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Abstract. The solarf-mode is a surface gravity wave whichthat thef-mode is a surface gravity wave and attempted to ex-
high horizontal wavenumbeér and the frequency satisfy the plain observed-mode frequency shifts. The frequencies of the
dispersion relationv®> = gk, whereg is the surface gravity interfacialf-mode differ from those of the classidainode only

of the Sun. However, the observations of this mode revealadvery high spherical degree. These shifts can be used to verify
deviations from this simple dispersion relation. According tthe structure of the atmosphere. As a consequence of that the
these observations for high valuesiothe f-mode frequency f-mode can serve as a diagnostic tool of the solar atmosphere.
is significantly lower than the frequency given by the simple Thef-mode is also influenced by other effects. For example,
dispersion relation and the line-width grows with Pinter & Goossens (1999) have shown thatftheode frequen-

We derive a general dispersion equation which is valid fafes are increased by a horizontal magnetic field in the solar
arbitrary vertical profiles of the stratified solar atmosphere. Agiromosphere. On the other hand, Vanlommel & Cadez (1998)
an illustrative example the case of isothermal atmosphereaisd Vanlommel & Goossens (1999) discussed the effect of fre-
considered. Solving this equation numerically for various pguency shift due to variations in the temperature profile. Ghosh
rameters of the equilibrium and the turbulent flow we find that al. (1995) have proved that flows produce decreases &f the
the frequencies and line-widths of the turbulientode are close mode frequency. Murawski & Roberts (1993a,b), Murawski &
to those observed recently by the SOHO/MDI. Goossens (1993), Gruzinov (1998), and Murawski et al. (1998)

discussed the models in which thenode is scattered by gran-
Key words: convection — Sun: atmosphere — Sun: granulatiadation, modeled as a turbulent velocity field that is located in
— Sun: oscillations — turbulence the convection zone. This process makes transfer of coherent
energy into incoherent energy by exciting random waves and
results in attenuation of thkmode and consequently in line
broadening. The random scattering will also affect the phase of
the mode; hence the phase speed is changed (Pelinovsky et al.
The classicaf-mode { stands for fundamental) is recognized 998).
as a compressionless wave that propagates in an inviscid atmo-Murawski et al. (1998) and Mkek et al. (1999) gener-
sphere that is permeated by constant gravity field (e.g., Camapized the above mentioned models for the case of the com-
bell & Roberts 1989). Its frequenay, is given by the following plex frequency. Mdrek & Murawski (2000) considered the ef-

1. Introduction

dispersion relation fect of various energy spectra on the frequency and line-width
) of the f-mode. In these models, the calculations were carried
wo = gk, (1) outfora plane-parallel equilibrium consisting of two layers in

. : which mass densities were assumed constants, while the realis-
h =4/ 1 he h I = ' .
wherek . I+ )/R‘? Is the 'or|zonta wgvevectoRS ._tic model of the solar atmosphere should take the stratification
696 Mm is the solar radius, andis the spherical degree. This,

- . . . Into account.
dispersion relation shows that the classfealode frequency is The main qoal of this paper is to examine the influence of
independent of the internal structure of the Sun. 9 pap

The high accuracy- 0.2%) observations of themode by stratification and turbulence on frequencies and line-widths of
Libbrecht et al. (1990), Rhodes et al. (1991), Fernandes ettgﬁ solar-mode. To do so, we present a generalization of the
(1992), Bachmann et al. (1995), and Duvall et al. (1998) ha\r/nodel developed by Murawski & Roberts (1993a,b) to the case

shown thatits frequency for high valuela$ substantially lower o?a stratified atm.osphere and conveptlon zone, and explain the
L . . frequency reduction and wave damping of thaode.
than follows from parabolic dispersion relation (1).

Murawski & Roberts (1993b), Rosenthal & Gough (1994 We start by setting up the problem in Sect. 2, where we de-
. ' 9 écr(ijbe the physicsincludedin our equations. In Sect. 3, we derive
and Rosenthal & Christensen-Dalsgaard (1995) have suggeﬁtq% dispersionrelation for the non-turbul&miode and consider

Send offprint requests teamur@akropolis.pol.lublin.pl as an illustrative example the case of isothermal plasma. Sect. 4
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together with the boundary conditions at the interface,

2 2 2 b1 = p2, at z= W(lﬁ)a (5)
N 0:+V - -V)n—2)=0, at z=mn. (6)

Here,p is the mass density/ is the velocity,p is the pressure,

g is the gravitational acceleration and= n(z, t) describes the
wavy interface. Henceforth, indices with the comma denote the
partial derivatives, e.dv , = 2¥.

In what follows we assume two-dimensional motions with
0y, = 0 andV, = 0 and consider the case when the transi-
tional layerz = 0 becomes a sharp discontinuity of density and
temperature. In particular, we take into account the equilibrium
state in which the floW’( occurs in the lower medium only
Fig. 1. The geometry of the problem. The chromosphere and soliid it depends both oy z > 0 and¢. The mass density, and
corona occupy the upper half-plane. The photosphere and convecttoa pressure, are functions ot only, viz.
zone occur at- 0. The convective random flow is located at the lower
half-plane and thémode is represented by the sinusoidal line. 20 = 00(2), Vo= Vo(z,z,1), Po = po(2). (7)

Assuming that perturbations are small, we expand the fluid vari-
presents the dispersion relation for the turbufemiode. In the ables around this equilibrium and introduce the flux function
following section, we investigate the influence of turbulencg(z, z, t) such that
and equilibrium structure on the frequencies and line-widths of
the solaf-mode. We compare these frequencies and line-widths = —¥.»» Ve=tba. (8)
with the results of recent observations by the SOHO/MDI.

3. Dispersion relation for the static (V¢ = 0) atmosphere

2. Setup of the problem To obtain the dispersion relation for the stafié( = 0) atmo-

In this section, we consider tHemode that propagates a|ongsphere we Fourier analyze the perturbation variables as:

an ip_ter_face betvyeen two semi-infinite layers of pe_r_fect gas 8(56, 2t) = d)o(z)ei(szwt)’ (e, t) = noei(kxfwt% (9)

equilibrium densitypy (=) and temperatur&y(z), stratified un-

der gravity,g, which is taken to be pointing in thedirection whereng = const, k is the horizontal wavenumber ands the

(Fig. 1). The coordinate decreases with height. frequency of thé-mode.¢ represents a fluid variable such@s
The lower layer £ > 0) represents the convection zone) andp.

and the overlaying photosphere. The upper layer represents the=rom linearized Egs. (2) - (4) we obtain the equation which

chromosphere and solar corona which occupy the half-spat@scribes vertical profiles of the flux functign viz.

z < 0. The flow quantities below the interface (fer> 0) 5

are denoted by the subscriptwhile these quantities above thew’u + 9.z V. + (91“2@(%2 _ k;2) ¥ =0. (10)

interface (forz < 0) are distinguished by the subscriptThe Qo w= Qo

interface is taken to t_)e Iocatedzat:_ 0. This model is a special Boundary conditions (5) and (6) lead then to the dispersion

case of the model which was considered by Vanlommel & Cadgastion

(1998) and Vanlommel & Goossens (1999) (valid for the width

of the chromospherd, = 0). w? (001912 — Qo2t2,2) = gk* (002 — 001)¥1, z=0, (11)
Furthermore, we apply the Cowling approximation (Cowl-
ing 1941) according to which perturbations to the gravity field1 = 2, z=0. (12)

are ignored. As long als> 50 this is a valid assumption. The his di , lation it fol hat thianode f
solar curvature is negligible as long &s> 0. Under these as- F "0M this dispersion relation it follows that tiianode fre-

sumptions the Sun can be modeled as plane-parallel with cgHency depends on the density and mode.profiles either side
stant gravityg. of the interface, the wavevectbérand the gravity.

It is assumed that thémode is incompressible and the
plasma is magnetic field-freg,e. the motions in the solar at- 3.1. An instructive example: The case of isothermal plasma

h d ibed by hydrod i tions, viz. _. . . . .
mosphere are described by hydrodynamic equations, viz Similarly to Gruzinov (1998), we consider the case of uniform

0:+V-(oV)=0, (2) temperatures inside the solar corona and the solar interior. How-
ever, there is a temperature jump at the interfaee 0. Then,
V.-V =0, (3) the density profiles can be written as

o[Vi+ (V- -V)V]=-Vp+og, 4) oo1= §1€ﬁ, Q02 = @26%, (13)
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where h; and hy are the isothermal pressure scale heightwhere (¢(x, z,t)) and ¢'(z, z, t) represent coherent and ran-
2 . .

h; = S j = 1,2. Here,c, ande, are the sound Speec,S_dom_flelds, respe_ctlvely. The symb@l_de.notes_ ensemblg av-

‘ g eraging (e.g., Ishimaru 1978). Substituting this expansion into

Consequently, there is a jump in the mass dengigy & 0¢2) . . . . .
and the sound speed; ( c2) at the interface: = 0. ¢ 002 linearized Egs. (2)-(6) after lengthy algebra in which the binary

Eq. (10) then leads to collision approximation (Howe 1971) has been used, we obtain
' \ , the dispersion relation
Y1 =oe” ', e = 1hpe?”, (14) (0 (k )
w A
where: % {901 (P1,2(k,w, 2)) — 002 (2,2 (k, w, 2)) W;(k w,2))
b _ w+\/w2+4h1k2(w2hlfg) (15) k o
L= 2hw ’ + (001 — ‘Qoz)g; (Y1(k,w, 2))
_ 2 2(,,,2 _ oo 1. 1 (1.
by = —e bVt AakH R —g) @) = [ Lo (a2 £ 2T
2how . ORI G k2 (Yo (R, w, 2))
Frqmthese equations it follows that there are cut-oﬁshelow x (ikF (Vopdz) — F (Vo .d2))
whichb; andb, are complex and the wave is propagating along F (D d) o (b
the z-direction. We have the following conditions fby andb, o (D1d) ¢ (k, @, 2).»
. k- _
to be real: — — 001 F (Vou,-d1) ¥ (k, @, 2)
4h; gh? k
P> j=12 17 k- _ _
1+ 4h5k - 5F (Dads) 4 (k, @, z)} dkdw, z=0. (21)

In the case when this condition is not satisfied, waves cease to

be localized, they propagate and the corona and the convectitie functions(+;) andt;, j = 1,2, are solutions of Eq. (10).

zone act as sinks for such perturbations. The formulae which determine the right hand side of this equa-
Substituting the spatial profiles which are described hion are presented in Appendix A. Het,denotes the Fourier

Egs. (13) and (14) into Eq. (11) the dispersion relation for theansform operator evaluated/at- k andw — @.

isothermal atmosphere can be written as follows: From dispersion relation (21) it follows that the dependence
W2 (bt + 1) = g(1 — R)EZ, (18) of the cycli(_: frequ_encyj on the wavevectak differs from non-
turbulent dispersion relation (11). The turbulent field changes
where the density contrast is given by thef-mode frequency. This change is described by the real part of
02 w. As a consequence of scattering by turbulent flow, the energy
= o1 of the f-mode is partially transformed into the turbulent field

It is worth mentioning that for the case of the constant dens
atmosphere we havie;, ho, — oo andb; = by = k. Conse-
quently, the dispersion relation takes the form:

l(.}?elinovsky et al. 1998). This phenomenon is associated with
the imaginary part of the frequendyn(w).

W2 gk%m,hg—m- (19) 5. Numerical results

In this section we consider the numerical solutions of disper-

sion relation (21) for an illustrative example of the isothermal

atmosphere (Gruzinov 1998). Henceforth, we assume that the

The solar plasma below the visible layers is a dynamic enwirbulent flow is time-independent. This assumption is valid for

ronment, supporting convection which reveals itself principalthe wave period” which is much lower than the turnover time

on two spatial scales of motion: a large scale supergranulatibnviz.T' <« T, = 30 min. Hence, we get a corresponding con-

with horizontal scale o - 10* km and flows of).1 — 0.4 km/s  dition for the frequency = 1/T > 600 uHz. Consequently,

and much smaller scale granulation with horizontal scale ofir model is valid for sufficiently high frequencies.

0.2 — 2-10% km and flows ofl — 3 km/s (Simon et al. 1991). As an illustrative case we take

Temporal scales associated with these motions range from 30

minutes for granule overturn times to weeks for giant cells. Suth: (z,2z) = €~

dynamic medium is expected to influence thraode. , ,
We consider a model in which weak turbulent field is seftheréc > 0 is the flow penetration factor. Consequently, the

tled in the convection zone. This assumption is valid since tigtical flow disappears at= 0.

turbulence reveals speesisl km/s which are small in compar- 1 h€ correlation function is assumed to be Gaussian

4. Dispersion relation for the turbulent (Vo # 0) plasma

azuo(x), ‘/Oz(xv Z) = _Zeiazuo,-??(zh (22)

ison to the sound speed 7 km/s. Consequently, we can use (x—w)?
the following expansion: (ug(2)up(X)) = 0% % (23)
p(x,2,1) = (d(z,2,1) + ¢ (z,2,1), wherel, is the correlation length and is the variance. For

(¢ (x,2,t)) = 0, (20) a description of the solar turbulence the reader is referred to
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Canuto & Christensen-Dalsgaard (1998). The Fourier transform>*°

of this correlation function is equal to

2
o°l 272
we—k, lz.

F (up(z)uo(X)) = (24)

™ 4000

We use the following values for the surface gravity=
274 m/s® and the polytropic index = 5/3. In the following
figures, the frequency = Re(w)/2m and the line-widtl" =
—2Im(w) (e.g., Osaki 1990) are displayed as functions of the
spherical harmoniéfor various parameters of the equilibrium
and turbulent flow. The SOHO/MDI data (Duvall et al. 1998) is
shown by the dotted curve for comparison purposes.
First, we illustrate a dependence of the numerically obtained

3000

v [uHz]

A . 2000 o0y
results on the equilibrium parameters such as the density con- ¢, 800 1000 1200 1400 1600 1800 2000
trastx, the photospheric pressure scale hefghtand the tem- !
perature ratio 800
_ Tr(2=0) I ]
- Ty(z=0) 600 [ -

L —

which determines the coronal pressure scale helghts h16. 1
Then, we show our results as functions of the flow parameters: ,,, |- |
the variancer, the correlation lengtl,,, and the penetration =
factora.
Fig. 2 presents the computed frequen@nd the line-width 200~

I" as functions of the angular degrifer two values of the den- i
sity contrastx = 0.1 (solid line) ands = 0.001 (broken line). r
The dotted line represents the SOHO/MDI data (Duvall et al.
1998). The broken line of the frequeneylies above the solid
line and it fits better the SOHO/MDI data. Tlwenode exists  -200L. . o o v v v v v v 0 v v v v 0 0
only if its modal frequencies are higher than the cut-off fre-  °° 80 1000 1200 1400 1600
quencies which are described by Eq. (17). In this case it is a ) )
mode which is localized in the vertical directionAt frequen- 9+ 2- The frequency and the line-widthl” of the solart-mode as a

. function of the angular degrddor the density ratioc = 0.01 (solid
cies below these cut-offs, the solar corona and the ConveCtE%ere) ands = 0.001 (broken curve). The other equilibrium parame-

zone become transparent and the mode is not localized Sared = 167 andh, = 10° km. A turbulent flow is characterized

more. Instead, thEmode can propagate through these regiorB§ the correlation length, = 600 km, the variancer = 3 km/s and

and it leaks away. It is not an eigen-mode that persists in timge penetration factar = 1/1.. The SOHO/MDI data is represented
As a consequence of that the computed frequencies do not eisjsthe dotted curve.

for low values ofl. The line-width corresponding to = 0.001
(broken line) is higher than the line-width far = 0.1 (solid
line) for overall values of. These lines lie close to the obserline). The broken curve exhibits a maximumlat 1600. The
vational data (dotted line). These theoretical curves cross tiesults for larger; are in agreement with the work by Mesk
observational line at~ 1300. et al. (1999).

Fig. 3 shows the frequency and the line-widthI" for Fig. 4 presenty andI for the variancer = 1 km/s (solid
hy = 500 km (solid line) andh; = 50000 (broken line). The line) ando = 5 km/s (broken line). The effect of a stronger tur-
latter case corresponds to a weakly stratified atmosphere antknt flow is to reduce more the frequency of fhmode and
convection zone. In particular, the caselgf — oo is asso- to increase the line-width (Murawski et al. 1998). As a conse-
ciated with a homogeneous atmosphere and convection zanence of that the broken curve lies below the solid line which
This case was discussed by, diftek et al. (1999). The brokenis close to the observational data. The line-width corresponding
frequency line lies below the solid line which fits better tho ¢ = 5 km/s (broken line) is higher that the line-width for
SOHO/MDI data. It is interesting to note that for the case of = 1 km/s (solid line). For the influence efon the line-width
h1 = 50000 km thef-mode exists for the entire rangelofhile see also Murawski et al. (1998), Mieek & Murawski (2000),
at! ~ 1100 the solid curve exhibits a cut-off which correspondand Mglrek et al. (1999).
to unstable [m(w) > 0) f-mode. The line-width corresponding  Fig. 5 shows the frequenay and the line-width" for the
to hy = 50000 km (broken line) is higher than the line-width forcorrelation length,, = 200 km (solid line) and,, = 2000 km
hy = 500 km (solid line). Although the solid line lies below the(broken line). A better fit to the SOHO/MDI data is obtained
observational curve it is close to the SOHO/MDI data (dottddr the case of, = 2000 km. The line-width exhibits the min-

M [uH

L —

I R
1800 2000
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Fig. 3. Dispersion curves foh; = 500 km (solid curve) andhy = Fig. 4.Dispersion curves far = 1 km/s (solid curve) and = 5 km/s

50000 km (broken curve). The other parameters dre= 167, x = (broken curve) and = 167, k = 0.05, hy = 1000 km, I, = 600
0.05, I, = 600 km, o = 3 km/s ando = 1/I.. The SOHO/MDI data km, anda = 1/1,. The SOHO/MDI data is represented by the dotted
is represented by the dotted curve. curve.

imum and maximum at ~ 700 and! ~ 100, respectively.
Consequently, smaller granules decrease more the frequ
and broaden the line-width. An averaging of the results o .
different/, leads to a better agreement between the theoretiéQFCt'Vely'
and observational results (Meek & Murawski 2000).

Fig. 6 illustratesr andI" for the flow penetration factor
a = 2/, (solid line) anda = 1/2I, (broken line). A larger
value of o corresponds to the flow which is more confined t®ur purpose was not to make extremely accurate matching of
the unperturbed interface= 0. While both the solid and bro- the theoretical and observational data. Instead, we designed a
ken lines are close to the observational data, a better fit to #imple model of the solar atmosphere to show up trends and
SOHO/MDI line-width is obtained far = 2/1,.. Alarger value general properties caused by the turbulent velocity field. In ac-
of a reduces more the frequency but essentially it increases toedance with this purpose we made several assumptions and
line-width. These results are in an agreement with the work bimplifications. For example, we ignored sphericity, variation
Murawski & Roberts (1993b). of g and~, magnetic fields and nonadiabatic effects.

Fig. 7 shows imaginary parts of!, (solid line) andbyl,, We constructed a solar model consisting of two regions. The
(dotted line) for the turbulernftmode. As the imaginary partslower region corresponds to the solar interior and photosphere.
differ from zero thef-mode leaks into the solar corona and th&he upper region is the solar corona and chromosphere. The
solar interior. This leakage is higher into the solar interior dsnode is a surface gravity wave which fiox 1500 is peaked
[Im(b1)] > [Im(bs)|. Consequently, the wave profiles are né amplitude below the solar surface (Rosenthal & Christensen-
longer purely exponential but are oscillatory in thdirection. Dalsgaard 1995, Pinter & Goossens 1999).

e‘ﬁl& envelopes of these oscillations in the convection zone and
solar corona are exponentiads:’i¢(®1)z andefie(b2)z| re-

6. Conclusions
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Fig. 5. Dispersion curves fd, = 200 km (solid curve) and, = 2000 Fig. 6. Dispersion curves for = 2/1.. (solid curve) andv = 0.5/L,

km (broken curve) and = 167, k = 0.05, hy = 1000 km, o = 3  (broken curve). The other parameters a@re: 167, < = 0.05, h1 =

km/s anch = 1/1,.. The SOHO/MDI data is represented by the dotte§000 km, o = 3 km/s, andl, = 600 km. The SOHO/MDI data is
curve. represented by the dotted curve.

Moreover, our model of the solar atmosphere is highly ide-
alized. It is intended merely to be illustrative of the physics of

the interfacial mode in a continuously stratified atmosphere. A

plausible model would have to include the details of the structfdeNCy shift due to magnetized atmosphere (Pinter & Goossens

of the chromosphere (e.g. Pinter & Goossens 1999). Therefgrg? ) and variations in the temperature profile (vanlommel &

it is clearly desirable to extend these models to more realish@d€Z 1998, Vanlommel & Goossens 1999). Qualitatively all
stratifications of the solar atmosphere. these effects influence tHemode frequency in the same way.

Although the obtained results are for a specific equilibriuﬂ%he ovle;all agrec;a:cnent of the Imodfefl frequency with the ?xper:-
(isothermal plasma) and turbulent flow, dispersion relation (2 ental data and former results offers encouragement for the

is valid for arbitrary equilibrium profiles and turbulent flow.Urther studies of the influence of the convection onftheode

Moreover, the methodology we introduced to derive this equ%gquencies.

tion can be applied to any model of the solar atmosphere. Al-
though details of the effects of different models will vary, thS\cknowledgementsThe author expresses his cordial thanks to Dr.

general character of the effects thatwe stressed here are eXpe\(/gfwaeqa Nakariakov, Dr. Michael Ruderman, Prof. Bernard Roberts and
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sphere and turbulent velocity field is able to give similar resultave been performed on an Sun workstation at the Institute of Physics,
to those observed by the SOHO/MDI instrument (Duvall et dUMCS Lublin and on a SGI power station at the Poznan Supercom-
1998) as well as agree with alternative explanations of the figiting Center.
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for the f-mode as functions of the angular degiefor x = 0.05,
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Appendix A: Formulae for dispersion relation (21)

The right hand side of turbulent dispersion relation (21) contains %Q(k

the following relations:

W = onty(k, @, 2)v; (,
- QOle(k7w7Z) /2(]_97@72)72

k.2

+ 7(901 - QOZ)ng(‘E w, ) i(k7w7z)v (Al)

F (Vogda) W
§¢;<;;,@,z> [F (Vo B {tbr (k,, 2),.)
+ F (Vou B) (11 (k, w, 2))]

%Qoﬂ/’i(%v@: z),5

X (F (VouVos,») — ikF (Vou Vo)) (v (k,

+ @,2z)

(A.2)

k _
5(901 - Qoz)gi/fi(k,

w,z)>,

+ 2%
F (Vs ada) W =

B (5,2,2) [ (Vo By) (o (k0. 2). 2

+ F (Vo2 Bs) (¢ (k,w, 2))]
%Qomi(l}@, 2),2
X (F (Vou,:Vos o) — ik F (Vou 2 Vo)) (¢ (K,

k _
5(@01 — 002)9¢1 (k, @, 2)

@, z)> , (A.3)

k
+Z§ +

_ k _ 7 _

F<%ZL’B1> = ZQOlF <V0x‘/bm> - ZQOIF <VOa:Vbx,x>7 (A4)
_ k _ ) —_
F(‘/OZJBl):ZQOlF<V0z,zV0x>_zQ01F<V0z,z‘/0:v7w> ,(A.5)
_ k _

F<Ver3> = 72901F<V01‘/()m,z>

k _
—i— (001 — 002)9 (F (VouVos,z) —

ow ikF (VozVoz)) , (A.6)

_ k _
F<‘/Oz,zBS> = _EQOIF <V0z,z‘/0w,z>

k _ o
*25(901*902)9(5' (Voz,2Voz,2) —tkF (Vo2 Voa) ), (A7)

F(Didy) W = E2(F (VouWio) = iF (VoraWio) ), (A8)

2 <VO:EW10> =

= Q02¢02(I% ) <’(/}1 (];‘,(D7Z)>
( %IVOZ z> - 'Lk <%IV0:E>)

b Ul @,2) (F (VouBa) (01 (s, 2).)
+ F <%$Bg> <’LZJ1(I€,LU, Z)>) 5 (Ag)
F<V0x «Wio) =
79021/}02(]5 ) <¢1(E7"‘_}7Z)>
( wa zVOz z> - ZkF <‘/Oz,a:vbzv> )
@, 2) (F (Voz,aB1) (W1 (k,w, 2) 2)
+ F (Voz,oBs) (¥1(k,w,2))), (A.10)

F (VowoB1)= Qzl (KF (Vow 2Vou) —iF (Vow.oVor.a))s (A11)

_ k _
F<VO:E,?£BS> = 7;901F<‘/0£,m‘/0r,z>

k
= (001 - 902)9
ow

X (F <‘/Oa:,zVOz,z> - 'LkF <%m,z‘/0m>) ’ (A12)

F‘(V()x LA W =

,9021/}02(]@ W, 2). (F
- ZkF <‘/0:v,z‘/01 <

<V0'c ZVOZ z>
(k,@,z))

S a50,2)(F (Vo 2 B1) (1, 2).

+F‘<‘/0$,ZB3> <¢1(k7w72)>), (A13)

F <V0:r,zBl> =

k _ i _
f@OlF <V0x,zV09c> - ZQOlF <%x,zVOx,x>a

. (A.14)

F <VOz,zBS>

oo
- EQOIF <V0x,z‘/0w,z>

k
- Za(@m - 902)

X g(p <V0r,zvbz,z> - ZkF <VE)r,szz> )7 (Als)

F (Do) W =

z'(QOl - 902)

- IW(F (Vosado) — ikF (Vouds)).  (A.16)
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