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Abstract. We investigate the caustic structure of a lens com- In some special situations, the critical curves of multiple
posed by a discrete number of point-masses, having mutiesses can be derived by perturbative methods, referring to the
distances smaller than the Einstein radius of the total masssofgle Schwarzschild lens as the starting point for series expan-
the system. Along with the main critical curve, it is known thations (Bozza 1999; Bozza 2000). These methods work very well
the lens map is characterized by secondary critical curves piroplanetary systems, for a lens very far from the others and sys-
ducing small caustics far from the lens system. By exploititgms where mutual distances are very small with respect to the
perturbative methods, we derive the number, the position, tieéal Einstein radius. In the first two cases, the complete caustic
shape, the cusps and the area of these caustics for an arbitstmycture has been derived and the connections with other mod-
number of close multiple lenses. Very interesting geometries ale have been showed. In the last case, only the central caustic
created in some particular cases. Finally we review the binamyming up from the deformation of the total Einstein ring has
lens case where our formulae assume a simple form. been studied. Besides this main curve, there are many small crit-
ical curves forming among the masses. The caustics generated

Key words: cosmology: gravitational lensing — stars: binariediy these curves generally lie far from the centre of mass and
close — galaxies: clusters: general — galaxies: quasars: genarah have some influence on sources distant from the mass dis-
tribution. Moreover, they move very quickly as the parameters
of the system change (Schramm et al. 1993) constituting the
most problematic feature to control in numerical simulations.
For these reasons they are sometimes dulgbedt caustics
In rapidly rotating binaries they may have superluminal pro-
The binary Schwarzschild lens is one of the most intensivd§cted motion requiring a non-static treatment of light deflection
studied model. In fact, in a relatively simple way, it shows marfheng & Gould 2000).
features that are observed in general gravitational lenses, suchin this paper we use complex notation to face the problem
as the formation of multiple images, giant arcs and a not triof secondary caustics of close multiple lenses. In this way we
ial critical behaviour. The first study about the binary lens with@n study them as deeply as the other caustics, completing the
equal masses was made by Schneider & WeiR (1986). Ty;g9vious works. We shall see that different classes of secondary
derived the critical curves and the caustics showing that thi@&listics can be recognized, showing different geometries.
possible topologies are present depending on the distance beAfter some review of multiple lensing in Sect. 2, in Sect. 3
tween the two lenses. Erdl & Schneider (1993) extended th&¥@ calculate the number and the position of secondary criti-
results to a generic mass ratio of the two lenses. Witt & p&al curves for an arbitrary number and configuration of lenses.
ters (1993) reached the same results using complex notatibRen. in Sect. 4, we treat the simple caustics and in Sect. 5 the
In some limits, Dominik (1999) enlightened the connection b&ultiple caustics (the distinction will be explained at the end of
tween the caustics of the binary lens and other models, suclP&6t. 3). In Sect. 6 we specify our formulae for the binary case
the Chang—Refsdal lens (Chang & Refsdal 1979; 1984) and ¥ in Sect. 7 we give the summary.
quadrupole lens.

The critical curves and the caustics of multiple lenses can
develo_p very cqmplicated structures, so that the attempts to girg agics of multiple lensing
some information about them have been very few. However
there is a great interest in this problem for its applications We shall study a system of n point-lenses placed at positions
particular situations, such as planetary systems (Gaudi et>al= (i1; z:2) in coordinates normalized to the Einstein radius
1998), rich clusters of galaxies and microlensing of quasars by

individual stars in the haloes of the lensing galaxies (Chang 4G My DisDor
Refsdal 1979; Kayser et al. 1988). Rg = T2 Dos 1)

1. Introduction
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where M is a reference mass (it can be chosen to be the total At the zero order, putting ali;’s to zero, this equation be-
mass, the typical mass of a single object or anything else). Tdwmmes

source coordinateg = (y1;y=2) are normalized to the scaled| ‘4n,4 (‘ |4 ~ M2) —0
Einstein radianOEg—gi. The massesy; of the lenses are mea- o o
sured in terms of\/,.

We introduce the complex coordinate in the lens plare
x1 +izo and the complex source coordingte- y; + iy,. The
positions of the masses will be denotedhy= ;1 + iz;o. We
also introduce the functions

(7)

This equation has the solution] = +/M, that is the Einstein
ring of the total mass lens. Taking this solution as the starting
point of a perturbative expansion, we get the main caustic. The
details of this calculation are in (Bozza 2000). But the presence
of the solutionz = 0 indicates that also this value can be taken
Sy (2) = Z m; ) as the starting point for another expansion. This is just the value

(2 - Zz.)k' we shall take to find the secondary critical curves.

The | ~ tion f i f ds (Wit Having observed the zero order situation, we can start our

1990 € lens equation for our system of n masses reads ( p'%rturbative approach, searching for the first order solution.
) - Then we write the solution as a series expansion:
=2-51(2). 3

pmEmmE D o, ®
Given a source at positiop, the z's solving this equation are ] . ] ) ]
the images produced by gravitational lensing. wherez is of the first order injz;|. Stopping at the first order,

This map is locally invertible where the determinant of th&’€ PUtz = zo in Eq. (6). We see that the first term becomes of
Jacobian matrix order4n, while the second is of ordem — 4. Then the latter

P dominates the first and Eq. (6) is equivalent to

det J=1— 22 1 |8, (2)] (4)

0z 0z - 5
is different from zero. The points where the Jacobian deterrm: i H (20 =2)" =0.
nant vanishes are arranged in smooth closed curves called criti- ’ 7
cal curves. The images of these points through the lens map (3) This is a polynomial equation of degreée — 2. Then, for
in the source plane are called caustics. When a source crogsggstem of n close lenses, there are, at nbst- 2 points
a caustic, creation or destruction of pairs of images occurs atgere the Jacobian determinant vanishes (at the first order in
the magnification diverges (Schneider et al. 1992). z;), corresponding t@n — 2 secondary critical curves. This is

This is all we need to start our search for secondary caustiBg first main result of our work. It is consistent with the binary

in close multiple systems. The fundamental hypothesis we maR@s, since two secondary critical curves are predicted by this
is formula.

) Eq. (9) can be solved analytically for two and three lenses,
i < VM Vi, ®) otherwise we have to resort to simple numerical methods. In
where)M is the total mass of the system. In this way, the disect. 6, we shall specify these and the following results for the
tances between pairs of lenses will be very small with respégihary lens where a manageable expression for the positions of
to the Einstein radius of the lens that we would have if all thte critical curves is available. For the triple lens, the analytical
masses were concentrated at the origin. This Einstein radsagutions are too cumbersome to allow a detailed study.
is v/M in our notation. The relation (5) allows us to consider Now, we have a straightforward way to calculate the posi-
the z;'s as perturbative parameters in a series expansion. Thiems of the secondary critical curves for an arbitrary configura-
we can solve the equatiatet J = 0 at each order, writing its tion of close multiple lenses. Then, we can avoid the traditional
solutions as series expansions in powers of the perturbative pind sampling of the Jacobian determinant on the lens plane
rameters. In this way we shall find the critical curves of thignd reach, by this new method, the full efficiency.

(9)

system and study their properties analytically. We take the generical solutiag of Eq. (9) as the first order
term of our expansion. From now on, we use the notation
3. Number and positions of secondary critical curves S = S, (z0). (10)

Close multiple lenses have two classes of critical curves: tﬂg bothz, andz; are of the first order, according to our pertur-

main critical curve, resulting from the deformation of the Einl—) tive expansions? has all denominators of ordérand then
stein ring of the total mass lens, and the secondary criticfr??S of order—k k

cur\I/Eeﬁs ' fo_rmllngfm3|de trll.e (Ij|st;|but|on ‘?f g;e r;lafsesb. h To continue our study we do not need an analytical expres-
ectively, if we multiply the equationlet ./ = 0 by the  gjon tor . We shall just use the fact thag is a solution of
quantity [] |z — z[*, we get a complex equation inandz: Eq. (9), that is equivalent to say that
i=1

2 S =0. (11)
H |z — z|* — Z m; H (z—2)*| =0. (6) Of course, we have to distinguish between simple roots of
i=1 i=1 i Eqg. (9) and roots of higher multiplicity. Remembering that the
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k*® derivative ofS; (z) is proportional toSy. » (z), we have the From the form ofS9 (see Eq. (2)), we see that the closer the

equivalence between the following statements: critical curve is to some mass, the higher the valu€bfthe
. o 0 smaller the radius of the circle.
zo is aroot of multiplicityp < Sy, =0 Vk <p. 12) If we multiply all masses by a factox, the positions of

the critical curves do not change, becaustactors out from

. (9), but their radii change as™!. If we do the same with
positions of the masses instead, the positions of the critical
curves scale as and their radii scale as®.

We shall treat separately the caustics coming from sim
roots (hereafter called simple caustics) and the caustics com[|rr]1
from multiple roots (hereafter multiple caustics).

4. Simple caustics 4.2. Caustics

These caustics are largely the most common as we explalnI'H“find the caustics corresponding to the simple critical curves,

the next section. So they surely have the most practical 'mer%‘éjust have to put the critical curve, in its obvious parameteri-
zation

z2(0) =20+ 7€ 0<0<2m, (20)
Once found the positions of the critical curves, we can carry 0 . . ]
our perturbative expansion to discover the shape of these curVe® the lens equation (3) and expand to the third order:

So we put

4.1. Shape of the critical curves

o _ e—2i0
y(0) =-S5+ z+ <1"ew - SO) . (21)
3

We can observe that the lowest order-is and is indepen-
wherez is the position of one simple critical curve, found byjent ofg. It represents the position of the caustic. From the order
Eq. (9), and; are the corrections of order;|’. Itis convenient of this term, we can deduce that these caustics can lie very far
to use the original equatiatet J = 0, which can be written in from the origin of our system, going to infinity as the distances
the form among the masses are reduced to zero. The successive term is
2o, Which is of the first order and represents a correction to the
position. Finally, the shape of the caustic is given by the third
order.

The cusps of a caustic are characterized by the vanishing of
the tangent vector. To find them, we have to require that

z=zy+e+es+..., (13)

1— S5 (20 + €2+ €3) S2 (Zo + € + €3) = 0, (14)

starting from Eq. (4)
The expansion of; is

S2(ZO+€2+€3) = Sg+
_ 0 M =0 (22)
26295 + do
—2e355 + 36398 + ... (15)  and solve fop. Takingy (#) from Eq. (21), this equation can be

The first row is the order2 and is null according to Eq. (11)_S|mpl|f|ed Into

The second row is the orderl and the third row is the order 50
zero. Inserting this expansion in (14), the lowest order equatieti? + % =0, (23)
is of order—2: S3
210012 whose solutions are
—4leo|”|S5|" =0, (16) . .
. . O = —= S + = k=0,1,2, 24
Being 2o a simple rootS3 + 0, so thate, = 0. F 348 (55) + 3 (24)
The successive terms in the expansion of the equation (M")erearg yields the argument of a complex number.
are of order zero: We have three cusps. So, in any close multiple system, hav-
1—4 ‘63‘2 ]Sg |2 _o a7) ing only simple secondary caustics, these caustics have a trian-
gular shape.
From this equation we have Finally, we calculate the area of these caustics. This can be
done by the integral
1
= —. 18
ol = 2757 WA= [an (25)

Then the third order contains the first information on the shape ”
of the critical curve. Eq. (18) tells us that the critical curve atvherey is the caustic in its clockwise direction. We have
positionz is a circle centered omy with radius o
1
1 A= -1 [ W® - 5121y ®) +70)) e (26)
3750 (29) 44 )

3

T =
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5. Multiple caustics

In this section, we consider the case wheyés a multiple root
o of Eq. (9). The parameters space of a system with n lenses is
¢ | 3n—4dimensional, since each mass adds three parameters (its
mass and its coordinates in the lens plane). Four parameters can
be eliminated by considering equivalent those systems differing
by a global translation or rotation and/or by a global scale factor.
Thus, for example, the binary lens is completely characterized
| by the mass ratio and the separation between the lenses.
. The requirement of a double root in Eq. (9) translates into
the vanishing of the derivative of this equation with respeet to
This is one constraint equation, then the points of the parameters
space producing multiple roots constitutg&a— 5 dimensional
hypersurface, thus having measure zero. For this reason, the
occurrence of multiple roots is relatively rare. Anyway, very
interesting features emerge, justifying a detailed study of these
o1 | particular cases.

0. 05

0.1 -0.05 0 0. 05 0.1 5.1. Critical curves

Fig. 1. Positions of the four secondary critical curves (indicated by t@uppose that is a root with multiplicityp. We have to find the

fnmaﬂ c(i)o;s;rl:grpaotsriut?cl)i ;ysie? 1W Zh Tafgef Z: 8’205632 +:Z.OO'0285§ correctorder of the perturbation to insertin the equadien/ =

(inSdEatéd by the three clro;sés)’ S ' 0, representing the shape of our critical curve. According to the
' equivalence (12), thS,QJr2 with k& < p are null. Then, we put

The minus in the right member comes from the fact that our pa= 20 + €, (28)

rameterization is counterclockwise. The integral only involves... w0 o der (that we shall indicate kyof  to be found. We
complex exponential functions and the result is only assume tha be higher than one. Then, the expansion of
1 9 So (Z) is

Sa (20 +¢€) = S —2e589 +3eS9 + ...
A (D (1) €S, (29)

So the extension of the simple caustics is of the sixth order in

the separations among the lenses, justifying the evasive nature

of these caustics. The k" term is of ordergk — (k + 2) and the first term to
With our expansions, we have attained considerable analyé non—null is that fok: = p. When we put this expansion in

ical information about the secondary caustics establishing thgie equationlet J = 0, the first non—null term is

shape, the area, the number of cusps in a completely general ) )

way. However, since these results are the fruit of perturbative(P +1)7 " Spa| (30)

approximations, it @s important to discuss their_ accuracy. So ‘Nﬁving ordeRqp — 2 (p + 2). If this order is less than zero, we
propose a comparison between our perturbative results a”djﬂé‘?get fromdet J — 0 thate = 0, but if the order of this term is

numerical ones in a typical situation. We consider a system CA%o. then the zero order expansionief J — 0 also involves
stituted by three lenses disposed as in Fig. 1. According to %‘fot’her term (equal to):

previous statement, this system can form, at most, four simple
secondary critical curves. For our choice of parameters, we dis- (p + 1) \epSp+2|2 =0 (31)
play their positions in the same figure. The caustics produced . . . .
by these curves are shown in Fig. 2 where they are compaiatpﬁI the equation gives the non—trivial solution
to the numerical ones. We have taken the distances among, the 1
masses of this distribution to be one tenth of the total Einstélﬂ - ((p+1)
radius. Even for this not too small value, the positions and the
shapes of the secondary caustics are reproduced with a strikiihgs happens when the orderait ¢ = 2’# This is consistent
accuracy. It is also to be noted that the quality of numerical redth the result of the previous section, becausepferl, ¢ = 3.
sults is improved thanks to the guide provided by perturbati¥®r p = 2, we have that the first non trivial order is the second
results. and, forp = 3, itis the order%. Whenp increases, the order of

So we see that the analytical formulae derived in this sectithis perturbation decreases, approaching 1 as a limit. This means
are very good approximations to the quantitative characteristibat at high multiplicities, the perturbative expansion becomes
of the secondary caustics, proving to be highly reliable. always less accurate, requiring ever more terms for an adequate

. (32)
|Sp2l]'P
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5. 5835 -2.797
5.583 -2.7975
5. 5825 -2.798
5.582 -2.7985
5. 5815 / -2.799
5 581 Fig. 2a—d. Here are the four caustics pro-
' " 2.7995 duced by the critical curves of Fig.1 from
left to right. The solid curve is the perturba-
0. 7195 0. 7205 0.7215 _6. 472 _6. 471 _6. 47 tive caustic and the dashed line is the numer-
c d ical one.
description of the caustics. Anyway, the main characteristics of 0
the caustics can be derived retaining just the first correction aret+2)i0 (_1)P+1 g” =0 (36)
that is what we shall do. Spi2
The critical curve just derived is again a circle with radius__ | . .
and its solutions are
1 P
r= : 33) g, = EY g (50 2R <k <pto 37
(0 +1)|Spall” b=y a8 (She) 05 0<k<pi2 @7)
becoming greater with the multiplicity. Now we havep + 2 cusps. This is a very interesting result,
because the caustic assumes the shape of a regular polygon with
52 Causti p + 2 curved sides.
<. Laustics The area of the multiple caustic can be calculated in the
We take, as before, the parameterization same way as for the simple one. We just give the result:
) p 2
9) = it 34) A= Tre. 38
2(0)=z0+re @4 A= (38)

for the critical curve, with- given by Eq. (33). Putting this ex-; is of order222. So, increasing the multiplicity from 1 to
pression into the lens equation (3) and expanding togthe infinity, the order of the area lowers from 6 to 2 and the extension
order, we get of the caustic becomes ever more important.
Some other consideration about the limit for+> oo can be
§g+2 done. The number of cusps become infinite and, from Eq. (35),
50 .(35)  we see that the caustic becomes a circle of radilis fact, the
+2 area becomesr?.

e—(p—l—l)i@

p+1

y(6) = =S\ 42047 | + (~1)"

Theg'™ order is the first depending drand determines the
shape of the caustic.

To understand this shape, we calculate the cusps as in v we shall practically see how our formulae work in the case
previous section. The equation for the cusps is of a multiple caustic. We consider three masses: = 0.25,

5.3. An example: a double caustic in a triple lens



6 V. Bozza: Secondary caustics in close multiple lenses

z3 = 10.084263. The doublerootisiny = —i0.0299. In Fig. 3,

we see that the critical curve in this point is much greater than
the other two. In fact, the radius of the double critical curve,
calculated by Eqg. (33), i8.49 x 103, while the radius of the
two simple critical curves i6.13 x 10~4, according to Eq. (19).

In Fig. 4, we show the caustic generated by this double crit-
0.05 ¢ 1 ical curve. The geometry is correctly predicted by our pertur-
bative expansion: there are four cusps in a double caustic. We
see that the approximation is less accurate than before, as we

of x x 1 anticipated in our discussion about the order of the perturbation.
However, for double caustics, it is not so difficult to add another
Q term to the perturbative expansion and reach the same accuracy
005} | of the simple caustics. The third order term in the critical curve
depends o#:
€3 = 6r°Re [FZSgew} . (39)
-0.1

The successive term in the caustic is
ez + 36_3i9T2€3§2 — r4e_4i9§2. (40)

01 “0.05 0 0.05 0.1 Double caustics, and, more generally, multiple caustics, are
Fig. 3. Critical curves in the event of a double root. The masses d@'med by the union of small caustics, in some sense. Another
indicated by the crosses. The double critical curve is the one at théeresting question is: what happens if we change the param-
bottom—center, while the other two are on the top-left and top—righters in the neighbourhood of our particular choice producing
and are hardly visible in this picture. the double root? We expect the double critical curve to separate
into two smaller ovals and the double quadrangular caustic to
break into two triangular ones; but this can happen in different
ways.

In this regime, the perturbative caustics are simple. How-
ever, as the parameters tend to give the double gbtends
to zero, yielding a diverging for the simple critical curves,
according to Eq. (19). The transition with the formation of the
double critical curve is thus not reproduced. Guided by pertur-
bative approximations, the break of the double caustic, when
z3 moves out from the positioit).084263, can be investigated
numerically. The results are shown in Fig. 5.

Incaseu, z3 = 10.082787, i.e. we have moved the third mass
towards the others. The critical curve breaks in the horizontal
direction. Looking just at the thick line in Fig. 5a2, representing
the numerical caustic, we see that the top cusp and the bottom
cusp develop a butterfly geometry. At some critical value, these
butterflies touch and the two resulting triangular caustics move
away along the horizontal direction. We have displayed in the
same plot the perturbative caustics too. Obviously, they are sim-
0,01 -0.005 0 0.005 0.0l o0.015 plecaustics,sotheycannotshow the butterfly geometry but they

Fig. 4. Caustic corresponding to the double critical curve of Fig. $aNn help in understanding how the separation occurs. We also

The dashed curve is the numerical caustic and the solid line is fh@tice that the simple caustics cover the area of the numeri-
perturbative one. cal transition double caustic very well constituting a significant

approximation anyway.

In caseb, z3 = i0.085759, so that the third mass is farther
mo = 0.25 andmgz = 0.5. We fix the positions of the first from the others. Now the critical curve breaks in the vertical
two: z; = 0.1, zo = —0.1; but we let the third free for the direction and so does the caustic. The left and the right cusps
moment. We simultaneously solve Eq. (9) and its derivative wittansform into butterflies. These butterflies are slightly distorted
respect tozg, for the two unknowns and z3. We find six by the fact that the resulting simple caustics have different sizes:
possible positions of the third mass, giving rise to a double rabie one on the top is smaller than the other.
of the positions equation. None of them is a triple root. Two In casec, z3 = 0.00147 + 70.084263. We have displaced
of these positions are on thg-axis. We choose one of them:the third mass in the horizontal direction. The critical curve

5.735

5.725¢

5.715 ¢+
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-0. 015
5.785
-0.02
5.7825
-0. 025 5. 78
-0.03 5.7775
5.775
-0. 035
5.7725
-0.04 5.77
-0.01 0 0.01 -0.0075-0. 0025 0. 0025 0.0075
al a2
-0. 015
-0.02 5.67
-0.025
5. 665
-0.03
-0.085 5. 66
-0.04
5. 655
-0.01 0 0.01 -0.0075-0. 0025 0.0025 0.0075
bl b2
-0.015 5.74
-0.02
5.73
-0. 025
-0.03 5.72
Fig. 5. Critical curves and caustics for
-0. 035 z3 close t0i0.084263. The left column
5 71 shows the critical curves and the right
-0.04 column the caustics. The thick lines are
the numerical curves and the thin lines
are the perturbative ones. The choice of
-0.01 (?1 0.01 0.04 005 006 007 z3 in casesa, b andc are given in the

c2 text.

breaks diagonally and so does the caustic. But this time tinghe centre of mass. We call the separation between the masses
transition occurs with a simple beak—to—beak singularity ratherthen we have; = m’l’jifnz andz, = — m’l’ifw . Eq. (9) is of

than with butterflies. While in the previous situations the twsecond degree. Its solutions are

simple caustics in the last step of the separation touch with a My — my % iy/mimg

fold, here they touch with a cusp. 20=a

41
mi + mo ( )

S ) They are always simple and lie on a circle of radiy2 centered
6. Secondary caustics in binary lensing in the middle of the two masses.

In this section, we specify our results for the binary case where 1h€ radius of the two ovals is the same:
3

simple analytical formulae can be written. Let's consider two mimaa

masses placed on the horizontal axis and let's choose the or@ﬁ 2 (my +ma)? (42)
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Its maximum valuezﬁsm is reached when the two masses afgave been able to establish the number of the caustics for any
equal, in fact, in this case, their distance from the two massesgiss configuration, the positions and the shapes, with a complete
maximum. characterization of the geometries arising in all cases. More-

The two caustics are given by the following expression: over, quantitative formulae for the area and other features of

these objects have been given. As we have seen, in the most
mi — Mo 2 /mimao

y () = Ti 172 common case, the shape of the simple caustics is always trian-
a a gular. Anyway, multiple caustics exist developing a great variety
ygMe M VM myms of behaviours, giving ri;g, to curves hgving a number of cusps
m1 +ma my + mo ranging from four to infinity. The breaking of multiple caustics
et N je—2i0 4 can follow different ways depending on how the parameters of
X .
2 (my T ma)? 4 (\/ﬁii\/@f the system change.
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