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Abstract. We study the neutrino emissivity of strongly magne-
tized neutron stars due to the charged and neutral current cou-
plings of neutrinos to baryons in strong magnetic fields. The
leading order neutral current process is the one-body neutrino-
pair bremsstrahlung, which does not have an analogue in the
zero field limit. The leading order charged current reaction
is the known generalization of the direct Urca processes to
strong magnetic fields. While for superstrong magnetic fields
in excess of1018 G the direct Urca process dominates the
one-body bremsstrahlung, we find that for fields on the order
1016−1017 G and temperatures a few times109 K the one-body
bremsstrahlung is the dominant process. Numerical computa-
tion of the resulting emissivity, based on a simple parametriza-
tion of the equation of state of thenpe-matter in a strong mag-
netic field, shows that the emissivity of this reaction is of the
same order of magnitude as that of the modified Urca process
in the zero field limit.
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1. Introduction

It is now well established that the neutron stars which are ob-
served as radio-pulsars possesB-fields of the order of1012-1013

G at the surface. The interior fields are unknown, but can be by
several orders of magnitude larger than the ones inferred for
the surface. The scalar virial theorem sets an upper limit on the
magnetic field strength of a neutron star of the order of1018G
(Lai & Shapiro 1991). Similar conclusion is reached through
more sophisticated numerical studies (Bocquet et al. 1995).

Recent measurements of the spin-down timescales of several
soft gamma-ray repeaters, such as SGR 0526-66 (Mazets et al.
1979), SGR 1806-20 (Murakami et al. 1994), and SGR 1900+14
(Kouveliotou et al. 1998) with RXTE, ASCA and BeppoSAX
have made a strong case for SGRs being newly born neutron
stars that have very large surface magnetic fields (up to1015

G). The subsequent discoveries of the SGR 1627-41 by BATSE
(Woods et al. 1999) and SGR 1801-23 by Ulysses, BATSE, and
KONUS-Wind (Cline et al. 1999) lent further support to the
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identification of SGRs with highly magnetized neutron stars.
These objects were naturally related to the magnetars, which
are thought to be remnants of a supernova explosion which de-
velop high magnetic fields via a dynamo mechanism (Duncan &
Thompson 1992, Thompson & Duncan 1995). The magnetars
also serve as a model for the anomalous X-ray pulsars (AXP)
(van Paradijs, Taam & van den Heuvel 1995) such as 1E 1841-
045 (Kes 73) (Gotthelf, Vasisht, & Dotani 1999), RX J0720.4-
3125 (Haberl et al. 1997), and 1E 2259+586 (Rho & Petre 1997).

Neutrino-nucleon interactions in the strong magnetic fields
have been studied recently both in the supernova and neutron
star contexts. It has been pointed out that the neutrino emis-
sion from proto-neutron stars, which is anisotropic in strong
B-fields, could produce the “pulsar kicks” if the fields are in
excess of1016 G (Horowitz & Li 1998; Arras & Lai 1999 and
references therein). The strong magnetic fields relax the kine-
matical constrains on the direct Urca process and hence give rise
to a finite neutrino emissivity even when the proton fraction is
small (Leinson & Perez 1998, Bandyopadhyay et al. 1998). The
effect is most pronounced in the ultra-high magnetic fields when
protons and electrons occupy the lowest Landau levels. The di-
rect Urca process for arbitrary magnetic fields, when the protons
and electrons are allowed to occupy many Landau levels, has
also been studied (Baiko & Yakovlev 1999).

The neutrino emissivities via the one-body processes sen-
sitively depend on the abundances of the various species of
baryons and leptons which are controlled by the equation of
state (EoS) of the dense matter in strong magnetic fields. The
strong magnetic fields lead to an increase of the proton fraction
(Broderick, Prakash & Lattimer 2000). The muon production
and pion condensation in strong magnetic fields softens the EoS
of the dense matter (Suh & Mathews 1999). For the purpose of
estimating the magnitude of the neutrino emissivities, we em-
ploy in this paper a simple parametrization of the EoS for the
npe-matter in strong magnetic fields.

The main objective of this paper is to show that the strong
magnetic fields open a new channel of neutrino emission via
one-body neutral current bremsstrahlung, which does not have
an analogue in the zero field limit. We also briefly discuss the
direct Urca process, which is forbidden in the low-density zero-
field limit (as long as the triangular conditionpFp +pFe ≥ pFn

is not satisfied), but is allowed in strong magnetic fields because
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of the relaxation of the kinematical constrains. We compare the
emissivities of various reactions using a simple parametrization
of the EoS for thenpe-matter in a strongB-field. As a standard
reference for our comparison we use the modified Urca pro-
cess. The presence of a magnetic field has two different effects
on neutrino emissivities: (i) in pure neutron matter it allows for
spin-flip transitions where the finite difference of the momenta
of neutrons at two different Fermi surfaces enables one to sat-
isfy energy-momentum conservation, (ii) the charged particles
occupy Landau levels leading to a smearing of the transverse
momenta over an amount

√
eB1. As a consequence there are

two typical scales of the magnetic field, where effects on the
emissivity are expected; first for|µB |B ∼ T which is rele-
vant in neutrino-pair bremsstrahlung from neutrons, and second
eB ∼ p2

F relevant for the Urca process.
As well know, the emissivity of any particular reaction can

be related to the imaginary part of the polarization function of
the medium (Voskresensky & Senatorov 1986, Raffelt & Seckel
1995, Sedrakian & Dieperink 1999). We compute the polariza-
tion function of neutrons and protons in strong magnetic fields
employing the finite temperature Matsubara Green’s functions
technique. For the case of the bremsstrahlung the time-like prop-
erties of the polarization function are relevant. The space-like
properties of the polarization function, relevant for the neutrino-
nucleon scattering, have been studied by Arras & Lai (1999) in
an equivalent response function formalism.

The plan of this paper is as follows. The bremsstrahlung
emissivity is related to the polarization function of the
medium in Sect. 2. The neutrino emissivity via neutrino-pair
bremsstrahlung from neutrons is discussed in Sect. 3 and that
from protons in Sect. 4. The Urca process in strong magnetic
fields is briefly discussed Sect. 5. The EoS ofnpe-matter in a
magnetic field is discussed in Sect. 6. Our numerical results are
presented in Sect. 7. Sect. 8 contains our conclusions.

2. The bremsstrahlung emissivity

The neutrino emissivity of an infinite medium of interacting
hadrons can be expressed in terms of the imaginary part of the
finite temperature polarization functionΠ(q, ω),whereq andω
denote the momentum and energy transfer to the leptons. In the
single-loop approximation the finite temperature polarization
function in a magnetic field is a 2× 2 matrix in spin space
(Mattuck 1992)

Πs,s′(q, ω) =
−2
β

∫
d3p

(2π)3
∑

i(p+q)

Gs′(p + q, ip+ iq)

Gs(p, ip), (1)

whereβ is the inverse temperature. The single-particle Green
function can be expressed asGs(p, ip) = [ip−(Ep,s−EF )]−1,
whereEF is the Fermi energy andip is the Matsubara frequency;
s′, s = ±1 specify the initial and final nucleon spins. (We as-
sume the magnetic field along the positivez−axis.) Carrying

1 We use the natural units,~ = c = kB = 1.

out the frequency summation and taking the imaginary part one
finds the well-known result (Mattuck 1992)

ImΠs,s′(q, ω) = 2π
∫

d3p

(2π)3
(f(Ep,s) − f(Ep+q,s′))

δ(Ep,s − Ep+q,s′ + ω), (2)

wheref(Ep,s) = [eβ(Ep,s−EF )+1]−1 is the Fermi-distribution
function. The emissivity is then given by

ενν = 3
∑
ss′

|Ms,s′ |2
∫

d3pν

(2π)3
d3pν

(2π)3
dω d3q ImΠs,s′(q, ω)

gB(ω)ω δ(ω − ων − ων) δ3(q − pν − pν), (3)

wheregB(ω) = [eβω − 1]−1 is the Bose distribution function,
the factor 3 comes from the sum over the neutrino flavours,
and the weak interaction matrix (neglecting lepton momenta)
is |Ms,s′ |2 = (GF /2)2(c2V δs,s′ + c2A(2δs,−s′ + δs,s′)) with cV
andcA the vector and axial vector coupling constants andGF

the Fermi weak coupling constant (see Appendix B).

3. Neutrino-pair bremsstrahlung from neutrons
(n → n + ν + ν)

In the absence of a magnetic field the imaginary part of the po-
larization function vanishes for time-like processes in the quasi-
particle approximation, because energy and momentum cannot
be conserved simultaneously. In a pure neutron system a mag-
netic fieldB will give rise to a difference between the Fermi
momenta of the neutrons with spin parallel and spin anti-parallel
to theB-field (see Appendix A)

ps
Fn = (E2

Fn −m2 − 2smµnB)1/2,

whereµn = gne/(2m) is the neutron magnetic moment and
gn = −1.91 is the neutrong-factor and we assumeµnB � m.
ForB 6= 0 energy-momentum conservation can be satisfied, and
as a result one may expect that a field with strength|µn|B ∼ T
leads to a finite spin-flip polarization function wheneverω ∼
|µn|B.

3.1. Polarization function

In the time-like region it is preferable to use the relativistic
kinematics. The non-relativistic kinematics does not produce
the correct zero-field limitΠ(q, ω,B = 0) = 0, rather a spu-
rious finite contributionΠ(q, ω,B = 0) ∝ exp(−m/T ). To
evaluate the angular integral in Eq. (2) note that the energy con-
servingδ-function is non-zero if| cos(θpq)| ≤ 1, whereθpq is
the angle between the momentum vectorp of the neutron and
the momentum transfer vectorq; this condition yields the min-
imal and maximal values of the three-momentum of neutrons
(pmin andpmax) for which the imaginary part of the polarization
function is finite.

To obtain a real solution forpmin and pmax using the
relativistic energy/momentum relation,E2

p,s = m2 + p2 −
sgneB, the conditionsa ≡ [(4mµnB + ω2 − q2)2 − 4(m2 +
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Fig. 1. Contour plot ofqImΠs,s′(q, ω) in units of (m2/π) for s′ =
−s = 1 at B = 1016 G, T = 109 K and densityn = 0.155 fm−3

with x = βq andy = βω.

2mµnB)(ω2 − q2)] > 0 ands′ = −s = 1 should be fulfilled.
The result is

pmin(q, ω) =
|(−4mµnB − ω2 + q2)q − ω

√
a|

2(ω2 − q2)
, (4)

and

pmax(q, ω) =
(−4mµnB − ω2 + q2)q + ω

√
a

2(ω2 − q2)
, (5)

if b ≡ 2Ep,sω + 4mµnB + ω2 − q2 ≥ 0 andpmax(q, ω) =
∞ otherwise (note thatµn < 0). Replacing the integral over
the absolute value of the momentump by an energy integral
dE/dp = p/E ≈ p/m yields

ImΠs,s′(q, ω) =
m

q

∫ pmax

pmin

pdp

2π
(f(Ep,s) − f(Ep+q,s′))

δs′,1δs,−1 =
m2

2πqβ

(
ln

e−βEmin + 1
e−β(Emin+ω) + 1

− ln
e−βEmax + 1

e−β(Emax+ω) + 1

)
δs′,1δs,−1 (6)

with Emin/max = (m2 + p2
min/max − sgnBe)1/2 − EFn.

For largeβ the rhs of Eq. (6) is non-negligible only ifEmin <
0 andEmax > 0. The latter condition is of minor importance,
since it is satisfied for almost allq andω.

As is illustrated in Fig. 1 for smallT the region in theq,ω-
plane whereqImΠ(q, ω) is finite, is essentially bounded by
three straight lines (which become exact limits forT → 0); these
boundaries are essentially determined by the fact thatq < ω
and the conditionpmin ≤ p−

Fn. The latter can also be expressed
(neglecting all terms inpmin except the leading order terms in
m) asω ≥ h−, ω ≤ h+ with h± ≈ (2m|µn|B±p−

Fnq)/(m
2 +

(p−
Fn)2)1/2.

3.2. Emissivity

We have only to consider the cases′ = −s = 1, in which case
M2

ss′ = G2
F c

2
A/2. By integrating over the neutrino momenta in

Eq. (3) and introducing the dimensionless parametersy = βω
andx = βq, the emissivity can be expressed as

ενν =
G2

F c
2
Am

2

2(2π)5
T 7
∫ ∞

0
dy

y4

ey − 1∫ y

0
dx

(
ln

e−βEmin + 1
e−βEmin−y + 1

− ln
e−βEmax + 1
e−βEmax−y + 1

)
. (7)

To obtain some insight in the dependence of the emissivity on
B we distinguish three different regions ofB (for simplicity
we take|q| = ω, so that the integral overx can be replaced by
2y/5)

– For weak magnetic fields (|µn|B � T ) the region in which
Emin < 0 is proportional toµnB/T and peaks around
y ≈ µnB/T . Fory � 1 one obtains

ενν ≈ G2
F c

2
Am

2

30(2π)5
T 7(y6

max − y6
min), (8)

whereymax/min = (2µnB/mT ) (
√
m2 + (p−

Fn)2 ± p−
Fn).

Hence for fixedT , one finds

ενν ∝ B6. (9)

– For strong magnetic fields (|µn|B ∼ T ) the Bose function
in Eq. (7) must be kept and the emissivity becomes

ενν ≈ G2
F c

2
Am

2

5(2π)5
T 7
∫ ymax

ymin

dy
y6

ey − 1
. (10)

The integral peaks around|µn|B ≈ 3T with a width
∝ Tp−

Fn/m. As discussed in Sect. 7 forB values in the
range|µn|B ∼ T the emissivity becomes comparable to
conventional (modified Urca) process.

– From Eq. (7) we see that for superstrong magnetic fields
(|µn|B � T ) the emissivity falls off exponentially with the
magnetic field for fixedT .

4. Neutrino-pair bremsstrahlung from protons
(p → p + ν + ν)

In a magnetized matter in addition to the spin-magnetic field
interaction the charged particles (protons, electrons) are grouped
into Landau levels. The proton’s Fermi momentum in a magnetic
field for given Landau level numberN and spins is given by
(see Appendix A)

ps,N
Fp = (E2

Fp −m2 − (2N + 1 − sgp)eB)1/2,

wheregp is the protong-factor.
The population of Landau levels leads to a smearing of the

transverse momentum,∆p⊥ ∼ √
eB, and as a consequence the

condition for energy/momentum conservation is softened. In the
special case of a superstrong magnetic field,eB > (p+0

Fp)
2, only

the lowest (N = 0) Landau level is occupied.
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4.1. Emissivity

In the present case it is convenient to define a reduced proton po-
larization function for a specific Landau levelN = p2

⊥/(2eB)

ImΠN ′,N,s′,s(qz, ωz) =
∫
dpz[f(Epz,N,s) −

f(Epz′,N ′,s′)] δ(Epz,N,s − Epz′,N ′,s′ + ωz + UN ′,N ), (11)

whereωz = (ω2 − ω2
⊥)1/2 with ω⊥ = (q2x + q2y)1/2, UN ′,N

is the energy difference between the Landau levelsN,N ′

and the proton energiesEpz,N,s are defined in Appendix A.
In evaluating Eq. (11) the integral overpz is replaced by
(m/ps,N

Fp )
∫
dEpz,N,s, and after integration overEpz,N,s one

obtains

ImΠN ′,N,s′,s(qz, ωz) =
m

ps,N
Fp

[f(Ẽa) + f(Ẽb)

−f(Ẽa + ωz + UN ′N ) − f(Ẽb + ωz + UN ′N )] (12)

with

Ẽa,b = (m2 + p̃2
a,b + (2N + 1 − sgp)eB)1/2, (13)

wherep̃a andp̃b follow from the condition of conservation of
z-momentum and energy. To obtain real solutions forp̃a andp̃b

the conditionsd ≡ (q2z −ω2
z +4mµpB)2 − 4m2(ω2

z − q2z) > 0
(neglecting some small terms) ands = −s′ = 1 should be
satisfied. The result for̃pa andp̃b is

p̃a,b(qz, ωz) =
| − (4mµpB + q2z − ω2

z)qz ± ωz

√
d|

2(ω2
z − q2z)

. (14)

We note that the polarization function essentially vanishes un-
less p̃a and p̃b are close to the Fermi momentumps,N

Fp =√
(ps,0

Fp)2 − 2NeB. In the case of a superstrong magnetic field

only theN ′ = N = 0 states are occupied and the contribution
to ImΠN ′,N,s′,s(qz, ωz) comes only from the lines in theωz,qz-
plane defined by (neglecting all terms inpa except the leading
order terms inm)

ω±
z ≈ 2mµpB ± qzp

+0
Fp√

m2 + 2(1 − gp)mµBB + (p+0
Fp)2

. (15)

For weakerB-fields a larger space in theqz,ωz-plane contributes
eventually leading to a situation similar to that for neutrino-pair
bremsstrahlung from neutrons.

The emissivity can be written as

ενν =
∑

N ′,N,s′,s

6
4(2π)4

∫
dω dqz dωz gB(ω)

ω4

6

ImΠN ′,N,s′,s(qz, ωz) |MN ′,N,s′,s|2, (16)

where

|MN ′,N,s′,s|2 =
∑
R′R

|MR′,R,N ′,N,s′,s|2 =
eB

2π

G2
F

4
[c2V δs′,s + 2c2Aδs′,−s + c2Aδs′,s]I2

N ′,N (v)

with v = (ω2 −ω2
z)/(2eB),R andR′ the guiding center quan-

tum numbers andIN,N ′ the associated Laguerre polynomials
(see Appendix A). As in the case of neutron bremsstrahlung
only one spin configuration contributes (s = −s′ = 1). For
strong magnetic fields,B � T 2/(4mµB), the dominant con-
tribution to the emissivity comes fromN ′ = N in which case
the weak interaction matrix can be simplified in case ofNv � 1

∑
R′,R

|M2
R′,R,N,N,−,+|2 =

G2
F

2
c2A
eB

2π
I2
N,N (v)

≈ G2
F

2
c2A
eB

2π
. (17)

Using the fact thatUN ′N vanishes forN ′ = N , in this case the
emissivity becomes

ενν =
Nmax∑
N=0

24mc2AG
2
FµBBT

7

4(2π)5

∫
dy

1
ey − 1

y4

6∫ y

0
dyz

∫ yz

0
dxz ImΠN,N,−,+(xz, yz), (18)

where y = ω/T , yz = ωz/T , xz = qz/T andNmax =
(p+0

Fp)/(4mµBB). In weak magnetic fields when Eq. (17) is not
a good approximation, the summation overN must be restricted
to (4mµBB)/(36T 2). In general the integral overxz must be
carried out numerically. In case ofµpB ≈ T the main con-
tribution comes fromyz = y, and as a result the emissivity
of neutrino-pair bremsstrahlung from protons is very similar to
neutrino-pair bremsstrahlung from neutrons. On the other hand
for weaker fields the emissivity of neutrino-pair bremsstrahlung
from protons is larger due to the smearing of the transverse mo-
menta of the protons.

5. Direct Urca process (n → p + e + νe;
p + e → n + νe)

It is well known that the direct Urca process can occur only if
the Fermi momenta satisfy the inequality

pFp + pFe > pFn (19)

(except for a small thermal smearing), i.e. the proton concentra-
tion xp = np/(np + nn) needs to be larger than 1/9 (Lattimer
et al. 1991). Recently it was shown (Leinson & Perez 1998;
Baiko & Yakovlev 1999) that the presence of a magnetic field
has an effect on the Urca process; in particular it leads to a non-
vanishing emission rate in case the triangular condition (19) is
not satisfied (the so-called classically forbidden region). This is
caused by a smearing of the momenta in the presence of a mag-
netic field which leads to a softening of the sharp border between
the allowed and forbidden regimes. Since the emissivities due
to the Urca process in superstrongB-fields (Leinson & Perez
1998) and in arbitraryB-fields (Baiko & Yakovlev 1999) have
been derived previously, we provide below a brief discussion
for the purpose of completeness.
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5.1. Emissivity

The emissivity is calculated using the quasi-particle approxi-
mation for the polarization function where the electrons and
protons occupy the Landau levelsNe,Np, respectively,

ενν = 2
∑

NeNpsnsp

1
(2π)6

∫
d3pn dpezd

3pν dppz

δ(pnz − ppz − pez − pνz)
∑

ReRp

|MRe,Rp,Ne,Np,sn,sp
|2

ωνf(En)(1 − f(Ep))(1 − f(Ee))
δ(En + Vnp − Ep − Ee + ων), (20)

whereVnp = EFp + EFe − EFn and the neutron, proton,
and electron energies are given in Appendix A and the matrix
elementM in Appendix B. The factor 2 comes from the con-
tribution of the inverse reaction.

5.1.1. Superstrong magnetic fields

First we consider superstrong magnetic fields where the elec-
trons and protons populate the ground state Landau levels (Ne =
Np = 0) with spin parallel toB, so that|ppz| ≈ p+0

Fp and|pez| ≈
p0

Fe. Neglecting the neutrino momentum the matrix element in
Eq. (20) simplifies to

∑
ReRp

|M|2 = Csn exp(−p2
n⊥/2eB)

with Csn
= G2

F [(1 − 2cA + c2A)δsn,1 + 4c2Aδsn,−1]/2, and
p2

n⊥ = (psn

Fn)2 − (ppz + pez)2. Evaluating the energy integrals
leads to

ενν =
∑
sn

Csn

4(120 + 6π2)Be
(2π)5

mnmp

p+0
Fp

T 6

(Θ(psn

Fn) exp[−(psn

Fn)2/2eB] + Θ(psn

Fn − |p+0
Fp + p0

Fe|)
exp[−((psn

Fn)2 − (p+0
Fp + p0

Fe)
2)/2eB]). (21)

The Θ functions correspond to conservation of momentum in
thez-direction; it is worth noting that the triangular condition
expressing the momentum conservation in the presence of a
superstrongB-field, |p+0

Fp +p0
Fe| < |psn

Fn|, is the opposite of the
one found for theB=0 case.

The expression (21) for the emissivity has been obtained
previously by Leinson & Perez (1998) and Baiko & Yakovlev
(1999). The factorC+ = G2

F (1 − cA)2/2 in Eq. (21) agrees
with the result of Baiko & Yakovlev (1999), but differs from the
one given by Leinson & Perez (1998).

5.1.2. Weak magnetic fields

In the case of weak magnetic fields, i.e.eB < p2
Fp, the summa-

tion over the Landau levels in Eq. (20) is replaced by an integral2.
Also theINN functions in the matrix element given by Eq. (B.9)
of Appendix B are replaced by their small-B asymptotes

2eB
∑

NeNp

I2
NeNp

(v) →

2 In this Sect. we use the definition of the Fermi momenta as in the
field free case.

1
2Be

∫
dp2

e⊥dp
2
p⊥A(pp⊥, pe⊥, B)Ai2(z) (22)

with Ai(z) being the Airy function with

z =
[p2

n⊥ − (pp⊥ + pe⊥)2](pp⊥ + pe⊥)1/3

(2eB)2/3(pp⊥ + pe⊥)4/3 ,

v = p2
n⊥/2eB, and

A(pp⊥, pe⊥, B) =
(2eB)2/3

(pp⊥ + pe⊥)2/3(pp⊥pe⊥)1/3 .

Neglecting the neutrino momentum in thez-direction in the
delta function in Eq. (20) in comparison with the momenta in
the z-direction of the other particles and performing the inte-
gral overd cos(θn), the emissivity can be written as (Baiko &
Yakovlev 1999)

ενν =
8(1 + 3c2A)G2

F (120 + 6π2)mnmppFpp
2
Fe

(2π)5eB∫
d cos(θp) d cos(θe)A(pp⊥, pe⊥, B)Ai2(z)

δ(pFn − |pFp cos(θp) + pFe cos(θe)|). (23)

In the classically forbidden domain for the direct Urca process
for finiteB the reaction becomes possible due to the tunnelling
mechanism. In the quasi-classical approach the emissivity can
be expressed as (Baiko & Yakovlev 1999)

εforbidden
νν (B /= 0) = R(x, y) εallowed

νν (B = 0) (24)

with

R(x, y) ≈
√

y

x+ 12y
3

x3/2 exp(
−x3/2

3
), (25)

wherey = N
2/3
Fp = (p2

Fp/(2eB))2/3 andx is a measure of the
violation of the triangular condition,

x =
p2

Fp − (pFp + pFe)2

p2
FpN

−2/3
Fp

. (26)

One sees that with increasingx, the emissivity decreases expo-
nentially, and therefore the effect is important only ifpFn does
not exceed(pFp + pFe) significantly.

On the other hand in the classically allowed region, where
the inequality is satisfied, theB-field will give rise to small
quantum oscillations of the emissivity.

6. Equation of state (EoS)

In order to estimate the effect of a magnetic field on the var-
ious cooling processes in a neutron star and to compare with
the conventional result we employ a simple model EoS. It is as-
sumed that the neutron star matter consists of neutrons, protons
and electrons only (npe-matter) with two conditions imposed:
charge neutrality,np = ne, andβ-equilibrium,φn = φp +φe

3.

3 φi is the chemical potential of a particle; it can be obtained from
the relationφi = dE/dni.
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The EoS consists of the energy density as a function of the den-
sities of the particles. The non-relativistic energy density can be
decomposed as (Lattimer & Swesty 1991; Balberg & Gal 1997)

E = Ekin + Emag + Emass + Epot + Elep. (27)

Here the kinetic energy density is the sum of the neutron

En
kin =

3
5

∑
sn

(psn

Fn)2

2mn
nsn

n (28)

and proton contribution

Ep
kin =

1
3

∑
sp

(psp,0
Fp )2

2mp
nsp

p , (29)

where the proton density for spinsp is

nsp
p =

∑
N

eB

2π2

√
(psp,0

Fp )2 − 2NeB, (30)

because for finiteB the integrals over the transverse momentum
of the proton with respect to the magnetic field can be replaced
by a summation over the Landau levels. The interaction of the
magnetic field with the spin of the neutron and the proton is

Emag = −µnB
∑
sn

snn
sn
n − µpB

∑
sp

spn
sp
p . (31)

TheEmass term contains the masses of the two nucleons

Emass = mn

∑
sn

nsn
n +mp

∑
sp

nsp
p . (32)

The Epot term is the potential energy density, which is
parametrized as (Lattimer & Swesty 1991)

Epot = an2 + bn1+d +
∑
sn,sp

4cnsn
n nsp

p , (33)

wheren = np+nn is the total nucleon density. The last term on
the rhs of Eq. (33), which corresponds to the symmetry energy,
influences to a large extent the proton fractionnp/(np + nn).
Finally the energy density of the electrons is

Elep = EFene, (34)

where

ne =
∑
Ne

gNeeB

2π2

√
(p0

Fe)2 − 2NeeB (35)

with gNe
= 1 for Ne = 0, gNe

= 2 for Ne > 0 andNe is
limited from above byNmax

e = (p0
Fe)

2/(2eB).
We obtain the EoS of thenpe-matter in magnetic fields in

the standard manner, by assuming a given nucleon densityn
andT = 0 and solving the equations of charge neutrality and
β-equilibrium. In two limiting cases the solutions are straight-
forward.

i) B = 0. The summations over the proton and electron concen-
tration in Eqs. (30) and (35) can be replaced by integrations and
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Fig. 2. Proton fraction as a function of density for various B-fields.

the densitiesne, np andnn can be calculated in the standard
way usingni = p3

Fi/(3π
2). Using theβ-equilibrium condition,

φe = φn − φp, the chemical potential of the electron is given
by

φe =
(3π2nn)2/3

2mn
− (3π2np)2/3

2mp
+ 4c(np − nn) + ∆ (36)

with ∆ the mass difference between neutron and proton.
ii) Superstrong magnetic fields,(p+0

Fp)
2 < (2eB), in which case

the protons and electrons are in the ground state Landau level.
Then the electron chemical potential is

φe =
1
2

∑
sn

(6π2nsn
n )2/3

2mn
− 1

2mp

(2π2np

eB

)2

+
gp − 1
2mp

eB + 4c(np − nn) + ∆. (37)

In this case the proton fraction depends on the magnetic field.
In Eq. (33) we taked = 2, a = −285.1 MeV fm3, b =
968 MeV fm6, c = −107.1 MeV fm3 (Lattimer & Swesty
1991).

In Fig. 2 the resulting proton fraction in the absence and in
the presence of magnetic fields is plotted. The kinks in the pro-
ton fraction at certain densities correspond to the occupation
of a next Landau level (see also Suh & Mathews 1999). For
superstrong magnetic fields these kinks strongly influence the
proton fraction, but for weaker magnetic fields (B ≤ 1017G
andn ≥ n0 wheren0 = 0.155 fm−3 is the saturation density)
they do not affect the proton fraction. Our results are in agree-
ment with the previous results for the proton fraction derived
from different equations of state (Lai & Shapiro 1991; Suh &
Mathews 1999, Broderick, Prakash and Lattimer 2000).

7. Results

The emissivities for the various energy loss processes are com-
pared in Figs. 3, 4 and 5 forn = n0 for three different magnetic
field strengths (1016,1017 and2 × 1018 G, respectively). In the
first two values of theB-field the EoS based onB = 0 is used
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Fig. 3. Emissivities of various processes at saturation densityn = n0

and forB = 1016G. The contribution of the direct Urca process is
negligible.
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Fig. 4. Same as in Fig. 3 but forB = 1017G.

(because in these cases the influence of the magnetic field on
the EoS itself is small); for the third value of theB-field we use
the EoS for superstrong magnetic fields.

To enable a comparison with the neutrino processes which
are routinely included in the cooling simulations of neutron
stars, we show also the emissivity due to the modified Urca
process in the zero field limit. The relevant expression for the
emissivity of the modified Urca process, without corrections for
the magnetic field, and valid form∗ = m is (Friman & Maxwell
1979)

ενν = 1.8 × 1021(n/n0)2/3T 8
9 ergs cm−3 s−1 (38)

with T9 the temperature in units of109 K.
The temperature region where the one-body neutrino-pair

bremsstrahlung is important increases with increasing magnetic
field (Figs. 3 and 4). The pair bremsstrahlung from neutrons is
efficient whenever|µn|B ∼ T , since then the energy involved
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Fig. 5. Same as in Fig. 3 but forB = 2 × 1018G.

in the spin-flip is of the same order of magnitude as the ther-
mal smearing of the Fermi surface. The temperature at which
neutrino-pair bremsstrahlung from neutrons becomes compa-
rable to the competing processes roughly coincides with this
condition. For lower temperatures the emissivity drops expo-
nentially, because the energy transfer becomes larger than the
thermal smearing. Neutrino-pair bremsstrahlung from protons
is important whenµpB ∼ T . The emissivity due to the protons
increases faster than the emissivity due to the neutrons with the
temperature, as the smearing of the proton transverse momenta
provides an additional relaxation on the kinematical constrains.
However for temperatures smaller thanµpB ∼ T the emissivity
drops just as for neutrons exponentially.

As seen from Figs. 3 and 4 the emissivity of the modified
Urca process is larger than that of neutrino-pair bremsstrahlung
from neutrons and protons at high temperatures mainly due
to the different temperature dependencies of these processes
(∝ T 7 for the one-body bremsstrahlung as compared to∝ T 8

for the modified Urca). In the case of a superstrong magnetic
field the large uncertainty in the transverse momenta of the
protons and electrons allows the direct Urca process to oc-
cur (see Fig. 5) and its emissivity dominates the emissivity of
any other processes. In Fig. 6 the emissivities are shown for
n = 3n0 andB = 1016 G. At this density the triangle condition
pFp + pFe > pFn is satisfied, so that the direct Urca process
is allowed and dominates the cooling. The emissivities of the
other processes are slightly larger than those shown in Fig. 3
due to the fact that the density is larger.

8. Conclusion

We have studied the neutrino emissivity of strongly magne-
tized neutron stars due to the one-body processes driven by
the charged and neutral current couplings between the neutri-
nos and baryons. We have shown that, in addition to the well-
known charged current process (the direct Urca reaction), there
is a new channel of energy loss - the one-body neutrino pair-
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Fig. 6. Emissivity atn = 3n0 and forB = 1016G.

bremsstrahlung in a magnetic field. The process does not have
an analogue in the zero field limit and competes with the modi-
fied (two-body) bremsstrahlung process as the dominant neutral
current reaction for fields on the order1016 − 1017 G and tem-
peratures a few times109 K. For superstrong magnetic fields in
excess of1018 G the direct Urca process takes over.

Our numerical evaluation of the emissivities of several com-
peting reactions, which is based on a simple parametrization of
the EOS ofnpe-matter in a strong magnetic field, shows that
under certain conditions the emissivities of the one-nucleon pro-
cesses, such as the direct Urca and the one-body bremsstrahlung,
are of the same order of magnitude or dominate the standard
processes commonly included in the cooling simulations in the
zero-field limit.
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Appendix A: electrons, protons and neutrons
in a magnetic field

The wave equation for a fermion with chargeq and massm can
be written as (Itzykson & Zuber 1980):

(i 6∂ + q 6A− (m− ∆g
2
µBσ

µνFµν))Ψ(x) = 0, (A.1)

with µB = e/2m, 6 ∂ = γµ∂
µ, 6A = γµA

µ and∆g the anoma-
lous gyromagnetic factor. Hereγµ is a Dirac matrix,Aµ the
vector potential,Fµν = ∂µAν − ∂νAµ andσµν = i

2 [γµ, γν ].
Or equivalently

((i∂ + qA)2 +
q

2
σµνFµν −

(m− ∆g
2
µBσ

µνFµν)2)Ψ(x) = 0. (A.2)

In particular, if one chooses the Landau gaugeAµ =
(0,−By

2 ,
Bx
2 , 0) with the magnetic field in thez-direction, one

finds

((i∂ + qA)2 + sqB − (m− ∆gsµBB)2)Ψ(x) = 0. (A.3)

A.1. Electron

For an electron (q = −e and∆g = 0) the energy eigenvalues
are given by

EN,s = (m2 + p2
z + 2NeB)1/2, (A.4)

with N denoting the Landau level number. The eigenfunctions
are factorized (Sokolov & Ternov 1968; Arras & Lai 1999)

ψe = eipzz−iEN,stUe(ρ, φ),

Ue(ρ, φ) =

√
eB

2π
ei(N−R)φ



VaIN−1,R(t)e−iφ

iVbIN,R(t)
VcIN−1,R(t)e−iφ

iVdIN,R(t)


 (A.5)

and

IN,R(t) =

√
R!
N !

e−t/2t(N−R)/2L̃N−R
R (t),

whereL̃M
R (t)

=

{
LM

R (t) if M ≥ 0
(−1)|M |t|M |L|M |

R−|M |(t) if M < 0

with t = ρ2eB/2, Va = C+D+, Vb = σC−D+, Vc =
σC+D−, Vd = C−D−,

C± =
1√
2

(
1 ± σ

pz

(p2
z + 4mµBBN)1/2

)1/2

,

D± =
1√
2

(
1 ± m

E

)1/2
,

andσ is the longitudinal spin projection alongp+eA;LM
R (t) is

the generalized Laguerre function. The Landau level numberN
and the guiding center quantum numberR are positive integers.
(Note that in the lowest energy state (N = 0) the spins can
only have the value -1).

In matter in the presence of a magnetic field the Fermi energy
is given byEF = (m2+(pN

Fe)
2+2NeB)1/2 so that a magnetic

field will give rise to a difference in the Fermi momentapN
Fe.

The degeneracy is 1 in case ofN = 0 and 2 in case ofN > 0.

A.2. Proton

For a proton (q = e and∆g = gp − 1 with gp = 2.79) the
energy eigenvalues (neglecting theB2-term) are

EN,s = (m2 + p2
z + (2N + 1 − sgp)eB)1/2. (A.6)
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The non-relativistic eigenfunction of a proton in a magnetic field
is

ψp = eipzz−iEN,stUp(ρ, φ),

Up(ρ, φ) =

√
eB

2π
ei(R−N)φ



δs,1IR,N (t)
δs,−1IR,N (t)
0
0


 . (A.7)

(Note that the role ofR andN are interchanged compared to
the electron case.) In matter the Fermi energy is given byEF =
(m2 + (ps,N

Fp )2 + (2N + 1 − sgp)eB)1/2.

A.3. Neutron

For a neutron (q = 0 and∆g = gn with gn = −1.91) in not
extremely large magnetic fields theB2-term can be neglected;
then the energy eigenvalues are

Es = (m2 + p2 − 2smµnB)1/2, (A.8)

and the eigenfunction are simple plane waves. In neutron matter
in thermal equilibrium the Fermi energy is given byEF =
(m2+(ps

Fn)2−2 smµnB)1/2. Hence the neutrons with spin up
(down) occupy two Fermi spheres with Fermi momenta related
by (p+

Fn)2 = (p−
Fn)2 + 4mµnB.

Appendix B: the weak interaction matrix elements

B.1. Neutrino-neutron interaction (neutral current)

The weak interaction matrix for the neutron bremsstrahlung is

Ms,s′=
GF

2
√

2

∫
V

drψn1γµ(cV −cAγ5)ψn2ψνγ
µ(1−γ5)ψν . (B.1)

HerecV andcA are vector and axial-vector coupling constants.
The interaction matrix consists of a hadronic part and a leptonic
part

|Ms,s′ |2 =
G2

F

8
XµνL

µν (B.2)

with the leptonic part given by

Lµν =
2
pp′ [p

µp′ν − gµν(p · p′) + pνp′µ + iεαµβνpαp
′
β ],

and the hadronic part by

Xµν=




c2V δs,s′ 0 0 −s′cV cAδs,s′

0 c2Aδs,−s′ ic2Asδs,−s′ 0
0 −ic2Asδs,−s′ c2Aδs,−s′ 0

−s′cV cAδs,s′ 0 0 c2Aδs,s′


 .

Contracting the hadronic and leptonic tensors and neglecting
terms, which after integration over the neutrino momenta vanish
one finds

|Ms,s′ |2 =
G2

F

4
[(c2V + c2A)δs,s′ + 2c2Aδs,−s′ ] (B.3)

with cV = 1 andcA = 1.26.

B.2. Neutrino-proton interaction (neutral current)

In case of protons the integration over space coordinates requires
special attention, because the wave functions of protons are not
simple plane waves (Eq. A.7). Definingω⊥ = (pνx + pνx)êx+
(pνy + pνy)êy, x⊥ = xêx + yêy, v = ω2

⊥/2eB and carrying
out the summations overR′ andR, leads to∑
R′,R

|MR′,R,N ′,N,s′,s|2 =
∑
R′,R

eB

2π
|Ms′,s|2

∣∣∣∣
∫ ∞

0
ρdρIR′,N ′(t)IR,N (t)

∫ 2π

0
dφe−i(R′−N ′)φei(R−N)φe−iω⊥x⊥

∣∣∣∣
2

= |Ms′,s|2 eB2π I
2
N ′,N (v) (B.4)

with cV = −0.08 andcA = −1.26.

B.3. Direct Urca process (charged current)

The interaction matrix is

MRe,Rp,Ne,Np,sn,sp
=
GF√

2

∫
V

drψpγµ(cV − cAγ5)ψn

ψeγ
µ(1 − γ5)ψν . (B.5)

The eigenfunctions of the electron, proton and neutron are given
in Appendix A. The functionIRp,Np

(t) with t = ρ2eB/2 can
be substituted in the leptonic part. The hadronic part turns out
the same as for the neutron bremsstrahlung (see Eq. B.2). The
space integrals can be calculated in the same way as in Eq. (B.4)
with the result

Lµν =
1
2p

∑
se=±1

Tr[Yeγµ(1 − γ5) 6pγν(1 − γ5)Ye]

(B.6)

with

Ye =



VaINe−1,Np

(v)
iVbINe,Np

(v)
VcINe−1,Np(v)
iVdINe,Np(v)


 , (B.7)

wherev = q2/2eB with q = (pνx + pnx)êx + (pνy + pny)êy.
The expression forD appearing in the expressions for inVi

(i = a, b, c andd) can be approximated byD ≈ 1/
√

2. This
leads to the following expression for the leptonic part

Lµν =



J+(v) 0 0 J−(v)

0 J+(v) iJ−(v) 0
0 −iJ−(v) J+(v) 0

J−(v) 0 0 J+(v)


 (B.8)

with J±(v) = I2
Ne,Np

(v)±I2
Ne−1,Np

(v). As a result the follow-
ing relation is obtained for the squared norm of the interaction
matrix∑
ReRp

|MRp,Re,Np,Ne,sn,sp
|2 =

G2

2
eB

2π
(δsp,sn

(c2V + c2A)
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(I2
Ne,Np

(v) + I2
Ne−1,Np

(v))

+2δsp,sn
cAsp(I2

Ne−1,Np
(v) − I2

Ne,Np
(v))

+2δsp,−snc
2
A(δsp,1 I

2
Ne,Np

(v) +

δsp,−1 I
2
Ne−1,Np

(v)))(B.9)

with cV = 1 andcA = 1.26.

References

Arras P., Lai D., 1999, Phys. Rev. D60, 043001
Baiko D.A., Yakovlev D.G., 1999, A&A 342, 192
Balberg S., Gal A., 1997, Nucl. Phys. A625, 435
Bandyopadhyay D., Chakrabarty S., Dey P., Pal S., 1998, Phys. Rev.

D58, 121301
Bocquet M., Bonazzola S., Gourgoulhon E., Novak J., 1995, A&A 301,

757
Broderick A., Prakash M., Lattimer J.M., 2000, astro-ph/0001537
Cline T., Frederiks D.D., Golenetskii S., et al., 1999, astro-ph/9909054,

to appear in ApJ
Duncan R.C., Thompson C., 1992, ApJ 392, L9
Friman B.L., Maxwell O.V., 1979, ApJ 232, 541
Gotthelf E.V., Vasisht G., Dotani T., 1999, ApJ 522, L49
Haberl F., Hotch C., Buckley D.A.H., Ziekgraf F.-J., Pietsch W., 1997,

A&A 326, 662
Horowitz C.J., Gang Li, 1998, Phys. Rev. Lett. 80, 3694

Itzykson C., Zuber J.-B., 1980, Quantum field theory, New York: Mc-
Craw Hill, p.64

Kouveliotou C., Dieters S., Strohmayer T., et al., 1998, Nat 393, 235
Lai D., Shapiro S.L., 1991, ApJ 383, 745
Lattimer J.M., Swesty F.D., 1991, Nucl. Phys. A535, 331
Lattimer J.M., Pethick C.J., Prakash M., Haensel P., 1991, Phys. Rev.

Lett. 66, 2701
Leinson L.B., Perez A., 1998, JHEP 9, 20
Mattuck R.D., 1992, A guide to Feynman diagrams in the many-body

problem, Dover & New York
Mazets E.P.,Golenetskii S.V., Il’inskii V.N., et al., 1979, Nat 282, 587
Murakami T., Tanaka Y., Kulkarni S.R., et al., 1994, Nat 368, 127
Raffelt G., Seckel D., 1995, Phys. Rev. D52, 1780
Rho J., Petre R., 1997, ApJ 484, 828
Sedrakian A., Dieperink A., 1999, Phys. Lett. B 463, 145; astro-

ph/0002228
Sokolov A.A., Ternov I.M., 1968, Synchrotron Radiation. Berlin:

Akademie-Verlag
Suh I.-S., Mathews G.J., 1999, astro-ph/9912301
Thompson C., Duncan R.C., 1995, MNRAS 275, 255
van Paradijs J., Taam R.E., van den Heuvel E.P.J., 1995, A&A 299,

L41
Voskresensky D.N., Senatorov A.V., 1986, Sov. Phys. JETP 63, 885
Woods P., Kouveliotou C., van Paradijs J., Hurley K., Kippen R.U.,

1999, ApJ 519, L139


	Introduction
	The bremsstrahlung emissivity
	Neutrino-pair bremsstrahlung from neutrons ($n rightarrow n + nu + overline {nu }$)
	Polarization function
	Emissivity

	Neutrino-pair bremsstrahlung from protons ($p rightarrow p + nu + overline {nu }$)
	Emissivity

	Direct Urca process ($n rightarrow p + e + overline {nu }_e$; $p + e rightarrow n + nu _e$)
	Emissivity
	Superstrong magnetic fields
	Weak magnetic fields


	Equation of state (EoS)
	Results
	Conclusion
	electrons, protons and neutronshfill penalty -@M hbox {hspace {-2cm}}in a magnetic field
	Electron
	Proton
	Neutron

	the weak interaction matrix elements
	Neutrino-neutron interaction (neutral current)
	Neutrino-proton interaction (neutral current)
	Direct Urca process (charged current)


