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Abstract. Inthe second paper of this series we present the cal-Introduction

lati fth ity-darkeni tforl tars. . .
cutations o1 the gravity darkening exponent for low mass s a[ﬁn& light we observe from the components of a binary system
Such calculations are based on a modified version of the metf(wgp ends not onlv on the aeometrical confiauration bt also on
developed by us and published in an earlier paper. The cor, &P Y 9 9

sponding apsidal motion constants for VLMS are also presenth w the specific intensities are distributed along the stellar disk.

The mass range for which both parameters are available is r} V\t/en, such components are distorted by rotation and tides and

extended from 0.08 up to 40 M e flux distribution is not uniform over their surfaces. In a pio-

The derived3; is compared with the results of the radiatior) egr”tr;]ge Za?fzrc\éoc:‘ ielgsl éc?-zt:laf:t?gvsetzzt tahr? dfsluoxnciférg)f?égn o
hydrodynamics simulations. Although a systematic differen&\?/ vit thgt is 74 P 5ul where 3 El Trﬁ)is means that in v
with decreasing effective temperature is detected, the interag VI, reff X9 ==

ment can be considered as good (maximum discrepancy arohneddlstorted stars the polar zones are hotter than the equatorial

10%). The local maximum for log. s ~ 3.7 is not detected in ones. This phenomenon is kr_lown as gra_vity-dgrkening_ though
the RHD formalism, although calculations for lower effectivé’ e authors prefer to call it gravity-brightening. While the

temperatures are needed to draw a more definitive conclusi mb-darkening is symmetric with respect to longitude, gravity-

It is pointed out that the gravity-darkening phenomenon ggarkenlng is symmetric with respectto the equator. The result by

related not only with atmospheric parameters but also with t %r;nZec;pel Iosl vallug fro}iiconf;l%urﬁrt]migs%;n ;add;\atlvz e?fggbg I(ljm;i.v q
internal stellar structure and with details of the rotation law. THe> - © Cccades later fippennhant ra aede erive
eneralization of such a relationship. Kopal 1959 computed

influence of changing the input physics on the gravity-darkenir@ig?g

- i L . e gravity-darkening coefficient - do not confuse with- as a
exponentis investigated and it is found that they depend sligh L%c?tion cz:‘the effec?ive temperature and Wavelex\g%h Barman
on the chemical composition mainly in the zone of the radi :

tive/convective phase transition. For deep convective envelopegs?éofxgiggsecj rtgsgﬁtirssugjﬂ%%é%\jgug:vgige;gf fjgur?fgﬁ)
it is found no significant differences i, 's computed for dif- pre 9 P y e
- through a numerical procedure, demonstrated that the gravity-
ferent mixing-length parameter. . : : .
. . . .darkening exponent - GDE - is smaller than 1. His method is
Itis emphazised thatat the actual level of light curve quali sed on the calculation of the adiabatic constant for a series of
of eclipsing binaries it is not possible to discriminate effects llar envelopes. As an average value, he fid.32. Web-
third order in the gravity-darkening exponents such as chemi%lik 1976 asgurﬁin asimple g acit |6’1W ointed. ou.t thatifthe
composition, theory of convection, irradiation, etc. ntro is,constant ?n an er?velop o thye val,uF:g@ odire compati-
On the other hand, the role of the differential rotation i by . P ! P
discussed in the light of its possible relation with moderate je with those derived by Lucy. On the other hand, Anderson &
hu 1977 found that there is no relation between the effective

anomalous gravity-darkening exponents for some particular ) .
N Y g exp P emperature and effective gravity. However, the method they

cases. Concerning the high values of the gravity-darkenin . A, )
o ll%?d predicted null albedo, which is in disagreement with the
exponent reported by some authors, this is not supported Cervational data (Rafert & Twigg 1980).

\é(:()/\;elj:s]r;t simultaneous by observations, at least in the cas8 Applying a perturbation theory Smith & Worley 1974 ob-

taineds; = 0.5 for conservative rotation laws and radiative en-
velopes. For non-conservative rotation the corresponding rela-

Key words: stars: binaries: eclipsing — stars: evolution — starts'PnSh'p between flux and effective gravity was found to be a

fundamental parameters — stars: interiors — stars: rotation o © complex function. Using the same technique, Smith 1975
analyzed the case of magnetic stars and found a strong relation-

ship between the mentioned parameters. Sarna 1989 confirmed
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the results obtained by Lucy although a slight variation wittelation with moderately anomalogs’s. The new calculations
mass was also detected. of the apsidal motion constants and the corresponding moment
Under the observational point of view, only a few papersf inertia for the VLMS are very important in order to test the
were dedicated to infer the GDE from the light curves analysiidal evolution theory in this mass range. Furthermore, the new
Eaton et al. 1980 analyzed the light curves of three systerngmputations of the corresponding GDE'’s can be used in or-
namely, CC Com, RT Lac and W Uma and recommendeddar to analyze the light curves of eclipsing binaries presenting
weighted value of 0.22. A more comprehensive sample wakMS components as well as to take into account the effects
studied by Rafert & Twigg 1980. These authors analyzed sys-rotation in brown dwarfs.
tems with radiative and convective envelopes. The correspond-
ing mean values' of} We're.0.96 gnd 0.31, in good agrees ap analytical approximation for 3,
me_nt with theoretical predictions. Kitamura & Naka_\mura 1987_ in convective envelopes
derived very anomalous GDE's for the secondaries of semi-
detached systems. Their sample was also constituted by st§#19 a graphical approach we have shown in Paper | that a
with convective and radiative envelopes. They have found'@gh estimation of the GDE can be directly obtained from the
high dependence of the surface brightness with the gravity. T$tape of the theoretical HR diagram. Fitting the tracks for 1 and
inferred values are between 2.3 and 9.4 which is in disagreem&@tMo by straight lines, we derived;=0.24 and 1.0 in good
with the classical theoretical values. These results were intégreement with the old usual values for stars with convective
preted later by Unno et al. 1994 as an enthalpy transport link@ad radiative envelopes respectively (Lucy 1967, von Zeipel
with the mass exchange process in semi-detached systems1924; see also Fig. 3 in Paper I). In this section we shall present
The application of the GDE is not limited to the binary star@8n analytical approximation fo#; for stars which present a
investigations. In order to take into account the effects of rgignificant amount of convective flux in their outermost layers.
tation on the emergent flux of isolated stars, the knowledgelgforder to do that, let us write the average convective flux as
[ is of capital importance. Several works were dedicated ) — pvscpT @
the subject (Collins 1963, 1965, 1966; Hardorp & Strittmat-
ter 1968, Maeder & Peytremann 1970, Collins & Smith 1985)here
The range of the applicability of such calculations is unfortu- 1 gAT
nately limited to a few models. The work bRz Herandez Y= 2 0. T (2)
et al. (1999) changes the situation since they compute the ef-
fects of rotation on isochrones considering modern interior aﬁbs ) . .
atmospheric models and adequate values of gravity-darkenth € mean convectn_/e velocn_y anNT" is thg Excess of t_em-
exponent as computed by Claret 1998a (Paper I). The reshfe 'ature ofagqnvectlve cell with respect to its nellghborlng.and
were presented in terms of the rotating and non-rotating cou#- IS the specific hea_lt at_ consta2nt piessure_. At a given fractional
terparts. An extension of this work is under preparaticer¢é2 r_adlusl? t_he total flux is given by“oT¢; - Dgflnlng the convec-
Herrandez & Claret 2000). tive gfﬂmency f as the ratio of the convective to total flux (Cox
Returning to theoretical computation of the GDE's itself?‘ Giuli 1968), one gets
Claret 1998a, 1999b introduced a new procedure based on the YcppTvs
triangles strategy usually employed in stellar evolution calcula-— b2gT€4ff
tions. Such a technique allows for more extensive calculations ) . ] .
than the previous ones sinfg is computed for each pointof a_ The c;onvectlve e_ff|C|ency is hard to handle since the func_—
given evolutionary track no matter if the envelope is in radiatiiPns Which appear in Eq. (3) are not so easy to treat analyti-
or convective equilibrium. In other words, the GDE's are giveff2lly if the structure of the envelope changes in space and time.
for the first time, as a function of time, mass and effective terflOWeVer, it is useful to analyze where and when convection is
perature. These calculations cover the mass range from 1 uffigortant in the transfer of energy and consequently, how the

the density]” the temperature, the local velocity of sound,

®3)

40 M. GDE depends on it. Taking typical values fas, ¢, 1 (mean
Veery recent investigations on radiation hydrodynamical cdRelecular weight) and', (the ratio of specific heats),

culations (Ludwig et al. 1999) indicate that the valuegpfor A PT/?

convective envelopes is around 0.28-0.40 confirming, within= — 57— 4)

uncertainties, the results based on the mixing-length theory of eff

convection for late-type stars. where A is a constant characterizing a given layer. It can be

In the first paper of this series it was investigated the roithown that the pressuf®(T) is proportional ta;*/ Qij/ *and
of rotation on the apsidal motion constants (Claret 1999a). donsidering the loci of constant convective efficiency in the HR
the present work, we basically explore three points: a) the ifiagram, we have
fluence of the physics input on the GDE's b) the calculation of 117
the gravity-darkening exponent and apsidal motion constarts’ <9 )
for models with masses down to 0.08:M) an analysis of the which would give a mean value 6§ of 0.24, in good agreement
influence of the differential rotation on the GDE'’s an its possibigith the estimation made by Lucy 1967 and Claret 1998a for
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stars with deep convective envelopes. This value depends, for. |-
example, on the relationship between the opacity, the pressure_ |
and temperature. St

3. The connection gravity-darkening =L
with the internal stellar structure i

-12

«©
=)

Before Paper |, the computational method used in the papers,, t
dedicated to evaluate the GDE and, in particular for convec- < |
tive envelopes, is the same as that developed by Lucy (1967)S
who introduced atmospheric models. However, the distortions« £
caused by rotation, which are the real responsible ones for the |
non uniform flux distribution, depend on the internal structure SF
of the stars (Kopal 1959). Starting with the total potential of a = -
rotating star and assuming that the angle between the normal |
and the radius vector is small - only the radial componentofthe ~ [, . ‘ ‘ ‘ . . .
derivative is considered to compute the local gravity - the corre-
sponding equation which describes how much a configuration
is distorted by rotation can be written as Fig. 1. Gravity-darkening exponent (thin line) and apsidal motion con-
stant (thick line) for homogeneous models. The asterisks indicate com-
9= 9 _ Z (1 _ 5> (f _ 1) (6) putations performed in this paper while crosses denote calculations
Yo Aj a performed in Paper I. The picture in the upper right corner shows the
onset of convection as a function of the effective temperature.

-1.6
log k,

-24

log T_;:

J
whereg, is the local gravity taken as reference; = 1 + 2k;,

k; being the apsidal motion constant of orgelf we take only

. . . : change in internal structure, convection begins to become im-
the terms forj = 2, the radius of an equipotentiatan be written g g

portant for effective temperatures smaller than that of the critical

as point. In this way, this phase transition does not only depend on
r=a(l— f2P(6,9)) (7) theinternal constitution but also on the structure of the outer-
most layers. Both mechanisms may be acting simultaneously

with and the individual contribution depends on the effective tem-
50203 perature range. For very low mass stars the internal structure

fo= 3G, (2 + 1) (8) has minor importance and the convective efficiency drives the

behavior of3; (Sect.5).
wherew is the angular velocity, R0, ¢) is the second surface  The first term between parenthesis of the right hand side in
harmonic,a the mean radius of the level surfagg,is the log- EQ. (6) can be computed integrating the Radau equation for a
arithmic derivative of the spherical harmonic defined througliven configuration. As mentioned, Eq. (6) describes how the
Radau’s equation andi/,, is the mass enclosed by an equipod?armonic distortion is related with the relative variation of the
tential. surface gravity but it can be used to estimate and to check lim-
This equation indicates that gravity-darkening is not onl§s on the numerical values aklog g used in the method in-
an atmospheric phenomenon since in order to compute it itigduced by Lucy 1967 and its variants and the new one pro-
necessary to know what is the shape of the distorted stellar cpased in Paper |. Let us evaluate the parameters which appear
figuration, which depends on its internal structure. Moreoven that equation: a typical value of the apsidal motigris 0.01,
the calculations of the GDE’s also depend on the details of thé(cos6)| ~ 1andf, ~ \/2, where = 2w2R3/(GM). The
rotation law (see Sect. 6). Anticipating the results which will beaximum value of\ is 0.3 which corresponds to the break up
presented in Sect. 5, it is interesting to note in Fig. 1 the similatelocity. In this case, we hav&log g ~ 0.6. As indicated by
ity between the behavior ¢f;, and k. The effective temperature Lucy, the basic equation used in his numerical method is
of the t_ransitign zone (go_nvective/radiative) coin(;ides with that AlogK . AlogK
for which k; is also minimum. The corresponding log fF 51 = 9)
is around 3.86 and ml.5 My for homogeneous models. In
this range there is a change of the predominant source of thehereK = K (g, T. ;) represents the equation of an adiabatic.
monuclear energy from proton-proton chain to CNO cycle. Thikemember that Eq. (9) was deriv&ssuming that the variations
change is accompanied by a readjustment of the mass cona#ithe local gravity are smallThis is an important aspect of the
tration, this fact having clear repercussion on how a star woyddoblem. Some authors who used the Lucy method (Alencar &
react under distortions and consequently on the paranseterVaz 1997, for example) used valuesAfog g of the order of
(remember that the distortion depends o). IBut this zone 1.5 which is around 3 times larger than the maximum value ob-
is not only important due to this fact. Besides the mentionégined in the case direak up velocitylf one takes the models

B Alogg’ AlogTess
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displayedintheir Fig. 1itcan be concluded thatequatorial radius |
is around 8 times larger than the polar one. That extreme situa- |
tion obviously does not meet the requirements mentioned above |
and those calculations were carried out inconsistently. In Paper| | 2 Torer

and in the present work we have adoptAdog g|q.=0.08. L . 4
83 lerra

g1 Tern

log T

4. The influence of the physics input
on the gravity-darkening exponent

log L

r log P 1
Before directly explorating the influence of the input physicson | 4

01, let us summarize the main aspects of the numerical method |
to compute GDE developed in Paper I. This method, onthe con- |
trary to the other ones, makes use of a stellar evolution code. |
If the external boundary conditions are unchanged at the fitting
point as a model evolves, the corresponding outer layer inte-
grations will be the same as the previous ones. Three envelope [
computations are performed corresponding to three pointsinthe

HR diagram and while a model evolves and remains within this log Ty

triangle the boundary conditions are unchanged. This is Va’i% 2.The thick line denotes a generic evolutionary model. The point

only if the triangle is sufficiently small, mainly for convectivemarked with the symbol O has the same Prelationship at a given
envelopes. This is the triangle strategy introduced by Kippeédepth as the points labeled by 1, 2 and 3. Such points represent the
hahn et al. (1967) to save computational time. To compute tfiistorted models (see the upper left corner).

GDE one is interested in a distorted model with different ef-

fective temperature distributions over the surface. To represent ] o

such a model a modified version of the triangle strategy w&s it does not present possible effects of sphericity given the
used (increasing the number of points) in such way that several SPherical symmetry of the structure equations

envelopes with different temperature distribution are computed it can be easily adapted to stellar evolution codes

but with the same physical conditions at an interior point wher@ if needed, more realistic atmosphere models can be intro-
the ionization of hydrogen and helium is complete. Finally, by duced as external boundary condition, as we have done for
differentiating numerically the neighboring envelopes, we ob- Prown-dwarfs stars. This possibility embraces the method
tain 3;. A sketch of the method is shown in Fig. 2 where we introduced by Lucy and its variants.

have plotted only three points for sake of clarity. Figs. 3 and 4
summarize the numerical results and illustrate the time evo%b—

In order to investigate the effects of changing of chemical
mposition, we have computet] for homogeneous models
Sr different initial chemical compositions - same metallicity -

the gravity-darkening exponent for masses between 1.58 using the method summarized above. Although the hydrogen

. Shtent was changed by 0.1 with respect to the chemical com-
1.78 My and for logT s ~ 3.86. The position, form and depthﬁ)osition (X, 2)=(0.70, 0.02) the values of the respectivare

?r]: this r‘]) ?r? s€ trar!ts_mon depTlnds on the Ch?T'CaI ICSTP?S”\J} so much sensitive to these changes except near the transition
rough the opacities as well as on computational Getalls. W, Concerning evolved models the situation is a little more
expect to investigate such aspects in future papers. conspicuous. Let us take as standard the2bdel with (X
This new method presents several advantages with respf)g(o 70, 0.02) in order to study how the changes in thé hy-
o the old ones: drogen content affects; . This model was selected due to that
1. itis self consistent since the interior models are used to diewing its evolution the envelope is first predominantly radia-
rive 5, as well as to predicted limb-darkening coefficientgive, then convective, again radiative and finally convective in
radius, effective temperature, apsidal motion constants, dhie giant phase. In Fig.5 we compare the resulting GDE’s for

tion of GDE with mass and effective temperature for mode
with masses from 1 up tp 40 M Note the transition zone in

cularization and synchronization times this model during its evolution with thoserfa 2 M, with (X,
2. the method can be applied for convective or radiative ef)=(0.60, 0.02) and (0.80, 0.02). For a higher hydrogen con-
velopes tent, the corresponding mean molecular weight is smaller and

3. one can go as deep as necessary into the interior of the effective temperature is also somewhat smaller. In this way,
model to impose the boundary conditions without loss tiie X60Z02 models are brighter and hotter than the models
generality. X70Z02 and X80Z02. In consequence, X60Z202 models present

4. the GDE’s are given, for the first time, as a function of thenvelopes in radiative equilibrium even in the red-blue hook
mass, chemical composition and time. This permits an sedtages. The values of the GDE’s for these points are almost con-
consistent light curves analysis (see item 1) stant and the peak ifi, around log T »=3.86 is not detected.

5. changes in the chemical profile of the envelope as, for ex- For X80202 models the scenario is opposite. Even for
ample, those due to mixing, are taken into account slightly evolved models the effective temperatures are smaller
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Fig. 3.Gravity-darkening exponenttime

evolution as a function of the mass and
effective temperature for models with

masses between 1 and 2.5L,M

Fig. 4. The same as in Fig. 3 for models
with masses between 3.16 and 4QM

than those of the standard model and there is some contributiibe@ GDE's tend asymptotically to a common value. Note that
of convection to the total flux. Convection begins to predominatiee minimum value ofj; in red-blue hook for the three models
even in the red-blue hook points and consequently these modigdpends on the hydrogen content.

always show GDE's smaller than 1.0. As models evolve out the Now we shall examine how the metallicity affegis for a

Main Sequence, the convective envelope becomes deepergimen mass and hydrogen content. Fig. 6 is somewhat similar
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N RNy
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log T ;e log Tgpe

Fig. 5. Gravity-darkening exponent time evolutiorrf@2 My model.  Fig. 6. Gravity-darkening exponent time evolutiorrf@2 M model.
Continuous line denotes (X, Y) = (0.70, 0.02), dashed one indica@sntinuous line denotes (X, Y) =(0.70, 0.02), and dashed one indicates
(0.60, 0.02) while dotted-dashed line represents (0.80, 0.02) mode(§.70, 0.004) models.

to Fig. 5 in the sense that the hotter models (less metallic ones)
“mimic” the properties of X60Z02 case. However, thereis are- < [ 4
markable difference: for deep convective envelopes the GDE's | 1
for X702004 models are systematically smaller thanthose com- [ 1
puted for X70Z02 models. The influence of the physical condi- = [ 7
tions in the envelopes during this phase, and in particular, the | ]
influence of the opacity, is determinant to explain such a differ- o &
ence. The position of the transition phase also depends on the
metallicity as it can be seen inspecting Fig. 6. I

The influence of the mixing-length parameteron the = [
GDE's is displayed in Fig. 7. Again, we have used the 2 M Ly
model with (X, Z) = (0.70, 0.02) = 1.52 as standard. The [/ ]
evolutionary tracks are similar from the ZAMS up to the begin- & [ 7
ning of the hydrogen-shell burning (log iy ~ 3.8) for the three i 1
models since convection has no larger influence in this range. , | ‘ ‘ ‘ 1
The points where the phase transition is detected depends on = 3.75 3.7 3.65 3.6

but for deep convective envelopes there is no significant differ- 108 Tare
ence among th@;’s. Fig. 7. Influence of the mixing-length parameterin the gravity-

darkening exponent time evolutionrfa 2 My model with (X, Y)
=(0.70, 0.02). Continuous line represents models witth.52, dashed
5. The interior-atmosphere coupling for very low mass one models witha=1.0 while dotted-dashed denotes models with
stars: apsidal motion constants and GDE’s a=2.0. Only models with convective envelopes are shown.

In Paper |, we limit the calculations ¢f down to mass equal to

1.0 Mg. The main reason for such a restriction is based on the

fact that very low mass stars (VLMS) present cool and some- Of state is not appropriate to describe the internal structure
times very dense configurations. Under these conditions, the of VLMS (Chabrier & Baraffe 1997).

stellar models must be Computed using more Comp|ex inpat coupling ofatmospheres models with the interior as abound-
physics. The implementations one should introduce in the codesary condition. In the range of effective temperatures, which

of stellar evolution to obtain more realistic models of VLMS are  characterizes the VLMS, the presence of several stable
(see Baraffe 1999a): molecules, provides an additional and important source of

opacity. Within this perspective, the grey approximation as
1. amore elaborate equation of state (Christensen-Dalsgaard &exterior boundary condition produces hotter models, for a
Déappen 1992, Saumon et al. 1995) since the ideal equationgiven mass and chemical composition, than in the case of
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0.6

done in our previous papers on theoretical apsidal motion, we
used the Runge-Kutta method of fourth order to integrate the
respective differential equation.

In Fig. 1 we plot the logks versus effective temperatures
for such models. The new computations are shown as asterisks
while the computations for more massive models are those based
on the models by Claret 1995. From that figure we can note
that theky’s for VLMS are only slightly dependent on mass
and they are almost constant for log-0.4 or logTcsy <
3.5. For this mass range the valuekgfis about 0.15 which
would correspond approximately to one configuration with a
polytropic indexn=1.5, as expected.

We have also included in Fig. 1 the calculationsGeffor
those VLMS models. We restrict our analysis on the homoge-
neous models for sake of clarity. As we have seen in Sect. 2, the
T R internal structure and the configuration of the envelopes drive

88 84 8e 86 8T 88 61. But when going to lower effective temperature the outer-
most layers influence begins to predominate. In the upper right
Fig. 8. The gravity-darkening exponent using our method adopting te@rner we have plotted the optical depth of the convection on-
mixing-length theory of convection (continuous line, crosses) and thaset as a function of log [ r. The hydrogen recombination is
derived from the radiation hydrodynamics simulations (asterisks). the main responsible for this feature since convection is also
present in thin layers. There is a local maximum for log A~

more realistic atmospheric models in the range of 0.2 upzc)?' For effective temperatures lower than this point there is a

ecreasing of the onset optical depth indicating an increasing of
0.9 Mo. . . .
o . . ._the convective efficiency. As a consequepgalecreases until

3. the presence of convection in the optically thin layers smi:e

the molecular hydrogen recombination reduces the adiabzﬁlr? d-[l;)efiﬁ :e?;55e4; Z(I)i:tllg?nﬁfrfe ;jni‘lv\}::ﬁ ir?ltt#:trlgrr: 'Z :)n\é%r_tgdzs
gradient favoring the convective flux. ! gev. T

For the range 3.% log 7.y < 3.86, convection loses im-

Important improvements were implemented in the codes@#rtance progressively and the correspondinglso decreases.
stellar atmospheres and in particular, in the PHOENIX coddis is due to that for these envelopes the entropy jumps are in-
(see Allard et al. 1997 for a review). The influence of the inpgt€asing and therefore the convective efficiency is decreasing.
physics in the atmosphere models also affects other areag\gptherway tointerpretthis decreasing®fis link itwith RHD
interest for binary stars researchers as, for example, the limpadiation hydrodynamics simulations - calculations. Translat-
darkening calculations. Claret 1998b detected a small but siF such results to the mixing-length theory languagis, min-
tematic difference between the coefficients of limb-darkenin@um for log T.;; ~ 3.86 which corresponds to the effective
computed using the models of atmosphere generated by t@@perature of the transition zone (see Fig.5 in the paper by
ATLAS code (Kurucz 1993) with the NextGen PHOENIX calludwig et al. 1999). For effective temperatures larger than that
culations. These effects are particularly conspicuous for modgf¢he phase transition, convection is superadiabatic and the von
with log 7. s < 3.7. Such discrepancies may be explained dé&ipel value is progressively restored.
to the different adopted equation of state and opacity tables in Let us compare these values of GDE's with those derived
both codes. from the 2D numerical RHD (Ludwig et al. 1999). These authors

In order to extend our calculations to VLMS we shall adogibtain very interesting results concerning convective efficiency
the interior models by Baraffe et al. 1998 which are consisteditd gravity-darkening exponents. In fact, the derived exponent
with the atmospheric models generated by the code PHOENIxindependent of the mixing-length theory. We have used the fit-
These models incorporate the necessary improvements poirited formulae given in their appendix to calculate the entropy in
out previously. The corresponding atmosphere models wéhe envelopes and therefore to compute the respective numerical
kindly provided by Hauschildt (1998, 1999). The grid of atderivatives to obtairs; .
mosphere models covers the range of effective temperaturesThe comparison is displayed in Fig. 8. The variationspf
2000K > T.;; < 9800K with log g varying between 3.5 andfor RHD simulations is approximately linear with log. ;.

5.5. The dust opacities were not included. The values coincide for both methods for envelopes with low

Some of these VLMS models were used to extend the m&esivective efficiency. However, there is a systematic deviation
range of applicability of the apsidal motion and tidal interactiohen going to lower effective temperatures: RHD always pre-
investigation. This parameter is presented for the first time f8@nting smaller values. Although the discrepancies as whole are
realistic VLMS models. The calculations were performed fdtot so large it is worth to try to elucidate why they appear. The
homogeneous models with mass 0.08, 0.1, 0.2, and Q,4 Nhysics involved in both formulations is different since RHD
which were kindly provided by Baraffe (1999b). As we havéses varying mixing-length parameter Of course, the struc-
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ture of a convective envelope computed under varyingdif- wherex is the opacity. In order to simplify, let us assume that the

ferent from that computed considering a constant mixing-lengtbnfiguration of the stars is the same as that given by the Roche

parameter and this may be in part responsible for the differencesdel. Considering the variation of the gravity at the equator

shown in Fig. 8. and pole we have
The local maximum for log I around 3.7 following our

method is not detected if one corﬁfpares with RHD results. HoWe — 92 — ﬂx.

ever, as the RHD calculations are available only for log;T> 9p 2+ N

3.63 itis difficult to draw any definitive conclusion concerningrinally, approximating the relative differences of the flux and
this local maximum since it may be present forlag < 3.63. |og g by the respective logarithmic derivatives, we write

Only when RHD calculations would be extended to lower effec-

tive temperatures it will be possible to clarify the situation. I, — 1 |- [(4 + £ — T)(N — 20)] (16)
spite of the mentioned discrepancies (around 10% at maximum) 4+ N

we can consider that the predicted gravity-darkening exponent From Eq. (16) one can see that wherdoes not depend
using our method and those derived from the radiation hydign the colatitude angle, for no opacity dependence and for con-
dynamical simulations agree well within the uncertainties.  stant or null angular velocity we obtain the value derived by von
Zeipel,3; =1. As already known, this means that the von Zeipel
6. Differential rotation: anomalous GDE? theorem only holds for uniform rotation where the isobars and

The actual calculations of GDE (using interior models and/ g_wpotennal coincide. Of course, there are 6.“8.0 the trivial so-
utionsk, = k7 — 4 andN = 2a. For the remaining cases,;

atmosphere models) did not take into account explicitly causes R .
. . ) . -Will depend on the angular velocity distribution, on the opacity
effect. In this section we begin to explore such an mteractl?n

) o . ; o . law and on the star‘s differential rotation. Kippenhahn 1977 an-
investigating simple models with radiative envelopes. Until no B . .

. ; . : . alyzed the case N=0 and concluded that for Kramer's opacity,
we did not specify what kind of rotation law we are dealin

with. Often, it was assumed that the angular velocity depen sld c_jependmg on angular velocity distribution, the flux in the_
. . : . pole is larger (or smaller) than at the equator. In other words, it
only on the distance from the axis of rotation, that.s,=

: may turn out to be a rotational darkening or brightening.
w(r). However, in a more general case one expects that star : . ) ; ;
. . . There are interesting real configurations which we can relate
rotates differentially and that there is also a dependence on th . U
: . with Eq. (16). Concerning the radial distribution of the angular
colatitude anglé. In this way,w = w(r, §). Let us assume that . o
S . elocity, one would expect that for evolved stars the interior ro-
the dependence of the angular velocity with the distance and [he : : .
) o ) ates faster than the outer layers, e 0. But configurations
colatitude is given by:

with o > 0 are also possible: the systems presenting an accre-

(15)

w? = h(r)sin™ 0 (10) tion disk. In these systems the external layers rotate faster than
Making use of a perturbation theory, it can be shown thtte interior ones due to the increase of the angular momentum.
the integrating factor for the potential equation is Moreover, the dependence on the colatitude (Eg. (10)) is also
important and both mechanisms may be acting in systems like
A=1+ n SX(N = 2a) sin” 6. (11) Algols with a mass-gaining early-type component or in other
. Sl . . . systems showing an accretion disk.
with @ = Z-. Note that the integration factor was introduced”  ag jt was stressed in Paper I, to compare the values of theo-

in such a way that\g could be derived from a potential. Letgtica| GDE's with those obtained from the light curve analysis
us consider the case of ideal gas and homogeneous envelapgo; 4 simple and accurate task. Several correlations among
Moreover, let us also assume that the density and temperaii€ifrerent parameters involved in the light curve solution and

are functions only of the potential the fact that the gravity-darkening is a second order effect limit
p=d(P)A severely amore accurate analysis, as for example, one can do for
(W) the relative radii, effective temperatures, etc. Keeping in mind
T'=— (12) these remarks, we have done such a confrontation in Fig. 7 of

Baper | for all available data published by Rafert & Twigg 1980
achieving a general good agreement. Let us concentrate here on
more massive components of the sample since in this section we

After some algebra, we can write the relative difference b
tween the flux at the equator and at the pole as

Fe_FpN X

~— [N +4+ (k, — k7 +4)(N — 2a)] (13) are dealing essentially with envelopes in radiative equilibrium.
Fp N+2 The large scattering of; for systems with effective tempera-
where ture larger than, say, 9000 K may be due to the fact that both
o = dlnk mechanisms - dependence.ofvith § and/or with the distance -
P Olnp may be presentin the observational sample. However, this guess
dlnk should be taken with care since the quality of the observational
kT = anT data is not good enough to test it with confidence.
1302 Very anomalous GDE'’s were reported by Kitamura & Naka-

X~ Gm (14)  mura 1987 for some systems with secondaries filling the Roche
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lobe. The derived GDE's are between 3 and 10. They consideays to approach the problem of flux distribution in distorted
secondaries with convective and radiative envelopes. Unno etalnvective envelopes.
1994 interpreted these results as a consequence of the enthalpyA possible explanation of some anomalies (not so high as
transport associated with a mass-loss rate from the secondhnse reported by Unno et al. 1994) in the GDE's is discussed.
of the order of 10% M, per year. Values of GDE'’s as highOn the basis of the work of Kippenhahn 1977 it was guessed
as 3 or 10 are also possible if Eq. (16) is used. But this pdhat moderately anomalous GDE’s may be found in some par-
sibility must be taken with caution. Indeed, recentfzaro et ticular systems but we remark that it is hard to compare such
al. 2000 have observed one of the systems of the Uno etmkedictions with observations given the actual light curve qual-
list, namely, VV Uma using simultaneous four-color photomety. Concerning the very anomalous gravity-darkening reported
try uvby with the 90 cm telescope at Sierra Nevada, Granadg, Unno et al. 1994, recentvby observations performed in
Spain. The light curves analysis does not indicate any anomaanuary 2000 of one of the systems quoted by these authors -
concerning?; nor for the primary (T;; ~ 9000 K) neither for VV Uma - indicate that there are no anomalies in the gravity-
the secondary (J;s ~ 5000 K). On the contrary, the classicallarkening exponent.
values of 1.0 and 0.3 as computed following our method seem to We are planning for future works to implement in our evolu-
be very adequate. The only detected “anomalous” characterisitty code the possibility of varying the mixing-length parameter
is an indication of pulsation of the primary. A critical revisioras well as other RHD simulation results in order to compute the
of the light curves of the systems of the Unno et al. list seer®DE’s and compare them with those obtained using the classi-
to be necessary before concluding that they really present veay mixing-length theory. Another point of interest is to consider
anomalous gravity-darkening. the motions driven by the pressure gradient in the equations as
early suggested by Lucy 1967.
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