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Abstract. Numerical simulations of a 2D mean-field model are
presented which show that grand minima, typical for the long-
term behaviour of solar magnetic activity, can be produced by
a dynamo that features analpha effectbased on the buoyancy
instability of magnetic fluxtubes. The buoyancy-driven alpha
effect functions only if the magnetic field strength exceeds a
minimal value necessary for instability. It opens the possibil-
ity of dynamo actionwithin the solar overshoot layer, where a
strong magnetic field,B ≈ 105 G, is thought to be stored. The
existence of a magnetic threshold for dynamo action can lead to
interruptions of the magnetic cycle, similar to the grand minima
of solar activity. Transitions across the instability threshold are
triggered by magnetic-flux injections from the convection zone.
This is modelled by allowing for a small-scale kinematic alpha
effect in the convection zone, and convective downdrafts that
penetrate the overshoot layer.
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1. Introduction

A striking feature in the history of solar activity is the virtual
absence of sunspots during the so-called Maunder minimum
(1645–1715). Coverage of the sunspot record in this period is
estimated to be about two thirds, and the reality of the Maunder
minimum is therefore undisputed (Ribes & Nesme-Ribes 1993,
Hoyt & Schatten 1996). This and earlier grand minima such
as the Sp̈orer minimum (1420–1530) are clearly visible in the
records of cosmogenic isotopes, e.g.14C and10Be (Beer et al.
1998). Timing and duration of the known grand minima are ir-
regular, but the Sun may have experienced grand minima during
a third of its history. This is also suggested by observations of
magnetic activity of solar-type stars (Baliunas et al. 1995).

Grand minima are the most conspicuous manifestation of
solar variability, which is also apparent e.g. in length and am-
plitude variations of the 11-year sunspot cycle. The spectral
and statistical properties of solar variability are still not well-
known. Although there is some evidence for various modula-
tions of the solar cycle, among which the 80–90 yr ‘Gleissberg
cycle’, it remains doubtful whether they are truly periodic rather

than stochastic. Similarly, the question whether the observations
favour an explanation in terms of (quasi-)periodic or chaotic
nonlinear behaviour on the one hand, or stochastic processes
on the other hand, is as yet unresolved due to the lack of a
sufficiently long and accurate dataset.

Various alternative scenarios for grand minima have been
suggested. Most of them employ highly idealised nonlinear sys-
tems that show quasiperiodic or chaotic intermittent behaviour
(e.g. Weiss et al. 1984, Knobloch et al. 1998, Brooke et al.
1998). K̈uker et al. (1999) considered the backreaction of the
magnetic field on differential rotation via quenching of the tur-
bulence in a 2D axisymmetric mean-field calculation. In the
present paper, a case is made for a stochastic explanation of
grand minima. The motivation stems from several features of
the solar dynamo that have been the focus of recent theoretical
and computational studies, namely a possible buoyancy-driven
alpha effect, convective downdrafts, and small-scale dynamo
action in the convection zone.

The magnetic field that emerges in active regions originates
as a strong, predominantly toroidal field (B ≈ 105 G) in the
overshoot layer, a thin stably stratified region near the base of
the convection zone (Caligari et al. 1995). Helioseismological
measurements have demonstrated that radial shear, responsible
for the strong toroidal field, is also concentrated near this region
(Schou et al. 1998). The generation of the poloidal field from
the toroidal field requires analpha effect. Schematically, the
alpha effect entails the formation of poloidal loops around an
initially toroidal flux element by helical motions (see below for
the definition of poloidal and toroidal fields). Given the pres-
ence of super-equipartition magnetic fields, a kinematic alpha
effect does not function in the overshoot layer, because Lorentz
forces inhibit passive advection of the magnetic field by the am-
bient flow. Hence dynamo models which employ a kinematic
alpha effect in the overshoot layer (DeLuca & Gilman 1986,
Rüdiger & Brandenburg 1995, K̈uker et al. 1999) are problem-
atic, unless one would argue that the strong fluxtubes, which are
the origin of sunspots, are a secondary phenomenon and play
no role in the dynamo. This seems unlikely, since even if the
flux were distributed homogeneously in the overshoot region,
the magnetic field ought to be dynamically important because
its strength would be of the order of the equipartition value
(Moreno-Insertis et al. 1992).
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A possible solution of this dilemma is offered by ady-
namicalpha effect based on the magnetic buoyancy instability
of toroidal fluxtubes. In a different guise, a similar concept was
proposed already by Babcock (1961) and Leighton (1969). The
buoyancy-driven alpha effect has also been envoked in the con-
text of the galactic dynamo (Moss et al. 1999) and accretion
disks (Arlt & Rüdiger 1999). Schmitt (1987) has shown that
non-axisymmetric instabilities of the toroidal field can, under
the influence of rotation, give rise to growing magnetostrophic
waves that are helical and result in an alpha effect. MHD sim-
ulations have confirmed that the magnetic buoyancy instability
produces an alpha effect (Brandenburg & Schmitt 1998). Us-
ing the thin-fluxtube approximation, Ferriz-Mas et al. (1994)
calculated the alpha effect due to a single fluxtube mode, and
showed that the mode must be non-axisymmetric and unstable.
For typical parameters of the solar overshoot layer, the instabil-
ity criterium is met for tubes at low latitudes with field strengths
larger than about105 G. Although the alpha effect of the tube
modes increases with increasing instability, in reality fluxtubes
cease to contribute significantly to dynamo action if they are
highly unstable, since they then escape from the overshoot layer
within a very short time.

For field strengths below the instability threshold and some-
what above the equipartition value, fluxtubes in the overshoot
layer are stable, and can be perturbed by ambient fluid motions
without being shredded. Such random forcing of stable thin flux-
tubes does not result in a net alpha effect (Ossendrijver 2000).
Thus a solar dynamo based on a magnetic alpha effect is not
self-excited: it switches off if a significant number of fluxtubes
fail the instability criterium. At that point, the convection zone
plays a crucial role, since it continues to generate a magnetic
field, which is small-scale, fluctuating, and has a strength of
at most the equipartition value (Cattaneo 1999). Some of this
flux is carried downward into the overshoot layer by convec-
tive downdrafts (Nordlund et al. 1992, Rieutord & Zahn 1995,
Tobias et al. 1998), and, where the intensity of the turbulence
decreases with depth, by turbulent diamagnetism. Depending
on the sign of the field, this leads to accumulation or annihila-
tion of flux in the overshoot layer, thereby enabling occasional
transitions from the on-state to the off-state or vice versa.

In the present paper, the scenario of a buoyancy-driven solar
dynamo is implemented in a 2D mean-field simulation. Earlier,
Schmitt et al. (1996) produced grand minima using a 1D model,
in which the flux injections were treated as an additive random
source term. The main advantage of a 2D model is that the
radial structure is resolved, and that the flux injections can be
treated more realistically, namely through the advection term. Of
course, mean-field theory cannot replace full MHD calculations,
and is at best capable of capturing the main physics of solar
dynamo action1. The purpose of the calculations is to illustrate
that grand minima are an inherent feature of a solar dynamo
based on magnetic fluxtubes.

1 For an introduction to mean-field theory, the first-order smoothing
approximation, and a discussion of its limitations, see for instance
Krause & R̈adler (1980), or Roberts (1995).

2. Dynamo model

The induction equation for the mean magnetic field in thefirst-
order smoothing approximationis given by

∂B0

∂t
= ∇ × {

u0 × B0 + αB0 − β∇ × B0
}
. (1)

All mean quantities are defined here as longitudinal averages,
so that the mean field,B0 = (1/2π)

∫ 2π

0 dφB, is the axi-
symmetric component of the actual field. Although the solar
magnetic field is highly spatially intermittent, this does not
present a formal problem for mean field theory, but merely
makes its interpretation more intricate since the translation from
actual field to mean field involves a filling factor, i.e.B0 ≈ fB.

Briefly, the meaning of the various terms in (1) is as follows.
The first term describes advection of the mean field by the mean
flow. The second term contains the so-called alpha coefficient,
which parametrises the effect of helical convection. In the so-
lar dynamo, its main effect is to create a poloidal field from
a toroidal field. The third term represents turbulent diffusion,
which leads to enhanced transport and decay of the mean field.

The dynamo equation (1) is solved in a spherical shell be-
tweenr = 0.5R andr = R, consisting of a layer with con-
vective overshooting betweenr1 = 0.6R andr2 = 0.7R, and
a convection zone above it (R = 7 · 108 m is the solar radius).
Of course, turbulence is not resolved in mean-field theory, and
the overshoot layer here merely designates a region of reduced
turbulent diffusivity, which for reasons of simplicity is assumed
to coincide with thetachocline, a layer where the solar rotation
rate varies strongly with depth (see below). In reality though,
the overshoot layer is probably about 2–3 times thinner than
the tachocline (Skaley & Stix 1991). In the overshoot layer, a
magnetic filling factor of0.1 is adopted. If the field strength
in the overshoot layer is about105 G, this value would suffice
to store all the magnetic flux that is seen emerging in active
regions (Moreno-Insertis et al. 1992). The filling factor in the
convection zone is not well-known. It is set to unity, which is
probably an overestimate.

In the simulations, the magnetic field strength is expressed
in units ofB1 ≈ f105 ≈ 104 G, the threshold value for the
buoyancy instability. Time is measured in terms of diffusion
times for the convection zone,R2/β0 (see below).

Two variants of the model are considered, that differ as to
how the rapid loss of highly unstable fluxtubes is treated. In
model A, an upper threshold is assumed for the magnetic alpha
effect. In model B instead, a buoyant upflow with a velocity
proportional to the maximum value ofB0 is included.

The mean flow consists of differential rotation, downdrafts,
and, for model B, a buoyancy term:

u0 = Ω(r, θ) seφ + ud(r, θ, t) + ub(r, θ, B0), (2)

wheres = r sin θ. For the differential rotation (Fig. 1), the fol-
lowing formula is employed,

Ω/Ωeq = 0.9294 −
[
1 + erf

(r − rt
d

)]
× [

0.0879 cos4 θ + 0.0534 cos2 θ − 0.0353
]
, (3)
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Fig. 1. Left: internal rotation of the Sun (idealised). Contours are sep-
arated by1% of the maximal rotation rate, which is attained on the
surface at the equator. The dotted curves indicate the overshoot layer.
Right: streamfunctionψ for a single downdraft. Drawn and dotted con-
tours have anticlockwise and clockwise orientation, respectively. The
velocity of the downdraft is everywhere tangent to the contours ofψ.

which reproduces the main features of the helioseismological
results (Schou et al. 1998). The tachocline is somewhat idealised
in that all the radial shear is confined to a spherical shell with a
thickness of0.1R (i.e.d = 0.05R), centered atrt = 0.65R.

The velocity of the downdrafts is derived from a stream-
function,

ud =
1
s

[
er

1
r

∂

∂θ
− eθ

∂

∂r

]
Ψ, (4)

whereΨ consists ofN individual downdrafts, i.e.Ψ = ψ1 +
ψ2+...+ψN . In all simulations,N was arbitrarily set to3. Eq. (4)
holds for incompressible flows. Although vertical flows in the
Sun are highly compressible in reality, this simple formalism
catches the essential feature of the downdrafts, namely local-
ized, rapid downward transport of magnetic flux. As is easily
verified, the flow is parallel to the contours ofΨ, i.e.ud ⊥ ∇Ψ.
The streamfunction of a single downdraft is modelled as

ψ = UdRs
[
erf

(θ − θd
δθ1

)
− erf

(θ − θd
δθ2

)]

× 1
2

erf
( θ

δθ3

)[
1 − erf

(θ − π/2
δθ3

)]

×



0 (r < rd)[4(r − rd)(R− r)
(R− rd)2

]3
(rd ≤ r ≤ R).

(5)

A contour plot ofψ(r, θ) is shown in Fig. (1). All downdrafts
are assumed to be identical, except for their central colatitude
θd(t). A factorR is included for dimensional reasons, andrd =
0.6R denotes the lower boundary of a downdraft. The angular
scalesδθ1 = 0.05 andδθ2 = 1 are chosen such that there is a
narrow, rapid downdraft, surrounded by a broad, slow upflow,
while the remainingθ-dependent factors (δθ3 = 0.03) ensure
that the flow is purely radial at both equator and pole, as is
required for reasons of symmetry. The typical velocityUd is
expected to be much smaller than the velocity of individual
downdrafts because it depends on various filling factors (see
below). The correlation time of the downdrafts,τd, is set to

0.008 diffusion times. Downdrafts are placed simultaneously at
randomly chosen latitudes, and are replaced when a correlation
time has passed. They are put with equal probability at any
latitude, but at least a few degrees away from pole and equator.2

The buoyant upflow represents an effective upward advec-
tion of the mean field due to the rise of unstable fluxtubes.
According to the stability analysis of toroidal fluxtubes, non-
axisymmetric modes with azimuthal wavenumbersm = 1 or
m = 2 are most likely to become unstable (Ferriz-Mas &
Scḧussler 1995). Hence, due to the symmetry between upward
and downward moving loops of unstable tubes in their linear de-
velopmental phase, a net advection of the mean field occurs only
during the following nonlinear phase, when downward mov-
ing loops become anchored in the overshoot layer while rising
loops continue to rise through the convection zone (Caligari
et al. 1995). The buoyant upflow is modelled using the same
streamfunction as for the downdrafts (4–5), but the constantUd
is replaced by

U =

{
0 (maxB0 < B1)

Ub maxB0/B1 (maxB0 ≥ B1),
(6)

whereB1 ≈ f105 ≈ 104 G is the instability threshold. One up-
flow is included. Its location is kept fixed atθd = 1.45, and its
depth,rd = 0.6R, is taken to be the same as that of the down-
drafts. The linear dependence on the magnetic field is in line
with estimates that the velocity of buoyant fluxtubes is compa-
rable to the Alfv́en speed,uA = B/

√
µ0ρ (Parker 1975). As in

the case of the downdrafts, its typical velocity,Ub, is expected
to be much smaller than the upward velocity of individual rising
magnetic loops because it depends on various filling factors (see
below).

The total alpha effect consists of a buoyancy-driven term in
the overshoot layer, and a small-scale kinematic alpha effect in
the convection zone:

α = α0(r, θ, B0) + α1(r, θ, t, B0). (7)

The magnetic alpha effect is modelled by

α0 = α0m
1
4

[
1 + erf

(r − r1
δ

)][
1 − erf

(r − r2
δ

)]

×Q
1
2

[
1 − erf

(B0 −B1

δB

)]

×



0 (θ < θ0)

sin
[π(θ − θ0)
π/2 − θ0

]
(θ ≥ θ0),

(8)

where

Q =




1
2

[
1 + erf

(B0 −B2

δB

)]
(model A)

1 (model B).
(9)

2 More accurately, the probability of having a downdraft at colatitude
θ is roughly proportional tosin θ. The referee is acknowledged for
pointing this out. Inclusion of this factor would somewhat enhance the
effect of downdrafts near the equator.
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Fig. 2a–d.Dynamo coefficients, normalised by the maximum value.
a–c Alpha in the overshoot layer (drawn curve), and in the convection
zone (dotted curve) as a function ofa the mean magnetic field,b radius,
andc colatitude.d Turbulent diffusivity as a function of radius. The
dotted vertical lines inb and c indicate the eddy boundaries in the
convection zone.

Hereδ = 0.03R andθ0 = 0.3π. Ther-dependent factor con-
fines alpha to the overshoot layer, and theθ-dependent fac-
tor confines it to a narrow band centred at the equator. The
buoyancy-driven alpha effect functions only at low latitudes,
since that is where fluxtubes in the overshoot layer turn out
to be appropriately unstable, i.e. where they have growthrates
that are neither too small nor too large (Ferriz-Mas & Schüssler
1995). In dimensionless units,δB is set to0.15. In model A,
the factorQ accounts for an upper threshold,B2 > B1, above
whichα0 vanishes, whileQ is unity in model B. The value of
B2 is set to3.

The kinematic alpha effect in the convection zone has a
mean term, and a fluctuating term with zero mean. The former
is expected to have roughly acos θ-dependence, since it is con-
trolled by the Coriolis force. To model the latter, the simple
picture of a convection zone consisting of schematic eddies of
uniform size is employed. Since the number of eddies on a circle
of constant latitude is finite and proportional tosin θ, the aver-
aging over longitude yields rapid residualα-fluctuations with
an amplitude reduced by a factor proportional to

√
sin θ. In each

convective eddy (radial sizerc set to0.075R; latitudinal sizeθc
set to9◦; correlation timeτc set to0.004 diffusion times), an
independent random value is assigned to a functionF , satisfy-
ing 〈F 〉 = 0 andFrms = 1, that is updated when a correlation
time has lapsed. Outside the convection zone,F = 0. The back-
reaction of the magnetic field onα1 through the Lorentz force
is modelled by a simple alpha quenching term. It decreases
rapidly from unity to zero at a threshold value,B3 = 0.2, i.e.
about2000 G in dimensional units, which is of the order of the
equipartition field strength:

α1 =
{
α1m cos θ

[
1 + erf

(r − r2
δ

)]
+ δαeq

rms
F (r, θ, t)√

sin θ

}

×1
2

[
1 − erf

(B0 −B3

δB

)]
. (10)

Hereδαeq
rms is the rms of the alpha fluctuations at the equator,

in the absence of magnetic quenching. Fig. (2) shows the de-
pendence of the alpha coefficients on field strength and spatial
coordinates.

In the overshoot layer, the turbulent diffusivity is smaller
than in the convection zone because of the convective stability
and the presence of strong magnetic fields, both of which reduce
turbulence. This behaviour is modelled by settingβ to different
constant values in the overshoot layer and the convection zone,
and allowingβ to vary rapidly over a thin layer centered at their
boundary according to

β = β0
1
2

[
1 + ε+ (1 − ε) erf

(r − r2
δ

)]
, (11)

whereβ0 andεβ0 are the turbulent diffusivities in the convec-
tion zone and in the overshoot layer, respectively (Fig. 2). In all
simulations,ε was set to0.01.

The mean field is decomposed into poloidal and toroidal
components,

B0 = ∇ × Peφ + Teφ, (12)

and theαω-approximation is made, i.e. the source term for the
toroidal mean field due to the alpha effect is negligible compared
to that of the differential rotation. This is motivated by the pres-
ence of strong radial shear in the overshoot layer, and strong
latitudinal shear in the convection zone. The dynamo equation
(1) then reduces to

∂P

∂t
= −1

s
(ud + ub) · ∇Ps+ αT + βLP (13)

∂T

∂t
= −s (ud + ub) · ∇ T

s
+ (eφ × ∇Ω) · ∇Ps

+
1
r

∂β

∂r

∂Tr

∂r
+ βLT, (14)

where

LP =
1
r

∂2Pr

∂r2
+

1
r2

∂

∂θ

1
sin θ

∂P sin θ
∂θ

. (15)

The solutions of (13–14) depend on the following dimen-
sionless parameters:

Cω = ΩeqR
2/β0, Cα0 = α0mR/β0,

Cd = UdR/β0, Cα1 = α1mR/β0,

Cb = UbR/β0, Cδα = δαeq
rmsR/β0.

(16)

In theαω-approximation, solutions are governed by products
of (16), the dynamo numbers3:

C0 = Cα0Cω, C1 = Cα1Cω, C2 = CδαCω. (17)

3 Apart from the ratioP/T , which is controlled byCα0/Cω,
Cα1/Cω, andCδα/Cω.
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Fig. 3. Toroidal field, in units ofB1, atr = 0.625R andθ = 0.48π as a function of time. The time unit is the diffusion time for the convection
zone.Top: model A (Cω = 2 · 104, Cα1 = −0.05, Cα2 = −1, Cδα = 90, Cd = −0.06, andCb = 0). Bottom: model B (Cω = 2 · 104,
Cα1 = −0.05, Cα2 = −1, Cδα = 100, Cd = −0.1, andCb = 0.014).

When the alpha effect in the overshoot layer is active, non-
decaying solutions are obtained if|C0| exceeds a critical value.
When the alpha effect in the overshoot layer is inactive, the
magnetic field is produced entirely within the convection zone.
Obviously, this field should be non-decaying, so that at some
later time the dynamo may switch from the off-state to the on-
state. Hence|C1| or |C2| must also exceed a critical value.

As far as known, the predominant parity of the solar cycle
has been antisymmetric with respect to the equator. For some-
what supercritical values ofC0, the fastest-growing mode of
the model is an oscillatory antisymmetric mode. However, sym-
metric modes appear to have only slightly smaller growth rates
than antisymmetric modes, as has been observed more often for
mean-field dynamos in spherical shells (Moss et al. 1992). The
resulting interference of symmetric modes with the dominant
antisymmetric was found to produce unrealistically asymmet-
ric butterfly diagrams in simulations performed on two hemi-
spheres. In order to avoid this problem antisymmetry with re-
spect to the equator is imposed, and this allows the integration to
be confined to one hemisphere. Clearly, this choice has the dis-
advantage that several interesting features related to asymmetry,
such as the possibility to have grand minima on one hemisphere
only, can not be investigated. The complete set of boundary
conditions is as follows:

r/R = 0.5 P =
∂Tr

∂r
= 0(no field penetration)

r/R = 1 matchB0 to potential field

θ = 0 P = T = 0

θ = π/2
∂P sin θ
∂θ

= T = 0(antisymmetry).

(18)

At the outer boundary, the magnetic field is matched to a po-
tential field, which satisfies∇ × B0 = 0, i.e. LP = 0 and
T = 0.

The model yields butterfly diagrams with equatorward mi-
gration only for negativeC0, which requires a net negative alpha
effect on the northern hemisphere. By contrast, the thin-fluxtube

analysis of Ferriz-Mas et al. (1994) and the MHD simulations of
Brandenburg & Schmitt (1998) predict a mostly positive alpha
on the northern hemisphere. Other MHD simulations suggest a
negative sign (Brandenburg et al. 1990). At this point, the sign
of the net alpha effect in the solar convection zone has not been
definitely established. In principle, equatorward migration can
occur also for positive alpha on the northern hemisphere, namely
in combination with a meridional flow that is equatorward at the
base of the convection zone (Choudhuri et al. 1995). Since this
is beyond the goal of the present paper, alpha is assumed to be
negative on the northern hemisphere.

A familiar problem of solar dynamo models in thin shells is
the presence of more than one polarity belt on each hemisphere,
whereas the solar butterfly diagram suggests there should be
only one. This problem is only partially alleviated here by con-
fining the magnetic alpha effect to a narrow band at the equator.
A more promising way to avoid overlapping polarity belts would
be the introduction of an anisotropic diffusivity in the overshoot
layer, an issue that will be addressed in a subsequent paper. At
present though, no detailed agreement of the butterfly diagram
with solar observations is envisaged.

3. Numerical solutions

The numerical integration is carried out using an alternating-
direction implicit 2D code developed by D. Schmitt and T.
Prautzsch of G̈ottingen. The grid size is set to 61 points in the
radial direction, and 51 in the latitudinal direction. The top fig-
ures of (3) and (4) show a run for model A, while the bottom
figures show model B. In both cases, the magnetic cycle is in-
terrupted irregularly by intervals of low activity, reminiscent of
grand minima. The results of both models are similar, the main
difference being the size of the magnetic excursions. In model B
these are larger, because they are punished less severely, namely
through a change of the buoyant upflow, instead of through a
more drastic cut-off of the alpha effect. Fig. (6) shows two snap-
shots of the magnetic field taken from the same simulation of
model B that is shown in Fig. (4).
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Fig. 4.Butterfly diagram of the toroidal field atr = 0.625R for subintervals of the runs shown in Fig. (3). Light and dark grey indicate positive
and negative polarity, respectively; the drawn curve is the zero level.Top: model A.Bottom: model B.

In order to clarify the effects of the alpha fluctuations and
the downflows, Fig. (5) shows a butterfly diagram for the over-
shoot layer obtained from a short run of model A, that consists
of three different phases. During the first phase, the convection
zone dynamo and the downdrafts are inactive, and the result is a
cyclic magnetic field of constant amplitude. As the convection
zone dynamo is switched on in the second phase, the magnetic
field in the overshoot layer is perturbed only mildly, because
turbulent diffusion rather effectively smears out the small-scale
magnetic field while it is transported downward. Alpha fluctu-
ations alone can bring about the transitions only ifC0 is very
close to criticality (Ossendrijver et al. 1996). Although this is
possible in principle, there is little reason whyC0 would hap-
pen to fulfill such a condition in the Sun. In the third phase,
the convective downdrafts are switched on, and the variability
increases because more flux penetrates the overshoot layer. The
enhanced transport due to downdrafts may be interpreted as an
increase of the turbulent diffusivity, which makes the dynamo
effectively less supercritical, thus facilitating transitions in spite
of the supercritical dynamo number. Clearly, the dynamo in the
overshoot layer can be turned on again only if the downdrafts
carry flux. If the convection zone dynamo is artificially turned
off during an off phase, the downdrafts do not carry flux, and
the overshoot dynamo never recovers.

For a quantitative comparison of the simulations with solar
parameters, the dimensionless parameters (16) are translated
into dimensional numbers. From Fig. (4) the dimensionless dy-
namo periodPβ0/R

2 is estimated to be about0.13 in model A,
and about0.08 in model B. SinceP is about 22 years, it follows
thatβ0 ≈ 9 · 107 m2 s−1 (A) and6 · 107 m2 s−1 (B), close to
the typical solar estimate,108 m2 s−1.

With these numbers forβ0, one finds thatCω = 20000
corresponds toΩeq ≈ 4 · 10−6 s−1 (A) and2 · 10−6 s−1 (B)
respectively, close to the solar value,2.8 ·10−6 s−1. FromCα =

Fig. 5.Butterfly diagram of the toroidal field atr = 0.625R for model
A. Parameters are the same as in Fig. (3). The alpha fluctuations are
switched on att = 2, and the downdrafts att = 3.

−0.05 it follows that the magnitude of the magnetic alpha effect
is α0m ≈ −7 · 10−3 m s−1 (A) and−4 · 10−3 m s−1 (B). The
absolute value ofα0m, though not its sign, is in rough agreement
with the results of Ferriz-Mas et al. (1994), who derive values
of at most a few cm s−1.

The value ofCδα was set to 90 (A) and 100 (B) respectively,
and it was verified that these numbers exceed the critical value
of Cδα for the off phase. The corresponding rms strength of the
alpha fluctuations isδαeq

rms ≈ 12 m s−1 (A), and8 m s−1 (B).
Since alpha is an average over longitude, the underlying alpha
fluctuations of individual eddies are larger by about a factor√
Nc, whereNc is the number of eddies on a circle of constant

latitude. If one identifies the eddies with giant cells,Nc is of the
order 10. Thus alpha in individual eddies is of the same order
as the rms convective velocity near the base of the convection
zone (typically50 m s−1), which constitutes an upper bound
for the kinematic alpha effect. The correlation time of the alpha
fluctuations,τc = 4 · 10−4, corresponds to 25 days in model A
and 40 days in model B, comparable to typical values associated
with giant-cell convection in the lower part of the convection
zone.

In order to assess the velocity of the downdrafts and the
upflow, consider their maximal radial speed. For a downdraft
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Fig. 6. Snapshots ofPr sin θ andT for model B. The contours of
Pr sin θ correspond to fieldlines of the poloidal magnetic field. Light
and dark grey indicate positive and negative polarity, respectively.Top:
on phase. The poloidal field is produced within the overshoot layer.
The toroidal field in the overshoot layer is organised in strong low-
latitude belts of alternating polarity.Bottom: off phase. The poloidal
field is created only in the convection zone. As during an on phase, the
toroidal field is concentrated in the overshoot layer, but it extends to
higher latitudes.

that is located at some distance from pole and equator, so that
the second line in (5) is approximately unity, one obtains from
(4) and (5) by settingr = (R+ rd)/2 andθ = θd

Umax,d =
Ud

1 + rd/R

2√
π

( 1
δθ1

− 1
δθ2

)
≈ 13Ud. (19)

Both Cd = −0.06 (A) andCd = −0.1 (B) yield Umax,d ≈
−0.10 m s−1. The actual velocity ofindividualdowndrafts near
the base of the convection zone is probably a few times the
typical convective velocity, i.e. about−100 m s−1. The much
smaller downdraft velocity in the mean-field simulations can
be explained as follows. First, the downdrafts are surrounded
by a slow upward return flow, which, due to the averaging over
longitude, partially cancels the downflow. Secondly, the down-
drafts are likely to have a small filling factor (Zahn 1991), and
this further reduces the mean flow. Thirdly, the magnetic field in
the overshoot layer, if organised in strong fluxtubes, may have a
filling factor as low as10%. Spatial intermittency dilutes the in-
teraction of the downflows with the magnetic field, and this also
translates into a smaller mean flow. If each of the factors is about
0.1, which seems reasonable,Umax,d has the right order of mag-
nitude. The correlation time of the downdrafts,τd = 8 · 10−4,
corresponds to 50 days in model A, and 80 days in model B.

For the buoyant upflow in model B (Cb = 0.014) one finds
Umax,b ≈ 0.016 (maxB0/B1) m s−1. From thin-fluxtube cal-
culations it is estimated that the radial velocity of the summit
of a rising tube in the convection zone is typically a few times
100 m s−1 (Caligari et al. 1995). These numbers may be recon-
ciled in a similar fashion as was done for the downflows. First,
only a fraction of an unstable tube takes part in the buoyant rise,
while other sections remain virtually anchored in the overshoot
layer. Secondly, only a small fraction of the fluxtubes in the
overshoot layer are likely to be unstable and form rising loops.
Thirdly, the filling factor of fluxtubes needs to be taken into
account. A rough estimate then suggests that the upflow in the
simulations has the right order of magnitude if about0.1–1% of
the fluxtubes in the overshoot layer form rising loops, and this
seems a reasonable number.

4. Discussion

The purpose of the present 2D simulations has been to explore
the possibility of a solar dynamo based on a magnetic alpha
effect, and in particular whether such a dynamo can explain
the grand minima of solar activity. The main features of the
model are as follows. In the overshoot layer, a magnetic alpha
effect operates if the field strength of the magnetic fluxtubes
exceeds a threshold for buoyancy instability. Hence the strong
fluxtubes that are the source of sunspots are treated not as a
secondary phenomenon, but as a crucial ingredient of the solar
dynamo. In that sense, the fluxtube scenario (Schüssler 1993) is
related to the models of Babcock (1961), Leighton (1969), and
Durney (1997 and references therein), which differ mainly in
that they attribute the generation of the poloidal magnetic field
to eruptions at the solar surface rather than in the interior.

In the convection zone, small-scale dynamo action generates
a magnetic field with a strength comparable to the equipartition
value. Mainly for reasons of consistency, the mean value of the
kinetic alpha effect is assumed to be non-vanishing and propor-
tional tocos θ. In fact, the alpha fluctuations dominate, and the
mean term in the convection zone can be set to zero, with no
fundamental changes in the result. This shows that even a fully
incoherentαω-dynamo in the convection zone would be capable
of maintaining sufficient magnetic energy during grand minima.
Incoherent dynamo action is known to be capable of producing
large-scale magnetic fieldsby itselfin accretion disks (Vishniac
& Brandenburg 1997). In the present calculation however, its
function is to trigger the buoyancy-driven dynamo.

Together with the differential rotation, the alpha terms result
inαω-type dynamo action both in the overshoot layer and in the
convection zone. The former is responsible for a strong, cyclic
field, while the latter generates a weak irregular field. Down-
drafts provide enhanced transport of flux between the overshoot
layer and the convection zone, thus enabling stochastic transi-
tions between on- and off-states, also for supercritical dynamo
numbers.

Weak points of the model are the presence of overlapping
opposite-polarity bands in the butterfly diagram, and the anti-
symmetry that was imposed on the solutions. Although in such a
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schematic model not all details of the butterfly diagram should
be expected to agree with solar observations, one may spec-
ulate that these two aspects can be resolved by allowing for
anisotropic diffusivity in the overshoot layer. Enhanced diffu-
sion in the lateral direction tends to increase the wavelength for
that coordinate, and can lead to a more pronounced dominance
of the dipolar mode. This would remove the necessity of reduc-
ing the integration to a single hemisphere, and enable an inves-
tigation of north-south asymmetries in the butterfly diagram. A
further possibly problematic feature concerns the strength of the
alpha fluctuations in the convection zone. They are large com-
pared to the constant term, though still smaller than the typical
convective velocity, which represents an upper bound. While it
is well known from box simulations of magnetoconvection that
the kinematic alpha coefficient is an extremely noisy quantity
(Brandenburg et al. 1990), it is difficult to assess how realistic
the level of fluctuations in the model is, since all quantities are
averages over longitude.

The other free parameters of the model are more or less
consistent with solar estimates. In principle, various properties
such as the typical duration of grand minima and how often
they occur can be adjusted by changing the dynamo numbers,
the speed of the downdrafts and other parameters. However,
that would be beyond the goal of these mean-field calculations,
which is mainly illustrative.

The intermittency of solar activity is explained here as a
stochastic phenomenon, since transitions between on and off-
states are the cumulative effect of random flux injections from
the convection zone. Intermittency is also a well-known feature
of nonlinear dynamical systems (Platt et al. 1993), and it is fre-
quently envoked as a non-stochastic explanation for grand min-
ima (e.g. Knobloch et al. 1998, Tworkowski et al. 1998, Brooke
et al. 1998, Tavakol & Covas 1999). It is unclear whether the
highly supercritical dynamo numbers, required for nonlinear
intermittency, can be justified for the Sun, although the possi-
bility cannot be excluded. Here the case is made that stochastic
effects combined with a magnetic alpha effect yield a promising
alternative explanation, which requires only moderately super-
critical dynamo numbers. Nonlinear effects are envoked only in
order to prevent unlimited growth of the magnetic field.

According to the model, the dynamo mechanism during an
on phase is qualitatively different from that during an off phase.
Such a difference is supported by the virtual absence of sunspots
during the Maunder minimum. In spite of this, measurements
of the cosmogenic isotope10Be in arctic ice cores suggest that
the solar cycle may have continued at a reduced level (Beer
et al. 1998). A recent more thorough statistical analysis has
shown that the10Be data are not easy to interpret, especially
during grand minima (Fligge et al. 1999). Further confirma-
tion is needed in order to establish beyond doubt the possible
continuation of the 11-year solar cycle during grand minima.
Although model B does occasionally exhibit intervals of small-
amplitude cycles, they are not likely to be a typical feature of a
buoyancy-driven dynamo.

An alternative scenario for the solar dynamo is theinter-
face model, which features a non-magnetic, kinematic alpha

effect in the convection zone, spatially separated from a shear
layer (Parker 1993, Tobias 1996, Charbonneau & MacGregor
1997, Ossendrijver & Hoyng 1997). The kinematic alpha effect
functions only for a weak magnetic field, and would therefore
more easily account for a continuation of cyclic dynamo action
during grand minima. Since it is expected to have roughly a
cos θ-dependence, and because solar differential rotation is also
strongest near the poles, the result would be dynamo action con-
centrated at high latitudes, which is not observed. Nevertheless,
this need not be in conflict with the observed latitude distribu-
tion of sunspots, because at high latitudes, the growth rates of
unstable fluxtubes tend to become very long, so that in practice
these fluxtubes may not erupt and form sunspots at all (Caligari
et al. 1995). However, strong magnetic fields pose a problem for
the interface model. Even if the spatial separation between the
overshoot layer and the alpha effect does relax the stifling back-
reaction of the magnetic field on alpha, it renders the dynamo
rather inefficient, becausecontinuousexchange of flux between
the overshoot layer and the convection zone is required. If the
classical alpha effect is quenched significantly for field strengths
much weaker than the equipartition value (Vainshtein & Catta-
neo 1992), the quenching problem becomes even more severe,
and super-equipartition magnetic fields in the overshoot layer
would seem very hard to explain (Charbonneau & MacGregor
1996). In this respect, the main advantage of the fluxtube sce-
nario is that strong magnetic fields do not counteract the alpha
effect, but actually produce it.
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