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Abstract. Extending previous work (Albrecht & Kegel 1987 ,sight are described by Langevin equations. Due to the stochastic
Kegel etall 1993, Piehler & Kedel' 1994), we investigated the famature of the underlying density and velocity fields the inten-
mation of interstellar molecular lines in a medium with stochasity as well as the molecular occupation numbers have to be
tic density and velocity fluctuations. We solved the full NLTE-€onsidered as random variables. It can be shown that, under the
problem, i.e. the generalized radiative transfer equation simabove assumptions (see e.g. Gail et al. 1980), the ordinary radi-
taneously with the rate equations, for a 6-level CO molecud¢gion transfer equation has to be replaced by a multidimensional
and a plane-parallel slab geometry. Our results indicate that Bockker—Planck equation. In the case of NLTE one must solve
counting for a finite correlation length of both, the density andansfer and rate equations self-consistently for each point in
velocity field, strongly affects the line profile and the line widtiphysical, velocity and density space.
as well as the intensity ratios of different rotational transitions. To demonstrate the importance of taking aninhomogeneous
stochastic density distribution into account we performed NLTE
Key words: line: formation — radiative transfer — ISM: cloudscalculations for rotational transitions of CO. Due to the enor-
— ISM: molecules — radio lines: ISM mous numerical effort we restricted the investigation to a 6-level
model molecule and a simple plane—parallel slab geometry.

1. Introduction 2. Basic equations

Observations of molecular emission lines with high spatial re3-1. Stochastic description of the velocity
olution indicate that the cold and dense molecular medium has and density distribution

a tendency to be extremely inhomogeneous. Due to this ob-

servational evidence line formation in a clumpy medium wa¥e consider the formation of gpectral I|ne_s In-an mhqmoge-
investigated by several authors (see e.g. Juvelal 1996, Paggous molecular cloud accounting for velocity and density fluc-

1997, Park & Hong 1995). Their studies are mainly based tions. Apriori we make the assumption that both the turbulent

Monte Carlo simulations assuming a model cloud consisting W#loCity field and the density distribution can be described in
a finite number of distinct phases (different particle densitie§™M$ ©f their stochastic properties. This means that we must

We consider in this paper a concept that takes a contirapecify the functional form of the multipoint probability dis-
utions. Following Gail et al.[(1974), Traving (1980), and

ous range of particle densities into account. Our work is mai . :
based on a theoretical approach which was developed by mann & Kegel (1996) we assume a Markovian structure for

and collaborators (Gail et 4l. 1974, Gail & Sedimayr 197411€ velocity and density field along each line of sight. In this
Gail et al[1975) in order to describe the formation of spectr@PProximation only two-point correlations are accounted for.
lines in a turbulent velocity field with a finite correlation length Urther, it is convenient to transform the hydrogen density to a
In a series of papers (Albrecht & Kegel 1987, Kegel et al, 199%99arithmic scale:

Piehler & Kege[ 1994, paper | to Il hereafter) we applied this =~ 4.¢ nm, ()

theory to the formation of CO emission lines in the millimetef's) = () J
and submillimeter range. We could show that accounting for a fi- ) ] )
nite correlation length strongly affects the line shapes, as well4&N 7rer beINg the reference hydrogen density. The one-point
the equivalent widths. Itis the aim of the present paper to invélistributions ofuv (the turbulent velocity component along the
tigate the additional influence of an inhomogeneous, stochadfi€ ©f sights) andn are then considered to be Gaussian

1)

Nyef

density distribution on the line formation process. In our model, 1 —2?

both the velocity and the density distribution along the line df'v(v) = Voo, P (202 ) (2
Send offprint requests . Hegmann W) — 1 —n? 3
(Hegmann@astro.uni-frankfurt.de) n(n) = V2o exp 252 (3)
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2 Fig. 2. Fraction of the mass contained in clumps denser than
Fig. 1. One-point distribution function of the hydrogen number density
and the two-point correlation functions to be exponential 1 1 1 nu, \1°
= exp | —5 [In dng, . (10)
(v(s)v(s + As)) |As| NH, V2Toy 203 Tref
v M From (I0) the meanny,) and the most probable density
(n(s)n(s + As)) |As| i o
fu(As) = —exp (- (5) "Hzmax can be calculated easily. It is:
o2 n )
wherel, andl, are the correlation lengths of the velocity andH,) = Tiref - €Xp (2“) (11)
density field, respectively. Moreover, we neglect for our present
study any correlations between the density and the velocity coafd
ponenty. This is an admissible lower order approximation, since 9
. . . T H., max = Nyef * €XP (—U )
only one velocity component, that along the line of sight, enters'>: 5 n
= (ni1,) - exp (~302) . (12)

the transfer equation. Alternatively one can descripg and
7i(s) along each line of sight by a set of Langevin equations (see Fig[d shows the distribution function of the hydrogen num-

Gall et al [I974): ber density for two different values of the standard deviation
dv v | o of the logarithmic density distribution, but for the same mean
ds & + \/ETPV(S) (6) hydrogen density. It can be clearly seen that for the higher value
dn A o of o, the probability of finding a density, which is substantially
45 & + \/ET,F“(S) : (™) smaller or greater than the mean density, is strongly increased.

. . . . . That is, foro,, = 1.0 most of the mass of our model cloud is
Heres is the spatial coordinate along the line of sight&ids)  oncentrated in dense regions, which one may call clumps (cf.
andT', (s) are the random noise or Langevin forces, which sg&g 2y \whereas a low density gas fills most of the spatial vol-

isfy the following conditions: ume of the cloud. To quantify these findings, we define two new
(Ty(s)) = 0, (Ty ()T (s)) = 28(s — ') 8) functionsf,,, andf,. The functionf,, gives the fraction of the
¥ A ¥ mass contained in parts of the cloud being denser than a lower
and limit n, (see FigR). It is given by
= VY — _ < 1 +o0
(Ta(s)) =0,(Th(s)Tu(s")) =26(s—5') . 9 fm(no,on) = T, / ny, W, (nu, ) dny, - (13)
2 no

Egs.[2) and[{3) are, of course, solutions[af (6) and (7).
With increasing standard deviation of the logarithmic density

2.2. About the structure of the density field distribution f,, approaches rapidly 1 we notg N passing that
for o, = 2.0 almost45% of the entire mass is contained in

The two new model parameters and/,, have a simple physical clumps being denser tha - (ny,). In contrast, the fraction
meaning: The first quantity is a measure to which extent the magthe volumef, occupied by a gas denser thap strongly
of the cloud is concentrated in dense regions, whereas the latiecreases with increasing (see Fig.B). It is given by

is the length scale for the variation of the density. To illustrate +oo

this, we examine the distribution function of the real hydrogef (n,, o,,) = W (n,) dnp, - (14)
number density. We insert E@I (1) infd (3) and obtain no
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density and velocity field together with the ordinary radiation
transfer equation, which can be formally written as

10° dl,
ds
lead to a multidimensional Fockker-Planck equation for the con-
ditional intensityg, s(v, 7, s) (Gail et al [ 1974):

v,s 1 v,s 2DS 1

ds 0y, on " oR2 4y Ov

—ky (I, — 8,)+0-Ty(s), (15)

) Ng=5-<ny,>

ng=10-<ny,>

BQV,S 282%/,5
><< L + oy 902 Ky (qus — Sy) . (16)

00 0° 1o Lo 5 28 30 38 +0 Eq. [16) is a partial differential equation with three independent

variabless, 7 andv, and has to be solved for a fixed frequency
v. The expectation value of the intensity can be obtained from
qv.s(v, 7, s) by a simple quadrature:

7 T T T T T T T T T

(Tn:1.0 +o0o
6 g (I,(s)) = / Qs (N, v, s) Wy (V) Wy (v) dindv . a7
sk 41  The source functiot$, (v, 7, s) and the absorption coefficient

kv (v, 71, s) are givenin the usual way by the occupation numbers
1 n; andn; of the leveli andj corresponding to the transition
considered, with

Ny (S)/<ny,>

Ky (0,7, 8) = KO (v, 7, 8) - Dy (Av,v) . (18)

®,;(Av,v) is the normalized profile of thecal absorption co-
efficient under the assumption of complete redistribution over
this local profile. In view of the low densities prevailing in in-
terstellar clouds we consider Doppler broadening to be the only
broadening mechanism. That ,,(Av, v) is given by

A, 16 1
2 d;i(Av,v) = ——
f=d 1,
%\ ;.z ]( ) ) Aythermﬁ
I
< 041 E Av (% 140
00 ! ! ! ! ! ! ! ! ! Xexp | — (A - A ) ) (19)
0 2 4 6 8 S}o 12 14 16 18 20 Vtherm C AVtherm
ly

Fig. 4. Two concrete realizations of the stochastic density distributid(Mith Vo being the frequency in the line center angl.., being

given by Eq.[[V) or Eqd13) andl(5), respectively. the thermal Doppler width. .
In the case of NLTE the generalized transfer equafiah (16)

has to be solved simultaneously with the system of rate equa-

Although we are interested only in the expectation valud@ns for each point in coordinate, velocity and density space

of the relevant physical quantities, it may be very instructive {§6€ Gail etal. 1975):

view single representations of the stochastic processes described <~ At o) —ny (Asi 4 O

above. Figll4 shows two concrete realizations of the density dis- 2[5 (A ”)M ns (Aji + Cya)]

tribution ny, (s) along one line of sight. Though both distri- +2_;4; (n;Bij — niBji) < (Pijqus) = 0. (20)
butions are smooth in principal, the distribution far = 1.0

: It has to be noted that now the occupation numbers not only
shows a clump like structure.

depend on the spatial coordinate but also on the velocity and
the logarithmic density®;;q, ) is the mean and angle aver-
2.3. Generalized transfer and rate equations aged value of the local radiation field, weighted with the profile

. . function of the local absorption coefficient, which depends on
It can be shown that for every set of Langevin equations, one ~ . . i
can set up a Fockker—Planck equation by which the probabilﬂyandn’ too. We approximate it by (see paper |):
density of the stochastic variables can be calculated (see

e.g. 1 [ -
Risker 1988). The Langevin equations describing the stochaét%qu@ = E/O /Qq’ij(AVvU)qv,s(Uanvs)deV - (21)
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Fig. 6. Emission coefficients for rotational transitions of CO in the case
i optically thin lines and a 3K-background. All values are normalized
to their corresponding thermal values.

Fig.5. LTE expectation values of the intensity in the center of th
J =2 — 1line for (Nco) = 1.610"%cm™2, (ny,) = 10%cm™3
and a microturbulent velocity field with, /v, = 10.

. . . 3.1. Microturbulence
The A;; and B;; are the Einstein coefficients for spontaneous

and induced transitions, while th@&;; denote the probability Our objective is mainly to investigate how an inhomogeneous,

for collisional transitionsi — . For calculating the radiative stochastic density distribution affects the line formation process.

transition rate, we set the dipole moments of the CO-molecutience, we consider first of all a simple microturbulent velocity

t0 0.112 Debye (Spitzér 1988), and for the CQ@4ddllisions we field excluding all effects due to afinite correlation length of the

used rate coefficients given by Flower & Launay (1985).  turbulent velocity field. Consequently, the generalized radiative
It should be noted in passing that the generalized transfeansfer equatioi (16) reduces to

equation[(1b) implies an incomplete redistribution of photon. )

over the line profile. In writing[(1l6) we assume complete re-dvs ei (fﬁag;f + o2 66%”2*5)

distribution only over the local thermal profile, whereas the?® ' ’

redistribution caused by the turbulent velocity field is partial. —#iv (Qvs = Su) - (23)

Consequently, the occupation numbers have to depend onghém these calculations one can see, that the density fluctuations
turbulent velocity. This is in contrast to the usual miCl’Othblact upon the process of line formation essentia”y by two mech-
lent approach, where complete redistribution is assumed ovefrisms. On the one hand, radiative transfer itself is affected.
profile, which includes the broadening by the turbulent velocitigig [§ shows the LTE expectation value of the intensity) in
the center of thg = 2 — 1 line as function of the standard de-
3. Results viation of the logarithmic density,, and the correlation length
of the density field/,,, respectively. The adopted average col-

Our calculations are based on E§s](16)] (20) &nH (21). The Q¥n density iS Nco) = 1.6 10'6cm 2. It can be clearly seen
merical techniques we used are essentially the same as discugsgthe mean intensity decreases with both, an increasing
in paper | and Il. As before, we study the formation of CO rotgynq an increasing,. These findings are plausible: In the case
tional lines in an on average homogeneous plane parallel slgpa high standard deviation of the logarithmic density most of
whichis illuminated from both sides by the cosmic backgrounfle mass of the cloud is concentrated in very dense and spatially
radiation. Thus, we have independently of the velocity and degina)| regions, whereas most of the spatial volume is filled with
sity for s = 0 the initial condition a gas of rather low density. The extension of these dense regions
o s(v,7,8) = 1o = Bu(2.TK) . (22) and the mean distance between them scale with the correlation

’ ' length/,,. Due to this dilution effect the mean intensity can be
For a typical dark cloud, we assume a kinetic gas temperaturesobstantially smaller than the corresponding value obtained for
Ts.s = 10 K and average Hinumber densities between;, = a homogeneous cloud with the same meambmber density.
103ecm =3 andng, = 10*cm~3. The relative CO abundance isThe effect becomes pronounced )¢, > 1.
considered to be constant throughout the cloud. We adopted theOn the other hand, the density fluctuations act directly upon
value given by Black & Willner (1984), i.e.co /nu, = 8 107°.  the occupation numbers of the molecule. Since the rate of colli-
The CO molecule was approximated by a rigid rotor with sional transitions depends on the square of the hydrogen density,
energy levels. the mean rate of transitions due to CQ-tbllisions does not
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only depend on the first moment of the logarithmic density dis-%°
tribution, but also on its second momerft To exclude effects T 05
due to radiative transfer we show in Hig. 6 the expectation vaI?‘e
of the emissivity(e, ) for the three lowest rotational transitionsy 04
of CO in the optically thin limit. As an external radiation field=
we again assume only the 3K-background radiation. It can Eeo'3
clearly seen that for a high standard deviatigrthe emission o>
coefficient approximates the corresponding LTE value rathér
well. This result can be explained easily: As for large values Sﬁo-l
o, most of the mass of our model cloud is concentrated in very,
dense clumps, collisional transitions dominate the correspond-150 155 160 165 170 = 175 180 185 190
ing radiative transitions. The occupation numbers thermalize,
i.e. they are given by a Boltzmann distribution. Fig. 8. Ratio of theJ = 4 — 3to J = 1 — 0 intensities in the line
Fig[7 gives line profiles forthd =1 — 0andJ =4 — 3  center, normalized to the respective values of the Kirchhoff-Planck
transitions of CO. (In Fig§] 719 afid]10 we use the usual convéyiction. In our particular casdz.s = 10 K, B is given by:B =
tion to describe the line profile by the Doppler shift which ~ B115(10K)/Bago (10K) ~ 0.173. Tge calculations were p2erformed
corresponds td\v = v — 1, in Eq. (I8).) The adopted averagd®” Tz = 10 K, (nm,) = 10"em™, (Nco) = 10" cm™ and a
column density i§Nco) = 10'7cm™2. The different profiles microturbulent velocity field witt /v, = 10
within one frame correspond to different standard deviations of

the logarithmic density, whereas from one frame to the othggcomes smaller towards the center of the cloud, a gradient in
the correlation length of the density field is altered. The twigie excitation temperature with cloud depth builds up. Then, in
effects discussed above are clearly seen. The line intensitiegfline center, where the optical depth is large, we see radiation
theJ = 1 — 0 transition, which thermalizes at rather low denfrom the outer part of the cloud, whereas in the wings the con-

sities, is noticeably decreased for large values,cdnd/,,. The  tribution from regions deep within our model cloud dominates.
intensity of theJ = 4 — 3 transition, on the other hand, in-

creases substantially with increasing In this case, radiation is
basically emitted from dense clumps, where the high rotatior;r)h
levels can be populated efficiently by collisions of CO with H Indeed, it is a well known problem of microturbulent velocity
But again, the intensity decreases with increasing correlatigiddels to predict deep self-absorption features which are rather
length. In addition to the line profiles, in FId. 8 the ratio of thearely observed in molecular spectra. As has been shown before
J =4 — 3tothe =1 — 0 intensities in the line center is(see especially paper Il) self-absorption is strongly reduced, if
given as function of,,, normalized to the respective values ofne accounts for a finite correlation length of the turbulent ve-
the Kirchhoff-Planck function. locity field. Inwriting the generalized radiative transfer equation
Another point of interest is the weak self-absorption in th@§), we adopted the same velocity model.
center of some of thé = 1 — 0 lines. This feature, which gets  Figs[9 and_1D give line profiles for thé = 1 — 0 and
even more dominant for high optical depths, isdueto NLTEand = 4 — 3 transitions of CO which have been calculated
optical thickness effects. As the escape probability of photofag a mesoturbulent velocity field. The adopted average column

F. Turbulent velocity field with finite correlation length
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density is(Nco) = 2.410'8cm~2. Again, the different profiles W) = / (In) — BA(2.7TK) O (24)
within one frame correspond to different standard deviations éf line By (2.7K) ’

g(‘)errgg?g:]hg'nc ?k?snz:‘%;vcg?oz;ri?maagedgﬁ;?te tf?efgngzrnte“h Ao being the wavelength in the line center, against the mean
9 y Y olumn density of CO.

As to be expected from the results discussed in Eebt. 3.1, ©Besides the mechanisms discussed above, another NLTE

J = 4 — 3lines are substantially increasing with higher values A . :
’ . n ical thickn ff n n clearly in[Elg. 11: For
of oy,. In contrast, the/ = 1 — 0 lines become slightly weakera d optical thickness effect can be seen clearly °

ith | . B dthat it b thatfor th fheJ =3 — 2andJ = 4 — 3lines ands,, = 2.0, the curves
e St o e e M growthsteepen i ncreesin . ver asensive range
line center increases with increasing éorrelation length of tlgl’(faco column densities. Moreover, for thie= 4 — 3 line and
o, = 0.1 the slope of the curve of growth becomes even larger

velocity field. Thisfin_ding Is nqtthatsurprising, z_;\sthe mean fr% an unity in the log-log-plot. In order to understand this result
path of the photons is a function /. If we consider only one one has to take the process of photon trapping into account.

line of S'ght' l.e.ifwe C(-)nSIqu‘V,S instead ofthe_mgan IntenSItyWith increasing optical depth, the escape probability of photons
(I,), we find that the line width decreases with increading d v the local o

Inthe limit£, — oo, the line width corresponds actually to thagecreases and, co_nsequent Y. t. € loca excitation temperature
. v ' . ) increases towards its LTE value in the inner parts of the cloud.
in the case of purely thermal line broadening. Hence, saturation

effects set in at smaller values of the column density. For high

values ofr,,, this effect becomes less important. The occupatidin Conclusions

numbers of the molecule then are domlnatgq by coliisions arI‘r‘i’the preceding Sects. we discussed the formation of interstellar
consequently, NLTE effects become insignificant.

In addition to the I files, in Fig11 th f ta;olecularlinesin a clumpy and turbulent medium. In particular,
naddition tothe fin€ protries, In ™4 € CUVeS OTgrowWt{yq focused our efforts on determining the effects caused by
for the four lowest rotational transition of CO are shown. Her

, . &n inhomogeneous stochastic density distribution. To this end,
we [1)7Iotted for a fixed set of co_rrelauon lengths = £, = we assumed a 6-level model molecule and a plane-parallel slab
510" em the mean equivalent width geometry. Itturned out that especially high rotational transitions
are affected.
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Fig. 11. Curves of growth for the four

411

lowest rotational transitions of CO for

Tgas = 10 K, <TlH2> = 10%cm ™2 and
Uv/vth = 10.

The results can be summarized as follows: Lines of low rotéally stronger than is consistent with a uniform density model.
tional transitions become in most cases weaker with an increBg-accounting for a finite correlation length of the mesoturbu-
ing value of the standard deviation of the logarithmic densitgnt velocity field self-absorption is considerably reduced, and

distribution. In contrast, high rotational lines tend to be substdines look saturated although the LTE limit is not reached.
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