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Abstract. The role of molecular opacities for the structure
and dynamics of winds of carbon-rich AGB stars is inves-
tigated in the frame work of time-dependent hydrodynamic
models of dust forming circumstellar shells around cool pul-
sating stars. New Rosseland and Planck mean gas opacity ta-
bles have been calculated forT ε [500K, 10 000K] andn〈H〉 ε
[105cm−3, 1015cm−3] for solar, LMC and SMC abundances.
Carbon-rich, static and time-dependent models have been com-
puted using either the Planck mean or the Rosseland mean for
solar and LMC metalicity or a constant gas opacity (χg =
2 · 10−4cm2g−1, Bowen 1988). In the model calculations, a
large gas opacity (Planck mean) generally causes a less dense
atmosphere than a small gas opacity (Rosseland mean, constant
gas opacity) which leads to smaller amounts of dust formed, and
consequently to smaller mass loss rates〈Ṁ〉, lower terminal
wind velocities〈v∞〉 and lower dust-to-gas ratios〈ρdust/ρgas〉.
Models with lower metalicity (LMC) form by far the small-
est amount of dust and show therefore the lowest〈Ṁ〉, 〈v∞〉,
and〈ρdust/ρgas〉. Counteracting to the global density reduction
due to strong gas absorption, the density mightlocally in-
crease due to a pressure inversion. These pressure inversions
are preserved even in the hydrodynamic models where the at-
mosphere is disturbed by the propagation of shock waves. Due
to the present determination of the temperature structure by
grey opacities in the time-dependent models, the occurrence of
pressure inversions deserves, however, further investigations by
means of a more elaborate treatment of the radiative transfer in
dynamic model atmospheres.
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1. Introduction

Strong gas opacities due to ionic and atomic lines play a decisive
role as a possible wind initiator in hot stellar winds (e.g. Cas-
tor et al. 1975; Pauldrach et al. 1986). In cool stars, molecules
possess a large potential of absorbing radiation due to their rich
line spectra and might thereby influence the hydrodynamics by a
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possibly large radiation pressure. Investigations have been per-
formed regarding this effect in the framework of hydrostatic
models (e.g. Jørgensen & Johnson 1992), some in stationary
models of supergiants (e.g. Achmad et al. 1997) and Miras
(e.g. Maciel 1976) and in time-dependent model atmospheres
of AGB stars (Ḧofner et al. 1998).

Asplund (1998) has shown in hydrostatic models of
hydrogen-deficient stars that the gas opacity can locally be large
enough to cause the radiative acceleration to exceed the gravi-
tational deceleration (arad/g = α > 1) which results in a pres-
sure inversion in the very inner parts of these models. Achmad
et al. (1997) discuss the presence of pressure inversions in sta-
tionary models of supergiants using as initial values the static
model atmospheres of Kurucz (1979 in an updated version).
Jørgensen & Johnson (1992) however, argued by means of hy-
drostatic calculations that the opacity data available can not
produceα > 1. Höfner et al. (1998) concluded that molecular
gas opacities can contribute to the generation of the wind in
time-dependent model atmospheres where the gas opacity has
been approximated by Planck mean values.

The radiative accelerationarad = (4π/c)χHH is especially
important ifarad exceeds the local gravitational decelerationg,
because it becomes the dominant force in the equation of mo-
tion in this case. The determination of the flux weighted mean
extinction coefficientχH (and the intensity weighted meanχJ)
requires the knowledge of the exact frequency distribution of
the radiation field at each point in the atmosphere. In the grey
approximation of the radiative transfer equationχH = χJ = χ.
In hot and dense regions of the atmosphere, where the mean free
path of all photons of arbitrary wavelength is smaller than the
characteristic scale height of the medium, the diffusion approx-
imation holds for the radiative flux which impliesχH = χRoss,
whereχRoss is the Rosseland mean extinction coefficient. In the
outer parts of the atmosphere and in the circumstellar envelope,
the gas becomes optically thin and the diffusion approxima-
tion is no longer valid. Moreover, single, strongly absorbing
frequencies become important and determine thereby the flux
mean extinction coefficientχH as well as the intensity weighted
meanχJ and the Planck meanχPlanck which both enter into the
evaluation of the local temperature. In the limiting case of a
missing correlation between the frequency distribution of the
flux and the frequency distribution of the opacity,χH may ap-
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proximately be replaced byχPlanck in order to determine the
radiative acceleration and may be used as a tool to study the
upper limit of the effects molecules can have on the struc-
ture of extended atmospheres. In case of dust formation in the
atmosphere, the matter becomes optical thick and the radiation
field tends to be locally Planckian. In contrast, models com-
puted with Rosseland meansχRoss can serve as thelower
limit regarding the evaluation of the radiative acceleration.

The influence of the frequency dependence of the molecular
opacities has been demonstrated by several workers (e.g. Sne-
den & Johnsen et al. 1976; Helling & Jørgensen 1998) and large
deviations in the temperature structure of hydrostatic models
have been noticed. Such investigations do, however, very likely
underestimate the radiative acceleration in the time-dependent
hydrodynamic case since velocity fields are present and lines
may be Doppler-shifted to neighbouring frequencies where flux
can escape from the inner layers. For example, a hydrodynamic
velocity ofu = 20km s−1 causes a line to be shifted up to about 8
Doppler widths from its original position in a turbulent medium
with vturb = 2.5km s−1. However, it is still not possible to
compute a consistent hydrodynamic stellar atmosphere model
including Doppler shifted line absorption with todays computer
capacities. First investigations with respect to a frequency de-
pendent treatment of the molecular opacity in dynamic model
atmospheres have been presented by Höfner (1999) where dust
formation has been left out because of the computational effort.

In most of the time-dependent hydrodynamic models pre-
sented so far a constant gas opacityχg = 2 · 10−4cm2g−1 has
been used (e.g. Bowen 1988; Fleischer et al. 1992; Feuchtinger
et al. 1993; Winters et al. 1997; Höfner & Dorfi 1997). This
value is based on Rosseland mean gas opacities published by
Alexander et al. (1983) and has been chosen by Bowen (1988)
as a representative value for the gas opacity in the stellar pho-
tosphere. Time-dependent models computed with this constant
gas opacity may also serve as a lower limit since the value
2 · 10−4cm2g−1 is rather small. These models are similar to the
models computed with variable Rosseland means regarding the
resulting hydrodynamic structure.

In Sect. 2, we discuss the opacity calculation and show the
differences arising from various metalicities. Sect. 3 contains
a short description of the hydrodynamic model code used. In
Sect. 4, results regarding the influence of the molecular opacities
on the hydrodynamic and the dust structure of the circumstel-
lar shell (CS) and regarding the wind properties are presented.
In Sect. 5, the occurrence of pressure inversions is investigated.
We demonstrate that pressure inversions occur even under pul-
sational disturbances in our time-dependent models. In Sect. 6,
the wind properties are discussed regarding piston amplitude
and C/O ratio. A discussion of the pressure inversions contain
this section. Sect. 7 summarises the conclusions of this paper.

2. Molecular mean opacities

2.1. Chemical and opacity data

Our opacity treatment is based on the MARCS model atmo-
sphere code (Gustafsson et al. 1975; Jørgensen et al. 1992) in

the version of Helling & Jørgensen (1998) and has been com-
bined with a new equilibrium chemistry. The chemical equilib-
rium constants,Kp, are mainly those used in Gail & Sedlmayr
(1986) but for TiO, TiO2, Ti+, C3, Si+, S+, Fe+, new poly-
nomial fits to the thermo-chemical data given in the JANAF
tables (Chase et al. 1985) have been performed. Coefficients for
C3H and TiS were taken from Tsuji (1973), and those for TiC
were kindly provided by Gauger (1997, priv. comm., see Ap-
pendix B). The equilibrium constantsKp given in Tsuji (1973)
and those obtained from the JANAF tables can strongly differ
at low temperatures due to new thermodynamic data regard-
ing molecular dissociation constants. For instance, the different
equilibrium constants for TiO2 result in differences of the TiO
number density of up to three orders of magnitude. Differences
of about two orders of magnitude in the number density has been
found for C3 and about one order of magnitude in the number
density of HCN and of C2.

Our Planck mean and Rosseland mean gas opacities are
based on Opacity Sampling data of several millions of spec-
tral lines of CO (Goorvitch 1994), TiO (Jørgensen 1994a),
SiO (Langhoff & Bauschilder 1993), H2O (Jørgensen &
Jensen 1993), CH (Jørgensen et al. 1996), CN (Jørgensen &
Larsson 1990) C2 (Jørgensen 1996), C3 (Jørgensen et al. 1989),
HCN and C2H2 (Jørgensen 1990 in an updated version) beside
continuum absorption from HI (Karzas & Latter 1961), H−

(John 1988), H+H (Doyle 1968), H−2 (Somerville 1964), H+2
(Mihalas 1965), HeI (Peach 1970), He− (Carbon et al. 1969),
and CI, MgI, AlI, and SiI (Peach 1970). Thomson scattering
and Rayleigh scattering for HI and HeI (Dalgarno 1962) are
included. Scattering has been included both, inχg

Ross and in
χg

Planck.

2.2. Mean gas opacities in the(T , n〈H〉) plane

Rosseland and Planck mean gas opacities have been computed
for the element abundances of the Sun (C/O=0.43) and for an en-
hanced carbon abundance (C/O=1.8) in the temperature range
T ε [500K, 10 000K] and for total hydrogen densitiesn〈H〉 ε
[105cm−3, 1015cm−3]. In addition, tables for the element abun-
dances of the Large and the Small Magellanic Cloud have been
calculated (see Table A.1). All opacity species (CO, TiO, SiO,
H2O, CH, CN, C2, C3, HCN, C2H2, and continuum opacities)
have been included in the calculation irrespective of the C/O
ratio.

The overall structure of Planck mean and Rosseland mean
gas opacities in the (T , n〈H〉) plane is characterised by the inter-
play between continuum opacities and molecular line opacities
(Fig. 1). The mean gas opacities decrease towards low tempera-
tures unless the temperature is so low that molecules are present.
At high temperatures (T > 6000 K), the main contributions for
both kinds of mean gas opacities are from the continuum species.
At low densities, scattering is the main continuum source. In
an intermediate temperature range (3000 K . T . 1500 K,
depending on the density), the increasing number densities of
molecular opacity species cause an increase in both mean gas
opacities. AtT < 1500 K, the number densities of most of the
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Fig. 1. Planck mean (upper panels) and Rosseland mean (lower panels) gas opacities for a solar gas composition (C/O=0.43, r.h.s.) and a gas of
an enhanced carbon abundance (C/O=1.8, l.h.s.). The dashed lines indicate opacities at the smallest (ρ = 2.3 ·10−19 g cm−3) and the dash-dotted
line at the largest (ρ = 2.3 · 10−9 g cm−3) density tabulated.

considered line opacity molecules decrease again. Instead, more
complex molecules like CH4, NH3 or CO2 are present which
are not considered here as a source of opacity due to the lack of
data. The contributions at the lowest temperatures are mainly
provided by H−

2 (f-f) continuum absorption and by CO (but also
SiO, H2O) for a carbon-rich chemistry and by H−

2 (f-f), SiO and
H2O in an oxygen-rich chemistry.

The Planck mean gas opacities are always larger than the
Rosseland means by at least one order of magnitude at the same
temperatureT and total densityρ if the line opacity is domi-
nant. This difference increases towards lower temperatures. The
reason for this behaviour lies within the nature of the averag-
ing processes: while the Planck mean is dominated by strong
absorption lines of the molecules, the Rosseland mean is dom-
inated by the transparent spectral regions.

The influence of the oxygen bearing opacity species (TiO,
SiO and H2O) in the carbon-rich case and of the carbon bearing
opacity species (CH, CN, C2, C3, HCN, C2H2) in the oxygen-
rich case on the mean gas opacities has been investigated. The
oxygen containing opacity species affect the carbon-rich mean
opacity at low temperatures (T < 1000 K) were the TiO, SiO
and H2O concentrations increase but those of diatomic carbon
molecules decrease, a difference of about 0.5 dex occurs for the
Planck mean gas opacities. The effect is independent of the gas
density and negligible for Rosseland mean gas opacities which
are dominated by the continuum and the weak line opacity. In
contrast, the neglect of CH, CN, C2, C3, HCN, and C2H2 in the
oxygen-rich case does not influence the mean gas opacities in
the parameter range investigated here.
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Fig. 2. Planck mean (upper panels) and Rosseland mean (lower panels) gas opacities for a carbon-rich (C/O=1.8, l.h.s.) and an oxygen-rich
(C/O=0.43, r.h.s.) gas for different metalicities. Solid line – solar, doted line – LMC, dashed line – SMC gas composition. Thin lines indicate
opacities at the smallest (ρ = 2.3 · 10−19 g cm−3) and thick lines at the largest (ρ = 2.3 · 10−9 g cm−3) density tabulated.

2.3. Mean gas opacities for different metalicities

Rosseland mean and Planck mean gas opacities have also been
computed for the element abundances of the Large and the
Small Magellanic Cloud (LMC and SMC) for a carbon-rich
(C/O=1.8) and an oxygen-rich (C/O=0.43) gas composition in
the same temperature and total hydrogen density range (Tε
[500K, 10 000K],n〈H〉ε [105cm−3, 1015cm−3].

The comparison of mean gas opacities for solar, LMC
and SMC element abundances (see Table A.1) is depicted
in Fig. 2 for a small (ρ = 2.3 · 10−19 g cm−3) and a large
(ρ = 2.3 · 10−9 g cm−3) density. The mean opacities of a gas
of solar composition are – independent of the carbon overabun-
dance - almost always larger than the mean gas opacities re-
sulting for the smaller element abundances of the LMC and the

SMC for the opacity species considered here. The reason is the
increasing number density of the opacity species with increasing
metalicity. In comparison to the opacities calculated for solar
element abundances, the mean gas opacities for the SMC show
the largest differences, since the element abundances deviate
the most. The large similarity at high temperatures is caused
by the very similar element abundances of the main continuum
absorption species H and He. The mean LMC gas opacities are
more similar to the solar mean gas opacities at lower temperature
than the mean SMC gas opacities. The reason is the similarity
between the solar and the LMC element abundances of the con-
tinuum species Mg (Al and K were assumed to be solar for the
LMC) beside H and He. Also the LMC element abundances of
Si, O, and C are more similar to the solar values than the SMC
abundances.
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Fig. 3.Density versus radial distance in units of the initial stellar radius
R0 of a sequence of hydrostatic models computed with Planck mean
gas opacities

3. Model calculations

Time-dependent models of carbon-rich dynamic atmospheres
of AGB stars with solar and with LMC element abundances
have been calculated by means of theChild-code developed by
Fleischeret al. (1992). The code solves the coupled equation
system describing time-dependent hydrodynamics, radiative
transfer, chemistry, and dust formation. Dust nucleation, growth
and evaporation are treated by means of the moment method
developed by Gailet al. (1984), Gail& Sedlmayr (1988) and
Gaugeret al. (1990). The molecular composition of the gas is
calculated assuming chemical equilibrium and the interior pul-
sation of the star is simulated by a sinusoidal variation of the
innermost grid pointRinner with periodP and amplitude∆u.
The radiative transfer problem is solved in grey approxima-
tion applying the Unno-Kondo method (Unno & Kondo 1976;
1977; Hashimoto 1995; see Winters et al. 1997 for details).
In contrast to Fleischeret al. (1992), the flux weighted mean
gas opacities,χg

H, have been approximated by the above dis-
cussed new Rosseland or Planck mean gas opacities, respec-
tively. For comparison, also models with a constant gas opacity
(χg

const = 2 · 10−4cm2g−1, Bowen 1988) have been computed.
The mean dust opacities are the same for all models, namely
the fit to the Rosseland mean dust opacity given in Gail & Sedl-
mayr (1985) (Q′

Ross,C(T ) = 5.9 T ).
The mean molecular weightµ =

∑
mini/

∑
ni is kept

constant in the hydrodynamic model calculations.
The initial values for the solution of the system of partial

differential equations describing the full atmosphere problem is
taken to be hydrostatic and dust-free, and it is determined by
the stellar temperatureT?, the stellar luminosityL?, the stellar
massM?, the carbon-to-oxygen ratio C/O and the remaining
element abundancesεi. For the time-dependent calculations, the

Fig. 4. Density versus radial distance in units of the initial stellar radius
R0 of a sequence of hydrostatic models computed with Rosseland mean
gas opacities

piston periodP and the piston amplitude∆u are additionally
prescribed.

4. Results

4.1. Initial models

The initial models, i.e. the dust-free, static solution of the equa-
tion of motion and the equation of radiative transfer, enables a
first order investigation of the possible influence of the molec-
ular opacities on the time-dependent structure of the CS where
the interaction with shock waves will play a role and which
will be discussed in Sect. 4.2. Figs. 3 and 4 depict sequences
of carbon-rich hydrostatic model structures with varying stellar
temperature at constant stellar luminosity and stellar mass. The
comparison of the results depicted in these figures leads to the
following:

1. The inner photospheric layers are considerably less dense
in the Planck models (Fig. 3) than in the Rosseland models
(Fig. 4) with the same stellar parameters which certainly will
influence the dust growth efficiency.

2. The varying slopes within each curve in Fig. 3 are related to
the occurrence of pressure inversions in case of the Planck
mean models (appearing as density inversions here) which
disappear with increasing stellar temperature.

3. The different slopes in the sequence ofρ(r)-curves reflect
the different surface gravities.

In the sequence of Planck models shown in Fig. 3, pres-
sure inversions are found forT? ≤ 3000K (L? = 104L�,
M? = 1M�, C/O=1.8). Only for these model parameters, a
strong density enhancement of the static atmosphere due to ra-
diation pressure on molecules is found and densities as large as
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Fig. 5. Time-dependent models with differ-
ent mean gas opacities. The l.h.s. depicts a
Planck model and the r.h.s. a model with
constant gas opacity with themodel param-
eters T? = 3000K, M? = 1M�, L? =
104L�, C/O = 1.8, ∆u = 2km s−1, P =
650d (Rinner = 0.91 R0). 1st panels:solid
line – hydrodynamic velocityu [km s−1],
dashed line – gas temperatureT [103K],
dotted line – zero velocity line;2nd pan-
els: solid line – gas densitylog ρ [g cm−3],
dashed line – degree of condensationfc;
3rd panels: solid line – αtot = atot

rad/g,
dashed line –αg = agas

rad/g, dotted line –
αd = adust

rad /g.

10−15g cm−3 occur at a distance ofr ≈ 1.4 . . . 1.7 R0 (see e.g.
long-dashed line, Fig. 3) already in the static case. A decrease
of the luminosity or of the C/O ratio1 hinder pressure inversion
to occur. Pressure inversions are only found in the carbon-rich
Planck models, but not in the oxygen-rich Planck models (not
illustrated here).

4.2. Time-dependent hydrodynamic models

In Fig. 5, the hydrodynamic structure of a time-dependent
carbon-rich model computed with Planck mean gas opacities
is compared with a time-dependent model computed with the
constant gas opacity. The radial structures can generally be sep-
arated into two distinct regions: a dust-free inner region below
≈ 2 R0, where dust nucleation has not yet taken place, and a
dust dominated, radiatively accelerated wind region. As soon as
the temperature is low enough (T ≈ 1300K), carbon dust can
form and dominates the total opacity and therefore the radiative
acceleration in both models. The photospheric density structure
(r < 2 R0) of the Planck model exhibits a density inversion
which does not exist in the model computed with a constant
gas opacity (Fig. 5,2nd panels, solid line) nor in the Rosseland
models.

Dust nucleation takes place in almost the same radial zone
in both models (the nucleation rateJ∗ is not depicted, but see

1 E.g. a model withT? = 2800K, L? = 7103L�, M? = 1 M� but
C/O=1.4 instead of C/O=1.8 does not show a pressure inversion in the
static case.

Helling 1999). Since a model computed with Planck mean gas
opacities is less dense than a model with a smaller gas opacity
(Fig. 5,2nd panels, solid line), the dust growth is less efficient
in the Planck model as can be seen from the smaller degree of
condensationfc (Fig. 5,2nd panels, dashed line). The degree of
condensation reaches values offc 6 40% in contrast to models
with a smaller gas opacity where pronounced dust layers with
fc > 90% are typical. Furthermore, shock waves initiated by
the interior pulsation of the star are damped by the local density
increase (pressure inversion; see Sect. 5.2) which leads to a less
pronounced levitation of the layers beyond the pressure inverted
region by shock waves.

Inspection of the total radiative accelerationαtot (Fig. 5,
3rd panels, solid line) demonstrates the dominance of the dust
(solid and dotted lines are identical at the r.h.s.) atr > 2 R0
in both models. The molecular opacity significantly contributes
to the total radiative acceleration only in the case of Planck
mean gas opacities below16 R0 and it dominates below2 R0.
At r ≈ 1.5 R0, the radiative acceleration by molecules reaches
values as large as3g which causes the local pressure inver-
sion. The molecular opacity can contribute as much as the dust
opacity if the degree of condensationfc . 10%. In contrast,
the contribution of the constant gas opacity (and the Rosseland
mean opacity, not shown here) to the radiative acceleration is
negligible in our models.

The time-dependent Planck model depicted in Fig. 5 already
exhibits a pressure inversion in the static situation which is not
the case for all Planck models, e.g. those with higher stellar tem-
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Fig. 6. Mass loss rates〈Ṁ〉 [M�yr−1], outflow velocities〈v∞〉
[km s−1], and dust-to-gas-ratios〈ρdust/ρgas〉 [10−4], are depicted for
a series of models with themodel parametersM? = 1M�, L? =
104L�, C/O = 1.8, ∆u = 2km s−1, P = 650d (Rinner = 0.91 R0),
and T? ε [2600K, 3300K]. Open squares -χg

H = 2 · 10−4 cm2g−1,
open triangles -χg

H = χg
Ross (solar), filled circles -χg

H = χg
Planck

(solar), filled triangles -χg
H = χg

Ross (LMC)

peratures:T? = 3200K andT? = 3300 (M?, L?, C/O,∆u, and
P as in Fig. 5). In these hotter models, the temperature/density
window appropriate for the high gas opacity necessary for the
pressure inversion occurs only at larger radial distances which
are not covered by the corresponding hydrostatic models.

4.3. Wind properties

The molecular opacities have a considerable influence on the
dust complex. Since - due to the lower density - the dust growth
is less efficient in the Planck models (see Sect. 4.2), the average
dust-to-gas ratios〈ρdust/ρgas〉 are smaller than those result-
ing from models with Rosseland mean or constant gas opaci-
ties (Fig. 6,3rd panel). Similarly, the average outflow velocities
〈v∞〉 are smaller in the Planck models since less dust is present
and acceleration by radiation pressure on dust grains is less effi-
cient (Fig. 6,2nd panel). The lower efficiency of dust formation
in the sub-sonic region is also responsible for the small mass
loss rates〈Ṁ〉 in the Planck models (Fig. 6,1st panel). Similar
results for these wind properties have been found by Höfner et
al. (1998).

From Fig. 6 one observes furthermore, that Rosseland mod-
els (open triangles) have lower mass loss rate, outflow velocity,
and dust-to-gas ratios than models computed with the constant
gas opacities (open squares). This is a consequence of the Rosse-
land mean gas opacities being generally larger than2 · 10−4

cm2g−1 resulting in a globally smaller density in these models
over a large range of temperatures.

For comparison, one additional model calculation with the
element abundances of the LMC using Rosseland mean gas
opacities is depicted in Fig. 6 (filled triangles). This model
shows the smallest values of the wind properties〈Ṁ〉, 〈v∞〉,
and〈ρdust/ρgas〉 in the model series (T? = 2600K) since the
amount of dust formed is smallest due to the smaller total amount
of carbon present in the gas phase (see also Sect. 6.1).

One can set up a hierarchy from small to large molecular
opacities at given metalicity with respect to the resulting wind
properties: e.g. for the model series with the parameters T? =
2600K, M? = 1M�, L? = 104L�, C/O= 1.8, ∆u = 2km s−1,
P = 650d (Rinner = 0.91 R0)(2). There is a decreasing trend
of the wind properties with increasing gas opacity starting from
constant gas opacity (open squares), via the Rosseland mean
(open triangles), to the Planck mean gas opacities (filled circles).

Since dust growth is less effective under low-density condi-
tions, smaller dust particles are formed. Consequently, the par-
ticles injected into the ISM would be smaller for models com-
puted with Planck mean gas opacities than those dust particles
calculated in Rosseland models or models with a constant gas
opacity. The size of the particles is not unique, and multiple-
peaked size distributions can occur, as discussed by Winters
et al. (1999). These peaks result from different dust formation
events during the history of the different gas parcels moving
through the circumstellar shell.

4.4. Multi-periodicity

The phenomenon of multi-periodicity3 occurs if the eigenpe-
riod, which is a characteristic time scale of the system induced
by the formation and acceleration of dust layers, divided by the
piston period yields some constant value (Fleischer et al. 1995).
Models with large gas opacities (Planck models) tend to be
rather semi-regular or even chaotic since less dust is formed
as compared to the constant gas opacity models in Fleischer
et al. (1995). In contrast to the Planck models, relatively cool
(T? < 3000K) Rosseland models and constant gas opacity mod-
els have been found to be multi-periodic similar to the models
presented in Fleischer et al. (1995). Since the gas opacity has an
indirect but nevertheless important influence on the efficiency
of dust growth, it influences the eigenperiod of the dust shell.
The eigenperiod tends to increases with increasing gas opac-
ity since the dust growth time scale is proportional to the gas
density which decreases with increasing gas opacity.

5. Pressure inversions

5.1. Hydrostatic case

In hydrostatic equilibrium,ρg(1 − α) = −∇Pgas holds, with
Pgas being the gas pressure, and therefore, the occurrence of

2 corresponding to Model E in Fleischer et al. (1992)
3 A model is called multi-periodic if its hydrodynamic structure pe-

riodically re-occurs after some constant time.
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Fig. 7. The influence of the Planck mean averaging process: (T , Pgas)
structures of Planck models computed withχg

H = χg
Planck(ρ, T ; T )

(solid lines) and withχg
H = χg

Planck(ρ, T ; T?) (dashed lines).

pressure inversions is directly related toα:

α < 1 ⇒ ∂Pgas

∂r
< 0 no gas pressure inversion

α > 1 ⇒ ∂Pgas

∂r
> 0 gas pressure inversion,

One major result of the work presented here is thatα > 1
may occur due to molecular opacities alone in models with high
L? and high C/O ratios considering the Planck meanχg

Planck for
calculating the radiative acceleration.

The occurrence of anα > 1 in a certain parameter range
of Planck models might originate from a coincidence of the
maximum of the local Planck functionB(T ) with e.g. strong
molecular bands from one or several molecules (e.g. the C2
Philips band at1.56µm coincides with the maximum wave-
length ofB(1850K)). Grey, hydrostatic models using Planck
means which have been calculated from the same opacity data
as described above but have been averaged according to the
stellar Planck field,χg

Planck = χg
Planck(ρ, T ;T?),

χg
Planck(ρ, T ;T?) =

∫
χg

ν(ρ, T )Bν(T?) dν
∫

Bν(T?) dν
, (1)

have been compared with hydrostatic models computed with
Planck means calculated according to the local Planck field,
χg

Planck = χg
Planck(ρ, T ;T ) (Fig. 7).

Since the local, monochromatic opacities are weighted by
either the local or the stellar Planck field in the two averag-
ing procedures, respectively, and both produce a very similar
model structure, a specific coincidence of strong absorption co-
efficients with the maximum of the Planck function can be ex-
cluded as the predominant cause for the occurrence of pressure
inversions.

Fig. 8 depicts two sets of initial models with different stellar
temperature,T? = 2600K andT? = 3000K (L?, M?, C/O see
figure) for which the importance of single opacity species has

Fig. 8. The importance of single line opacity species for the formation
of pressure inversions. The static models have been calculated i) in-
cluding all molecules as opacity species (full black line), ii) excluding
C3 (dotted line), iii) excluding C2H2 (dashed line), and iv) excluding
C2 (full grey line).

been investigated. The solid lines indicate the model compu-
tations including all opacity species (reference model). In the
other models depicted, single molecular opacity species have
been left out in order to test whether a molecule can be identi-
fied as the main contributer to the local gas opacity responsible
for the pressure inversion. The major effect on the (T , Pgas)
structure of the static models result from the neglect of C2 as
opacity contributor (grey line) in both model sets. The neglect of
C2 causes the pressure inversion to vanish. The second most im-
portant molecule regarding the pressure inversion is C3 (dotted
line). ForT? = 2600K, C3 (dotted line) and C2H2 (dashed line)
influence the model structure with similar strength. The neglect
of the HCN opacity results in a change of the model structure
comparable to C2H2 and is therefore not depicted here.

These results are confirmed by an analysis of the monochro-
matic gas opacity at a typical (T , n〈H〉) point in the pressure
inversion domain depicted in Fig. 9. The plot labelled with
‘all molecules +cont.’ shows the monochromatic gas opacity
at T = 2000K and n〈H〉 = 1010cm−3 including all line and
continuum opacities, as well as scattering which dominates at
long wavelengths. The other plots depict the monochromatic
line opacity of single species plus the continuum opacity. One
easily notices that CH, C2H2, and HCN have very small opaci-
ties due to very small concentrations and do therefore not con-
tribute significantly to the Planck mean opacity of the gas at
that (T , n〈H〉) point. CO contributes with its three strong vi-
brational bands. Its contribution is, however, limited to narrow
wavelength intervals. In contrast, the opacity of C2 is remark-
ably large at almost all wavelengths and contributes therefore
strongly to the total Planck mean and thereby to the occurrence
of the pressure inversion. The contributions of CN and C3 are
comparable in strength but occur in different wavelength re-
gions. C3 provides, however, the main contribution to the total
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Fig. 9. Monochromatic gas opacities atT = 2000K, n〈H〉 =
1010cm−3. Also the single molecule’s opacities are shown together
with the continuum contributions.

opacity at long wavelengths whereas CN is most important at
the short wavelength end.

Investigations have shown that, although C3 has a number
density at least one order of magnitude larger than the other
opacity species in the (T , n〈H〉) domain of the pressure inver-
sions, C3 does not necessarily yield the main contribution to the
Planck mean opacity.

5.2. Hydrodynamic case

The piston creates waves which rapidly steepen into strong
shocks in the exponential density gradient of the photosphere.
These shock waves enter into the pressure inverted zone. In
Fig. 10, the interaction between shock waves and a pressure
inverted region is shown. The l.h.s. column depicts the static,
unperturbed caseu = 0 (labelled with “static”). One observes
that the opacity peak in the lower panel coincides with the in-
creasing density in the static situation. The density inversion is
similar to the one shown in Fig. 3.

The next three columns of Fig. 10 depict the perturbed case
of the hydrodynamic model for three subsequent instants of
time. The second column (t = 43.5 P ) shows a strong shock
wave atR ≈ 1.7 R0 running into the density inversion and
causing a strong compression of this gas. At the same time
momentum is transfered to the gas and the gas is accelerated
outward. As the gas moves outward, the temperature decreases
and since the opacity was at maximum before, it will decrease
due to the changing thermodynamic conditions. Consequently,
the opacity peak does not coincide any more with the ascending
branch of the density inversion att = 43.5 P .

In the third column (t = 43.7 P ) the shock wave has partly
transfered its energy to the gas causing an extension of this re-
gion of enhanced density towards larger radial distances. The
shock wave has split into two parts: one remaining in front of the
density inversion (R ≈ 1.7 R0, reflected part) and one travel-
ling further outwards with decreased amplitude (R ≈ 1.95 R0,
transmitted part).

At the fourth instant of time (t = 43.9 P ), the initial shock
wave has been totally split into two waves with different veloc-
ity amplitudes (R ≈ 2.2 R0, R ≈ 1.5 R0) which are strongly
reduced in comparison to the initial shock wave. The reflected,
inward travelling shock wave (R ≈ 1.6 R0) leads to negative
velocities. The infall of the gas is stopped as soon as the ma-
terial reaches thermodynamic conditions where the gas opac-
ity increases again and the radiation pressure counterbalances
the gravitational deceleration. This situation is depicted in the
fourth column of Fig. 10, where the negative velocity, the branch
of increasing density, and the opacity peak coincide in space and
time. The initial, unperturbed situation re-occurs, i.e. a layer of
high density again “swims” on the radiation field due to its large
opacity.

Pressure inversions can also occur independent of the gas
opacity in layers where dust is formed (consult e.g. the models in
Fleischer et al. 1992; Winters et al. 1997; Höfner & Dorfi 1997).
In such models, the local increase of the density with increasing
distance from the star is a result of the strong dust opacity, which
by radiation pressure causes a compression of the material just
behind the shock front (Fig. 5).

6. Discussion

6.1. Wind properties

Piston amplitude:Molecular opacities indirectly influence the
mass loss rate, outflow velocity and dust-to-gas ratio since an
increasing gas opacity causes an atmosphere to be less dense
resulting also in a less efficient dust growth and thereby in re-
duced wind properties. The globally decreased gas density due
to a higher gas opacity can partly be compensated by an increas-
ing piston amplitude∆u as discussed by Fleischer et al. (1992)
and Ḧofner et al. (1998). From the work presented here, we find
that the wind properties resulting from models computed with
a constant gas opacity have to be considered as an upper limit.
The mass loss formula of Arndt et al. (1997) therefore serves as
an upper limit estimation of the mass loss rate for given stellar
parameters in the particular range where this formula applies.

Carbon-to-Oxygen ratio:Considering increasing C/O ratios in
a carbon-rich gas, a sensitive competition of two effects with op-
posite influence on the dust complex exists. With increasing C/O
ratio, the gas opacity further increases causing the overall gas
density to decrease which worsens the conditions for effective
dust formation in such models (see also Höfner et al. 1998).
On the other hand, the concentrations of the carbon-bearing
molecules increase with increasing C/O ratio which improves
the conditions for dust formation and results in lager outflow ve-
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Fig. 10. The interaction of pressure inversions and shock waves. Themodel parametersare T? = 3000K, M? = 1M�, L? = 104L�,
C/O = 1.8, ∆u = 2km s−1, P = 650d, Rinner = 0.91 R0 (see Fig. 5).1st row: thick solid line – gas densityρ [g cm−3], thin solid line –
hydrodynamic velocityu [km s−1], dotted line – zero velocity line;2nd row: solid line – total opacityχtot [cm2g−1], dotted line – gas opacity
χg [cm2g−1], dashed line – dust opacityχd [cm2g−1].

locities (Fleischer 1994; Arndt et al. 1997). Also from Table 1
in Höfner et al. (1998) one observes that a pure increase of the
C/O ratio with otherwise constant model parameters leads to a
considerably larger terminal wind velocity.

Metalicity: A decrease of the fraction of metals in the gas
causes a decrease of the wind properties since it directly in-
fluences the amount of dust formed. This effect can be compen-
sated if such stars have either larger C/O ratios, larger pulsation
amplitudes and/or larger stellar luminosities compared to stars
in the solar neighbourhood.

Observations indeed give evidence that a significant number
of large amplitude variables exist in the Magellanic Clouds with
considerably higher luminosities than those of the solar neigh-
bourhood (van Loon et al. 1999; Whitelock & Feast 1999).

Dust opacity: In the present paper we discuss the influence of
molecular opacities on the wind properties of pulsating cool,
carbon-rich stars. Recently, Andersen et al. (1999) have inves-
tigated the influence of different mean carbon dust opacities on
the wind properties of time-dependent hydrodynamic models.
In contrast to the gas opacity, no significant influence of the
dust opacity on the mass loss rate〈Ṁ〉 has been found. The
outflow velocity〈v∞〉 decreases with deceasing dust extinction
and the mean degree of condensation4 increases. Fleischer et
al. (1999) have presented a similar study regarding the influ-
ence of dust extinction data on the properties of time-dependent

4 〈fc〉 = 〈ρdust/ρgas〉 ∑
i min

g
i /mCnd

C (nd
C is the number density

of condensible material)

models which have been computed with a constant gas opacity.
The results are similar to Andersen et al. (1999):〈ρdust/ρgas〉
generally increases while〈v∞〉 decreases with decreasing dust
extinction since the dust grains have more time to grow.5. The
mass loss rate does not follow such a clear trend. However, the
results regarding the wind properties obtained with the 7 differ-
ent data sets investigated by Fleischer et al. (1999) show a larger
scattering than the results obtained by Andersen et al. (1999).
Note that the data sets in Fleischer et al. (1999) and Andersen
et al. (1999) are different.

The dependence of the wind properties on the dust extinction
stays in contrast to their dependence on the gas opacity:〈Ṁ〉,
〈v∞〉, 〈ρdust/ρgas〉 decrease with increasing gas extinction.

6.2. Pressure inversions

Existence of pressure inversions:Asplund (1998) has observed
pressure inversions in the inner parts of non-grey hydrogen-
deficient hydrostatic MARCS model computations and pressure
inversions have also been found in the inner regions of non-grey
metal-poor hydrostatic MARCS model atmospheres (Helling
1996, e.g. Fig. 7.2). In all these models, the positive pressure
gradient stabilises the atmosphere which locally exceedsα =
1. Asplund (1998) explains the occurrence of the gas pressure

5 The dust extinction data for amorphous carbon used in Fleischer
et al. (1999) arrange from large to small Planck mean values like
AC1, BE1, HAPS1, FC21PS (Rouleau & Martin 1991), MARONAC
(Maron 1990), POYHAC (Preibisch et al. 1993), and the smallest is
MWAC (Mathis & Whiffen 1989).
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Fig. 11. Comparing a hydrostatic Planck model (solid line, C/O=
1.8) with a frequency-dependent, hydrostatic model by Scholz & Tsuji
(1984) (black dots, C/O= 2.0) and a Planck model without C3 (dashed
line, C/O = 2.0). Model parameter: T? = 3000K, M? = 1M�,
L? = 104L�.

inversion in their models by the high continuum opacity in the
He ionisation zone.

Achmad et al. (1997), who investigated stationary wind
models of supergiants, arrived at the same conclusion, namely,
that pressure inversions are real and not an artifact of the hydro-
static assumption since the inversion remains in the stationary
model computation. Achmad et al. (1997) have used the hy-
drostaticT (τ) structures from Kurucz which already exhibit
pressure inversions (see Table 1 in Achmad et al. 1997).

Jørgensen & Johnson (1992) argued that frequency-
dependent cool star hydrostatic model atmospheres cannot pro-
duceα > 1 due to the quality of the present absorption coef-
ficient data and the neglect of practically unknown absorption
coefficients. The basis for this conclusion, however, was the as-
sumption that the line center frequencies are constant at every
depth in the atmosphere. Jørgensen & Johnson (1992) concluded
that in a dynamic atmosphere, the value of the radiative accel-
erationarad would be larger because largeχν would be contin-
uously shifted to neighbouring frequencies where higher fluxes
Hν can be received. Hence,arad can be larger in a dynamic
atmosphere than in a static atmosphere, because large absorp-
tion coefficients may combine with high flux values. Jørgensen
& Johnson (1992) calculated models with artificially increased
molecular absorption (factors of 5 to 7) where they found that the
maximumα increases from0.15 to values larger than1 for mod-
els with Teff = 2500K. . . 2800K, log g = −1.0, and C/O=2.0.
For a model Teff = 3100K, log g = −0.5, and C/O=2.0 a factor
of 10 was needed to increaseα to values larger than one.

Comparison with static, frequency-dependent models:In order
to put the Planck models in a comparative frame, a typical non-
grey, hydrostatic model computed by Scholz & Tsuji (1984) has
been compared to a static Planck model.

Fig. 11 depicts an initial, grey, hydrostatic Planck model
(solid line, C/O=1.8) and an extended, carbon-rich, non-grey
hydrostatic model (Scholz & Tsuji 1984) (black dots, C/O=2.0).
Both models are spherical symmetric and have the same stellar
parameter but a different C/O ratio. In addition, a Planck model
is depicted where C3 has been left out in the opacity computa-
tion (dashed line, C/O=2.0) since also the model calculated by
Scholz & Tsuji (1984) does not contain the C3 opacity. The tem-
perature and the gas pressure as function of the radial distance
are very similar for the Planck models with C/O=1.8 (solid line)
and with C/O=2.0 (dashed line, without C3). We can therefore
compare the Planck model with C/O=1.8, which has widely
been used in this paper, with the non-grey, hydrostatic model of
Scholz & Tsuji (1984).

The basic (T , Pgas, r) structure of the static, frequency
dependent model is reasonably represented by the Planck
model(s). Ḧofner et el. (1998) have shown a similar comparison
between an initial Planck model and a frequency-dependent, hy-
drostatic model obtained with the MARCS code (e.g. Jørgensen
et al. 1992). The models compared by Höfner et el. (1998)
(T? = 2880K, L? = 7 103L�, M? = 1M�, C/O=1.4) ex-
hibit similar differences in the (T , Pgas) plane as the models
depicted in Fig. 11.

Fig. 11 demonstrates also that the Planck models are much
more extended than the frequency-dependent model due to the
generally larger mean opacity at every location in the atmo-
sphere (see also Jørgensen 1994). Thereby, the pressure inver-
sion is located at radial positions which are not covered by the
non-grey model.

The results of such a comparison must be taken with care
since the velocity fields very likely tend to abolish the anti-
correlation between the frequency dependent opacityχν and
the fluxHν present in static models. Consequently, the Planck
mean (uncorrelated weighting) is apparently a better choice
than the Rosseland mean (anti-correlation weighting) for time-
dependent models.

It should, however, be noted that the time-dependent mod-
elling including dust formation can presently not be performed
with a frequency resolution comparable to the hydrostatic
models (e.g. Gustafsson et al. 1975: Scholz & Tsuji 1984;
Jørgensen 1989; Plez et al. 1992; Allard & Hauschildt 1995)
because of the immense numerical effort.

Under these circumstances, the reality of density inversions
may still be considered as an unsolved problem which defi-
nitely deserves future investigations in terms of a frequency-
dependent, hydrodynamic model calculation which includes the
effect of Doppler shifts of the molecular lines.

Interaction with shock waves:The interaction between shock
waves and pressure inversions has been lined out in Mihalas
& Weibel Mihalas (1984): travelling waves are partly reflected
and partly transmitted, i.e. they “tunnel” through the dense layer
and continue to propagate outwards with a reduced amplitude
beyond the pressure inverted region. Shocks may also split into
two waves of almost similar strength: one continues to travel
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outwards, one travels backwards which will merge with the sub-
sequent shock. Partial wave reflection can also be observed from
the model series described in Fleischer et al. (1992, 1995) and
Winters et al. (1994).

Rayleigh-Taylor instabilities:The interface of a gas where the
radiative acceleration balances or even exceeds the gravitational
acceleration might be thought to be Rayleigh-Taylor unstable6

since here a layer of high density “swims” on the radiation field
due to its large opacity. Hence, pressure inversion might a priori
thought to be Rayleigh-Taylor unstable. Since at the ascending
branch of the pressure inversions also the direction of the total
local acceleration is reversed, the criteria for a Rayleigh-Taylor
instability are not fulfilled in the static case (see the stability
analysis by Wentzel 1970). In the dynamic case where the radi-
ation pressure or the acceleration by a shock wave might locally
be not large enough to overcome the gravitational deceleration,
the ascending branch will be Rayleigh-Taylor unstable and the
net motion of the gas is towards the star (Fig. 10,t = 43.7, 43.9)
until it is stopped again by a counteracting force. This transition
from an unstable to a stable situation is described in one dimen-
sion by the time-dependent model as depicted in Fig. 10. In order
to resolve possible effects like clumpy or finger-like structures
related to Rayleigh-Taylor unstable gases, multi-dimensional
modelling of such a hydrodynamic situation is necessary which
go beyond the scope of this paper. Results of such studies con-
cerning the collision of a fast and a slow wind from red gi-
ants in the outer circumstellar shell have been presented by e.g.
Gustafsson et al. (1999).

7. Conclusions

New Planck and Rosseland mean gas opacity tables have been
calculated for temperaturesT ε [500K, 10 000K], total hydro-
gen densitiesn〈H〉 ε [105cm−3, 1015cm−3] and various element
abundances including the molecular line opacities for CO, TiO,
SiO, H2O, CH, CN, C2, C3, HCN, and C2H2 beside several
continuum sources. Both mean opacities are similar at high
temperature where continuum absorption dominates. However,
differences of up to 3 orders of magnitude occur at low temper-
atures in the molecular domain caused by the strong frequency
dependence of the molecular opacities. The analysis of the mean
opacities has shown that the oxygen-bearing molecular opacity
species TiO, SiO, and H2O can contribute below 1000 K to the
Planck mean gas opacities but not to the Rosseland mean gas
opacities of a carbon-rich gas.

Molecular opacities play an important role for the structure
and the dynamics of the winds of AGB stars. First, the molec-
ular opacities determine the overall density-level of the stellar

6 Rayleigh-Taylor instabilities occur if a medium 1 with a density
ρ1 is supported by a medium 2 with a densityρ2 in a gravitational field
(ρ1 > ρ2), or equivalently, when a heavy medium is accelerated by
a light medium. Rayleigh-Taylor instabilities are known from a wide
range of astrophysical phenomena and/or objects, e.g. accretion onto
compact objects, supernova explosions or shock waves interacting with
interstellar clouds (see for instance Jun et al. 1996).

atmosphere, which forms the foot point for any stellar outflow.
Consequently, the molecular opacity has an important, indirect
influence also on the amount of dust formed in the CS. Sec-
ond, molecules can exert a significant force on the gas due to
radiation pressure.

The hydrodynamic structure found in the time-dependent
models can roughly be separated into two distinct regions: a re-
gion dominated by molecules at small radial positions (molec-
ular domain) and a region dominated by dust at larger radii,
r > 2 . . . 3 R0, (dust domain). Large gas opacities in the
molecular domaincan result in a radiative acceleration which
exceeds the gravitational deceleration (αtot > 1) in Planck
models. As a consequence, a pressure inverted zone can be
present for certain stellar parameters and its occurrence in the
time-dependent models atr . 2 R0 proves that the positive
pressure gradient in the initial models is not an artifact of the
hydrostatic equilibrium, but is rather a consequence of the phys-
ical situation encountered by the system.

A positive pressure gradient in hydrostatic model atmo-
spheres indicates thatα > 1 does not necessarily lead to an
outflow of atmospheric material as long as the system is able
to compensate for the increasing radiative acceleration. There-
fore, the occurrence oflocal gas pressure inversions does not
violate the global assumption of hydrostatic equilibrium, since
the locally increased gas pressure is stabilised by surrounding
material with smaller opacity, and the gas pressure vanishes at
infinity as it is demanded for physical reasons.

We conclude that the radiation pressure on molecules does
not directly contribute to the wind driving mechanism in the
models discussed here but molecular opacities do influence the
efficiency of the driving mechanism by worsening the condi-
tions for dust growth: the Planck models (i.e. models with large
opacities) generally exhibit lower mass loss rates, lower out-
flow velocities, and lower dust-to-gas ratios than models using
Rosseland mean or constant gas opacities. The wind properties
resulting from Planck models can therefore be considered as the
lower limit for the actual wind properties for given metalicity. A
decrease of the metalicity (e.g. for LMC abundances) generally
causes a reduction of the mass loss rate, the outflow velocity and
the dust-to-gas ratio. A larger C/O ratio and/or higher luminosi-
ties are required in order to provide mass loss rates comparable
to the solar neighbourhood.

Time-dependent models of circumstellar dust shells with a
strong molecular absorption component seem to exhibit rather
a chaotic than a multi-periodic behaviour, but more detailed
investigations are needed to clarify this point.
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Appendix A: Element abundances

solar LMC SMC

elem. εsolarel ref. εLMC
el εSMC

el ref.

H 12.00 AG89 12.00 12.00 RD92
He 10.99 ” 10.94 10.91 ”
C 8.60 G91 8.04 7.73 ”
N 7.97 GN93 7.14 6.63 ”
O 8.87 ” 8.35 8.03 ”
Ne 8.07 ” 7.61 7.27 ”
Na 6.33 AG89 7.15 5.96 ”
Mg 7.58 ” 7.47 6.98 ”
Al 6.47 ” [solar][a] 6.40 AG89

RD92
Si 7.55 ” 7.81 7.03 RD92
S 7.21 ” 6.70 6.59 ”
K 5.12 ” [solar][a] [solar][a] AG89
Ca 6.36 ” 5.89 5.69 RD92
Cr 5.67 ” 5.47 5.10 ”
Mn 5.39 ” 5.21 5.03 ”
Fe 7.51 ” 7.23 6.84 ”
Ni 6.25 ” 6.04 5.85 ”
Ti 4.93 B92 4.81 4.49 ”

Table A.1. Logarithmic element abundances used in this work. The
abbreviations refer to: AG89 – Anders & Grevesse (1989), G91 –
Grevesse et al. (1991), GN93 – Grevesse & Noels (1993), B92 – Biz-
zarri et al. (1992), RD92 – Russel & Dopita (1992).

[a] LMC and SMC values for Al and K were not available, therefore, the solar element

abundances have been used.

Appendix B: TiC equilibrium constant

The logarithmic pressure equilibrium constantlog Kp =
log(p(A)ap(B)b/p(AaBb)) with A and B being the atomic
constituents of the moleculeAaBb, anda andb the stoichiomet-
ric factors, is given as a fourth-order polynomial inθ = 5040/T :

log Kp(T ) = (B.1)

c0 + c1θ + c2 log(θ) + c3(log θ)2 + c4(log θ)3.

The equilibrium constantKp has been estimated from spectro-
scopic data (McFeaters et al. 1994) by A. Gauger (priv. comm.)
and the coefficients are

c0 = 12.75293c1 = -5.4485c2 = -1.56672
c3 = 1.56041 c4 = -0.93275
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