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Abstract. We show that radial flows (directed either inward
or outward) suppress mean-field dynamo action in a thin disc.
Under conditions typical of spiral galaxies, the reduction in the
growth rate of the large-scale magnetic field can reach 25–30%.
The dynamo-generated galactic magnetic fields themselves can
drive radial flows at a rate of order0.1 M� yr−1. These radial
flows can contribute to the saturation of the dynamo action to-
gether with other nonlinear effects. We also present arguments,
and an illustrative computation, to support the view that in the
inner regions of barred galaxies the magnetically driven mass
accretion rate may be substantially larger than the above esti-
mate due to deviations of magnetic field from axial symmetry.
The magnetically driven inflow rate in barred galaxies can reach
about3 M� yr−1.
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1. Introduction

Radial inflow is a generic feature of astrophysical discs, both in
spiral galaxies and in the accretion discs around young stars and
in active galactic nuclei. Accretion arises from the angular mo-
mentum transport by viscous and magnetic stresses, winds and
from nonaxisymmetric gravitational torques, e.g. from galactic
density waves and/or bars.

The effects of the radial inflow on the regular galactic mag-
netic field can be significant. Ruzmaikin (1976) (see also Ruz-
maikin et al. 1988, Sect. VI.10) argued that the inflow driven
by energy dissipation in spiral shocks can lead to an enhance-
ment of the galactic magnetic field due to the compression term
B(∇ · v) in the induction equation, but concluded that the ef-
fect is of at most marginal importance in real galaxies. Chiba &
Lesch (1994) developed this idea further and claimed that ra-
dial inflow can significantly enhance (if not explain completely)
magnetic fields in galaxies. We show here that radial flows in
fact hinder dynamo action, and so any enhancement of this type
can only be possible as the result of magnetic field transport
from infinity, rather than as the result of dynamo action.
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Disc dynamos with a radial velocity were considered by
Pudritz (1981a,b), Stepinski & Levy (1990) and Mangalam &
Subramanian (1994a,b) in the context of accretion discs. Man-
galam & Subramanian solved an equation similar to Eq. (11)
below, but paid no attention to the specific effects of radial mo-
tions on the dynamo efficiency.

Accretion flows driven by dynamo generated magnetic
fields, and axisymmetric mean-field galactic dynamos with ra-
dial inflow were discussed by R̈udiger et al. (1993) who obtained
inward velocities of the order1 km s−1 or less (assuming a speed
of sound of10 km s−1) and argued that the sign ofvr depends
on the field parity – even or odd inz. (It is not quite clear to us
why the sign ofvr can depend on the field parity since magnetic
stress is quadratic in the field.) However, these authors neglect
the contribution tovr of the gravitational torques from galac-
tic spiral arms, which is expected to be dominant (see Sect. 2).
Their numerical model did not allow these authors to isolate
the effects of the radial motions on the dynamo, which are our
subject here.

Radial inflow has been invoked to explain strong vertical
magnetic fields observed in the Galactic centre by advection of
a frozen-in external magnetic field by an accretion flow (Chan-
dran et al. 2000; Sofue 1987). However, the assumption of ideal
MHD used by these authors is highly controversial when ap-
plied to a large-scale magnetic field in a turbulent galactic disc.
The advection of external magnetic field through a turbulent, dy-
namo active disc will be addressed elsewhere (Moss & Shukurov
2000).

In this paper we include radial motions in a galactic dynamo
model and demonstrate that they tend to suppress dynamo ac-
tion. Without any significant field at infinity (the appropriate
condition for a dynamo system), the dynamo has to replenish
magnetic field advected by the radial flow away from the re-
gion where it is generated most efficiently; this hampers the
dynamo action. Magnetic field compression, described by the
termB(∇·v) in the induction equation cannot counterbalance
this effect. A noticeable effect of the compression is to produce
a sharper peak in magnetic field strength at smaller radii. We
consider kinematic mean-field dynamo models and only briefly
discuss nonlinear behaviour. We often use values of relevant
parameters that are roughly appropriate for the Galaxy. How-
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ever, our results are directly applicable to accretion discs after
obvious modifications.

2. Radial flows in spiral galaxies

A major mechanism of accretion in spiral galaxies is the non-
axisymmetric gravitational torque produced by stellar density
waves, which results in an accretion rateṀ = 0.2–0.3M� yr−1

(Lubow et al. 1986), corresponding to a radial velocity of
vr ' −0.4 km s−1 near the Sun. The viscous stress (Lynden-
Bell & Pringle 1974) providesṀ = 4πνσ ' 0.05 M� yr−1,
whereν ' 1026 cm2 s−1 is the turbulent viscosity andσ '
13 M� pc−2 is the gas surface density (with equal contribu-
tions from the cold and warm phases of the interstellar medium
and4 M� pc−2 from molecular hydrogen) (cf. Sanders et al.
1984, Lacey & Fall 1985). Stress due to the random magnetic
field plausibly provides an inflow rate comparable to that of
the viscous stresses. Stress produced by the regular magnetic
field drives inflow at a rateṀ = BrBφH/Ω ' 0.06 M� yr−1,
where we have takenBφ = 5µG, Br/Bφ = 1/4, H = 200 pc
(an effective scale height of the gas in the warm and cold
phases), andΩ = 220 km s−1/8.5 kpc. Thus, gravitational
torques would appear to be the major mechanism driving in-
flow in the Solar vicinity.

One more source of radial flows in the galactic discs, impor-
tant for the chemical evolution of spiral galaxies, is the infall
of metal-poor gas that has angular momentum different from
the local equilibrium value in the disc (Mayor & Vigroux 1981;
Lacey & Fall 1985; Pitts & Tayler 1989, 1996; Chamcham &
Tayler 1994). The resulting radial velocity within the Solar orbit
can be of ordervr ' −1 km s−1 (Lacey & Fall 1985, Pitts &
Tayler 1996).

Sakhibov & Smirnov (1987, 1989) have analyzed gas ve-
locities in a few spiral galaxies, inferring inflow at azimuthally
averaged velocities ofvr = −(3–13) km s−1 at r = 5–9 kpc
in M81, vr ' −16 km s−1 at r = 4 kpc in a barred galaxy
NGC 925, and an even stronger inflow in NGC 6643 (Sakhi-
bov & Smirnov 1990); an outflow at a velocity13 km s−1 at
r = 4 kpc was found in the galaxy NGC 2903 (Sakhibov &
Smirnov 1990). These velocities are noticeably larger than those
implied by the above estimates. Persistent inflow at a velocity
of the order of10 km s−1 would result in an accretion rate of
about10 M� yr−1 with associated depletion of the interstellar
gas within109 yr or less. The values ofvr = −(0.5–1) km s−1

resulting from theoretical estimates discussed above appear to
be more plausible for galaxies where deviations from axial sym-
metry are not strong. However, radial velocities of order 10–
30 km s−1 or more may occur in a galaxy with a strongly non-
axisymmetric velocity field, e.g., a barred galaxy (cf. Sect. 5.1).

Little is known about radial profiles of the radial velocities
in spiral galaxies. A crude model, applicable atr >∼ 4 kpc, can
be obtained by assuming that the gas surface density decreases
exponentially with galactocentric radius with a radial scale of
aboutk−1 ' 5 kpc (cf. Lacey & Fall 1985). Assuming thaṫM
is independent of radius (and thus neglecting star formation and
infall), so thatvr = Ṁ/(2πrσ), this yields

vr = −1.4 km s−1ek(r−R�)
(

r

R�

)−1
(

Ṁ

1 M� yr−1

)
. (1)

Barred galaxies are notable for stronger radial flows result-
ing from pronounced deviations of the stellar mass distribution
from axial symmetry in the bar region. These result in mass in-
flow at a rate of 2–4 M� yr−1 (Athanassoula 1992); in the inner
parts of the bar,r <∼ 1 kpc, magnetic stress may play a rôle in
driving the inflow (Beck et al. 1999). Inflow at this rate may
significantly affect dynamo action in barred galaxies, although
stronger shearing of magnetic field by nonaxisymmetric flows
typical of barred galaxies can alter the nature of the dynamo
even more profoundly.

3. The effect of accretion flows on disc dynamos

In this section we extend the standard asymptotic analysis for
mean-field dynamo in a thin disc, valid for small aspect ratios
λ = h/r0, to include the effects of a prescribed radial flow.
Hereh andr0 are the semi-thickness (assumed for convenience
to be uniform) and characteristic radius of the ionized gas disc,
respectively. (Note thath ' 500 pc is significantly larger than
the scale height of the denser, neutral components of the inter-
stellar gas whose effective scale height isH ' 200 pc.) The
analysis is presented in Chapter VII of Ruzmaikin et al. (1988),
and we only give an outline here and focus on the inclusion of
a radial velocity in the model.

The standard mean field dynamo equation is

∂B

∂t
= ∇ × (v × B + αB − η∇ × B) , (2)

whereα andη are the usual mean field coefficients quantifying
the alpha effect and turbulent magnetic diffusion, andv andB
are the large-scale velocity and magnetic fields. We writev =
rΩ(r)φ̂ + vr(r)r̂, with respect to cylindrical polar coordinates
(r, φ, z). Only axisymmetric solutions will be considered, so
that∂/∂φ = 0. In this case we can putB = Bφφ̂+∇×(Aφφ̂).

Eq. (2) is nondimensionalized in the conventional manner
(cf. Ruzmaikin et al. 1988) by measuringz, r andt in units of
h, r0 andh2/η respectively;vr, Ω andα are measured in units
of typical valuesv0, Ω0 andα0. We also define a unit magnetic
field B0 and unit vector potentialRαB0h (with Rα = α0h/η),
so that Eq. (2) then splits into the following two scalar equations
in terms of the dimensionless variables where, for convenience,
we use theαω approximation:

∂Bφ

∂t
= −Dg

∂Aφ

∂z
+

∂2Bφ

∂z2 + λ2 ∂

∂r

[
1
r

∂

∂r
(rBφ)

]
− λRv

∂

∂r
(vrBφ) , (3)

∂Aφ

∂t
= αBφ +

∂2Aφ

∂z2 + λ2 ∂

∂r

[
1
r

∂

∂r
(rAφ)

]
− λRv

vr

r

∂

∂r
(rAφ) . (4)

HereD = α0Ω0h
3/η2 is the dynamo number,Rv = v0h/η

andg = rdΩ/dr.
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Now transform variables, with

(Bφ, Aφ) = (B̃φ, Ãφ) exp
(

Rv

2λ

∫ r

0
vr(r′) dr′

)
, (5)

so that Eqs. (3) and (4) reduce to

∂B̃φ

∂t
= −Dg

∂Ãφ

∂z
+

∂2B̃φ

∂z2 + λ2 ∂

∂r

[
1
r

∂

∂r
(rB̃φ)

]
+ B̃φ

(
− 1

4R2
vv2

r + 1
2λRv

vr

r
− 1

2λRv
∂vr

∂r

)
, (6)

∂Ãφ

∂t
= αB̃φ +

∂2Ãφ

∂z2 + λ2 ∂

∂r

[
1
r

∂

∂r
(rÃφ)

]
+ Ãφ

(
− 1

4R2
vv2

r − 1
2λRv

vr

r
+ 1

2λRv
∂vr

∂r

)
. (7)

We now consider solutions with exponential time depen-
dence and set

B̃φ = Q(r)b(r, z) exp(Γt) , Ãφ = Q(r)a(r, z) exp(Γt) , (8)

a form characteristic of dynamo solutions in a thin disc (Ruz-
maikin et al. 1988; see Priklonsky et al. 2000 for a compre-
hensive treatment). In order to obtain a consistent equation for
Q(r), i.e. so that Eqs. (6) and (7) both lead to the same equation
for Q, we require thata andb satisfy

γ(r)b = −Dg
∂a

∂z
+

∂2b

∂z2 + 1
2λRv

(
vr

r
− ∂vr

∂r

)
b , (9)

γ(r)a = αb +
∂2a

∂z2 − 1
2λRv

(
vr

r
− ∂vr

∂r

)
a , (10)

so that

ΓQ = γ̃(r)Q + λ2 d

dr

[
1
r

d

dr
(rQ)

]
, (11)

where

γ̃(r) = γ(r) − 1
4R2

vv2
r . (12)

Eqs. (9) and (10) can be considered as describing local dy-
namo action in a uniform slab, withg, α, vr and∂vr/∂r eval-
uated at a radiusr; thenγ(r) is the local growth rate. These
equations reduce to those given in Ruzmaikin et al. (1988) when
Rv = 0.

The last terms on the right-hand sides of the local equations
(9) and (10) areλ−1 times smaller than the remaining terms
and we show in Appendix A that it only gives a perturbation
of order λ2 to the local growth rateγ. Sinceλ � 1, their
effect on the local dynamo action is relatively small. In the
thin-disc approximation discussed in this section, the magnetic
pitch anglep is determined from the ratio of the dimensional
field components resulting from the local problem,tan p =
RαBr/Bφ = −Rαh(∂a/∂z)/b. Therefore the main effect of
theO(λ) terms in the local equations will be on the pitch angle;
it is shown in Appendix A that the effect onp (whose magnitude
is of orderλ) is sensitive to the radial profile ofvr.

The effect of the radial motions on the disc dynamo is now
clear. If the boundary conditions areBφ, Aφ = 0 at r = 0

and r = 1, then B̃φ, Ãφ satisfy the same boundary condi-
tions, and Eq. (11) is formally identical to a standard (i.e., with
Rv = 0) radial dynamo equation, but with̃γ replacingγ. Thus
for Rv = O(1), the effective local growth ratẽγ in Eq. (11) is
significantly reduced at all radii from that of the standard so-
lution. It is obvious from Eq. (12) that the effect acts onγ at
zero order inλ, and thus also at zero order onΓ – see Eq. (11).
We can demonstrate (see Appendix A) that the last terms in
Eqs. (9) and (10) enhance the dynamo action, but their effect
is weaker, of orderλ2. Thus the overall effect of a radial flow
with Rv = O(1) will be to decrease the global growth rateΓ
in a disc of small or moderate thickness. Note that the lowest
order effect is quadratic invr, so both inflow and outflow tend
to suppress the dynamo.

In the next section we consider the effects of radial motions
on disc dynamos using another approximate method, and find
reasonable agreement with the above arguments.

4. A simplified numerical model

We compare the prediction of Sect. 3 that radial motions tend
to suppress the dynamo with the results from a simple explicit
numerical model of a dynamo in a thin disc0 ≤ r ≤ R of half-
thicknessh, using the ‘no-z’ approximation of Moss (1995),
where we replacez-derivatives by inverse powers ofh in Eqs. (3)
and (4) and note thatBr = −∂Aφ/∂z (see also Subramanian
& Mestel 1993). The code is described in Moss (1995), and rep-
resents a different scheme of approximation to that of Sect. 3. It
applies to solutions that are even with respect to the midplane
(quadrupole-like), and is consistent with vacuum boundary con-
ditions at the surface of the disc,|z| = h. The relation of this
approximation to that of Sect. 3 is discussed by Phillips (2000).

We restrict our attention to axisymmetric solutions, and take
a Brandt rotation law

Ω =
Ω0

[1 + (r/rω)2]1/2 , (13)

with rω = 0.2R. We assume thatα (= α0) andη are uniform
with respect to radius. Following nondimensionalization using
a time unith2/η and length unitR, the dynamo equation (2)
becomes

∂Br

∂t
= −λRv

vr

r

∂

∂r
(Brr) − RαBφ − Br

+ λ2 ∂

∂r

[
1
r

∂

∂r
(rBr)

]
,

∂Bφ

∂t
= −λRv

∂

∂r
(vrBφ) + RωrBr

∂Ω
∂r

− Bφ

+ λ2 ∂

∂r

[
1
r

∂

∂r
(rBφ)

]
,

whereλ = h/R. Similarly to Sect. 2, the dynamo numbers are
defined asRα = α0h0/η, Rω = h2Ω0/η, andRv = v0h/η.
With typical valuesη = 1026 cm2 s−1 andh = 500 pc, Rv = 1
corresponds tov0 ≈ 0.7 km s−1.

In the no-z model,Br and Bφ are to be regarded as av-
erages overz at given radius, or as representative mid-plane
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Table 1. Growth (decay) rates of the leading even, axisymmetric mode for the ‘no-z’ model with radial velocity profiles (14)– (17),rω = 0.2;
an asterisk indicates that the spatial resolution was becoming inadequate nearr = 0. Blank entries indicate that no calculation was performed
for those parameter values.

Rv −3 −2 −1 0 1 2 3 5 6 10

Case 1 −0.18 0.23 0.63 0.80 0.63 0.24 −0.17
Case 2 0.80 0.73 0.60 0.48 −0.14∗

Case 3 0.80 0.80 0.795 0.785∗

Case 4 0.80 0.75 0.16 −0.01

Fig. 1. The model radial velocity profiles: Case 1, Eq. (14) (solid);
Case 2, Eq. (15) (long-dashed); Case 3, Eq. (16) (dotted); and Case 4,
Eq. (17) (short-dashed)

values, in contrast to the asymptotic analysis whereBφ andAφ

are functions ofz. Note the different definitions of the dimen-
sionless radial magnetic field between this section and Sect. 3:
the variable here denotedBr is equal toRαBr of Sect. 3. How-
ever, for our model whereRα ≈ 1, this distinction is of minor
importance.

Boundary conditionsBr = Bφ = 0 are applied at the outer
boundaryr = 1. The boundary conditions in the inner disc are
specified below.

We considered several radial velocity profilesvr shown in
Fig. 1, with (in dimensionless form)

1. vr = sinπr ; (14)

2. vr =
{− sin(πr/rω) , r ≤ rω ,

sin[π(r − rω)/(1 − rω)] , r > rω ; (15)

3. vr =
{− sin(πr/rω) , r ≤ rω ,

0 , r > rω ,
(16)

4. vr = −0.05r−1 exp
(

r

r0

)
, (17)

with a suitably chosenr0 (see below). Cases 1–3, see Eqs. (14)–
(16), are intended to illustrate in idealized form the main effects
of radial flows, and there we took the inner boundary atri = 0.
The velocity field in Case 4, Eq. (17), was chosen to have a
resemblance to the more realistic case of Eq. (2), and here we
took ri = 0.1, because this simplistic model is not applicable
in the inner regions of the Milky Way, and an unrealistically
large velocity there could distort our results. The boundary con-
ditions applied at the inner boundaryr = ri areBr = Bφ = 0
if ri = 0 and∂Br/∂r = ∂Bφ/∂r = 0 if ri > 0. We also
tried a selection of other boundary conditions, including a con-

stant magnetic field at the outer boundary to allow for advection
of magnetic flux from infinity. However this never leads to en-
hancement of magnetic field in the main parts of the disc, as
envisaged by Chiba & Lesch (1994), as the dynamo action ac-
tively suppresses any externally supplied magnetic field unless,
perhaps, the external field is unrealistically strong, or the inflow
velocity unrealistically large. These issues are discussed in more
detail by Moss & Shukurov (2000).

We first determined (by step by step integration) the linear
growth rate,Γ = d ln |B|/dt, of the fastest growing eigenmode
for a number of values ofRv for the choices ofvr of Cases 1–3.
We adopted as standard illustrative valuesRα = 1, Rω = 10,
λ = 0.05. (These parameters can be thought of as correspond-
ing toR = 10 kpc,η = 2 × 1026 cm2 s−1, α0 = 1 km s−1 and
Ω0 = 10−15 s−1, but these examples are intended to be generic,
and not to model any specific galaxy.) The results are summa-
rized in Table 1. The spatial resolution was poor forRv = 10,
but the eigenvalues still seem to be reasonably reliable, even
for this extreme value. In Cases 1 and 2 the outcome is clear –
growth rates are significantly reduced when|Rv| > 0, and be-
come negative for large enough|Rv|. As expected, the effect is
insensitive to the sign ofRv. Radial inflow shifts the maximum
of an eigenfunction to smaller radii. In Case 3, the same trend
is observed, but the magnitude of the effect is much smaller
becausevr /= 0 in only a small part of the disc.

As mentioned above, the Case 4 velocity field was chosen
to represent a simple model of the galactic inflow. In this case
we tookRα = 1, Rω = 20, λ = 1/30 andr0 = 1/3. The linear
results for this model are also given in Table 1; we verified
that these results were not sensitive to the boundary condition
imposed atr = ri, nor to the value ofri – takingri = 0.2, for
example, caused no significant changes. The radial dependence
of Br andBφ in the linear eigenmode withRv = 0 andRv = 4
is displayed in the lower panels of Figs. 2 and 3.

We also investigated briefly simple nonlinear solutions for
Case 4, taking an alpha-quenchingα ∝ (1+B2)−1. We show in
the lower panels of Figs. 4 and 5 the fieldsBr, Bφ in the steady
state withRv = 0 and4. As we can see, the displacement of
the field toward smaller radii by the inflow occurs also in the
nonlinear solutions. Further increasingRv causes the field to be
concentrated still more to smaller radii.

We show in the upper panels of Figs. 2–5 the variation with
radius of pitch angle in our linear and nonlinear solutions with
a Case 4 radial flow. As expected, the pitch angle is weakly af-
fected by the radial motions, as described by theO(λ) terms in
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Fig. 2. The ‘no-z’ model with no radial velocities (Rv = 0), linear
eigenmode. Upper panel: the pitch angle (in degrees) of the magnetic
field. Lower panel:Br (solid) andBφ (broken).

the local equations (9) and (10). The dependence of the pitch
angle on the radial profile ofvr in both linear and nonlinear
solutions is consistent with the approximate solution of Eqs. (9)
and (10) presented in Appendix A. An axisymmetric radial flow
cannot enhance the radial magnetic field by stretching the az-
imuthal one, so the effect is only weak. However, one might
expect the pitch angle to be affected more strongly in nonax-
isymmetric flows.

We can compare the results from Case 1 with the results of
Sect. 3 for the perturbation to the local growth rateγ̃(R). If we
take a mean value ofv2

r of 1
2 , then∆γ̃ = −( 1

2Rvvr)2 ≈ −1
8 for

Rv = 1, compared with∆Γ = 0.63–0.80 = −0.17 from the
first line in Table 1. This is arguably as good an agreement as
could be expected. However, for larger values ofRv, the approx-
imation of Sect. 3 gives a larger reduction of the local growth
rate than obtained for the global growth rate with these numer-
ical experiments, that is the dependence of∆Γ onRv from the
solutions of this section is weaker than∆Γ ∝ R2

v. We should
note, however, thatΓ is not the same quantity as̃γ, so it does
not necessarily follow that Eq. (12) is a poor approximation.

5. Magnetically driven accretion flows

In this section we turn to the question of how accretion flows
might be driven by dynamo generated magnetic fields. Moss et
al. (1999) modelled the dynamo generation of magnetic fields in
a weakly barred galaxy (IC 4214). The striking feature of these
fields was the relatively large field strengths locally, associated

Fig. 3. As Fig. 2, except that the radial velocity profile is that of Case
4, Eq. (17), withRv = 4.

with regions of gas streaming. The Lorentz forces of these fields
were not included in the original dynamical model, but simple
estimates given in Sect. 5.2 show that the effects may be sig-
nificant when|B| ' 10 µG, especially because the magnetic
field varies on a relatively small horizontal scale of order 1 kpc.
This field strength can be reached in the inner regions of spiral
galaxies and in the bars of barred galaxies.

5.1. The magnetically driven accretion flow

In order to make a rather more detailed estimate of the velocities
driven by the Lorentz forces, we solve the Navier–Stokes equa-
tion including only the Lorentz forces associated with the dy-
namo generated magnetic fields of Moss et al. (1999), together
with a scalar turbulent viscosity. In these dynamo solutions an
approximately steady field pattern rotates with the gas spiral
pattern speedΩp. We show in Fig. 6 a snapshot ofB(r, φ, t) at
an arbitrarily chosen time.

We take the governing equation for the flow in the form

∂u

∂t
+ (u · ∇)u =

1
4πρ

(∇ × B) × B − 1
ρ
∇p + ν∇ · T , (18)

whereu denotes the magnetically driven velocities,T is the
rate of strain tensor, andν is the kinematic diffusivity (assumed
constant). We nondimensionalize in terms of a speedU , length
R, time R/U , field strengthB0 and densityρ0, and it is con-
venient to takeU = 1 km s−1, R = 15 kpc (the radius of the
model galaxy) andρ0 = 10−24 g cm−3. We allow for a density
that varies with radius,ρ(r) = ρ0ρ̃, whereρ̃ is the dimension-
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Fig. 4. The ‘no-z’ model withRv = 0, nonlinear (α-quenched) solu-
tion. Upper panel: the pitch angle (in degrees) of magnetic lines. Lower
panel:Br (solid) andBφ (broken).

less density. TheB values from Moss et al. (1999) are in units
of qBeq, whereB2

eq = 4πρv2
t defines the equipartition field

strength withρ andvt the gas density and turbulent velocity, and
q is of order unity. These units arise from the alpha-quenching
nonlinearity used in that paper. In this model, at radius7 kpc
the azimuthally averaged field strength in dimensionless units
is about 2, and the maximum (in a very sharp peak) is about 20.
At 13 kpc, the azimuthally averaged field strength is about 5,
with only small variations.

We do not have a satisfactory continuum model for the gas
because the velocity field results from anN -body simulation,
and so cannot readily include the pressure gradient term. We
anticipate that the gas pressure gradient will adjust to compen-
sate for the magnetic pressure component of the Lorentz force,
but not for the magnetic tension, and that the centrifugal force
is balanced by gravity and the total pressure gradient. In this
spirit, we ignore the pressure gradient and the centrifugal force
terms in Eq. (18), and include only the part of the Lorentz force
corresponding to the magnetic tension. (In fact, the omission of
the centrifugal force term has very little effect on the solutions.)

Then, in dimensionless variables

∂ur

∂t
= −ur

∂ur

∂r
− uφ

r

∂ur

∂φ
+ ρ̃−1ΛLr

+ R−1
(

∆rφur − 2
r2

∂uφ

∂φ
− ur

r2

)
, (19)

∂uφ

∂t
= −ur

∂uφ

∂r
− uφ

r

∂uφ

∂φ
− uruφ

r
+ ρ̃−1ΛLφ

Fig. 5. As Fig. 4, except that the radial velocity profile is that of Case 4,
Eq. (17), withRv = 4.

Fig. 6. Snapshot of magnetic field vectors, used in the model of Sect. 5,
at an arbitrarily chosen time.

+ R−1
(

∆rφuφ +
2
r2

∂ur

∂φ
− uφ

r2

)
, (20)

whereR = UR/ν is the turbulent Reynolds number,∆rφ =
r−1(∂/∂r)(r∂/∂r) + r−2∂2/∂φ2, Λ = B2

0/(4πU2ρ0), and
L = B ·∇B is the dimensionless magnetic tension. We recog-
nize that in a more consistent nonlinear treatment the zero order
velocities of the nonmagnetic dynamical simulation should also
be included, but as they were not derived from a continuum hy-
drodynamical model, this was not practical. Thus we regard the
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Fig. 7. The radial dependence of the axisymmetric (m = 0) component
of the radial velocity (in kms−1) in a model with nonuniform density
for Ṁ = 3 M� yr−1 andΛ = 10 (solid) and 30 (dashed), and in a
model with uniform density forΛ = 30 (short-dashed).

solution of Eqs. (19) and (20) as just giving an indication of the
gross effects of including the Lorentz force.

Whenν = 2 × 1026 cm2 s−1 (equal to the value of the tur-
bulent magnetic diffusivity in the dynamo calculations), then
R−1 ≈ 0.05. A rather larger value,R−1 = 0.2, was used in
the calculations reported here, for reasons of numerical con-
venience, but the solutions do not appear to be very sensitive
to this choice. For the parameterΛ = q2v2

t /U2, the range
10 <∼ Λ <∼ 50 seems to be reasonable, taking the typical es-
timate ofvt ' 10 km s−1. Boundary conditions are either that
ur = 0 at r = rmin andr = 1, or are ‘open’, withur ∝ r
at r = rmin and∂(rur)/∂r = 0 at r = 1. Also uφ = 0 at
r = rmin andr = 1.

The field patternB rotates with the pattern speedΩp =
37.3 km s−1 kpc−1, and is steady in the rotating frame. Note
that |B| has a marked spiral structure at larger radii (outside
of the corotation radius), but is less pronouncedly nonaxisym-
metric within this radius. The pitch angle becomes smaller, and
the magnetic arms broader, as radius increases, and sointer
alia for a given field strength in the arms the azimuthally aver-
aged strength will increase with radius, for purely geometrical
reasons. By timestepping Eqs. (19) and (20), we computed so-
lutions that were oscillating at low amplitude in the rotating
frame, forΛ = 10, 30 and 50.

First we considered the rather unrealistic case of uniform
density,ρ̃ = 1. This simplification might be justified to a de-
gree by noting that the scale of variation ofρ is rather greater
than that of|B| (see Moss et al. 1999). Also, the effects of an
inhomogeneous density will be to decrease|u| whereρ > ρ̄
and to decrease it whereρ < ρ̄, with ρ̄ the mean density. Our in-
terest is in the accretion rate, given by the azimuthally averaged
radial velocity, which we might expect would not be strongly
affected by this approximation. For each value ofΛ considered,
the flow is everywhere close to radial and inwardly directed,
except perhaps very close tor = 1. (The boundary condition

Fig. 8. The radial dependence of density (in units of10−24 g cm−3)
for Ṁ = 3 M� yr−1: Λ = 10 (solid),Λ = 30 (dashed).

B = 0 at r = 1 imposed on the dynamo solution may distort
somewhat the solution near this boundary.) The azimuthally av-
eraged (m = 0 Fourier component) of the magnetically driven
radial velocityur for Λ = 30, open boundary conditions and
rmin = 0.1, is shown as a function ofr in Fig. 7. Solutions are
insensitive to the value ofrmin and are not significantly affected
by change of boundary conditions.

These models are inconsistent in that they imply a mass
inflow rate that varies with radius or, alternatively, they cannot
truly be near to a steady flow state. Thus we also examined mod-
els in which we took a constant mass inflow rate throughout the
disc, and determined the density byρ = ρb − Ṁ/(4πr〈ur〉H),
where〈ur〉 is the azimuthally averaged radial velocity,H is the
scale height for the gas distribution, andρb represents a ‘back-
ground’ gas density, generated by effects that we do not include
here, such as gravitational torques, infall from the halo, etc.
Rather arbitrarily, we tookρb = ρ0 for illustrative purposes.
Models were calculated for several values ofΛ andṀ , taking
rmin = 0.1 with open boundary conditions. The general nature
of the solutions was quite similar to those found previously as-
suming that density was constant. We show in Fig. 7 the radial
dependence of〈ur〉 for models withṀ = 3M� yr−1, Λ = 10
and 30. In Fig. 8 we give the functioñρ(r) for these cases. The
azimuthally averaged values of the radial velocity of some tens
of km s−1 are consistent with our estimates presented below.
ρ(r) is dominated by the effects of the magnetically driven ac-
cretion flow, i.e.ρ is significantly greater thanρb (ρ̃ larger than
1), which is arguably unrealistic. Increasingρb would decrease
the infall velocities, but we did not attempt to pursue this point,
in view of the other major simplifications present in what is
only intended to be an illustrative model. There is also a more
fundamental point, that in a truly self-consistent solution, the
accretion rateṀ would be determined simultaneously with the
flow velocity field (rather than being prescribed). We did not
pursue this further in what is intended as only a first approxi-
mation to a solution.
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5.2. The accretion rate

We can estimate a typical mass accretion rate, taking a radius of
10 kpc, mean radial velocity−10 km s−1, ρ = 10−24 g cm−3,
H = 0.2 kpc, giving Ṁ ' 3 M� yr−1. This value is com-
parable to those required to feed the central activity in barred
galaxies (Shlosman et al. 1990; Regan et al. 1997). This con-
firms and extends the earlier conclusion of Beck et al. (1999)
that magnetic stresses may be important in angular momentum
transfer in barred galaxies.

The accretion rate from magnetic stresses in our simulations
is significantly larger than the estimates of Sect. 2 which apply
to axially symmetric magnetic fields. The difference is due to
strong deviations of the magnetic field from axial symmetry at
scales smaller the those of the local velocity field. This differ-
ence in the local scales results from rapid advection of magnetic
field from regions of strong velocity shear. So, iflv is the scale
of the velocity field andlB is that of magnetic field, then the
velocity resulting from|ρu · ∇u| ' |(∇ × B) × B/(4π)| is
u ' 30 km s−1 for lB/lv = 5 (consistent with our model),
B = 10µG andρ = 10−24 g cm−3. This estimate is of the
same order as that found in the above simulations, see Fig. 7.

6. Discussion

The suppression of the dynamo action by radial velocities
(both directed inward and outward) produces a negative feed-
back on the dynamo. In principle, the dynamo action might be
saturated by this feedback alone. For illustration assume that
γ ' (h2/η)−1. Using Eq. (12), the dynamo is saturated when
γ̃ = 0, or vr ' 2η/h ' 1 km s−1. Attributing this velocity to
the magnetic field alone, we obtain from

vr ' 1
4π

BrBφ

ρrΩ

the corresponding steady-state field strength as

Bφ ∼ 10 µG ,

where we tookBr/Bφ ' 1/4, ρ ' 10−24 g cm−3 andrΩ =
200 km s−1 as typical of the Solar neighbourhood. The resulting
estimate of the magnetic field is only slightly larger than that
observed in the outer parts of spiral galaxies. This indicates that
this nonlinear effect may contribute significantly to the satura-
tion of the dynamo, especially in the inner parts of galaxies. If
vr grows inward asr−1, the dynamo saturation due to accretion
can become significant atr ' 3 kpc if vr = 1 km s−1 at the
Solar radius. The effect of the radial motions on the dynamo
might be expected to be stronger in galaxies with stronger and
more open spiral patterns and in barred galaxies.

There are several nonlinear mechanisms known that lead
to the saturation of the mean field dynamo action in galax-
ies independently of the traditionally invoked alpha quenching.
These include inflation of the galactic disc by the magnetic field
(Dobler et al. 1996), magnetic buoyancy (Moss et al. 1999),
magnetically driven accretion (this paper).

Even though each individual mechanism may be weaker
than alpha quenching is believed to be, together they may be
able to saturate the dynamo more efficiently.
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Appendix A: expansion in free decay modes
for the local dynamo equations

In order to substantiate the discussion of the effects of radial
velocity on the local dynamo modes, we present here an ap-
proximate solution of Eqs. (9) and (10) in the form of series
expansions in free decay modes,bn(z) andan(z), satisfying

γnbn = b′′
n , γnan = a′′

n ,

whereγn (< 0) is the decay rate of thenth mode and a prime
denotes a derivative with respect toz. For the sake of definite-
ness, we choose boundary conditions that select quadrupolar
modes (see, e.g., Ruzmaikin et al. 1988),

b′
n(0) = bn(1) = an(0) = a′

n(1) = 0 .

The resulting orthonormal set of basis functions is given by(
b2n

a2n

)
=
( √

2 cos 1
2π(2n + 1)z

0

)
,

(
b2n+1
a2n+1

)
=
(

0√
2 sin 1

2π(2n + 1)z

)
,

γ2n = γ2n+1 = − 1
4π2(1 + 2n)2 , n = 0, 1, . . . .

Note that the free decay eigenvalues are all doubly degenerate,
and two vector eigenfunctions correspond to each eigenvalue,
one withbn = 0, and the other withan = 0. The eigenfunctions
are normalized to have

∫ 1
0 (b2

n + a2
n) dz = 1.

The solution of Eqs. (9) and (10) is represented as(
b
a

)
≈ exp(γt)

N∑
n=0

cn

(
bn

an

)
,

whereN is chosen to achieve the required accuracy of the so-
lution. We substitute this series into Eqs. (9) and (10), multiply
by (bk, ak) and integrate overz from 0 to 1 to obtain an alge-
braic system of homogeneous equations forck whose solvability
condition yields an algebraic equation forγ. For our current pur-
poses, it is sufficient to retain the smallest possible number of
modes, which results in a system of two equations forc0 andc1
and a quadratic equation forγ whose positive solution is given
by

γ ≈ −1
4π2 +

(
W01W10 + λ2L2

v

)1/2
, (A.1)

where

W01 = −
∫ 1

0
αb0a1 dz = − 1

2 for α = sinπz ,
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W10 = D

∫ 1

0
b0a1 dz =

2
π

D ,

Lv = 1
2Rv

(
vr

r
− ∂vr

∂r

)
.

To assess the accuracy of Eq. (A.1), we note that it yieldsγ = 0
for D = −π5/16 ≈ −19 if Rv = 0, as compared with the
accurate value of about−8.

As we can see, radial motions enhance the local dynamo
action via the positive definite termλ2L2

v in Eq. (A.1), but
the effect is only quadratic inλ. Therefore, this enhance-
ment cannot overcome the suppression resulting from the
radial dynamo equation, evident from Eq. (12). Indeed, the
increment inγ resulting from Eq. (A.1) is of the order of
1
8 (−π/D)1/2λ2R2

vv2
r/r2 for λ|Rv/D| � 1, and this is smaller

than the decrement resulting from Eq. (12),− 1
4R2

vv2
r , provided

λ2/r2 <∼ 2(−π/D)1/2 ' 1, i.e., whenever the thin-disc approx-
imation employed here is applicable. We conclude that radial
motions, both inflow and outflow, suppress dynamo action in a
disc of small or moderate thickness.

The effect of the radial motions of the pitch angle of mag-
netic fieldp is obvious from

tan p =
br

bφ
= −Rαa′

b
≈ −πc1

2c0

≈ −1
2π3/2 Rα√−D

(
1 − 1

2λLv

√
π

−D

)
,

where the last equality applies forλ|Rv/D| � 1. So, the mag-
netic field becomes more azimuthal (|p| decreases) ifvr/r −
∂vr/∂r > 0, that is if(n+1)vr > 0 for vr ∝ r−n. It is remark-
able that the radial motions reduce|br/bφ| for (n + 1)vr > 0,
i.e., for inflow with |vr| decreasing withr faster than1/r. This
tendency is seen in Figs. 2–5 where the inflow makes the field
more azimuthal at small radii and more radial at larger. Note
that the effect ofvr on the pitch angle may be different for
dipolar modes.
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