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Abstract. The most common techniques for detecting magdically with time, with the same period as the light variations.
netic fields of chemically peculiar (CP) stars are based on thkese observations suggest that the photospheres of CP stars are
determination of some quantities related to the magnetic moharacterised by non-cosmic element abundances, and that the
phology, which are obtained through the analysis of Stékesl regions of line formation are often permeated by a large-scale
V profiles, and on observations of frequency integrated Stolaganised magnetic field (with a typical strength of few hundred
Q@ andU. In previous papers of this series we set up a formab few ten thousand G). A magnetic morphology not symmetric
ism aimed at describing the magnetic field of CP stars in termsound the rotation axis accounts for the periodic variation of
of a superposition of a dipole and a quadrupole field, and wee observed spectra, although, in some cases, abundance inho-
proposed a method to recover the magnetic morphology franogeneities must also be invoked to explain dramatic changes
the combined analysis of those observable quantities which adithe line strengths.
simply be expressed by means of analytical formulas, namely: Abundance anomalies and presence of a magnetic field are
the mean longitudinal field, the crossover, and the mean squemerelated phenomena. Diffusing elements are guided by the
field. Here we extend this method in order to include thoseagnetic field, some of them (like rare earths) may be concen-
quantities for which numerical integrations are required, i.érated where the field lines are horizontal, some others (e.g.,
the mean field modulus and the broadband linear polarisati@n) where the field lines are vertical (Michaud et al. 1981). The
Estimates of stellar radius and projected equatorial velocity aituation is actually extremely complex, and predictions for dif-
also explicitly taken into account. We present an application fiasion of the various elements vary from star to star. It is clear
the well-known CP stap CrB, the only star for which all kinds that obtaining realistic models for the magnetic morphologies
of magnetic data are available. We find ti#aCrB, like most can provide very useful constraints to the diffusion theory, and
CP stars, exhibits a complex magnetic structure, which may main also help to understand the origin of the magnetic field in
be fully accounted for even by a second-order multipolar e&P stars.
pansion. However, we are able to suggest two models which are Although the signature of the Zeeman effect is quite clear in
compatible with all the magnetic data. the observed spectra, it proves unpractical to try to recover the
magnetic configuration via computation of straight fits to the
Key words: stars: magnetic fields — polarization — stars: chermobserved spectra. The limited spectral resolution and signal-to-
ically peculiar — stars: individuafs CrB noise ratios that can be achieved in spectropolarimetric obser-
vations generally hamper the plain application of an inversion
procedure, which they tend to render unstable. During the last
years, however, anumber of techniques have been introduced for
measuring certain quantities related to the magnetic field, based
Spectra of chemically peculiar (CP) stars of the upper main 2 the combined use of the information contained in several
guence exhibit a wealth of features uncommon to those of thigectral lines. Such quantities are usually determined with bet-
majority of the objects located in the same region of the Her accuracy, so that, at the moment, they look more adequate as
R diagram. Spectral lines of certain elements appear strongisignostic tools for recovering the magnetic configuration. This
or weaker, than those of most of the stars of similar spectagproach also has the advantage of being relatively independent
type. In many cases, the spectral lines are polarised, and heftthe various stellar parameters such as effective temperature,
shape and strength of the observed Stokes profiles change pgtivity and element abundances, and the inversion procedure
does not require to perform time consuming spectral synthesis.

1. Introduction
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So far, four such quantities have been determined via thakeeady proved successful in several cases (Bagnulo etal. 1999a;
analysis of Stokeg andV line profiles, namelyi) the mean Bagnulo & Landolfi 1999), so it has again been adopted in this
longitudinal field (e.g., Babcock 1947; Mathys 199il),the paper.
crossover (Mathys 19954)i) the mean square field (Mathys  As an application of the technique proposed in this paper,
1995b), andv) the mean field modulus (Babcock 1960; Mathywe present the results of the modelling of the magnetic CP
etal. 1997). Magnetic signatures in StokgandU are consid- star 5 CrB. For this star, two distinct dipole plus quadrupole
erably smaller than in StokdsandV’, so that noise limitations models are found to be compatible with all the observational
are even more penalising for the former two parameters than @iata. We present the corresponding magnetic maps, and discuss
the latter. As a result, the first unquestioned measurementgteir reliability.
linear polarisation in spectral lines have been obtained in the last The paper is organised as follows. In Sect.2 we give the
couple of years only, thanks to the combination of progress in teeplicit expressions for the BBLP and the mean field modulus.
achievable quality of the observations and of new data analylsisSect. 3 we outline the inversion procedure and we discuss
methods such as least-squares deconvolution (Wade et al. 19@8th combinations of observable quantities are in principle
or the moment technique (Mathys 1999). Yet, such determirsasficient to recover the magnetic configuration. In Sect. 4 we
tions are still too scarce to be useful for modelling purposgwesent the analysis of CrB.

By contrast, constraints to the magnetic field can be obtained

via observations of broadband linear polarisation (BBLP) (e.g.,

I;[gggi )Degl’lnnocenti etal. 1981; Landolfi et al. 1993a; Leroy, Expressions of the broadband linear polarisation
a).

The most favourable situation where all the magnetic quan-
tities are well observed for one star is rarely encountered in real
cases. This is partly due to intrinsic limits of the different obWe assume that the magnetic configuration on the stellar surface
servational techniques. Observations of magnetically split linsproduced by the superposition of a dipole and a (non-linear)
(from which one can derive the mean field modulus) are onfjgadrupole located atthe star’s centre. The modelisillustratedin
possible for stars with small values of the projected equatdaper I; here we justrecall the meaning of the different symbols,
rial velocity. On the other hand, for such stars observationsreferring the reader to that paper for a detailed description of
crossover (which is proportional t@ sin i) are unlikely to be the magnetic geometry.
significantly different from zero. Finally, observations of BBLP  In the observer’s reference franfe, y, ) — see Fig. 1 of
are only possible if the star’s intrinsic signal is not washed out aper | — the direction of the star’s rotation axis is specified by
interstellar polarisation: this limits the observations of BBLP tbvo angles (inclination and azimuth) which are denoteddnyd
stars typically nearer than 100-200 pc. However, observatidngespectively. The dipole is characterised by the amplitigle
of all the five quantities mentioned above are available for oagd by the unit vectou = (3, f — fo), where is the angle
magnetic CP stard CrB), and observations of three or foubetweenu and the rotation axis anfl is the rotational phase.
quantities are available for several others. Obviously, a reliatSiémilarly, the quadrupole is characterised by the amplitBde
magnetic model should be able to accountdlrthe different and by the unit vectora; = (81,71) anduy = (52, 72). For
observables. an assigned magnetic configuration and an assigned value of the

So far, most of the modelling was confined to one or twi@tational phase, the magnetic fiddt the point = (R., 0, x)
observable quantities, e.g., BBLP alone (Landolfi et al. 1993f,the stellar surface is given by the vector sti= B4 + By,
mean longitudinal field and mean field modulus (HensbergevétereB, andB, are the dipole and quadrupole fields given by
al. 1979; Wade et al. 1997), mean longitudinal field and BBLIEgs. (1) and (2), respectively, of Paper I. In the frafmey, z)
(Bagnulo etal. 1995). More recently, Landolfi et al. (1998, heréhe direction ofB(r) is specified by the angles and ¢ (see
after referred to as Paper I) and Bagnulo et al. (1999a) triedRig- 1), which can easily be expressed in terms of the arigles
give a combined interpretation of three observational quantitiésf — fo, 51, 82, 71, 72, ©, 0, x (see below).

(mean longitudinal field, crossover, and mean square field). In In Paper | we have introduced the quantiti€d), F(2), F(®)

this paper we further generalise the technique proposed in Fepresenting the mean longitudinal field, the crossover, and the
per | in order to include the two remaining observables, BBLRean square field respectively

and mean field modulus. Though straightforward in principle,

such generalisation involves some technical difficulties that wilr(") = (B.)

be discussed in the following. .

It has been known for a long time (e.g., Landstreet 1992@(2) = vesini (dB:) (1)
that the simple oblique rotator model with centred dipole field"®) = (B2 4 B2)1/2
cannot explain the observations of magnetic CP stars in detail.

The most direct extension of that model is the inclusion of\ghereu, is the star's equatorial velocity. They are functions of

(non-linear) quadrupole contribution, which can be regarded@@ rotational phas¢ and depend on the parameters specifying
the first correction in the expansion of an arbitrary magnetige magnetic configuration: their expressions for a dipole plus
field into multipoles. The dipole plus quadrupole model hagiadrupole field are given by Egs. (4)-(7) of Paper I.

and of the mean field modulus for the dipole
Iplus quadrupole magnetic configuration
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positive Q
direction

observer

Fig. 1. In the observer's reference frame
(z,y, z) the magnetic field vectoB at the
pointr = (R, 6, x) of the stellar surface is
specified by the inclination angté and the
azimuth anglep

Similarly, we now define the functions field) and the saturation (due to the transfer of radiation) whichis

P& — p o pint generally differgnt for andn deman components. Since both '
Q Q effects are obviously present in the atmosphere of a magnetic
FO) = Py + Pt (2) CP star, it looks quite natural to ascribe the observed BBLP to
FO — (B) such a mechanism. This approach has been followed in several
- ’ works (e.g., Landi Degl'lnnocenti et al. 1981; Landolfi et al.

wherePy, P, are the disk averages of the Stokes paraméers1993a,b; Bagnulo et al. 1995).
U integrated in frequency across a given interal and nor- Then we assume that the element abundances on the stellar
malised to the intensity flux in the same inten@ly®, Pirt are surface are constant, and thtidentical, well-separated (un-
the contributions to these quantities due to interstellar polarigdended) lines are contained in the interal: in other words,
tion, and(B) is the mean field modulus. We want to establish thée assume that the observed BBLP is produced by an “aver-
expressions of (¥, F(®) F(6) for the dipole plus quadrupole 2g€’ line, whose properties are the same throughout the whole
magnetic configuration. surface.

Consider first the quantitieBy, Py (i.e., the BBLP). We  The above assumptions allow us to replace in Egs. (3)

have by definition
Y [dvQu(0,x) » N [ dvQ,(0,x)

2 m/2 Av line
po  Jn oo fuvaon a0, > ¥ T 0,
?fﬂdx Wf/ df sinfcosf [ dv I,(0,x) Av line (4)
A Av (3) f dv I,(6,x) — f dv I.(0, x)
Jdx [ df sinfcos6 [ dvU,(0,x) Av Av
Po = -—7% = ; =N [dv [L(6,x) - L(6,X)] ,
Jdx [ dfsinfcos® [ dvI,(0,x) line
0 0 Av

. where . is the continuum intensity anlihe means that the
whgreIV, Q”.’ U, are the Stokes_pa_\rameters (hereafter d efmﬁﬂegralg extend over the profile of the ‘average’ line.
?s |ntﬁhurql|f;1962) of the radiation of frequengycoming Finally, we assume that the atmosphere is described by the
romo ebp0|.n ' tion is that the BBLP actually ob I\glne—Eddington model, which implies that the Stokes parame-
ur-basic assumption 1s that the actually ObSEIVeE¢ ot the emitted radiation are given by the well-known Unno-

n sevgral CP stars (see Lerqy 1995a for a.comprc'ehenswe rl‘fs(::ibhkovsky formulas. However, in accordance with Paper |, we
sentation of measurements) is due to the differential saturaté

lace the limb-darkening law irs 8 with the more realistic
mechanism. According to this mechanism — first introduced 9 g

Leroy (1962) to interpret the BBLP observed in sunspots — the (1= uucosf). Thus we use the expressions
polarisation results from the cumulative effect of all the magnet, (9, ) = By + (1 — u + ucos ) By i(6, x)

ically sensitive lines contained in the observed spectral interval.

The contribution of each single line arises from the combinatiodr (- x) = — (1 —u+wucos#)Big(6,x) (®)
of two effects: the splitting (due to the presence of a magnetic, (¢, ) — (1 —u+wucos®)Byu(d,x),
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where By and B; characterize the dependence of the Plandtr the superposition of a dipole and a non-linear quadrupole.
function Bp on optical depthBr(7) = By + B;17), and where In fact we found, by comparing the polarisation predicted by
Egs. (8) and by the analytical expressions given in Bagnulo et

i(0,x) = A U+ n0) [(1+n0)* + pf + oty + 07 al. (1996), that the weak field approximatiomist adequate for
q(0,x) = A7 (14 n1)*no + (L4 nr)(nvpu —nupv) the dipole plus non-linear quadrupole configuration considered
+ po(nopo + nupu + nvpv)] (6) inthe present paper. Hence we are forced to give up this approx-
u(@,x) = A1 [(1 +n1)?nu + (1 +n1)(nopy — nvpg) imation, and to evaluate numerically the integrals in Egs. (8).
+ pu(ngpg +nupy +nvov)] The quantities); o.i,v andpg, v, depend on the strength
) 1o and on the damping constamtof the ‘average’ line. Fur-
with thermore they depend on the magnetic field velr) via the
A = (1+n)? Zeeman splitting normalised to the Doppler witith
x[(L+n01)? = ng =iy —n3 + oy + 0 + 07| v = B/b (11)
—(nqpq +nupy +nvev)?. with

The quantities); o .u,v andpg v,y have their usual meaning 4mme Avp
(see e.g. Landolfi & Landi Degl'lnnocenti 1982). Since they — eg
depend ornv via the reduced frequency

(12)

(whereg is the Lan@ factor of the line and, m, c the electron
v=(vy—v)/Avp, (7) charge and mass and the velocity of light, respectively), and via
. . the angular factorsin®y cos 2¢, sin?¢ sin 2¢, cos 1), wherey
where, is the line centre frequency antlvp, the Doppler angy are the angles defined in Fig. 1. Such quantities can easily
width, it is convenient to change the integration variable i expressed in terms of the component#af the reference

Egs. (4) fromv to v. From Egs. (2)-(5) we finally obtain frame(z, y, 2)
© /2
o fax [ a0 c(bs) f dv q(6.x) , B — /BB 1B
4 — _ 20 ;)2 line + Pbrlt Y
L-a [dx [ d0c(®w) [ dv [1-i(6.%0)] @® sin®¢) cos2¢ = (B2 — B2)/B? (13)
7r ™ .92 . o

i azfdx Of/2d9 c(0) J dv (0, - sin*ysin2¢ = 28,8, /B>

FG) = —— 2 O e + Pt cos = B./B.
1—a [dx [ d6c(6;u) [ dv [1—1‘(9,;()} i
o o line The componentd3,, B,, B, can in turn be calculated from
where Egs. (1) and (2) of Paper | once the components of t_he unit vec-
torsu, uy, uq in the frame(x, y, z) are known. Denoting such
c(0;u) =sinfcosf (1 —u+ ucosb) (9) components by X,Y, Z), (X1,Y1,Z1), (Xa,Ya, Z2) respec-
d tively, we have (cf. Egs. (30) of Bagnulo et al. 1996 and Eqs. (7)
an of Paper 1%
NA
a=—— VDsﬁfﬁ , (10) X = cos®[sinicosf
T V[ T3 P] fcosisinﬂcos(fffo)]

with B = By /Bo. +sin O sin Asin(f — fo)

In several previous papers dealing with the interpretatioy, = cos@[sinz’cos By
of BBLP observations in CP stars, the so-called weak field ap- — cosisin B cos(f — fo + W)]

proximation has been used. This approximation entails a major +sin O sin By sin(f — fo + 7e)
simplification, because it allows one to evaluate analytically thg  _ . g [Sim- cos 3
disk integrals appearing in Egs. (8). Such calculations have been — cosisin B cos(f — fo)} (24)
carried out in Landolfi et al. (1993a) for the dipole field (and a — cos Osin Bsin(f — fo)

special type of dipole plus quadrupole, the quadrupole being lin- ) o
ear and aligned with the dipole), and in Bagnulo et al. (1996) far¢ = 52O [sin cos B

an arbitrary multipole field. In the former paper, and in Bagnulo — cosisin ¢ cos(f — fo + ve)]

et al. (1995), it was shown that the weak field approximation —cos ©sin G sin(f — fo + ve)

does not introduce large errors for the magnetic configuratiods = cosicos /3 + sinisin 3 cos(f — fo)
considered, up to field strengths of about 20kG. At the san®, = cosicos 8y + sinisin 3¢ cos(f — fo + ),
time, it was suggested that this property (which is not obvious,
since the weak field approximation is verified, in metallic Iineg\,'Ith t=1,2.

for a strength up ta~ 1kG) is most likely related to the fact * Forsimplicity, the ‘average’ line is assumed to be a Zeeman triplet.
that, for those configurations, the variation of the field modulus® we recall that, contrary to the functiof&?), F®, F®) andF(©®,
across the stellar surface is small. Thiaddthe case, however, the BBLP also depends on the angle




S. Bagnulo et al.: Modelling of magnetic fields of CP stars. llI 933

It should be noticed that the denominator of the first terms The search for the best model can be carried out by looking
in the r.h.s. of Egs. (8) can be written in the fofin- ¢), where for the minimum, in the parameters space, gfaf the form
£ is the line-blocking factor representing the fraction of contin- 2
uum radiation subtracted by the spectral lines contained in thg - {ka)—F(k) (tﬁk))}

6
interval Av, X = L 2 {amr
1’ 18
€ - (FC B FI)/FC7 (15) RO _R ’ ve sini(® —p, sind ’ ( )
whereF; andF, are the fluxes * { T + [ r ’
OR, Oy sin i

2 /2
Fr = [dx [dfsinfcosf [dvI(0,x) WhereFi(k) are the measurements of th&' observable (per-

o w2 Av (16) formed at timest!”, i.e. at rotational phaseg" = f, +
F. = [dy [ dfsinfcosd [dvI.(0,%). 27t%/P), R andu, sini(© the estimated/measured values

0 0 Av

of the stellar radius and the projected equatorial velocity, and

) ) o s
Owing to magnetic intensification, varies with the rotational @ the corresponding errors. The funct_logil:), F ((5))' F ((6)) are
phasef because the magnetic configuration on the visible her@Yen by Egs. (4) of Paper I, the functiods™, [, I by

sphere changes. Such variation has usually been neglected é@ﬁ' (8) and (17) of th'_s paper. )

e.g., Landi Degl'lnnocenti et al. 1981; Landolfi et al. 1993a). When the observations of a given star are to be interpreted,

Although it is not expected to affect deeply the BBLP signéﬂ is appropriate to look both fqr the best dipole plus quadrupole

(Leroy et al. 1995), in this paper we take it explicitly into acnodel a_nd for the best pure dllr;')ole model. In _the Iatte_r case, the

count, in order to minimize the number of approximations. €XPressions of the functions )(f_) are readily obtained by
The expression of the functidi(®), the mean field modulus, neglecting, in the general expressions established above, all the

is much more direct. From Egs. (3), (4), (7) of Bagnulo et derms involvingB,,. They?2 defined in Eq. (18) depends on the

(1996) we have parameters

F6) — _3 i, B, fo, Ba, ve, a, ©, P, Pt (19)
ﬂ«;u) /2 17) for the pure dipole configuration, and
X Ofdx gd& (b5 u) \/W7 i\ B, Bus Bas for 1, Y2» Bas By ve, v, ©, P3Pt (20)

for the dipole plus quadrupole configuration. The last four pa-

wherec(0; u) is defined in Eqg. (9). As noticed in that paper, theameters of each set are only present when BBLP measurements
integral has to be evaluated numerically. For a given magnedi& included.
configuration and rotational phase, the compon&nts3,, 5. We developed two distinct codes for the search of tfe
can be calculated as illustrated above. minimum in the pure dipole and the dipole plus quadrupole

Itis thus seen that, when the dipole plus non-linear quadiggse. These codes, which are based on the Marquardt algorithm
pole configuration is considered, a common feature of the BBifescribed, e.g., in Bevington 1969), are a direct generalisation
and the mean f|e|d mOdu|us iS that bOth require the numeri%lthe Codes i”ustrated in Paper | to inc|ude BBLP and mean
evaluation of certain integrals — contrary to the functigi¥, field modulus observations (as well as the valueskofand
F®), F®) for which simple analytical expressions have beep sin ;). The same general remarks about the fitting method
worked out. This is an obvious drawback from a practical poiffhcluding the existence of ‘unphysical’ sets of parameters and
of VieW, when real observational data are to be interpret9d. of relative minima on the<2 hypersurface) app|y here as well.
Obviously, the new codes require a much longer execution time
because of the numerical evaluation of the integrals in Egs. (8)
and (17). We recall that the rotation periétdand the limb-
Once the expressions of the quantitid®) (with k = 1,...,6) darkening coefficient are treated as fixed parameters. We also
are established, we cantry to interpret simultaneously all the diécall, from the preceding section, that the BBLP depends on
ferentkinds of measurement available for a given star in termgbé additional parameterg anda (the strength and damping
the dipole plus quadrupole magnetic model. It is however corenstant of the ‘average’ line) and on the quartitpaving di-
venient to introduce, as further constraints to the fit, the valuegensions of magnetic field) defined in Eq. (12). Such quantities
of the stellar radiug?,. (which can always be estimated withinare also treated as fixed data, to avoid an exceedingly large hum-
some uncertainty) and —when known from Doppler broadenibgr of free parameters. When BBLP observations are present,
measurements — the projected equatorial velogityini. We the fitting procedure is repeated for different valueggfa, b
recall thatR, is related to the rotation peridd and the equato- (chosen within a physically reasonable range, see Sect. 4) until
rial velocityv. by R, = Pv./(2). Ithas been shown (Bagnulothe absolute minimum of? is reached.
& Landolfi 1999) that inclusion of these constraints may help Inprinciple, the method presented in this paper allows one to
in discriminating among several possible models. recover the magnetic configuration of a given star by uaimg

3. The inversion procedure
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combination of observables (e.g. longitudinal field and BBLPable 1. The different combinations of observable quantities sufficient
field modulus and, sin 7, BBLP alone, etc.). On the other handto recover the magnetic configuration, and the corresponding degener-
itis well-known that the knowledge of certain observables is nagy

sufficient (whatever the precision and the phase coverage of the

measurements) to recover the configuration: for example, e%ﬂr‘ul) ‘F(Q) ‘F(S) ‘F(4’5> ‘F(G) ‘ve sind H d ‘d + q‘

the pure dipole configuration cannot be retrieved from longitu- N A| A
dinalfield measurements alone. Therefore, the question arisesas

to which combinations of observables are in principle sufficiept

to recover the magnetic configuration. *

A related question concerns the uniqueness of the recpv- * By
ered configuration. All the functiong®) are, to some extent, * E4
invariant under certain transformations of the angles listed[in, « |B;
Egs. (19) and (20). Hence, according to the specific combina=
tion of observables considered, the recovered configuration will - *
be more or less degenerdte. * * || D2

The answer to such questions can be obtained by inspec- * x ||D2| Cf
tion of the expressions for the functio®$*), and can easily v |«
be checked via numerical simulations with the two codes men -
tioned above. The results are summarised in Table 1. * * Co| By

Consider first the pure dipole configuration. We label the * * Ca| Bj
degenerate magnetic configurations by the letters A through E - Ca2| BS
according to the following scheme: N N Co| B
A1 — unique configuration (no degeneracy); N N Ed| C,
B; — unique configuration (see below); % | x N B,

C, — two different configurations characterised by exchanged, N « |B.] BY
values fori andg (cf. Paper I, line d of Table 1): N N 3 B, | B,
( iv 57 f() )7 * * * B B/2
(8,1, fo); * * * B:1| B,
* * * Dy| C)
D, —two different configurations characterised by the reversed
direction of the magnetic field vector at any point of the stellar* | * | * Cz| Bs
surface (cf. Paper I, line b of Table 1): * |k * C2| B
!
(i, B o ), - - - €2 B
(i, 7= B, 7+ fo ); M . Cz| B
* * * * Bi| BS
E4 — four different configurations resulting from the combing- * * * Bi| Bj
tion of C andDs : * * * x ||B1| B
(i B fo ) (B i fo ) il * | x |Bi] B
(i, 7=08,n+fo), (B, 7n—1i 7+ fo). * * * * Co| B
* * * * * B1 B/2
Furthermore, in cas&; both the star’s rotation direction (clock-
wise or counterclockwise) and the azim@hof the projected
rotation axis are univocally determined (except for the ambigu-
ity between® and® + =), whereas in case8;, Cy, Ds, E4 For the dipole plus quadrupole configuration we label the
both are undeterminéed. degenerate magnetic configurations as follows:

3 Contrary to Paper |, in the following analysis we disregard thté1 unigue configuration (including the star's rotation direc

‘pseudo-degeneracies’ arising from the exchange ofthe unit vaetors ion and the angl® as in case\,);

u and from the inversion of their directions, since both transformatiof¥, — two different configurations, symmetrical about the plane

leave the magnetic configuration unchanged. containing the dipole axis and the rotation axis (cf. Paper I, line
* The functionsk™, F®, F®) F(©) are both independent &  a of Table 3):

and invariant under the transformati¢h — = — i,8 — 7 — 3),

which describes two stars having the same magnetic configuration dnd - B, B, B2, fos 1, Y2 )

rotating in opposite directions (cf. Paper |, line a of Table 1). (m—i, =08, m—B1, ©— B2, fo, 71, 12 );
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C/, — four different configurations resulting from combiningBBLP. Part of the determinations of longitudinal field, crossover
B, with the reversed direction of the magnetic field vector aind square field were published by Mathys (1994, 1995a) and
any point of the stellar surface (cf. Paper |, lingof Table 3): Mathys & Hubrig (1997), while 32 determinations of field mod-
( 3 5 By fo vy ) ulus were presented by Mathys et al. (1997). Work in progress
T ’ ’ ’ ’ ’ ’ by Mathys led to the revision of his earlier determinations of the
(7—i, 7=, 7= b, 7= B2 fo, M 2 ) square field (Mathys 1995b); these revised values are used here.
( i 7w=B, p1, 7=P0, 7+ fo, T+7, 12 ), The remaining measurements of all 4 quantities will be reported
(m—i, B, m—0B1, Boy, 7+ fo, T+, 72 ) in Mathys e_t al. (_in prepgration). Finally, all thg observations of
BBLP, obtained in a 108 band centred at 4208, were taken
In Table 1, an asterisk means that the corresponding obsejy4 eroy (1995a).
able is known, an empty space that it is not known. The two |t should be noted that measurements of longitudinal field
last columns show the kind of degeneracy according to the pegrried out by other authors show discrepancies with the dataset
ceding schemes, for the pure dipol#) @nd the dipole plus thatwe have adopted for this analysis. As pointed out in Mathys
quadrupole {+q) configuration, respectively; an empty spacg1991), other authors (e.g., Babcock 1958; Preston & Sturch
in these columns means that the knowledge of the associated7; Borra & Landstreet 1980) measured a weaker magnetic
observable(s) isot sufficient to recover the configuration.  minimum than exhibited by our dataset, whereas Vogt et al.
Inthe dipole case, it appears that the BBLP, the mean squgrego) observed a magnetic minimum about 200 G more nega-
field and the mean field modulus are sufficient by themselvesig.
retrieve the magnetic configuration; the mean longitudinal field | ongitudinal field determinations by Mathys (1994) rest on
is sufficient only ifv, sin i is known. By contrast, the crossovethe analysis of spectral lines between 5800 and d%(mlarge
is not sufficient, even if combined with sin 7 or the longitudi- fraction of which are located bluewards of 60°®0\/ogt etal’s
nal field. The only observable which enables one to determi(¥d80) work is based on observations at 6000—6%,aohile al-
univocally the configuration is the BBLP; obviously, any commost all other determinations of longitudinal field are obtained
bination of observables which includes the BBLP has the sam@m observations in the blue spectral region. Exceptions are
property (such combinations are not shown in Table 1). Omittifige works of Wolff (1978) and Romanyuk (1986), who in fact
the BBLP, the number of degenerate configurations obvioug¥rformed a comparison of the curves of longitudinal field as
decreases (changing frdii to Co/D, and toB;) as the number obtained from observations on either side of the Balmer jump.
of known observables is increased; in particular, kisi\dcan Their results show that a systematic difference between the de-
only be obtained it sin i is known. terminations of the longitudinal field obtained in the two dif-
Similar remarks apply to the dipole plus quadrupole caserent spectral regions may indeed be suspected, although the
The minimum combinations of observables sufficient to recovgbserved differences are probably smaller than the uncertainties
the magnetic configuration are: the BBLP by itself; the meafherent in the measurements.
field modulus provided. sin i is known; any two observables  Observations performed at different wavelengths imply a
among the longitudinal field, crossover, square field and fiedgtferent sampling in depth of the stellar photosphere, and one
modulus (even if. sin i is not known), except longitudinal field may suspect that the field strength varies with depth, as already
and crossover: this combination is not sufficient even fini  suggested by Wolff (1978) and Leroy (1995b).
is known. The quality of the currently available observations is prob-
Altogether, the BBLP turns outto be the richestin diagnostighly not sufficient to confirm whether this phenomenon is real,
content, the crossover the poorest. This does not mean thatghe dealing with a depth-dependent magnetic structure is out
actual localisation of the:? minimum is easier when BBLP of the scope of the present modelling. In this paper we im-
measurements are available: in fact the opposite is usually trggsitly assume that discrepancies among different datasets are
as expected because of the larger number of free parameggfs to systematic effects introduced by the different observ-
involved, which implies a more complex structure of th& ing techniques. The choice of Mathys (1994) dataset is almost

hypersurface. mandatory for the sake of consistency with the available deter-

minations of crossover and square field, which are performed

4. Application: Modelling of the magnetic field of on the same spectra used for the determinations of longitudi-
(3 Coronae Borealis nal field. Furthermore, this dataset is based on spectra obtained

with an instrument (CASPEC) mounted at the Cassegrain fo-
cus, hence devoid of significant instrumental polarisation. By
/3 CrB (= HD 137909) is one of the best observed CP stars, a#@nstrast, most other works are based on @mybctra, and the
measurements of magnetic field have been performed by seveggiired compensation for instrumental polarisation is a source
authors. As for the mean longitudinal field, a list of references@ uncertainty. This may be particularly critical and delicate for
given in Mathys (1991); for the mean field modulus, see Mathy<CrB, asillustrated by the shift between the mean field modulus
et al. (1997). In this work we considered 21 determinations @§rves obtained from KPNO and AURELIE spectra reported in
mean longitudinal field, crossover, and mean square field, ¥@thys et al. (1997) (see also Fig. 2).

determinations of mean field modulus, and 27 observations of

4.1. Observations
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Fig. 2. The best-fits to the curves of longitudinal field, crossover, square field, field modulus, and BBLP (as customary, the so-called quadratic
field vF3) is shown in the place of®®). Dotted lines show the best-fits obtained by neglecting the observations of BBLP. The dashed lines
refer to the model of Eg. (22), the solid lines to the model of Eq. (23). Different symbols are used to distinguish various sets of measurements,
between which systematic differences exist (see the references with the original measurements for details). In the left three panels, open circles
correspond to the data from Mathys (1994, 1995a, 1995b), filled circles to those from Mathys & Hubrig (1997), and filled squares to those from
Mathys et al. (in preparation). (In fact, early determinations of the mean square field were revised as explained in the text.) In the upper right
panel, data obtained at Haute-Provence Observatory with the AURELIE spectrograph are represented by filled circles, and data obtained at Kitt
Peak National Observatory with the cross-dispersed echelle spectrograph by open circles (see Mathys et al. 1997 for details)

B CrB is known as a binary, both by spectroscopy armbnent to the observed flux in the visible is five times weaker
speckle interferometry. According to Tokovinin (1985) its conthan that due to the magnetic star. Close inspection of the spectra
panion is 1.7 mag fainter in tHé filter. For the stellar temper- obtained at various orbital phases does not reveal any evidence
atures North et al. (1998) estimaigr = 7750 K and 7200 K, of significant contribution of théines of the secondary to the
where the lower temperature refers to the fainter componenitofiles of the diagnostic lines of the primary. Accordingly, the
which in the following we will assume to be non-magnetic. Acnoments of those lines, and the magnetic quantities derived
cording to these estimates, the contribution of the fainter cofrem their measurements, are unaffected by the factizB
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is a binary system. The impact of the presence of a compame observations of longitudinal field, crossover and square field
ion on the interpretation of the observations of BBLP will beould be well explained by a dipole field, but the best-model
discussed in Sect. 4.3. could not account for the curve of field modulus. By applying
For the rotation period we adopted the valud 4866 += the new technique presented in this paper, that is, by explicitly
0.001d, which was derived via a Fourier analysis of the me#@cluding the field modulus in the inversion algorithm, we found
surements of longitudinal field, field modulus, and BBLP. Ahat the best-fit to the magnetic data has a reducee- 7.7.
constraint to the stellar radius we adopted the vaRi® = The fact that the magnetic morphology 6fCrB cannot be
3.25+0.31 R, obtained from Hipparcos astrometry by Hubrigpproximated by a dipole field has been well-known for a long
et al. (2000), whereas for the projected equatorial velocity WEne (see, e.g., Stift 1975). The two extrema of the curve of
adopted the value. sini(?) = 3.5+ 1.5km s~ 'given by Wade field modulus are not in phase with the extrema of the curve of
(1996). For the limb-darkening coefficient we adopied 0.5. longitudinal field, but almost in phase quadrature (see Fig. 2).
This choice is not particularly crucial, since the observable quaFhis feature cannot be reproduced with a simple dipolar field
tities do not strongly depend on it: this was verifeegosteriori  (Landolfi et al. 1997; Mathys et al. 1997).
by repeating the calculations with = 0.3 andu = 0.7: the The situation radically improves (even too much!) when in-
results were found to be consistent within the parameter errgitding a quadrupolar component. We foudodr models, with
reducedy? ~ 1.4 — 1.8, that account for the curves of longitu-
dinalfield, crossover, square field and field modulus (the predic-
tions of the best one are shown in Fig. 2 with dotted lines). Very
As explained in Sect. 3, a magnetic model for the star could f&v characteristics are common to these models: a low value
derived by the analysis of several different subsets of observalgiethe inclination angle and a value for3 near90°, which
quantities (see Table 1). However, this possibility is effecti@so explains why the remaining parameters are so scattered:
only for data which ar@xactlymeasured, and the problem othe observer sees only a limited fraction of the stellar surface,
the actual invertibility of the observations should be revisited &g the rotation axis is almost pole-dithis greatly weakens the
taking into account the observational errors. Such a problem veggistraints to the magnetic morphology, especially because the
approached by means of numerical simulations in Paper |. Wweasurements derived via StodendV” are basically sensitive
found that under certain circumstances, fRehypersurface is to the modulus and the longitudinal component of the magnetic
characterised by two or more relative minima. In these cases, fiedd. It is clear that the observations of BBLP, sensitive to the
best-model is usually representative of the actual magnetic ctiansverse component of the field, may be of great help to con-
figuration, but not always. Sometimes the true magnetic topétrain the magnetic configuration of the star, although, as we
ogy is best described by the model corresponding to a second&igll discuss in Sect. 4.3, their interpretation requires some cau-
minimum, or, in the most extreme cases, it is not recovered atton.
by the inversion algorithm. The occurrence of multiple solutions As explained in Sect. 3, when considering the observations
(that is, several relative minima characterised by similar valuesBBLP, we have to introduce a number of additional parame-
for the > —which ought not be confused with the degeneracy trs. Four of themd, ©, P5*, Pf*) are free, that s, their values
the magnetic configuration discussed in Sect. 3) is related to &e recovered by the inversion algorithm. Three parameigrs (
magnitude of the observational errors, but depends also on ¢hé) are treated as fixed.
region of the parameter space where the magnetic configurationThe choice of), anda depends on which features we believe
is located. We will shortly see how this reflects on the analysigould pertain to the ‘average’ line that we deem as representa-
of the magnetic configuration ¢f CrB. tive of the stellar spectrum. One could assume that the ‘average’
A modelling which includes observations of BBLP requirebne should simply account for the magnetic observations, and
one to introduce a larger number of approximations and freelectits parameters in order to produce the best-fit to the BBLP.
parameters than the analysis of the magnetic quantities deriVégisoon realised that this approach would lead to some clashing
from Stokesl andV” profiles. In particular, the observations ofnconsistency, since the best-fits were obtaineddor 1:aline
BBLP are more sensitive to the possible presence of abundagidaracterised by such a small strength would in fact be invisible
patches at the surface of the star. On the contrary, when meauthe spectrum, which by contrast appears to be crowded of
ing I andV profiles, it is possible to select spectral lines whossrong lines (see, e.g., Hiltner 1945). We thus decided to fol-
shape does not appear affected by an abundance modulatidewfa more realistic approach, that is, to fixanda such that
the element from which they originate. Therefore, we decidedtite resulting line be representative of the observed stellar spec-
follow a two-step procedure. First we modelled the observatiotigm, and account for the overall line-blocking factgrin the
of longitudinal field, crossover, square field and field modulwgavelength region of the observations of BBLfwas mea-
(together with the explicit constraints tpsini andR,). Then
we repeated the calculations by including the observations™of These features of the magnetic morphology3oErB, that is, a
BBLP, and we Compared the results. . rotation axis almost pole-on and the dipolar axis almost perpendicular
Even by neglecting the observations of BBLP, it s clear thg] ihe rotation axis, are also common to the best pure dipole model, and

the simple dipole field is not sufficient to describe the magnetjigre found in previous works by several authors, e.g., Wolff & Wolff
configuration of3 CrB. In Bagnulo et al. (1999a) we found tha{1970), Stift (1975).

4.2. Analysis
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sured at 4208, by Wolff 1967 as 0.26). At the same time, theof Eq. (22). On the one hand, this somehow strengthens the
line parameters to be adopted should also be consistent wéhability of that model. On the other hand, the solution is no
our assumption that the spectral lines are not blended. Untisrger unique. A secondary minimum is found for the following
the hypothesis of Milne-Eddington atmosphere we calculatesit of parameters

by numerical integration over the stellar disk, the line profilefor ¢ = 162° + 1°

several combinations ofy, a, and5p. We concluded that the 0 = 35° + 2°

appropriate value ofy, for the ‘average’ line should be com- 3 = 93° + 1°

prised in the intervell < logny < 3. A posterioriwe found that fo = 0° + 2°

both the observed line-blocking factor and BBLP could be best 51 = 40° + 2°

explained with the values, = 300 anda = 0.05. However, By = 114° + 2°

it should be noted that the model predictions for the observed v; = 143° + 2° (23)

BBLP are almost independent of the precise valugyafithin Yo o= 35° + 1°

a range of one order of magnitude. By = 8810 + 370G

An estimate for the conversion factocan be obtained from B, = 15145 £+ 90G

Eq. (12) by recalling Ve = 91 + 0.7kms*
| [T a = 82x107° + 08x107°

Avp = — Bl | w2, (1) P3 = 20x107* + 03x107*
Ao mpd Pt = 04x107% + 03x107%

wherekg is the Boltzmann constanty,, the proton massA  The associated values fogsini and R, are2.8 + 0.4kms™!

the atpmic weightz the microturbulent velocity, andy ~ and3.3 +0.4 R, respectively, and the value of the redugéd
4200 A. By taking T.g = 7750K, 0.0 < w < 2.5kms™*, is 2.5. The fits are shown with solid lines in Fig. 2. The mor-
and by assuming that the spectrum@®E€rB is dominated by phology of this model, which predicts an average line-blocking
iron peak element lines, we obtaln~ 2500 — 5000 G. We factor of 0.22, is similar to thbestof the four models obtained
carried out our analysis by adopting various values within by neglecting the observations of BBLP (the main difference
this range. Here we describe the results corresponding to ihéhat the model of Eq. (23) predicts a slightly different orien-
two boundary values. (For intermediate values wk obtained tation of the quadrupolar component, and an overall magnetic

results consistent with those illustrated below.) strength about 25 % larger than what predicted by the best model
By settingb = 2500 G, the parameters of the best-modebbtained without BBLP).
are Note that both models of Egs. (22) and (23) are characterised
i= 168° £+ 1° by relatively high values for the reduced and very small val-
e = 124° £ 2° ues for the parameter errors. This latter feature indicates that
B = 88° + 1° thex? hypersurface is very steep in correspondence to the min-
Jo = 5% £ 2° imum. It would be misleading to interpret this in terms of a
pr = 122 £ 1° high precision result. On the contrary, this seems rather a clue
Pz = 9+ 1° to the presence of a magnetic configuration more complex than
"= 350° £+ 5° (22) adipole plus quadrupole. In the following we will examine this
Y2 = 331° £ 1° hypothesis in more detail.
By = 12165 =+ 55G
By, = 14420 + 70G . .
ve = 84 + 06kmst 4.3. Discussion
a = 83X 1073 £+ 04x1073 Inspection of the fits in Fig. 2 shows the presence of some sys-
Pyt = 41x107* £ 05x107* tematic effects.
PP = 06x107* + 0.3x107% In the vicinity of the minimum of the longitudinal field, the

the associated values forsini andR, are1.8 = 0.2kms~! measured field is more negative than predicted by the model.
and3.1+0.2 R, respectively, and the value of the redugéd This discrepancy is stronger in the models obtained taking into
is 2.0. The model yields an average line-blocking factor of 0.2&ccount the observations of BBLP (dashed and solid lines) than
The zero phase point refers to J.D. = 2450011.06, and the fitthe one obtained neglecting them (dotted lines). Therefore, for
are shown with dashed lines in Fig. 2. the former two models, this systematic discrepancy might partly
This model is unique, in the sense that the secondary miniimaan artifact of the modelling due to the presence of element
of the x? hypersurface either give for the line-blocking factoabundance patches (we will come back later on this point). On
a value less than a half of the observed one, or correspondhe other hand, one could interpret this discrepancy as due to
a much larger value of the reducgd (2 3.0). However, this a magnetic morphology even more complex than what can be
model is not consistent with any of the four models recoverel@scribed by means of a second-order multipolar expansion.
by neglecting the observations of BBLP. One could also suspect an overestimate of the adopted de-
By settinghb = 5000 G, the absolute minimum of thg? terminations of longitudinal field (altogether, the observations
hypersurface corresponds to a set of parameters similar to tfadther authors would be better reproduced by our models). In
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any case, the points near the minimum of the curve showih@. For any given set afy, a, b we recovered magnetic config-
the largest deviations are few, so that their weight is low corarations quite similar to the previous ones, except for the value
pared to the whole set of observations. Indeed, we found simitdra.
modelling results even by neglecting them. The assumption that the observed BBLP is due to a single
It is also evident that many determinations of square fielaverage’ line (or equivalently, t&V identical, unblended lines)
are below the model predictions. This seems to be intrinsicrttay look questionable for a star likeCrB, whose spectrum is
the way the various magnetic quantities are derived, rather tteowded of lines and undoubtedly contains several blends. This
to indicate a shortcoming of the model. Plain comparison pfoblem was studied by Bagnulo et al. (1999b) through the com-
the values of the longitudinal field, of the field modulus, and gfarison with realistic synthetic spectra. In fact, they found that
the square field throughout the rotation cycle of stars for whithe behaviour of BBLP as a function of rotational phase, for
these three magnetic quantities have been repeatedly determagiven magnetic configuration, is not strongly affected by the
shows that for many of them, the derived values are at the lirathove assumption. Therefore, we do not regard this approxima-
of mutual inconsistency, in the sense that the inequality tion as a major problem, all the more so because the modelling
9 N1/9 9 on1/9 results are based not only on BBLP observations, but also on
(B)* +(B)")'"/* < (B + B2)"/ other kinds of constraints.
is often only marginally satisfied (Mathys et al. in preparation). The last point to be addressed is related to the possible pres-
Although no definite incompatibility has been found for any staence of abundance patches at the surface of the star. Leroy
the fact thatin many instances the square field hardly exceedsaheal. (1995) showed that abundance variations were not suf-
sum of the square of the longitudinal field and of the square fafient to explain the departures of the observed BBLP from
the field modulus suggests that the technique used to derivelat expected for a simple dipolar configuration. Furthermore,
magnetic quantities tends to somewhat underestimate the forther spectral lines off CrB do not display strong variations of
with respect to the latter two (or conversely, to overestimate oeguivalent width (Mathys 1991). As the rotation axis has a small
or both of the latter two with respect to the former). The error,iificlination to the line of sight, this does not rule out the possi-
real, is rather small compared to the values of the correspondbig existence of pretty large abundance inhomogeneities. Such
magnetic quantities, but it may be sufficient to account for tiiehomogeneities, if present, would primarily appear as rotating
kind of difficulty which appears here when trying to use therfieatures permanently within sight on the stellar disk, and as such
all simultaneously to establish a best magnetic model. they mightintroduce a modulation of the BBLP signal sufficient
The determinations of mean field modulus are definitetp weaken the full validity of our interpretation. For instance,
better reproduced by the model obtained without taking intbey could be responsible for the partial discrepancy between
account the observations of BBLP (dotted lines) than by tineodel predictions and observations of mean field modulus and
models of Eq. (22) or (23). Similarly to what is discussed for tHengitudinal field.
longitudinal field, this suggests either that the magnetic structure According to the above discussion, one could regard the
of 5 CrB is more complex than a dipole plus quadrupole, or thatodel of Eq. (22), which is not consistent with any of the mod-
BBLP introduces some artifact in the modelling. els recovered independently of the observations of BBLP, as
In fact, the observations of BBLP are well reproduced kgn artifact of the modelling due to the presence of abundance
both models of Egs. (22) and (23). Nevertheless, a few copatches. In addition, note that the valueyofin i associated to
ments are still needed. the model of Eg. (22) is marginally inconsistent with the esti-
One of the problems to be addressed is related to the presemege of Wade (1996), and the interstellar polarisation may look
of a companion. Assuming that the radiation arising from theispiciously high for a star only 35 pc away. By contrast the
companion is not polarised, the binarity simply causes a dilutiomodel of Eq. (23), which in facis similar to the best of the
of the signal of BBLP by a factos 20 %, and introduces a models obtained by neglecting the BBLP, seems more reliable.
minor indetermination in the value of the line-blocking factor The magnetic maps corresponding to the models 6fB
& (~ 20% of the difference between the line-blocking factorgiven in Egs. (22) and (23) are shown in Figs. 3 and 4, respec-
of the two stars). From a qualitative point of view, it can b#vely. Both figures are organised in a similar way. The mod-
expected that the dilution effect of the BBLP signal basicallylus of the magnetic field is visualised by means of different
affects the only parameter. Since the line-blocking factor  colours, with contour lines 1 kG apart. (The legend is shown in
the left-middle panels.) The direction of the magnetic field is

27 m/2 . . .
) represented by unit vectors, drawn in black or gray according
£= O‘/dx /d‘g c(6;u) /d” [1-i(6,x)] to their outward or inward orientation, respectively.
0 0 line The upper four panels show the configuration of the star

is almost constant with the rotational phase, and much less ti#gnseen from the observer. In Fig. 3 the rotation axis is tilted
unity, the parameter in the numerator of the first terms in theat an angle’ = 168° and its azimuthP = 124°, is counted
r.h.s. of Egs. (8) acts in practice as a scaling factor — whichagunterclockwise from the direction oriented toward the top of
just the effect due to the dilution of the signal. Such expectatiofite page. In Fig. 4 the rotation axis is tilted at an arigte162°
have been verified by app|y|ng again the inversion procedu%]’d its azimuth i® = 35°. (We recall, however, that the values
with the BBLP measurements artificially multiplied by a factoPo and®, + 180° cannot be distinguished.)
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Fig. 4. The magnetic configuration ¢f CrB according to the model of Eq. (23). The figure is explained the text
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The remaining panels display the magnetic configuratiaerver. This suggests that the magnetic configuratigh ©fB
over the entire stellar surface. The rotation axis is taken as pceuld be even more complicated than what can be described
ferred direction. The two middle panels (beside the legend) shbwa second-order multipolar expansion. The modelling may be
the magnetic structure as seen from the North, and from ttewisited either when new high-quality data become available,
South rotation polei(= 0° andi = 180°, respectively). The or by taking into account additional magnetic parameters that
four bottom panels show the star with the rotation axis perpersuld be determined from further analysis of the line profiles.
dicular to the line of sighti(= 90°), at four different rotation Nevertheless, ultimately, any model that is derived will have
phases specified in the figure. The visible rotation pole is arbid- be used to build synthetic spectra for comparison with the
trarily set toward the top of the pag® & 0°). spectra observed in the various Stokes parameters, as a consis-

The magnetic maps clearly show that, according to botncy check in order to validate (and possibly refine) the models
models, the morphology gf CrB exhibits magnetic patches ofand to establish that the derived magnetic morphology is fully
strong field right on the side of the stellar surface thatas compatible with the existing observational constraints.
visible to the observer. A similar result was found in a previous
work for HD 119419 (Bagnulo & Landolfi 1999). It would prob-/cknowledgementsStefano Bagnulo has been supported by the Aus-
ably be nave to believe that this represents a physical reali tr!fznl?lrld;’;rur ferderung der Wissenschatftichen Forschipgpject
It rather suggests that the magnetic morphology @&rB (as '
well as that of other CP stars) is more complex than what can be
represented by means of a second-order multipolar expansfdgferences
The strong field gradients in the non visible stellar hemisphegghcock H.W., 1947, ApJ 105, 105
especially those of the model of Eq. (22), look like a mathemaabcock H.W., 1958, ApJS 3, 141
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