time, the eulerian velocity field and the value of the further evolution of the system. These properties are very
gravitational field at the everfi, t). A newtonian self-similar convenient from a physical viewpoint. This parameter is not
solution for these equations is a parabolic homogeneous agly useful in astrophysical studies but it can also be used very
lapse, therefore without any velocity at infinity (Blottiau et akruitfully in evolution problems: plasma physics (Bouquet et al.
1988; Henriksen & Wessan 1978): 1985b; Burgan et &l. 1978, 1983), nonlinear evolution equations

. 2 and dynamic systems (Bouquet 1995; Ga&rFeix[1998; Caio
ro(m,t) = To(1+01)> ) & Feix[1999) and other interesting domains.
po(t) = po(14Qt)~2 (6) We are going to see that by means of scaling transformations,
A 9Gm\ 3 the time dependence of the solutions (Ed. (5) andEq. (6)) can be
To = (292> (7)  removed. The dynamic problem of stability reduces, therefore,
02 to a static one. The new physical quantities in this rescalled
fo = —— (8) space are written with a hat™” and, according to Blottiau et
67G al. (1988) and Bouquet et al. (1985a), we have:
wherer,(m,t) andp,(t) are, respectively, the position of the . Ly
shell whose interior mass:is and the uniform density, both of Po=r(l+Q) (11)
them bging taken at '[Imle The quantities’, andg, represent, ;= 1 In (1 + Qf) (12)
respectively, the position of the shell (labelled 4y and the Q
uniform density at the initial tim¢ = 0. The parametef2?  p(7,1) = (1+ Qt)%p(r,t) (13)
(Blottiau et al.[1988; Bouquet et al. 1985a) is an integrating(7 {) = (14 Qt)>'P(r,1) (14)
constant which reflects the freedom in the choice of the time-, . 4
origin. Itis just proportional to thinitial Jeans frequencgy,, 9(7+1) = (L+Q1)7g(r1) (15)
given by: where we set = 4/3 in the following. From these equations, it
Oy = \/415,G 9) is clear that at the initial time= # = 0, the quantities with and
' without “ * ” coincide (the rescaled space and the physical one
and the relationship betwe&hand(}; is just (Eq.[8)): are initially identical). Moreover, fof2 > 0 (t and¢ go from0
to +00), the transformation describes an expansion, while for
02 = §QQJ (10) € <0, the configuration collapses up to the central singularity
2 in a finite time given byt = —1/9Q. It must be noted that for

This parameter may seen redundant with the Jeans frequettug case @ < 0), the timest and{ vary respectively, in the
However, we are going to explain how relevantit can be. Usualtgngeg0, —1 /[ and[0, +oo. It can be easily shown (Blottiau
one works with the variablewhich varies from-oo up to+oco.  etal 1988; Bouquet et al. 1985a; Bouquet 1999) that the system
But, generally, a singularity arisestat: 0 which, inour opinion, formed by Eqs[{2) td{4), becomes stationary in the new space
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without any explicit dependence upénMoreover, assuming Moreover, since andép rescale in the same way, we have, at

that: the first order:

o R A ) §p  6p

p(7, ) = po+ 0p(7,1) (16) ;p = gp ~ pfp- (28)
8p(r, 1) = A(D) sin(kr)/(k7) (17)

The asymptotic time evolution afp/p is, therefore, directly

wheref is the wave number in the rescaled space and wherdtven by the real part sign of the exponent. o
First, fork < ki-qns,w is real but a critical value o, k..,

A(t) = Ao exp(wi). (18)  makes changing the sign of, /Q. With Eq. (24) it comes:
The quantitiesd, andw are two constants. The study of the; « .. <, = “ o (29)
evolution of the perturbations for the various transformed quan- ) X WQ
tities, at the first order, provides a dispersion equation for the..;, < k < kjrans = —- < 0 (30)
density modes. This dispersion relationship is (Blottiau et al. Q
1988): where A
. Q,

Q - A it = —-

w? + gw + k22 — Q% = 0. (19) erit z (31)

We notice thatk,,;; corresponds to the value given by Jeans
(1961). In addition, keeping in mind the permanent negative
& = 7K[50W—1 (20) sign ofw,_/Q, and since the solution is written as the linear

. ) ) superposition of the two modes, the asymptotic behaviour is
and wheré) ; isrelated td) from Eq. [Z0). Their physical valuesgiven by the leading term. We get:

at time ¢ are obtained from the inverse scale transformation

whereé is the initial sound velocity given by:

. [
(Blottiau et al[198B): bch <k - V2 >0 Timy 00 P = 00 (32)
A B crit trans VO <0 limtﬁfl dp = 00
Q1) = Q1+t (21) "
. 1 . A s vQ >0 lim L=0
c(t) = ¢(1+Qt) 5. (22) . t—00 7
kcrzt <k< ktrans = vQ) <0 limtﬁ,% J?p = 00 (33)

Coming back to Eq[{19), the eigenmodes are obtained by the . .
resolution of the dispersion equation, quadraticimith the Second, fork > ky.qns, the imaginary part ofv (given by
discriminant; Eq.[25)) produces an oscillating contributionAdt). In con-

A - trast, the real part gives a time-power evolution with a negative
2502 — 24k2¢? partg p g

A; = 5 (23) exponent-1/6. Consequently, one gets:
. Sp
According to the sign of\;, we obtain, therefore, the two S0k > k;,0s = V>0 let—’OO Psp 0 (34)
lutions forw: v <0 lim,, g 7> =00
o QO m Egs.[32) to[(34) emphasize that the asymptotic behaviour of the
k < ktrans = wrx = s + 5 (24)  density perturbations depends strongly on the value of the wave
0 \/T numberk, which is connected to the value bfin the physical
k> kirans = Wip = —— £ k (25) space by the inverse transformation of Egl (11) (Blottiau et al.
6 2 1988):
with: k= k(1 + Q1) 3, (35)
- %& (26) As a result, for explosiong) > 0), the density perturbations
24 ¢ are unstable as soon as the instantaneous wave nuhtbgr,

The imaginary valuesy; ., for w are obtained fok > kyqns. satisfiesk(t) < keri(t) With kerie(t) = Q4 ()/c(t) is the in-
{g_ntaneous Jeans wave number. However, dinaad k.

These solutions give rise to evanescent modes. This is the % th time-d q it th teria | tisfied at
bility criterion, in the rescaled space, found by Blottiau et alave the same ume-dependence, It the critena 1S satistied a
= 0, it is satisfied for any time. Consequently, the result ob-

1988). In the next section, we are going to show thatitis e J{/ ) ) .
glent t)o the Jeanxs’ critelrionV\iln the gh;/s?cal spaV(\:Ie ! quItalned by Jeans (1961) for a static background is also valid

for an expanding one provided = 4/3. This is closely akin
_ o to Bonnor’s results| (1957). On the other hand, in the implo-
2.2. Equivalence to the Jeans’ criterion sion case{® < 0), we always have instabilities: every density

rturbation is amplified during the collapse. Finally, note that

The time dependence of the density perturbations, in the ph%g— valueh is not relevant to stability, but indicates only
ical space, is deduced from Elq.{12), Eql(17) and[Eq. (18). Ctrans 2 i ' )
P ) (A7) (18) changes in behaviour with wave number: beyond this value, the

obtain: . : . .
perturbation oscillates and increases, and below, it explodes as
Alt) = A, (1 +Qt)a, (27) atime-power dependence.
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2.3. Conclusion The time-dependent sound velocity, is written at the zero

. o : . . order:
The stability criterion for an eulerian self-similar evolution does

not agree with the one given by Buff & Gerola (1979). Instead.2 () ~ (1) = P — &1+ Qt)zuﬂ) (40)
of Eq. (31), they find a Jeans wave number equg/ 82 k.;.;z. ° P

As a matter of fact, their dispersion equation, derived in thehere

physical space, for a fixed mass collapse is: 62 = yKp, "t (41)

2 . .
w? — 593 + k2 =0. (36) In addition, the conservation of mass from the non-perturbed to

) _ the perturbed configuration provides the second equation:
Buff & Gerola (1979) have chosen a density perturbation, at

first order, under the formA(¢)sin(kr)/(kr) with A(t) = dm = 4dnr®pdr = 4mrlpedr, (42)
A, exp(wt). In our opinion, this ansatz is not possible. The . . o
reason(for) this is thaFt), in opposition to our aper:)ach in Whié’Hh'Ch becomes, after some straight calculation:
we obtain a second order automous differential equation for the . » 9ér op
density perturbations, they get a linearized equation with tim m)s om (4 4)§ :
varying coefficients. But, in that case, it is well known that the Po
exponential solutiorgxp(wt), is no longer valid. Consequently, The differential system formed b/ (B9) arid(43) can be solved
the meaning of EqL{36) is not clear and one would have to ddirect integration with the physical assumption that there is
sume thato be an explicit function of time. However, undemno perturbation at the center of the configuration £ < r, at

this assumption, additional terms proportionafitg/dt should 7, = 0 givesdr|.,—o = 0), which is a zero mass point. The
appear and EJ_(86) would be modified. In the next section, s@lution of Eq.[(4B) is, therefore:

analytical lagrangian calculation is performed. It is shown that

+ 2(3m)_%5r =—

(43)

1 m
obtaining a dispersion relation is not necessary and we are gotm,t) = ——— / dp(p, t)dp. (44)
ing to recover and to extend the results found by Blottiau et al. (36mpym?)® Jo
(1988) and by Bonnof (1957). Plugging this solution into EJ.{B9), the evolution equation for

the density perturbation writes:

5825;) 4 %@_

Let M be the mass of a spherical homogeneous configuratidn 3,z * 3" 5,, =

with initial radius R submitted to its own gravitational field and ) 9sp 2 [52Gpo 965

initially at rest. In the following, the physical quantities will = =77, [ a2 T8aV 3 e T 247TGP05P} (45)

be expressed, either as a function of the lagrangian variable ’

(Wherem is the internal mass of a shell), or in termsf As expected, Ed.(45) is linear but with a partial differentiation
(with 7*, being the initial radius of the shell labelled by), plus ~ With respect to the independant variablesand¢. The eigen-

the time, ¢, in both cases. The stability is again studied via tHéodes may be found by the technique of separation of variables.
time-evolution of density perturbations at the first order,All - Then, the general solution will be the superposition of all modes
parameters with the subscript “0” are associated with the na#ith the constraint that the boundary conditions must be satis-
perturbated solution. Finally, it must be pointed out that thfied.

study is performed analytically for any arbitrary value of the

polytropic exponent. 3.2. Density eigenmodes

3. Lagrangian collapse

Introducing the separation of variables f#(m, t) under the
form:

The evolution of the non-perturbed system obeys the hydro%y-

3.1. Equation of evolution

namical equation§1) t@l(4) with the solution given By (5) and OT(t)oR(m) (46)
(6). The perturbation is then written in the form: the equation for the mass dependence becomes:

p(m,t) = po(t) + dp(m,1) (B7) d26R 2déR )

P(m,t) = ro(m, t) + or(m, t). @38) az 1 a4 moR=0 (47)

The solution will no longer be homogeneous and we have Where the independant variablgis given by:
keep the pressure gradient term in the Euler equdtion (2). TPE ml/3 (48)
gradient is expressed as a function of the density according to

the polytropic equation of stafel (1). After elimination of the zerm Eq. [47), we have decided to write the separation constant
order terms from Eqs{5) and (6), the Euler equation reads: as<,? with 1, > 0 which has the dimensiof\/]~'/3. The
926r , ,90p 8 parametee = i_l has been introduced for choosing th(_a sign.
5 = —4nric am ?Gﬂo(ﬁ (39) Fromuy, let us introduce, now, the wave numbkrlabelling
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each density eigenmode, and a dimensionless number, lets&ay2. Time dependence of the solution
Ny, which will help to separate the various stability regimes:

L Casey = 4/3.
k = (36m)% 0,3 (49) - _ . .
ki The roots s5 (k), of the characteristic equation associated with
N, = ﬁ (50) Eq.[57) are:
The quantityr,, is equivalent to a “massic pulsation” since WeE (k) = _3 + Vv A (61)
have: 6 2
1 where the discriminant is:
3npm3 = kr,. (51)

. . 25436eN? 2502 + 24¢k%C,°
On the other hand, it comes from HG.|(45) that the time diffef; = = . (62)

, . . 9 N2
ential equation, foty # 4/3, is: 985

Then, for the hyperbolic modes & 1), it becomes:
,d?*6S dés

2 TE g (22 +n?)6S =0 (52)

STE(E) = Br(1 + Q)+ 44y (14 by~ ® (63)

where the new variable, and functiong5(2), are given by: whereg;, and~; are two arbitrary real constants and where the

Ni(1+ Qt)H superscript sign in the exponents is just the sign of the parameter
2= — (53) .
_LJM » The trigonometric modes (witle = —1) introduce
0T(t) = N, (14 Qt)"©5(z) (54) roots with imaginary part providedv,, < 5/6, ie, k <
4 (55) \/25/24 Q ;/¢,. We have, therefore, two kinds of solution:
= 5=7
3 .
5 258, k sT (k)
_ k 0T” (t) = Br(1 4+ Qt
"= S (56) k<553, = 0T=(1) = Be(l+ 2070+
14 Qt)s-% 64
The special case = 4/3 gives, from Eq.[(4b), the following ) k(1 + ) (64)
second order differential equation: k> /gf}l = 0T () = ap(1+ Qt)_% %
Co
d?6T  13déT
WJF?TJF(ZL*&N@(ST:O (57) /1AL [ In(1 + Q)
Y Yy X €OS 5 (65)
with the new independant variable: ) ) )
whereq;, is an arbitrary real constant and where the unimpor-
y =In(1+ Qt). (58) tant phase in the cosine have been dropped. Let us notice the

transition at the same value of the wave number than in the eu-

It turns out that Eqsl.(47) an@ (52) are the so-called classif@fian self-similar case;,q»s, Which according to Eq(26), is
and modified Bessel equations according to the value O  gjven by:

the other hand, foy = 4/3, Eq.[5Y) is a linear homogeneous

differential equation with constant coefficients. It is therefor \/% Qy
readily integrable in terms of the exponential functions. Thig e — \/ 94 ey
separation naturally leads us to distinguish between the eigen-

modes fory = 4/3 from the ones fory + 4/3 (see SecE3212). It must be. note_d that, now, the transitiqn wave ngmber 'is no
longer defined in a rescaled space, but it applies directly in the

physical one.

. - : . Casey #4/3.
The requirement of a finite value for the density perturbation at

the center of the configuration restricts the solutions of[Eq. (47jom the inversion of the independent variablesa(d ¢ in
to be: Eq.[53)) and the dependent onés$ (and 67" in Eq. (54)), it
turns out that for alk and fore = 1, we have:

(66)

3.2.1. Mass dependence of the solution

sin(3nm3) N
OR:E-_y(m) oc — —"5— (B9) o7k (1) = (1+01)~ % x

% [O"“I" (Nk(ﬁ:Tm)“) + BeKn (Nk(ﬁﬁm)u)} (67)

3ims
inh 1
SRE_ (m) 781113(3%?3 ).
3
T wherel,, andK,, are respectively, the modified Bessel functions
Note that the hyperbolic sine appears in the easel. of first and second kind of order.
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. _ : oT* In(Qt

The other case is 1, and we get: ks koo = 012 i cos ( m(1 ) _0 (75)

k _ 13 Po t—=oo (Qt)6
OTE(t) = (1 + Q)" 5 x

" u wherek; is the Jeans wave number given by:
N, (14Q1) N (149Q8)

x |awdn (MGERIS) 4 By, (RelpEent) ] (68)

The functionsJ,, andY,, are respectively the first and seconc{fl = N (76)

classical Bessel functions. o ) o )
Similarly to k.45, the wave numbetk; is now significant in

- ) the physical space. Here, again, we have kept the leading order
3.3. Stability of eigenmodes term in§7% (). The trigonometric modes are found to be un-

From the analytical expressions of the eigenmodes, itis possiigble only fork < & in a expanding background and for all

to derive their asymptotic behaviour. In the case witere 0 1N @ collapsing one. This wave number is identicakp;; de-
(expanding background), the time elapses friom 0 to ¢ — fined in Secf.2]2. We fit closely, therefore, with the self-similar

+o0. On the other hand, in a collapsing backgroufid< 0) approach. However, an oscillating phase occurs before the final
the initial time is agairt = 0, while the final one is defined divergence fork >k q,s for collapses. For expansions, an
when the singularity at, = 0 arises, i.e.t — —1/Q. oscillating phase arises for the stable case too (se€ Hq. (75)).

3.3.1. Stability of the eigenmodes for= 4,3 3.3.2. Stability of eigenmodes with# 4/3

According to Eqs[{88)E(85), the asymptotic time behaviour Yye use the same method as in the previous section. However the
the perturbation is given by the value of the limit(af-+ ¢)? eigenmodes are now expressed in terms of the Bessel functions.

where the exponent s eitherss. or —13/6, according to the It is, therefore, necessary to know their asymptotic form when
studied case. This value depends upon the sigreids). their argument goes to zero or to infinity. We have (Abramowitz

Now, the relevant quantity is the density contrdgfp,. & Stégun.lor2):

Keeping in mind the square contained into Eg. (6), the asymp- Jn(z) ~ L (g)n
totic variations of the hyperbolic modes & 1) are readily " Py
obtained. Since from E4_(p1), we have the inegalityk) > + -0 = Ya(z) ~ — G (EI) " 77)
sT(k), it is clear that in Eq[{83) the asymptotic leading be- In(z) ~ T(n+1) (%)
haviour for a collapse (resp. for an expansion) is given by the K(z) ~ Hm(2)"
variation of the second term (resp. the first term) of the right
hand side of Eq[(83). A trivial calculation provides: and:
k Jp(x) ~ v/ Zcos(z—2F -

Q<0 = T o tim (14 Q) O Z o (69) o o~ ( = f)

Po  t——% v oo = J Yal@) ~ \/;sm ) (78)
Q>0 = o x lim (Qt)*F M2 = o (70) In(x) ~ ) gz oxp (@)

Po t—00 K,(x) ~ 5= €Xp (—x).

As a consequence, all hyperbolic modes are unstable for §@¥reover, in Eqs[{87) anAIB8), the expongrite., the quantity

value of the wave number. _ _ (v —4/3) appears and, consequently, the asymptotic behaviour
The behaviour of trigonometric modes+ —1) introduces || pe dependent on whether< 4/3 or~ > 4/3.

the Jeans wave number through the exponant sign, like in the

eulerian derivation. A transition beetween oscillating and non- )

oscillating modes is also obtained for the “pivot” valitg,,,,, HYPerbolic modess(= 1). From Egs.[(6lF)((47) and (V8), the

given by Eq.I(6B). For the implosion& (< 0), it becomes: ~ €Xplosion case({ > 0) behaves according to:
k 4_
ST B 4 0T} . exp(Q)z 77
— : s_(k)+2 — Y < - = x lim T 5/3-5,  — o0 (79)
k < ktrans = o x tilglé(l + Q1) 00 (71) 3 Do tmroo (Qt)/sT
(STk 4 (STk . 2
k> kirans = —— oc lim M =00 (72) 7> 3 = —F flim (Qﬁ)g = 0. (80)
Po t——3% (1+Qt)s Po b= 00

and for the explosion({ > 0): and forQ) < 0 (implosions), we have:

4 6TF
5Tk _ — 74» 1 -1 =
0<k<hs = == o Jim ()= 02 =00 (73) T3 T Jim, (14087 = oo (1)
o 4
N ) 4 0TE L ep(1+0pi
- . sy (k)+2 _ > - = o< lim —————f— = (82)
ky <k <kgrans = Do X tll}go(gt) + 0 (74) 3 Po t——% (1 + Qt)%
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We conclude that all hyperbolic modes are unstable for ahythis derivation, we have used EQ.{76). At timéhe argument
values of both the wave numbkrand the polytropic exponentof Y, is written from Eq.[[5B):

~. Itisimportant to notice the exponential rise of the perturbation 4

in Eqs. [79) and{82). Moreover, it is quite surprising to see thal) = 2(0)(1 + )37 (90)
expansions and collapses be_have exactly in the same wayQj provided the conditiof(y — 4/3) > 0 is satisfied, the

7 < 4/3andy > 4/3, respectively. The dependence upon thg,iaple will decrease to zero as the time will elapse. This is
value ofy is very sensitive and itis interesting that, in addition tg, o proof of our claim that, it(0) > z2, the first zero will be
the “critical value™ = 4/3, the differencey — 5/3 arises quite rossed over in that case. The consequence for the evolution is
naturally. This was not expected from the beginning of the studat the expanding (resp. collapsing) configuration will oscillate
On the other hand, we see that for> 4/3 (resp.y < 4/3), for o > 4/3 (resp.y < 4/3) before the final divergence at
the leading time evolution of the instability for explosions (resp. _, (resp.t — —1/9). The amplitude of such oscillating
implosions) does not depend any more upon the valde of  moges increases with time and as soon as =2, the mode

grows as a power of time according to Eql(84) and Ed. (85).

Trigonometric modess(= —1). In the same way, from the Note that this behaviour is obsgrved o_nly for eigenmodes_ with
asymptotic form of the classical Bessel functions (Abramovifz > k. The other ones grow immediatly as a power of time.
& Steguri 197R), we have in the explosive ca@ex{ 0): This is also a result found by Bouquet (1999) and he calls it the
. “dynamic Jeans criterion”. In fact, this is just a change in the
< 4 = 0Tz ~ lim (Qt)%w cos {(Qt)%w} =0 (83) behaviour, but it might lead to a true criterion in an improved
3 po  too® model. Thus, we have:
4 §T* . 2 k
T3 = Do & tlggo(m)B = (84) k <kj, = —— — oo no oscillation (91)
o
and for implosions{ < 0): 5Tk _ -
A ST k>kyy = — oo transient oscillations (92)
y< - = —— o lim (14+Qt)7 =00 (85) ’
3 Po f/—>—é
i 3.4. Perturbations in a finite medium and influence of
4_ 5. 6Tk y cos {(1 + Q)3 W} (86) boundary conditions
— vy — X lml 5/3—~ =
3 3 Po oo (1+Qt)7 Each eigenmode, of wave numbercan be written ag (46):
4_
S L (a+oni] 0. @7 OPE(mst) = SREM)STI(). (93)
5/3—~ - Y
3 Po to—g  (14Qt)72 Moreover, we have to distinguish between the two cases

It turns out that, for an expanding background, all modes with{3 @ndy 7 4/3. The evolution of the radiug, of a configura-
polytropic exponent < 4/3 are stable. This property is validtion with total massa/, is given by Eq[(b) and the special form
for any value of the wave numbér For the collapsing case,©f the density, EqL(6), means that the mass is preserved during
only the modes withy > 5/3 vanish. In particular, and in the the evolution. Considering that the configuration is embedded
frame of this simple model, the core of a supernova, which anq the interstellar medium, we consider that th.e pressure re-
be described by a polytrope with ~ 2, is stable during the Mains constant at Fhe surface= R(t). The equation of state
implosion regarding the evolution of density perturbations. (1) and the continuity of the pressure through the surface make

On the other hand, from E@{77) and EqJ(78), the bes$Bf density perturbation zeroat= R(t). Thus, we must have
function of the second kind,, behaves near the origin, like a’(}¢) = 0 at all times. Since each eigenmode has its own
power divergent function, whereas it is oscillating for argumenfigne variation, this condition should be applied to each of them.
greater than the first zero. It is, therefore, possible that the initfliS- (59) and (§0) provide respectively, for /il

value of the argument be greater than the first zero f,. sin(kR)
In addition, if z decreases with time, we may have transiedbfz_l(M, tH)=0 = — =0 (94)
oscillating modes. . kR
Let =7, be the first zero of,. From Eq.[[5B), the argument Sph_ (M) =0 = Smh(ffR) ~0 (95)
z(0) of Y, att = 0 is: kR
N ké, R i initi i i ion.
2(0) k C 88) where R is the initial radius of the configuration. The second

condition leads t& = 0, and, thus, all hyperbolic modes are

Sl Q- 3y ; ; . !
) . zero. The first one (trigonometric modes: —1) gives a quan-
Consequently, for a givem, the value of this argument can bqification for the values of the wave number
greater thar? if the wave number is large enough, and satisfies:

o\ B
‘4 - 3’Y| o — lq — & mq H *
k> 7 2ky =k (89) Fq 7 36 1 with ¢ € N*. (96)
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As we can see in this equation, the lagrangian representatibe perturbation is expressed as:

with (R, t) is more useful than thé\/, ¢t) one. However, both 1

of them are strictly equivalent and the connection between the . . "= sin(ky7%) 57 (kq)
(75, t) and the(m, t) coordinates is obtained from the conser-p(r"’t) - Z k.7 {5‘1(1 + Q)T

. q=1 a0
vation of mass: ~ . R
o __1 9 __ 1 9 97) +yq(1+m)53<’%)} + > mk(ki‘im(um)—% x
om  Adwrdp, Or, 477%0‘3@) or, q=DPtrans qTo
The most general expression for the density perturbation is a —A; In (14 Q)
discrete sum over the eigenmodes satisfaying[E¢). (96): X (tq COS - 5 (107)
Sp(r,t) = Z(;p’;q}l(fmt), (98) As in the casey # 4/3, the initial conditionsjp(r,,0) and
q=1 dp(rs, 0), completely define the parameters 3, andy,. From
the orthonormalization conditions, it comes:
3.4.1. Case # 4/3 ap = WZ; I (108)
Plugging Eq.[(9b) into EqL{68) and using HQq.l(46) the density ]; .
perturbation is, therefore: By = JAf (1—5 —s:(k:p)Ig) (109)
13 >\ si k AO kp
Sp(n,t) = (1+Qt>*?z% x -
N, (1490) - zov (1490) L JAP (_Ig - Sl(k”ﬂg) : (110)
4 (14Q8)" ¢ (1+Q)H -
x [ann (T) + B,V (T)] (99) VAL,

where constant factors and integration constants have been ab- )
sorbed in the coefficients, and 3,. The orthonormalization 4- Conclusion

of trigonometric functions allow us to find their expressiong, this paper, we have studied the dynamic stability of a ho-
(Abramovitz & Stegun 1972). For the sake of simplicity, let Us,ogeneous collapsing or expanding spherical polytropic con-

introduce the quantities: figuration. In opposition to the usual studies performed up to
2R now, we have used the lagrangian formalism instead of the
7 = dp(rs, 0)7, sin(kyry ) dr, (100) eulerian one. It turns out that the polytrope must be split in
O2R the two cases; = 4/3 and~ # 4/3. This is not really sur-
o 0dp . o FENR prising because the = 4/3—polytrope is highly self-similar:
Iy = o E(TO’O)TO sin(kpro)dr' (101) Ov/0t oc vOv/dr o< (1/p)Op/Or x g o (1 4+ Qt)~4/3 (Blot-
tiau et al 1988). However the langrangian approach makes the
gp_ g (k;pc})) g _ dJ,(x) L (102) study more difficult than the eulerian one because of the lack of
T\ ) T dr |*=Tkat dispersion relation. Nevertheless, we have been able to come to
k,é, . dY, () a conclusion about the gravitational stability and, unexpectedly,
Yy =Y, (|/fQ|) , Yy = dr |e=lzge - (103) it comes out that the polytropg = 5/3 also plays a special
: role.
After easy but rather long calculations, we obtain: Let us come back to the particular= 4/3—polytrope in
QY2 p (k vr _ EM) Ip more detail. In spite of the decelerated (or accelerated) motion
o, = M G P 6 uco )P (104) of the expanding background, part of the stability criterion is
? R(JP_\YY = JRYP ) still given by the Jeans’ result derived for a static configura-
1691 T2 (k v EM) v tion (Jeans 1961). We recover t.he cla's'sical threshold for the
5, = Y G e pUn 6 ué, ) 'p (105) wave numberk; = €;/é,, but, in addltlon,_a s_econd p_|v0t
P R(J5Y5—1 —JP YD) ' value, kirans = 1/25/24 k;, separates oscillating solutions

(k > Eirans) from monotonic onesk( < k¢rqns), and both of

them are stable provided > k. It is really amazing that the
3.4.2. Case =4/3 i ; ;

macroscopic expanding motion of the background does not alter
The discretization of wave numbers obeys Eq] (96). Howevéie Jeans’ criterion. In our opinion, this is due to the beautiful
because of the critical valug,, ., (see Eql(64) to EJ.(66)), Property of “sharp” self-similarity. Collapses behave in a quite

of the wave numbeti, we are obliged to separate the sum iflifferent way: although, the pivot valug;,...s, plays exactly
two parts. Withp,,ns € N defined as: the same role as in expansions, we find that any disturbance is

. instable.
poar . = Int Foans B0\ _ ( 5 |QA R) (106) Now, let us examine the case# 4/3. As written above, the
0 lagrangian treatment does not lead to a dispersion relation. The

TC,
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condition derived by Buff & Gerold (1979) does not agree witBlottiau P., 1989, Simulation des Supernovae de type 2. Doctorat The-
our results. According to us, the time variation of the coefficients sis, University Paris 7, France

arising in their linearized dispersion equation has not been tal&gnnor W.B., 1957, MNRAS 117, 104

into account. In opposition to the cage= 4/3, we find that the Bouquet S., Feix M.R., Fijalkow E., etal., 1985a, ApJ 293, 494
stability does not depend any longer on the value of the Wa%ﬂgﬂg 2 fg‘gs'-'j F&Zﬂ'\lﬂlsﬁégggbégl%ma Physics 34, 127
number (excepted for the apparition of transcient oscillatirﬁ " e : e N
phases): The criial parameter for the sabity isust e VA" (o) ynamica) Sy, Plasmas an Gravtaior. Lectres
threshold and stability (resp. unstability) is obtainedyfer 4/3 Buﬁl\ft?elgghzilisg;/g!'iﬁ'%gg%g’ P- 154

(resp.y > 4/3). Collapses are more complicated since tWgurgan J.R., Gutierrez J., Munier A., etal., 1978, In: Kalman G., Carini
critical values arise, i.ey = 4/3 andy = 5/3. Fory < P. (eds.) Strongly Coupled Plasmas. Plenum Publishing Company,
5/3, unstable collapse occurs with monotonic (resp. oscillating) New York, p. 597

behaviour fory < 4/3 (resp. fory > 4/3). On the other hand, BurganJ.R., Feix M.R., Fijalkow E., etal., 1983, J. Plasma Physics 29,
fory > 5/3, collapses are always stable. To our knowledge, this 139

is the first time that the = 5/3 has been derived as a threshol§ai L., Feix M.R., 1998, Extracta Mathematica 1, 1

for gravitational stability. The case = 4/3 is not surprising, €0 L., Feix M.R., 1999, J. Math. Phys. 40, 2074 _
it corresponds to a perfect gas of photons plus matter and if:gand_rasekhar S., 1967, The Study of Stellar Structure. Dover Publi-
very relevant in astrophysics (Chandrasgkhar 1967). The Va\&h‘?sglg%,[\lﬁg/:;g R., Alimi J.M., 1997, ApJ 484, 40
v = 5/3 corresponds to the monoatomic perfect gas but, yp .- T, Nakayama K., 1997, ApJ 484, 238

to now, we have not been able to associate this value withygnawa T., Matsumoto T., 1999, PASJ 1, 1

specially important phenomena in astrophysics. Henriksen R.N., Wesson P.S., 1978, Ap&SS 53, 429
Finally, it would be very interesting to check numericallyeans J.H., 1961, Astronomy and Cosmogony. Dover Publication, New
these theoritical predictions. This will be the next step in further York
studies. Kane J., Arnett D., Remington B.A,, et al., 1997a, Second Oak Ridge
Symposium on Atomic & Nuclear Astrophysics, Proceedings, Oak
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