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Abstract. Funnels are open magnetic structures connecting the chromosphere with the solar corona
(Axford & McKenzie 1997;
Marsch & Tu 1997;
Hackenberg et al. 1999). We investigate the stationary
plasma flow out of funnels with a flux-tube model. The funnel
area function is derived from an analytical 2-D magnetic
field model. Since the funnel height is only approximately
15 Mm, the area function for greater heights is taken from
the Banaszkiewicz et al. (1998) coronal magnetic field model.
Thus we obtain a realistic area function being valid into the
upper corona.
The plasma in the funnel is treated with two-fluid equations including radiative losses, thermal conduction, electronproton heat exchange, proton heating by cyclotron-damped
Alfvén waves and Alfvén wave pressure. We adjust the free
parameters to the quantities measured in the lower solar corona
(≈ 100 000 km above the photosphere) by SUMER aboard
SOHO (Wilhelm et al. 1998). The thereby obtained height profiles of the plasma properties (e.g. density, electron and proton
temperatures, flow speed) within the funnel are presented and
compared with recent SUMER measurements.
Key words: Sun: corona – Sun: solar wind – Sun: transition
region

1. Introduction
Recent
results
from
Hassler et al. (1999)
and
Wilhelm et al. (2000), who have analyzed SUMER observations of polar coronal holes, indicate that strong outflow
(largely blueshifted EUV emission lines of Neviii) of the
nascent fast solar wind occurs mainly at the boundaries of
supergranular convection cells. It is well known that the
magnetic field is also concentrated at these boundaries due
to the plasma flow in the convection zone (e.g., Gabriel 1976
or Parker 1992). Since the plasma beta is very small (circa
10−4 to 10−2 ) in the transition region and the lower corona,
the magnetic field there is only very slightly influenced by
plasma flows. Thus we are able to determine the magnetic field
in this low-beta region independently of plasma flows. We
Send offprint requests to: G. Mann (gmann@aip.de)

find a diverging magnetic field, which tends (coming from its
compressed state in the convection zone) to expand initially
and to become finally homogeneous in the corona. The solar
wind flows through this funnel structure, which is described by
the magnetic field, and exactly follows the magnetic field lines.
Given a mechanical wave energy input at the bottom of the
funnel, it is unavoidable to have slow outflows everywhere on
open field lines. In fact, outflow is a must because we know from
in situ measurements the mass flux in the wind. The mass flux
is generated and replenished continuously in the upper chromospheric network. Thus there will be outflow across the whole
funnel area with a varying flow speed profile at the top cross
section of the funnel, since all the field lines there are open. For
convenience and to keep the model simple we shall concentrate
only on the central field line in the funnel. The calculation of the
flow along non-central field lines will be left to a future paper.
The main goal of our investigation is, to find out in which
way the solar wind evolves on its way through the funnel and
what the plasma properties in the funnel are. Thereby the flow
close to the surface must be in agreement with SUMER/SOHO
observations in Neviii of up flow (blue shifts). Also the Ulysses
mass flux, which puts when mapped back to the funnel bottom a
constraint on the flow, and more importantly requires continuous
flow must be taken into account.
Since solar wind diagnostics by spectroscopic means begins mostly at heights of 20–30 Mm above the photosphere
(David et al. 1998; Tu et al. 1998; Wilhelm et al. 1998), which
is well above the funnel structure ending at approximately
15 Mm, it turned out that we have to extend the model to greater
heights. We decided to enlarge the model’s upper boundary to
the height where we reach Parker’s sonic-critical point (at approximately two solar radii according to our model, which corresponds to earlier results by Hollweg (1986)). This is very close
to the Sun when compared to the Parker model and also closer
than most present fast solar wind models have located it. Now at
the latest the outflow which is dynamically but not energetically
less important well below this point becomes relevant.
The two-fluid approach used in our investigation
goes beyond traditional transition region modelling, for
which the classical example is the VAL atmosphere
(Vernazza et al. 1981), and which is reviewed in the book by
Mariska (1992). To our knowledge only Marsch & Tu (1997)
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we note that it is perpendicular to the x-z plane and thus forbidden by the imposed y = 0 symmetry plane, i.e., the electric
current j must be zero and the vector potential A obeys the
Laplace equation
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Fig. 1. The magnetic field above the border of two adjacent supergranules builds up the funnel structure. The region of open field
lines is marked with gray color. The parameters are: L = 30 Mm,
d = 0.34 Mm, B0 = 11.8 G, Bmax = 1.5 kG. The photospheric level
is at z = 0, and the supergranular boundaries are at x = 0.

and McKenzie et al. (1998) have described the funnel and flows
in terms of separate electron and proton energy equations with
wave dissipation and a common momentum equation including
the wave pressure gradient force. The magnetic field modelled
here on the basis of the Maxwell equations is genuine and new
(but Gabriel (1976) also developed a MHD model which was
the fundamental starting point for transition region models).
The originality of our work is the two-fluid approach with a realistic magnetic field and in compliance with the recent SOHO
observational constraints.
2. Magnetic field configuration
The magnetic field consists of two parts, the lower “funnel”
region and the upper “coronal” region. In the lower region (z <
15 Mm, z is the height above the photosphere) the global polar
magnetic field is nearly constant and homogeneous at B0 =
Bglob (z=0) = 11.8 G. At greater heights in the upper region,
according to Banaszkiewicz et al. (1998), it is formed by three
components, a dipole, a quadrupole and an equatorial current
sheet, which together result in


3Q
K
2
(1)
+
+
Bglob (r) = M
r3
r5
a1 (r + a1 )2
with the distance r measured in solar radii from the center of
the Sun, i.e. r = z/R + 1, and the constants M = 1.789 G,
Q = 1.5, K = 1.0 and a1 = 1.538.
In the funnel region the magnetic field is not homogeneous,
but rather very inhomogeneous, which is modelled by superposing the homogeneous field supplied by (1) with the result of
a two-dimensional funnel model.
For this 2-D model we assume two adjacent supergranules
(each with diameter L = 30 Mm) placed symmetrically left and
right of x = 0 with their centers at x = −L/2 and x = +L/2,
see Fig. 1. To keep the model as simple as possible we further
assume a very high degree of symmetry by imposing four planes
of symmetry (i.e. mirrors) at x = −L/2, x = 0, x = +L/2
and y = 0. The magnetic field can be expressed by its vector
potential A, which yields in two dimensions
B = ∇A(x, z) × ey .

(2)

(4)

That is, we have a potential magnetic field. The homogeneous
“background” magnetic field B0 is separated by defining
A(x, z) = A0 (x, z) + B0 x .

(5)

Then the Laplace Eq. (4) is solved with the Dirichlet boundary
conditions, A0 = 0 at x = ±L/2 (due to the imposed symmetry), and A0 = 0 for z → ∞. At the bottom, i.e. at z = 0, the
compressed magnetic field is assumed to be the step function

− d2 ≤ x ≤ d2
 Bmax
(6)
Bz (x, z=0) =
 − Bmax d − B0 L elsewhere,
L−d
which is easily integrated along the x axis. This results in a
sawtooth function
 −d(L+x)
− L2 ≤ x ≤ − d2


 L−d
A0 (x, z=0) = (Bmax −B0 )× x
− d2 ≤ x ≤ d2 (7)


 d(L−x)
d
L
L−d
2 ≤x≤
2
defining the boundary condition at z = 0. The solution to these
boundary conditions is formally denoted by

Z L2
sinh 2π
1
L z
A0 (ξ, z=0)
A0 (x, z) =
2π
L 0
cosh L z − cos 2π
L (ξ − x)

2π
sinh L z
dξ .(8)
−
2π
cosh 2π
L z − cos L (ξ + x)
Note that this integral cannot be solved in a closed form with
the boundary condition (7). However, it is possible to denote the
magnetic field in a closed form:
Bx (x, z) =

π
cosh 2π
Bmax −B0 L
L z − cos( L d +
ln
π
2π
L−d
cosh 2π
L z − cos( L d −


Bz (x, z) = B0 + (Bmax − B0 ) −

arctan

d
L 1
+
×
L−d L−d π

π
π
cosh 2π
L z sin 2L d + sin( 2L d +
2π
π
sinh L z cos 2L d

+ arctan

2π
L x)
2π
L x)

(9)

2π
L x)

π
π
cosh 2π
L z sin 2L d + sin( 2L d −
π
sinh 2π
L z cos 2L d


2π
L x)

. (10)

This analytical 2-D solution for the magnetic field is depicted
in Fig. 1.
The last open field line, i.e. the boundary between the white
and gray region in Fig. 1, shows a rectangular kink when it
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pressure. At x = ±L/2 the boundary field line might even
be shifted to heights of 7 or 8 Mm. But these effects becomes
smaller and smaller the deeper we go into the region of open
field lines (gray regions in Fig. 1) and towards the central line
of the funnel. Thus our magnetic field model is adequate on the
central line, from where Eq. (12) is derived.
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3. The heating function
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Fig. 2. The magnetic field at the central line of the funnel, i.e. at x = 0.
On the right hand side the corresponding proton cyclotron frequency
is shown.

reaches the outer wall of the box at x = ±L/2. A closer inspection of Eqs. (9) and (10) reveals that the magnetic field vanishes
there. We define the height hb of the boundary field line there
by Bz (x = ±L/2, z = hb ) = 0, which is then given by
π Bmax d−B0 L

tan 2 (Bmax −B0 )L
L
.
hb = Artanh
πd
π
tan 2L

(11)

In the example solution shown in Fig. 1, the parameter d has
been chosen in such a manner that hb ≈ 3 Mm.
On the central line of the funnel, i.e. at x = 0, the solution (9) for Bx vanishes and Eq. (10) reads (with the first B0
already substituted by Bglob to take the global magnetic field
into account):
Bmax − B0
×
Bz (z) = Bglob (z) +
L−d


i
h 2
π
πd
z tan 2L
−d .
L arctan coth L
π

(12)

This function is plotted in Fig. 2. The second term on the righthand side of Eq. (12) becomes small for heights above 15 Mm
and is negligible above 30 Mm.
As a rule of thumb it may be stated that each structure of
typical length l, which is imposed on a potential magnetic field
(e.g., by boundary conditions), decays on the same length scale
l. This is also true for the magnetic field coming out from the
photosphere on the distance d: we have tested various lengths
d between 0.3 and 1 Mm (thereby adjusting Bmax , so that hb
is held constant at 3 Mm) and found that the magnetic field
is significantly changed only within a circle of 1 Mm radius
around the origin (x = 0, z = 0). This also implies that, any
errors introduced by our ad hoc defined boundary condition
(6) becomes smaller with increasing height z and may be well
negligible at the bottom of our funnel model at zb ≈ 2 Mm.
We are aware of the fact that in the magnetically closed
regions (white regions in Fig. 1) the plasma is hot and the magnetic field is weak, i.e., our low-beta assumption is not a very
good one, especially near the points (x = ±L/2, z = hb ). The
magnetic field there is inaccurate and the boundary between
open and closed field lines is somewhat shifted by the thermal

We assume that the plasma heating is entirely done by Alfvén
waves which are dissipated by kinetic processes near the protoncyclotron resonance. By this heating mechanism, only the protons are heated. The electrons are not directly heated, but receive
heat by Coulomb collisions with the hotter protons (see Sect. 4).
The heating process due to frequency sweeping is rather general and just depends on inhomogeneity, whatever the detailed
dissipation mechanism may be. It should not depend strongly
on the kinetics as long as all waves crossing the cyclotronfrequency border are sent to dissipation. There is ample literature in the solar wind about this. We refer to Marsch (1999)
for further discussions of this problem.
We also assume that the Alfvén waves are not generated
while the plasma is traversing the funnel, but rather that the
power spectrum density, P , originates below and is completely
injected at the bottom of the funnel, with a spectral power law
index of −1, i.e.,
 −1
ω
P (ω, z0 ) = P (ω0 , z0 )
.
(13)
ω0
The Alfvén wave spectrum might be produced, e.g., by
reconnection which causes microflares according to the
Axford et al. (1999) “furnace” model or by stochastic reconnections as proposed by Ruzmaikin & Berger (1998).
The lateral dimension of the funnel is approximately 7 Mm
at its bottom (at a height of zb ≈ 2 Mm above the photosphere),
where the transition region is situated, if we define the funnel
by the region of open field lines. Because of this limited width
and the high Alfvén velocity there, very-low-frequency waves
cannot be generated efficiently. Therefore we assume that the
wave spectrum has a lower cut-off frequency of ωL /2π = 1 Hz.
At the high frequencies in the vicinity of the gyro frequency
Ωp the energy contained in the wave spectrum is transferred
to the plasma by cyclotron-resonance damping. This damping
already happens at a frequency ωH which is somewhat below
the proton-cyclotron frequency Ωp . In our case of a very low
plasma beta we take ωH = 0.8 Ωp . In particular, we do not separately calculate the cyclotron wave dissipation caused by minor
ions with a higher charge-to-mass ratio (Cranmer et al. 1999;
Cranmer 2000), because in the end the minor ions – they become hotter than the protons – transfer the energy they have absorbed to the protons by Coulomb collisions. Since we assume
that the dissipated part of the wave spectrum is not replenished,
the total absorbed wave energy and the thermal energy the protons receive are the same. However, in the outer solar corona
and the interplanetary medium (which is beyond the scope of
our model) these assumptions do not longer hold and a different
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approach is necessary. The simple heating function used here
implies that wave energy is transferred from the spectrum directly at the frequency ωH to the plasma. This heating function
after Tu & Marsch (1997) reads
H(z) = −(v + vA ) P (ωH , z)

∂
ωH (z)
∂z

(14)

with the Alfvén velocity vA = Bz /(4πρ)1/2 . This heating function is only an approximation but reflects a pivotal aspect of the
physics going on in the wave dissipation process. It describes
that by frequency sweeping the high-frequency part of the wave
spectrum is dissipated at a rate given by the transit time of an
Alfvén wave through the magnetic-field scale height, which is
also the scale at which the ion gyrofrequency changes spatially.
There are other processes, such as cascading, that might lead to
replenishing of the spectrum. The kinetic physics of the wavedamping process in the dissipation domain is certainly much
more complicated and still not understood well. For a further
discussion see Marsch (1999) and references therein.
The spatial evolution of the wave energy-density spectrum
P is described by a spectral transfer equation (Jacques 1977;
Tu et al. 1984; Tu & Marsch 1997; Marsch 1998). We do not
solve the spectral transfer equation here self-consistently, but
make the simplifying assumption that the spectrum is of a rigid
power-law form up to the dissipation regime, which ensures
substantial wave amplitudes at the resonance frequency and implies tacitly efficient nonlinear wave energy transfer. This is a
crucial assumption which implies that in the source region of
the high-frequency waves injected at the bottom of the funnel
local turbulence or the wave generation process itself produced
a power-law spectrum. Since the background field is strong the
linear WKB approximation for the wave propagation seems appropriate for waves with frequencies below the proton gyrofrequency. The work done by the wave-pressure-gradient force on
the plasma flow is accounted for by the spatial variation of the
wave power spectrum which in an integrated form can be written
as
P (ω, z) = P (ω, z0 )

MA (z0 )(1 + MA (z0 ))2
MA (z)(1 + MA (z))2

(15)

depending on the Alfvén Mach number MA = v/vA . Since this
equation has been derived by a WKB method, the wavelength
must be much smaller than the geometrical spatial variation.
This condition is satisfied by our chosen ωL . The Alfvénic wave
pressure, also derived by the WKB method, reads
Z
1 ωH
hb2 i
=
P (ω) dω ,
(16)
pA =
8π
2 ωL
and the total energy flux carried by the waves is
hb2 i
(17)
= (3v + 2vA ) pA .
4π
The average velocity amplitude of the Alfvén waves ξ may be
estimated by
1/2
 2 1/2 
2pA
hb i
=
.
(18)
ξ=
4πρ
ρ
F = ( 32 v + vA )

In our subsequent calculations we choose P (ω0 , z0 ) in such a
way that F takes a value appropriate to maintain the fast solar
wind (see discussion below). Since we did not consider spectral
transfer but only local dissipation the spectral slope remains invariant and stays at the value of the original spectrum (13). In
the inertial range below the frequency ωH the spectral intensity
declines spatially according to (15). In the dissipation regime
above ωH , the power drops to zero and is not replenished thereafter, but all the wave energy is sent to dissipation, thus defining
the heating function (14). Inhomogeneity, i.e., the spatial decline
of ωH (z) is essential for the heating mechanism used here. The
spatial evolution of the power spectrum is illustrated in the paper
by Tu & Marsch (1997). With increasing height an ever larger
part of the original high-frequency wave power given by (13)
ends up irreversibly in thermal proton energy.
4. Model equations
In this section we describe the equations governing the plasma
flow through the funnel structure. Since the magnetic field is
already known, we make a thin flux-tube approximation. Magnetic flux conservation yields for the virtual flux tube the crosssection area A (not to be confused with the magnetic vector
potential in Sect. 2, which is only used there)
A(z) =

A0 B0
.
Bz (z)

(19)

We further assume that the plasma flow is in steady state, i.e.,
we average in time over all transient fluctuations/disturbances
and only consider mean values. Thus the total mass flux Ṁ =
Φm A = Φm0 A0 in the virtual tube is conserved, yielding the
speed
v=

Φm0 A0
Ṁ
=
.
ρA
ρA

(20)

The estimated mass flux at the Sun’s surface (more precisely: at
the upper end of the funnel where Bz = B0 , i.e., at z ≈ 16 Mm)
is taken to be Φm0 = 1.5 · 10−10 g/(cm2 s). This corresponds
to a proton flux of 2.0·108 /(cm2 s) at 1 AU (Barnes et al. 1995)
increased by the extra-spherical expansion factor of 10.2, resulting from the Banaszkiewicz et al. (1998) magnetic-field model.
Quasineutrality and the electric-current-free state of the
plasma lead to equal density and velocity of electrons and protons, i.e., n = ne = np and v = ve = vp . The momentum
equation with the partial thermal pressures
pe = nkB Te ,

pp = nkB Tp ,

(21)

the Alfvén wave pressure pA and the gravitational acceleration
g = GM /(z + R )2 reads
ρv
p),

∂
∂
v=−
(pe + pp + pA ) − ρg .
(22)
∂z
∂z
The energy equation for electrons (α = e) and protons (α =

nkB Tα ∂
vnkB ∂
Tα +
Av = Sα ,
γ−1 ∂z
A ∂z

(23)
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Table 1. The radiative loss function of an optically thin plasma, adapted
from Rosner et al. (1978).

Table 2. Typical plasma parameters in interplume lanes determined by
Wilhelm et al. (1998) from SUMER measurements.

Pr (Te ) [erg cm3/s]

z [Mm]

1.41 · 10−22
1.00 · 10−31 Te2
6.31 · 10−22
3.98 · 10−11 Te−2
1.26 · 10−11
−2/3
2.00 · 10−11 Te

Te [K]

contains an (external) energy source term Sα . This term, which
reads
(24)

for the electrons and
Sp = H − ∇ · qp − Qep

(25)

for the protons, takes care of the various energy sources and
losses of the plasma, which are subsequently given (H has been
already discussed).
The energy removed locally (or deposited, if negative) by
thermal conduction due to electrons (α = e) and protons (α =
p) is


∂
1 ∂
A κα
Tα .
(26)
∇ · qα = −
A ∂z
∂z
From the numbers and formulas given by Hinton (1983), one
obtains (assuming a Coulomb logarithm of ln Λ = 18)
κ0 5/2
3/2
Te and κp =
(27)
T
κe = κ0 Tep
24.8 p
with κ0 = 1.02 · 10−6 erg/(cm s K7/2 ) and with the
weighted mean electron-proton temperature Tep = (mp Te +
me Tp )/(me + mp ). The electron-proton heat-exchange term is
also given by Hinton (1983) and reads
Qep =

(32π me mp )1/2 n2 e4 (ln Λ)kB (Tp − Te )
,
(me + mp )3/2 (kB Tep )3/2

(28)

which in short is
−3/2
(Tp − Te )
Qep = Q0 n2 Tep

(29)

with Q0 = 1.47 · 10−17 erg cm3 K1/2/s.
The electrons give, by collisional line excitations, thermal
energy to photons. The resulting radiative losses are calculated
using
Lr = n2 Pr (Te ).

(30)

Suitable values for the radiative loss function Pr are given in
Table 1.
Finally, we obtain a set of ordinary differential equations
(ODEs) of order five
ρ0 =

ρ Ṁ 2 A0 + A2 ρ2 kmB (qe /κe + qp /κp ) − A3 ρ2 g̃
A
A2 ρ peff − Ṁ 2

7

8.2 · 10
7.1 · 107
5.2 · 107
2.2 · 107
7.6 · 106

21
35
56
118
209

20 000–
37 550
37 550–
79 436
79 436– 251 146
251 146– 562 025
562 025– 1 999 812
1 999 812–10 000 000

Se = −Lr − ∇ · qe + Qep

ne [cm−3 ]

(31)

Te [K]
7.8 · 105
8.1 · 105
8.1 · 105
8.7 · 105
8.8 · 105

qe
κe A
qp
Tp0 = −
κp A
Te0 = −

qe0

(32)
(33)

Ṁ kB
= −A(Lre + Qep ) +
m

qp0 =

A(Hp + Qep ) +

Ṁ kB
m




T e ρ0
Te0
−
ρ
γ−1


0
Tp0
Tp ρ
−
ρ
γ−1

(34)
(35)

with, taking the Alfvén wave pressure pA into account, an effective pressure
peff = n kB (Te + Tp ) +

1 + 4MA + 3MA2
pA
2 + 4MA + 2MA2

(36)

and a modified gravitational acceleration
g̃ = g −

∂
pA
ωH .
ωH
ln ωL ∂z

ρ ωωHL

(37)

These ODEs (31)–(35) are integrated by a fifth-order RungeKutta method with adaptive stepsize control (Press et al. 1992).
We start the integration at z = 100 Mm with n = 2.7 ·
107/cm3 and Te = 0.84 MK. These values meet the results of
Wilhelm et al. (1998), which are shown in Table 2.
To maintain a fast solar wind with an asymptotic velocity of
v∞ = 750 km s−1 (Barnes et al. 1995) a total energy flux input,
2
)Φm = 3.8·105 erg/(cm2 s), is necessary at
Ftot = ( 12 vg2 + 12 v∞
a height of 100 Mm (vg = 576 km s−1 is the escape velocity and
the flux tube area ratio is A/A0 = 1.77 at this height). This corresponds to an Alfvén wave pressure pA = 6.7 · 10−4 dyn/cm2
and to a heating rate H = 2.2 · 10−6 erg/(cm3 s), if the wave
spectrum’s lower boundary remains at ωL . But farther away
from the Sun, since then also the larger structures contribute to
the spectrum (e.g. magnetic network oscillations), ωL becomes
smaller there. Thus the above calculated heating rate imposes
an upper limit to the actual heating rate at 100 Mm (see also
Fig. 5).
The integration is carried out in both directions, downwards
and upwards. At the bottom of the funnel, i.e. downwards, we
impose the boundary condition Te = Tp = 40 000 K. This also
defines the position zb of the funnel bottom, were the transition region is situated. We do not address the ionizations of
hydrogen in the first ionization layer (McKenzie et al. 1998;
Peter & Marsch 1998), which is located on top of the chromosphere. In the upward direction we aim at going with the solution
through Parker’s sonic-critical point, i.e., both the denominator

1144

P. Hackenberg et al.: On the origin of the fast solar wind in polar coronal funnels
1010

0.1
0.0

9

-0.1

q [106 erg cm-2 s-1]

n [cm-3]

10

108

7

10

-0.2
-0.3
-0.4
-0.5

6

p
e
e+p

10

-0.6
105

-0.7
10-10

6

-11

Lr/n
∇qe/n

10

10

T [K]

Ee [erg s-1]

Se/n
Qep/n

10-12

10-13

5

10

10-14

p
e

10-15
10-10
1000

H/n
∇qp/n

-11

10

100

Ep [erg s-1]

-1

v [km s ]

Sp/n

10

v
vc
0.1 vA

Qep/n

10-12

10-13

10-14

ξ
1
1

10

100

1000

z [Mm]

10-15

1

10

100

1000

z [Mm]

Fig. 3. Numerical solution of the fast solar wind evolution from the transition region to Parker’s sonic-critical point. The asterisks in the two
topmost panels on the left side denote electron density and electron temperature derived by Wilhelm et al. (1998) from SUMER measurements
(see Table 2).

and the numerator of the “critical” Eq. (31) have to become zero
simultaneously. The denominator is zero when the plasma flow
speed v equals the critical velocity vc = (peff /ρ)1/2 . These
boundary conditions provide two additional constraints which

determine two of the three remaining (n and Te are already
given) initial values of the ODEs.
For now let’s assume that we have a good value for Tp at z =
100 Mm. Then the two other (yet unknown) initial values qe and
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Fig. 4. Numerical solution of the fast solar wind evolution at the transition region. The plots shown here are an enlargement of Fig. 3 with
zb = 1.963 Mm. Please note the logarithmic scale on the abscissa.

qp can be determined by a shooting method (Press et al. 1992):
Some arbitrary, but reasonable values are supplied for qe and qp
and the integration is carried out in both (upward and downward)
directions. Of course, the demanded boundary conditions will
not be met, they are missed by a certain amount ∆(qe , qp ). All

we have to do is to minimize |∆| by varying qe and qp . The final
solution for a given Tp is found when the boundary conditions
are met.
It turned out that only for a certain regime in Tp we are
able to find solutions conforming to the boundary conditions.
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0.94

5. Discussion

0.92

A numerical example solution of the model equations described
in Sect. 4 is shown in Fig. 3. The details of the transition region
are depicted in Fig. 4, which is an enlargement of the lower
part of Fig. 3. Note the distortion in both pictures caused by the
logarithmic scale applied to the z axis.
Both, the electron and proton temperature rises from
0.04 MK to a few 0.1 MK in a very thin region of only 20 km in
height. Since the pressure there is approximately constant (the
barometric pressure scale height is much larger than 20 km, cf.
also Fig. 6), the density n is inversely correlated with the temperature and falls by a factor of 5.6 in the same small region.
The flow speed v is correlated with the density n by Eq. (20)
and therefore shows also a strong increase in this region. This
increase in flow speed is not large enough to disturb the barometric scale height in a serious manner. Therefore the above-stated
constant-pressure approximation still holds.
But why do we have this very steep temperature gradient
at the bottom of our funnel model? The answer is given by
Eqs. (27), (32), (33) and the fact that there is a large downward thermal energy flux qα , which is more or less constant (cf.
Fig. 4; a factor of two does not matter) in the region of interest:
5/2
The thermal conductivity κα scales proportional to Tα . When
coming from high temperatures and going downwards, the temperature gradient must increase more and more to maintain the
same energy flux. This makes the temperature drop even faster.
Because of the large magnetic-field gradient and the resulting large gradient in the proton cyclotron frequency, the heating
function is strongest below 20 Mm. There the Coulomb collision term, Qep , is forced to transfer a lot of energy from the
protons to the electrons, but does not suffice to establish temperature equilibrium. Thus a big temperature difference between
the protons and electrons can arise. Above 20 Mm the heating
function is much weaker, but the Coulomb collisions have still
the same efficiency (n has not dropped significantly). This leads
to a temperature coupling of protons and electrons, i.e., proton
and electron temperature become similar. But above 100 Mm
the density n drops rapidly, and then temperature coupling becomes ineffective. The proton temperature rises again.
The energy flux due to heat conduction is shown in the upperright panel of Figs. 3 and 4. The electron heat flux (e), the proton
heat flux (p) and the total heat flux (e+p) are shown. Because
of the much higher proton temperatures and the steeper proton
temperature gradient in the transition region at z ≈ 2 Mm, the
proton energy flux is not much smaller than the electron heat
flux, despite the factor of 24.8 in Eq. (27).
The local electron and proton energy balance per particle
is shown in the two lower-right panels of Figs. 3 and 4. In both
panels the modulus of the displayed quantity is plotted on a logarithmic scale. Whenever one of these quantities crosses through
zero, a kink (and a small gap) in the plot arises. Note also that at
Parker’s sonic-critical point (at 698 Mm), where the calculation
ends, only the five main variables of the ODEs are continuous. But derivatives of these variables may be and in fact are
discontinuous, as it is the case with ∇ · qα and Sα .
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Fig. 5. Proton temperature and heating rate at z = 100 Mm. In the
confined region solutions conforming with the imposed boundary conditions do exist. The different shades of gray are explained in the text.
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Fig. 6. Partial pressure in the plasma, originating from electrons (e),
protons (p), and Alfvén waves (A). Also the sum of electron and proton
pressure (e+p) is displayed.

To investigate this further we varied also (besides Tp ) the amplitude of the power-spectrum density P (ω0 , z0 ), or rather the
heating rate H at 100 Mm, because for this parameter we do
know only an upper limit from earlier considerations. Note that
due to Eqs. (13)–(15) P (ω0 , z0 ) and H are interconvertible at
z = 100 Mm. Within the confined region shown in Fig. 5 we
have been able to find solutions satisfying the boundary conditions. However, not all of these solutions fit the measured data
well (see Table 2). In the lower shaded region the calculated
electron temperature does not deviate by more than 10 % from
the measured data. In the upper shaded region the same is true
for the electron number density. The small darker shaded region
in the upper right corner indicates the overlap of the two shaded
regions.
As it can be seen in Fig. 5, the heating rate H at 100 Mm must
be somewhat below 2.2 · 10−6 erg/(cm3 s). But not too much.
Otherwise the measured data are not fitted well. Therefore, for
the subsequent presentation of our numerical example solution,
we choose H = 2.1 · 10−6 erg/(cm3 s). At Tp = 0.924 MK, the
data are fitted best, given this heating rate. All initial values of
the ODEs are now fixed.
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ing function and funnel geometry, which both have an intrinsic
scale height in proportion to that of the magnetic field (of the
order of Mm) and also arises in static atmospheres. This discontinuity in both the electron and proton temperature (which has
also been found by Marsch & Tu (1997)) is a new result coming from two-fluid modelling, although the thermodynamics of
electrons and ions is different.
The conditions found at the top of the funnel (circa 15 Mm
above the photosphere) may be used to define the bottom of a
coronal hole and the boundary conditions for conventional solar
wind models, usually starting from a million degree corona.

z [Mm]

Fig. 7. Plasma beta (β = 8π(pe + pp )/Bz2 ), Alfvén wave beta
(βA = 8π pA /Bz2 ) and Alfvén Mach number MA versus height from
the transition region to the lower solar corona.
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