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Abstract. We present an optimized algorithm to estimate frorcross correlation, between the high resolution stellar spectr
shifted stellar spectrathe variations of radial velocity caused bgiad a synthetic spectrum made of box-shaped emission lines
rotating planet. This algorithm is based on a rigorous approastpual amplitude, with a gaussian function. This method is far
in the spectral Fourier space that uses a weighted analysidefoptimum because: i) the use of a synthetic spectrum for t
the cross spectrum phase between the high resolution spetfarence reduces the advantages of a differential approach
of the object and an appropriate reference. We give a simpiart of the information, like low frequency structures and spe
method to calculate the best value of the stellar radial velocttal discontinuities, is discarted (to force the cross correlati
in the presence of photon noise from a non linear least squerenimic a gaussian function?) and iii) to the knowledge of th
fit, and we derive a formal expression for the velocity erroauthor, there is no apparent reason for the cross correlatio
We show experimentally that the Fourier approach gives mulsl a gaussian function.
better results than the classical cross-correlation technique.  Inthis paper, we propose to derive the variations of the stell

radial velocity from a rigorous approach using all the spectr
Key words: methods: data analysis —techniques: spectroscopitormation. It is based on a straightforward data analysis in t
spectral Fourier space, similar to that developed for differenti
speckle interferometry (Petrov et al. 1986; Chelli 1989; Che
& Petrov 1995).

1. Introduction

The search for extrasolar planets is an astronomical field 2nThe formalism
rapid development. Five years after the detection of a Jupiter- . .
like body rotating around the star 51 Peg (Mayor & Quelo e.t us conglder a reference Sgecm‘ﬂ?()‘) :?md Its Dgppler
1995), more than 30 extrasolar planets candidates have b |§ed vers_lonS(/\) = 5:(A = AT), whereu is the radial Ve
found (e.g. Marcy & Butler 1996: Cochran et al. 1997; Noye!gc'ty associated t6'(\). We assume that the optl_cal ban_dW|ch
et al. 1997: Delfosse et al. 1998: Fischer et al. 1998rsker is small enough for the Doppler shift to be considered, in a fir
et al. 2000; see Marcy & Butler 1998, for a review). The usuggproxinlation, constant within the bandwidth. And we wri
method for the detection consists in measuring the variations)tif ~ )‘OE’ Wherer_ls the central vyavelength. . .
the stellar radial velocity due to the orbiting body. The experi- . Our aimis to derive the best e.st|maztef the radial \(eIOC|ty |
mental approaches to this problem, and hence the data redud‘idq)the presence of photon noise. A formal solution to thi

model, differ depending on how the wavelength is calibrateldf© lem has been given by Petrov et al. (1986). They sugges

This calibration is done simultaneously to the observations, ggmpute the Fourier cross spectriftw) = S(v)5"(v), given

ther separately from the stellar spectrum (Baranne et al. 19 é{)

or superposed on it (Butler et al. 1996). f(y) — o2imvAo |§r(1/)|2, 1)
We are not concerned here with calibration problems, but

with a rather simple theoretical question: whatis the best methjed to perform a linear least square fit of its phase. Howev

to estimate the distance between two identical spectral enetigy procedure suffers from a limitation in the usable freque

distributions shifted with respect to each other? This questi6igs due to the 2 ambiguity affecting the phase estimate if its

applies exclusively to the experimental approach of Barannegtor is larger than typically 1 radian. In the present case, t

al. (1996), which is the only one producing strictly translategourier cross spectrum is a rapidly oscillating function whic

spectra. To find the wavelength shift Baranne et al. model tRity have values close to zero, and experimentally it is not ez
to eliminate the unwanted points. To overcome these diffic

Send offprint requests télain Chelli ties we should avoid working with phases (On the contrary,
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Chelli & Petrov (1995) proposed to use phasaef€)to war- which holds:
rant the phase continuity and to look for the veloaityhich

L . . . ~ l( cAN )
minimizes in a least square sense the imaginary pdrt'(m)] o%(v) = 2 \2mxg ®)
ity: . Re2[C(v,
Ojthe quantlty L~ I HEL KK, +<8K[+z(< J)?]C(um
C(v) = e Hm22I(v). )

In this context any point of the cross spectrum can be usgdygise analysis
independently on the associated error.

We assume now that the frequencig regularly sampled at Let us try to simplify Eq[(B). In practice, the number of photo-
the pointsj = 1, ...n. To completely solve the problem of ve-events in the reference channel is much larger than that of the
locity derivation, we need to determine the covariance matrixWPrking channel, hencé’, + K ~ K.. Taking into account
the presence of photon noise for tiien[C(v;)]}. It can be de- that at the convergence pome[C( 7)) ~ |C(v;)], and writ-
duced from the general calculations of Chelli (1989). The resuits) |C(v)| ~ K K,.W (v), whereW (v) is the (unbiased, i.e.
at the convergence point, i.e.~ u, are given in appendix A. equal to zero beyond the cut-off frequency) spectral density of
They show that th¢Im[C(v;)]} are poorly correlated. Hence,S()) or S;(\) normalized to the zero frequency, it holds:
in order to simplify the problem, we neglect the non diagonal
covariance coefficients. This will not significantly change nei-, (A’

ther the calculated velocity nor the associated formal error. T‘ﬁe K = n 2 K, WZ(,,J) : ©)
quantlty to be minimized then becomes: Z 1+ K, W (vy)
Assuming thaf¥, is large enough for the useful partsﬁ(u),
Q= Z 2 3) 1S use ; .
o uj i.e. those containing most of the velocity information, verify

~ KrW(l/) > 1, we obtain:
wheres?(v;) is the variance of IfC(v;)] at the convergence
point. It holds (see Petrov et al. 1986, Chelli 1989 and ap; ) l( cAX )2

2\ 27w Ao
ndix A v) & R (10)
e ) O R )
o vy) ~ §[KKr + (K + Kr)|C(Vj)|]’ ) Eq. (I0) is now very simple to handle as it does not depend
where K and K, are the total number of photoevents in thény more on the number of photoevets in the reference
spectraS()\) andS, (), respectively. Given the precision on th&hannel, but only on the object and intrumental characteristics.
velocity required for extrasolar planet detection, the valuds of It is beyond the scope of this work, but it may advantageously
and K, are normally large to very large. At such count levelde used to study the influence of the stellar spectral type and the
the statistics of thgIm[C(v;)]} is close to gaussian and thenfluence of the spectral resolution on the velocity error via the
solution to the least square fit equation practically corresportdsmzj 0 jQW(V]) AN3 fz/QW )dv.
to the maximum likelihood estimate. To calculate the expected precision on the stellar radial ve-
From standard non linear least square fit techniques, theity, we use a very good quality high resolution spectrum of
correct value of the velocity can be obtained via an iterativethe K7V star HD 201092 (GJ 820B) with visible magnitude
procedure in which the incremenrtv to give to the previous m, = 6. It was obtained under average seeing conditions, in a
value of the velocity is: 15 minutes integration time, atét2 m telescope of the Obser-
j=n Im[C(v;)] 8Im[C(v;)] vatoire de Haute Provence (OHP, France) with the instrument
Zj:o a2(v;) v ) ELODIE (see Baranne et al. 1996). This instrument produces
j=n 1 (31m[5(yj)] ) 27 high resolution spectra{40000) formed by 67 spectral orders,
J=0 o2(v;) v each of a few tens of Angstroms width, covering the wavelength
or explicitly: range [3900, 6800A]. For each order, the observed number
of photoeventds” and the calculated normalized spectral den-
AU _ ‘72(’/1) , (6)

sity W (v) were inserted into EJ_{10) to derive the expected
27 Ao Z] =n 2 e [C(vy)]

Av = —

cAN Z] " : Re[C())]Im[C (v;)]

error on the radial velocity as a function of the wavelength. The
a(v;) results are shown in Fig. 1. Clearly, most of the useful veloc-
where A\ is the optical bandwidth and Re stands for the redty information is contained beyond 44@Q where the error is
part. Note thaﬁ(u) must be updated after each iteration anguasiindependent of the spectral order. Properly combining the
that there are no limitations on the maximum usable frequergy velocity estimates (i.e. weighted by the inverse of their vari-
pointn. At the end of the iteration process, the varianéév) ance), we derive for an equivalent integration time of 1 hour, a

on the derived velocity is given by: global error of 0.45 mist. For the same integration time, Fig. 2
) 1 shows this global error as a function of the visible magnitude.
o (v) = . ; (7)  The symbolic error of 1 ms' is reached for a K7V star of

j=n __1 (M)Q magnitude 8.

j=0 o2(v;) v
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Fig. 1. Expected error on the radial velocity as a function of the wav&id- 2. Expected global error on the radial velocity as a function o
length (spectral order) for a K7V star of visible magnitude 6, observée Visible magnitude for a K7V star, observed during an equivale
during an equivalent integration time of 1 hour with the ELODIE speddtegration time of 1 hour with the ELODIE spectrograph installed o
trograph installed on th2 m telescope of the OHP. Note that the maiH1€ 2 M telescope of the OHP. The symbolic velocity error of I s
velocity information is contained beyond 4480where the error sta- 1S obtained for a visible magnitude 8 (see text).

bilizes around 3 ms' (see text).
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4. Experimental approach

O 4
L b

0.10
In this section we compare experimentally the performances of | % R e, °
the Fourier and the cross-correlation methods on the HD 201092 ES a0 0 Ou e 9 8% Oe o
spectrum used in the previous section. The cross-Correlation ,,f ** o "8 %o ssu'egss oo ** 070 o0t °
results have been obtained with the Tacos program currently | 99(.5 © 55 ° L ° LS
used to reduce the ELODIE spectra. For each spectral order, the f, o o

velocity is calculated by comparison with a synthetic reference
derived from a KO spectrum, and then corrected for the zero”'°
point. The zero points are the mean velocity per order, derived
with Tacos from a library of thirteen spectra of HD 201092
obtained during routine observations with ELODIE (Delfosse 2°
et al. 1999). The results are plotted in Fig. 3 (white points) as a
function of the wavelength.

For the Fourier approach, an appropriate reference spEu- 3. Stellar radial velocity for HD 201092 as a function of the wave
trum has first to be derived. This is achieved from the melgngth (spectral order) calculated with the cross-correlation meth
tioned thirteen spectra of HD 201092. Each spectrum is pi@hite points) and with the Fourier method (black points).
cessed as follows: i) all the orders are regularly resampled with
a0.034 wavelength step, ii) they are corrected by Fourier trans-
form for the Earth velocity and the stellar velocity (calculatednd 55004, and they start to vary in a somewhat non rando
as a first guess with for example the Tacos program), i) theiy beyond 550@. Given such a behavior, the variance of the
end parts corresponding to the extreme observed wavelenggla is not a good way to estimate the velocity dispersion.
shifts (Earth + stellar) are canceled. The reference spectrungigntify the dispersion we prefer to build an histogram of t
then just obtained by summing up, order by order, all the indielocities for each set of results. The resulting histograms &
vidual resulting spectra. In practice, for HD 201092 we correshown in Fig. 4 with a binsize of 15 ms, and are fitted with a
the thirteen individual spectra only for the Earth velocity as tlgaussian function. The width (variance of the gaussian fit) of t
observed stellar velocity amplitude is smaller taah00 ms'  Fourier distribution is 10 ms!, against 34 ms' for the cross-
which represents less than 2% of the spectral resolution. Tdwerelation distribution. Taking into account the surface of t
residual radial velocity of the selected spectrum of HD 2010%&ussian functions, the internal error for the mean velocity b
calculated from the Fourier approach is plotted in Fig. 3 (blacdomes 4.7 mis! for the cross-correlation method and 1.5Ths
points) as a function of the wavelength. that is to say 3 times smaller, for the Fourier method. The o

As expected (see Fig. 1), the velocity values are highly digined 1.5 ms' compares well with the 0.90 ms$ theoretical
persed before 4408. They become stable between 44Q0 error computed from the experimental spectrum and[Eg. (10
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0 where the upper bar ovek and K, stands for the expected

value,cc denotes the complex conjugate of the preceeding term,
andT'(v) represents the non noisy spectral Fourier transform
of S(\) or S;(A\) normalized to the zero frequency (note that
ﬁ/\(u) = |T(v)|?, see Sect. 3). Setting = v, = v, we derive

the variancer2(v) of Im[C(v)):

25 o Correlation

e Fourier

20

K. K ~ KK — — ~
: 0*(v) = == (1~ [T(2)*) + == (K + K.)|T(v)
10
FK o 17 e e
- (K + K,)[T*(\)T*(2v) + T ()T (2v)]. (A2)
5
o o' leo Neglecting the double frequencies and the bispectra, it holds:
0 \O | 9 L L \. | L | L
0.0 0.2 0.4 K.K — =~
V(km/s) 02(V) = 9 [1 + (K + Kr)lT(V)|2]~ (A3)

Fig. 4. Histograms of the radial velocities of Fig. 3, shifted for ClariUExperimentally, we have not accessoK , andf(zz), butonly

along the x-axis. The gaussian fits (continuous lines) indicate aveloc[l(l_;y,meir estimates. Hence, making the approximatﬁn@ K
dispersion and an internal mean velocity error of: 34 and 4.7 K.~ K, andfrf|f(u)|2 ~ |5(u)\, the variance writes:

ms~! for the cross-correlation method (white points), 10 thsind

1.5 ms™! for the Fourier method (black points). 5 1 ~
)~ (KK, + (K + K,)|C(v)]]. (A4)

5. Concluding remarks Note that the correlation coefficient between[(ﬁ'(wj)] and

. . . Im[C(1,)] is of the order|f(z/j — vi)|. For a K7V star, at a
The expected error on the radial velocity obviously dependsg ectral resolution of about 40000, we generally speak of a cor-
the seeing angle which is not apparentin the previous calculat I ’

HalBihtion degree of a few percent or much less, which means that
as we used an observed spectrum. Hence, the calculated limi ing

performances have to be taken only as indicative. Given the {Im[C'(;)]} are poorly correlated.
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Appendix A: The covariance matrix

point (i.e.v ~ u, see Sect. 2), itis given by: S., Dennerl K., 2000, A&A 353, L33
— Marcy G.W, Butler R.P., 1996, ApJ 464, L147
,u(l/j, ) = K;K [‘f(l’] B Vk)|2 _ |T(Vj + Vk)|2] marcy G.W, Butler R.P., 1998, ARAA 36, 57
ayor M., Queloz D., 1995, Nature 378, 355
KK — — ~, ~ ~ Noyes R.W., Jha S., Korzennik S.G., Krockenberger M., Nisenson P.,
+ = (K K) T ()T () T (v — ve) + e Brown T.M., Kenelly E.J., Homer S.D., 1997, ApJ 483, L111

Petrov R.G., Roddier F., Aime C., 1986, J. Opt. Soc. Am A3, 634
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(K + Fr)f(uj)f(uk)f*(uj + ) — cc, (A1)
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