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Abstract. An asymptotic theory of global adiabatiecmodes The location of the upper boundary of the acoustic cavity
is developed, taking into account the influence of the solar & lower degreeg is determined by the condition® ~ w?
mosphere. It is shown that waves of the whole frequency rangeis the frequency of the oscillations,. is the cut-off fre-
v ~ 2-10 mHz may reach the chromosphere-corona transitigency), and its dependence ©ris weak due to a sharp in-
region (CCTR) by means of atunneling through the atmospheciease ofv? with height. As in the real solar atmosphesg
barriers. The primary acoustic cavity inside the Sun becom@spends on height in a complex way (see Fig. 2) potential bar-
considerably extended by this way, leading to a change of fréers and local cavities are formed for the acoustic waves. The
quencies: low frequencies are increased, while high frequenaieain photospheric barrier attains a maxim@o?),,.,c which
are decreased. The transition from lpwnode frequencies to corresponds to a critical acoustic frequency-05.5 mHz. For
high peak frequencieg’ = 6 mHz) is smooth. the low frequenciesi{ < 5.5 mHz) the photospheric barrier
The locations of the turning points are determined from thgof finite width. However, according to the generally accepted
wave equation forliv - . It is shown that the internal turn-theory such low-frequency acoustic waves cannot overcome the
ing point of the acoustic cavity is strongly shifted toward thearrier to reach the upper atmosphere. As a consequence of re-
center of the Sun, while the upper turning point is shifted froffection acoustic waves become trapped in the inner cavity.
the surface to CCTR. That means, the turning points cannot be This theoretical treatment on the whole describes the ob-
located in the convective zone. A new complex integral dispeserved ridge structure of the spectrum of low-frequepey
sion relation for the eigenfrequencies is derived. The imaginanodes. Some discrepancies between observed and theoretical
parts of the frequencies indicate a decay of the amplitudes, frequencies can be removed by changing the standard solar
sulting from considerable energy losses by tunneling from theodel (e.g., Basu et al. 1996; Morel et al. 1997; Antia & Chitre
main cavity. 1998). However, some recent observations from SOHO suggest
It is shown that waves with a decaying amplitude (compld® correct some features of themodes theory as well as to
frequency) may existin alimited area only, penetration of lineaonsider the influence of the atmosphere on the spectrum of
p-modes to the corona is impossible. The CCTR acts as a fgemodes in more detail. Let us discuss some of these aspects.
surface. We conclude that thenodes may drive forced surface
gravity waves at this surface. 1.1. High frequency-modes
Key words: hydrodynamics — Sun: oscillations — Sun: interioBimilarly to the behavior of a quantum-mechanical system a
— Sun: atmosphere discrete spectrum of the-modes is formed for the frequen-
ciesv < 5.5 mHz (the maximum of the potential barrier)
and this spectrum is continuous beyond this maximum, for
1. Introduction v > 5.5 mHz. However, this theoretical prediction is not con-
firmed by numerous observations of velocity and intensity fluc-
The p-modes are resonance oscillations of the inner acoustigtions. Instead, a high-frequency (up to 12 mHz) ridge struc-
cavity of the Sun formed by total reflections of waves frofyre in the spectrum of-modes is detected (Libbrecht 1988;
the inhomogeneities. Thiedependent lower boundary of thepyyall et al. 1991; Fernandes et al. 1992; Kneer & von Wiixk
cavity arises as a result of increasing sound speed towards t§93: Garcia etal. 1998; Antia & Basu 1999). The obvious ques-
center of the Sun, and waves with smaller degre refracted tjon arises why the peaks are formed above the acoustic cut-off
from deeper levels. The upper, aimésndependent reflecting frequency of 5.5 mHz, where the waves are able to propagate in
boundary of the cavity is placed close to the surface of the SgRé atmosphere and thus should not be trapped in a cavity below
itis connected with sharp gradients, especially in density (Stpte photosphere.
1989; Unno et al. 1989; Christensen-Dalsgaard 1994). Kumar & Lu (1991) have suggested that the peaks at high
Send offprint requests td. Staude frequencies are formed as a result of interference between waves
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returning from inside and those traveling from the acoustimnall-scale inhomogeneites in the chromosphere and the struc-
source. The peak frequencies in this case are strongly dependanslof the upper boundary will prevent the development of these
on the assumed spatial position of the source. It should be noteddes. Gabriel (1992) showed that the strong damping of these
that all resonant frequencies are the result of an interferencavaides will obstruct any attempt to observe these modes.
traveling waves. However, why the mechanism of Kumar & Lu The numerical calculations by Ando & Osaki (1977) and
(1991) would work for the high frequencies only, but not for th&llrich & Rhodes (1977) with an upper boundary condition at
whole rangd.5—12 mHz of p-modes? In our opinion a more re-CCTR have shown someeindependent crossings of the ridge
alistic idea has been suggested by Balmforth & Gough (1998)yanches in the(— [) diagram. These over-crossings have been
they have considered the high-frequency peaks as the resulntérpreted as the appearance of the first eigenmode of the chro-
reflections of waves from the transition layer CCTR, where thmospheric cavity at 4.13 mHz. Similar numerical calculations
temperature rises by a factor of 100 over a distance much smaliave been done by Antia & Basu (1999) for the case ofithel}
than the wavelength. Gabriel (1992) has shown that the surfaicigjes which continue up to 10 mHz. They got a series of such
boundary conditions such as running waves in the corona awbided crossings between fiienode ridges. Similar crossings
perfect reflection at the bottom of the corona exert an influenaee seen even at 10 mHz. Hence sixiidependent crossings
on ap-mode spectrum. To find model-independent characterae not the trace of chromospheric modes. These crossings ap-
tics of the spectrum he has replaced the real atmospheric wpeared only when the upper atmosphere was included into the
potential by stepwise constant pieces. consideration of the waves. In this case the calculated frequen-
The high-frequency modes appear as a continuous extengi@s appeared worse in comparison to those for which the atmo-
of the low-frequency-modes in the diagnostie — [) diagram spheric influence was neglected. That means, the problem with
and extend up to frequencies of at least 12 mHz (e.qg., Libbretihe upper boundary condition is obvious.
1988; Duvall et al. 1991; Elsworth et al. 1993). Both the peak Antia & Basu (1999) have calculated the separation
frequencies in the high-frequency spectrum andthreodes (v,41,, — vy,;) Of the observed frequencies between adjacent
at low frequencies obey trsamedispersion relation (Duvall's modes. In the domain of the frequenci&$—6.0 mHz these
law) which is derived for th@-mode acoustic cavity. separations show some remarkable deviations from the normal
If low-frequency waves are really turning back totally fronbehavior. We think these deviations are caused by the abruptend
the lower boundary of the photospheric barrier and if for higlof the photospheric barrier due to the atmospheric structure.
frequency waves this turning point is abruptly shifted up to Some other observational facts concerning the low-fre-
CCTR, a sharp change in the ridge structure around 5.5 mélzencyp-modes require a theoretical treatment too. The in-
must be observed. Such a conclusion can be drawn as the eid@mation about the atmospheric behavior of waves is mainly
frequencies are very sensitive to any shift of the turning poinextracted fron{V — V") and(I —I') phase spectra. The results are
However, such a sharp shift of the turning point up to abosbmewhatinconsistent, but on the whole the observed waves are
2000 km s not present in the observed spectrum githodes. either standing or progressive, depending on the heights where
the lines are formed and on the frequency of the observed os-
cillations (see, e.g., Fleck & Deubner 1989, Muglach & Fleck
1999). Thep-modes are detected at almost all levels of the at-
The next established fact derived from observations is absenuesphere. For example, upward propagating waves have been
of eigenmodes of the chromospheric cavity in the power spaesbserved in the photosphere by Staiger (1987) and by Fleck &
trum. These modes should manifest themselves as horizomalbner (1989). The propagating behavior of 5-min oscillations
bright streaks in the frequency range< 5.5 mHz (Duvall et has been detected in the upper atmosphere and CCTR (Baudin
al. 1991; Fernandes et al. 1992; Kneer & von U@kk993; von et al. 1996; Steffens & Deubner 1999). Power spectra for the
Uexkilll & Kneer 1995; Al et al. 1998). Variations of intensityintensities of several lines formed in the upper transition region
and of the profiles of 19 ultraviolet lines have been observed inpthe 2—5 mHz range with the largest power peak at 3 mHz were
SOHO/SUMER, but no evidence of the existence of the chrobserved by Doyle et al. (1998).
mospheric modes was found (Gouttebroze et al. 1999). Another problem is why for the high-f-modes we have
The chromospheric cavity is located between the photo? + gk, . The deviation from the classical dispersion relation
spheric barrierand CCTR (see Fig. 2). If the photospheric barrezuld be due to the influence of a random flow (see Murawski
and CCTR would be ideal reflectors, then the eigenfrequencB300 a, b; Medrek & Murawski 2000, and the references given
of the chromospheric cavity should be located in the rangeere).
2 £ v $ 6mHz. However, due to the limited widths of the  The problems mentioned above prompted the idea that the
photospheric barrier and of the chromospheric cavity only tfgrmation of the whole range (2—10 mHz) of observed frequen-
firsttwo modes could be excited (McKenzie 1971). These modses of the oscillation modes is based on the same mechanism.
correspond to the upper part of the potential barrier, where @bviously transmission of low-frequency (< 5.5 mHz) p-
width is narrow enough (comparable to or less than the wavaedes through the photospheric barrier is significant. Waves
length). That means, it becomes doubtful whether the wavgstially passing through the barrier and reaching CCTR extend
moving downward from CCTR are reflected from the barrig¢he width of the main cavity which should lead to a decrease of
and become trapped. Deubner & Fleck (1990) suppose that tieeigenfrequencies. Thus, there arises the possibility to get the

1.2. The chromospheric modes
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observed frequencies pfmodes without changing the standar&ect. 7 a table of the calculated frequencies of radial waves and
solar model. Some authors tried to explain the frequency déseomparison with the observed frequencies are presented. Fi-
crepancy between theory and observations by the influencenafly, in Sect. 8 we discuss the possibilities for a further devel-
turbulent convection (Rosenthal et al. 1998hner & Ridiger opment of the theory of-modes and of the upper boundary
1999, Gabriel 2000). condition.

In the present work we develop an asymptotic theory of
adiabaticp-modes in order to clarify the role of the solar atmoy |sothermal layers model
sphere in the formation of resonant frequencies. The asymptotic
formula for the eigenfrequencies has first been derived by Va#sing a simple model with isothermal layers (temperafire
dakurov (1967) and further extended by Tassoul (1980). Daenst.), we will investigate in this section what we can expect
to the frequency discrepancy problem the asymptotic theorywifien the tunneling of waves through the acoustic barrier is
p-modes has been further developed, e.g., by Tassoul (19%8ken into account. Fig. 2 shows that in a realistic model of the
Roxburgh & Vorontsov (1994), and Willems et al. (1997). lisolar atmosphere we have a variety of cavity-tunnel structures.
these papers a second-order asymptotic theory for the adiab&tioplifying the situation, let us consider an atmosphere con-
oscillations of low-degre@-modes avoiding the Cowling ap-sisting of three isothermal layers with different temperatures
proximation has been considered. The influences of the lodal 72, andT3s, where the middle layer is cooler than the upper
effects of gravity and of buoyancy forces on the acoustic wavasd lower layers]> < T 3. The corresponding constant sound
in the solar core (the curvature effects) have been taken isfeeds obey the same relatiep:< c; 3. This case is chosen
account. As a result, the time needed for an acoustic wavel@animic the solar atmosphere with a temperature minimum re-
propagate from the center is increased, and the inner boundgign. The ratidlz /T in the real atmosphere could be smaller
of the acoustic cavity is displaced slightly towards the cent@. larger than one. We use a Cartesian coordinate system, with
Thus, the frequencies gfmodes are decreased. However, fdhe origin of thez-axis at the boundary between the first and the
the normal solar model the second asymptotic approximatigigcond layer. The-axis is pointed upwards against the gravity
of the eigenfrequencies do not lead to satisfying results. In tge= const. The width of the middle layer is finite and is de-
authors opinion this is caused by the influence of the surfageted byz;. Then, for small-amplitude adiabatic perturbations

layers of the Sun. in isothermal, plane-parallel layers the vertical velodityis
It has already been mentioned that the complexity intrgiven by Stix (1989):

duced by the consideration of the atmosphere in the analytic 1

theory ofp-modes is caused by the appearance of several cavi-~ exp [—zwt + (2H + ik ) ] (1)

ties and barriers with different thicknesses. As aresult of the tun-

neling the waves should reach CCTR. The phenomenon of wavieerew is the angular frequenc¥ is the pressure scale-height,
tunneling has already been studied by Lamb (1908) pfim@de andk, is the vertical wave number,
energy leakage into the coronahas beenconsideredbye.g.Ando  ,

& Osaki (1977), Ulrich & Rhodes (1977), Balmforth & Goughy2 — “~—“e | 2 (22 1) , 2
(1990), and Milford et al. (1993). The dependence-ahode ¢ w

frequencies on the atmospheric temperature has been investi- 2 c r

gated in several papers, e.g. by Evans & Roberts (1990), Hidfl-= —, w. = — = ﬂ, N=(T - 1)1/2 g

man & Zweibel (1994), Christensen-Dalsgaard & Thompson 119 2H 2 ¢

(1997), and Steffens & Schmitz (2000). Most of these authasgerew,. is the acoustic cut-off frequenayis the adiabatic sound
assumed analytic temperature profiles for a polytropic, isothepeed, N is the Brunt-\&isala frequencyl'; is the adiabatic
mal and plane-parallel atmosphere. This assumption seemgxgonenty = 0, 274 km/<?, k2 =1(l+1)/R2 is the squared
be justified for high-degreg- andp-modes. horizontal wave number, aniais the spherical harmonic degree.

In the present work the eigenvalue problem is solved for |n the isothermal layers mode} corresponds to the sound
a realistic model of the solar interior and atmosphere with &lpeed at the temperature minimum. Epit is chosen the value
possible kinds of turning points. In Sect. 2 we will discuss basif the sound speed at the level from which the waves are re-
features of the problem using a simplified model of isothermgécted for a given frequency. So the conditionx(w Pl’w?:s) <
layers, where the role of wave tunneling in the frequency shifts < w2 is supposed to be satisfied. Herg CZ, andw
is shown. The main equation for the adiabatic sphepigabdes  are the squared cut-off frequencies in the correspondlng layers,
in the Cowling approximation, including the curvature effectsor whichw., > w., , are fulfilled. Hence for low in the lower
is derived in Sect. 3. In Sect. 4 the new locations of the turaind upper layerks? > 0 (oscillatory behavior), and in the mid-
ing points are discussed, when the tunneling of waves througle layerk? < 0 (evanescent behavior). As a consequence of
atmospheric barriers is taken into account. For high harmoniggt an evanescent zone (tunnel) is settled between two propa-
the asymptotic solutions are derived (Sect. 5 and Appendix), ajition zones, where the wave amplitudes are exponential func-
using these solutions the eigenvalue problem is considered. fiBas of . Let us assumé? = k2|._.,, k3 = —k?|.—.,, and

integral dispersion relations for the complex elgenfrequen0|@§ E2|c—c,. Herek? 2.3 > 0. Then, the solutions in the three
of radial and non-radial oscillations are derived in Sect. 6. |8yers can be written in the form:
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V., = (Creth1? + Che™th12) e2/2H1 | 5 <0, (3) whereC =const. Hence, we see that the last node is located

V., = (Dlek” +D2€—k2z) e/2H 0 <5< 2, (4) at the turning point; = —ry, an.d at the interfacez(= 0) the
(ikst1/2Hs)z waves have a maximum amplitude. From EQE. (6) and (8) we

Vg = Me™ e Z 2z () derive the transmission condition

HereC\, Cs, D1, Do, andM are arbitrary constants which can 1 —tanh(koz)

be determined by the boundary conditions. Our task is to con-F'(w) = f(w) — (1 +ia) 1 — iatanh(kazt) =0 (10)

sider the waves incident from the first layer to the evanescent _

layer, the reflection, and the tunneling of them to the upper Iayer.f(w) = 1+ boot(kury). (11)

In the case of infinitely broad tunne(s; — oc) we must as- The condition Eq[(10) has complex roots only if the width of

sumeD; = 0 to satisfy the regularity of the solution. This cas¢he tunnel is finitew = w; — iws with we > 0. The real part

is the same as that in the usual asymptotic theory-mfodes of the frequency depends on the cavity structure; it is defined

without taking into account of presence of the atmosphere. by the width and the equilibrium model of the cavity. Similarly,

this case the waves are totally reflected from the evanescir@imaginary pard, is a consequence of wave tunneling. We

zone. Of course, in this case for the real Sun[EBg. (3) is replagah choose; for the eigenvalues af; such that the condition

by a more exact solution. Here a finite tunfel < oo) willbe  |R| < 1in Eq. () is satisfied. That means that even for a wide

considered. tunnel| 2k22; |> 1 we can expect a stronger transmission of
First, letus consider free (not trapped) oscillations in the firgtave energy through the tunnel.

layer. To find the reflection coefficiedt = C>/C, we have to As already mentioned the role of the atmosphere is excluded

compare the amplitudes of incident and reflecting wa¥gs (in the standard asymptotic theory by assuming total reflection

andCs) with the amplitudes of the outgoing wav&/() in the from the barrier which corresponds tp — oo. In this case

upper layer. For this purpose we use the continuity condition f6r; = 0 in Eq. [4). Then, from EqL{10) we obtain

the flux of mass and for pressure at the interfaces ) andz =

z): {pV.} = 0and{p} = 0. Here{a} denotes the difference off(w; =0 (12)

the variable: at the interfaces. For linear waves these conditions A root of this equation is denoted hy; to distinguish them

are reduced t§p,V.} = 0 and{4=} = 0. Matching solutions from the common root whenz; # oc. For the real Sun the

(3)—(5) at the interfaces, we have the relations lower isothermal layer is replaced by the internal solar model,

Cy w+Dy/Dy Dy 1+ia and the functiory (w) in Eq. (1) is replaced by

-_—_— - = 672k22t
Cl 1—|—wD1/D27 D2 1—1a ’ Re 1
1+ib Ts ks T &y fwo) = / k. (wo, l;r)dr — (n + 2) : (13)
b Tk T ok "

wheren = 1,2, ... are the orders of the spherical harmonics and
r = Rg + 2. A detailed study of Eg[{10) is not necessary as the
isothermal layers model is a very crude approximation for the
solar atmosphere. Based on Efs] (10) (13) it may be shown

For a wide tunnek.z, > 1 we getR =~ w and hence the
reflection is total| R| = 1. However, for a narrow tunnéR| <
1. In the particular case df, = T3 we havea = b. Then, from

Eq. (8) we get how the eigenfrequencies change when the tunneling of waves
R?=1— 4a? @) is included. It is clear that the frequencies will be altered only
(1 + a2)2sinh?(kyz;) + 4a2’ slightly. So, we can define = w, + dw, Wherewy is a root of

Eq. [12) without tunneling, anldwy |>>| dw |. From the Taylor

In the limit k2z; — 0, |[R| — 0, and if k22 > 1 we have
(wo + dw) we have

|R| — 1. That means, a part of the energy of the incident wavE¥Pansion of”
is tunneled to the upper layer. For frequencies, w., when F(wp)

ko — 0 a considerable amount of energy is tunneled even if the ~ — oF | (14)
tunnel is wide. Gu Je0

Now let us consider the case when the waves are trappe®#ing the simplifying condition Ré-z;) > 1 we have
the bottom layer. In the case of nonradial waves there exists an 1+ia 1
inner turning point: = —r¢(w, 1) below which the amplitudes 0w ~ 7—— [1— tanh(kﬂt)]m’ (15)
of waves tend to zero. For the radial oscillations this point is 5 R G2 N2/t
the center of the Sum; = R. Using the conditioV,, =0at 2F i|w ~ wo/ 1 - S/N*/wg dr > 0. (16)
z = —ry, We get from Eq[{3) o7 Gu T c?k,

Cs S; isthe Lamb frequency. Here we are interested in the function

_ Y2 —2ikyr
R=G ¢ : @) Re@uw(wo)) only. Itis defined by
For real frequencies this means a condition of total reflection 2 _ 2
. . . 2 T3 W w03

of waves from the inner level§iz| = 1. For the eigenfunctions R&(0w) ~ 1 —a” =1~ -~ ———5, 17)
we have 2%, — %0

sin [k1 (2 + 7)) . jom, wherew?, < wj < w?,. It follows that for low frequencies
Vo =C ’ ©®) of the p-modeswy — w.,, we have R&w) > 0 and hence

sin (ky74)
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w > wg. This means that the effect of tunneling is to increaddere the gravitational acceleration satisfies the Poisson equa-
low frequencies. As a consequence of that we expect a diffédon: dg/dr = 4wGp — 2g/r, whereG is the gravitational con-
enceA = (weps — w) < 0, wherew,,s is the observeg- stant,1/H = —dlnp/dr is the inverse density scale height,
mode frequency. For high frequencies — w., and we have andc? = I'p/p is the squared sound speed.

Re(dw) < 0andw < wp. This meansthatthe effect of tunneling  We want to construct an equation of second ordé {n),

is to decrease high frequencies, ahd> 0. As it is expected, which is free from an internal singularity for smallerFrom

this effect grows with frequency. Eq. [20) the variable’(r) can be eliminated to get

For the frequency? = w?2 T»/(T» + T3) Re(dw) = 0. For 22 2 2T 24
the temperature minimum regidn = 4170 K, c; = 6.7 km/s, ¢, = _9 (12 -4+ —=t+ ) U, (21)
andw,, = 3.4 x 1072 s~ L If we takeT3/T> = 4.78 (be- § w g gadr
ginning of the temperature plateau at the base of CCTR), wé. 1, , AT A d

2 1 7:*(“} _g)gr'f' 1-T'v+——+——F+ |1,

have R¢jw) = 0 for the frequencyw = 2 x 107 s dr Iy gdr
(v = 3.3 mHz). s = dw’rg — (1 +1)g* + w?r? (w2 — 47 Gp) .

In this section we have shown, on the basis of a simple
isothermal layers model, that taking an influence of the atmgl2 = l(ﬂ%l)é is the squared Lamb frequency akd = g(%_
sphere on the-modes into account has a great chance to solvg) is the squared Brunt-Vaisala frequency. Inserting the first of
the frequency discrepancy problem. According to such an agys.[21) into the second one, we elimingteand obtain an
proach low frequencies are increased while high frequencies arginary differential equation of second ordetitr):
decreased. A crossoved(~ 0) occurs atv ~ 3.3 mHz. The ,
subsequent sections are devoted to a more accurate calculdtio) + f1U'(r) + f2U =0,
of the frequency changkv for a real solar atmosphere model.

(22)

4 4’ !
filr)y = =+ (v 4) —i—ﬁ+81’
3. Basic equations rooope §
w? S? N?
We use the equations of hydrodynamics which describe the dstr) = =2 [1 T2 (1 - w?ﬂ + €2,
cillations of a star in the case of a non-magnetic, self-gravitating ) ,
system; we consider linear, adiabatic waves in a non-rotating, -, — 15 8nGp— 49 _ o5
. : . . . €2 2.2 ap 9
convective-free system in the Cowling approximation. The Eu- cw
lerian perturbation is denoted by a prime, while the Lagrangian 1 s
trb \ +—[ 1-H,-L)>
perturbation is denoted by a symldoWe write H, T, ) s
2 /(2 I 4G
op _ _1dp (= —r4om, L) - 24T
. . . /1 2 Iy
wherep denotes the densitythe pressure, and the fluid velocity +Hpﬁ A + T },
p 1
is written asv = %—t. ? = (&, &, &) is the displacement 1 ldp _ r 9
vector. H,  pdr L

For the basic equations a separation of all variables into _ . _ o
radial and angular parts in spherical harmonics is possible in Unless stated otherwise the prime will denote a derivative:

the form U'(r) = 9Z. The second order differential equation for the
‘ variableU (r) has already been derived by Lamb (1932) for
p'(t, 7,9, 0) =p (r)Y™ (9, ¢)e ™", (19) the propagation of small-amplitude spherical waves in an at-

mosphere withy =const,I'; =const, and without curvature
wherel = 0,1,2, ... is the degree of the spherical surface hagffects. Our Eq[(22) is a generalized Lamb equation, including
monics andm = 0,+1, ..., £l is the azimuthal order of the cyryvature effects, especially close to the core of the Sun. Our
harmonics. Here we use the same symbols to denote the raﬂiﬁbose is to consider the eigenvalue problem for[Eg. (22).
parts of the variables. Working out the equations, we obtain a The theory of eigenvaluesis usually based on a consideration

set of ordinary differential equations as follows: of a homogeneous equation of the form
pg&n — pPU = 7, LU(r) = w?B(r)U(r), (23)
—w2, + l‘% +g <§; — U> =0, (20) where for an equation of second order the operator is
d £,

) . LU = ay(r)U" () 4+ ay (1)U’ (r) + ao(r)U(r),

wherea (1) are smooth functions. A solution of the eigenvalue
d ( 2dp’) I W' problem provides the eigenfunctiobr) #+ 0 and eigenval-
— p .

N
4
_
I
e}

uesw? satisfying the linear differential E4_(23) and the given
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boundary conditions. With real coefficienig(r), and under To describe the dependence of the variables on height, we
the conditionsuz(r) # 0 andai(r) = ab(r) the eigenvalue use another local atmospheric coordinate system with the axis

problem with linear boundary conditions of the type: 7 directed upwards from the surface of the Sun. Thus we have
, r = Rg + z. The normalized independent variables are=
aU(r1) + AU (r) = 0, 1+ % 2 Wherer, = £ andz. = z/h. Hereh = 2176 km
asU(rg) + BU'(r2) = 0, (24) is the geometrical extent of the VAL3C model from the surface
of the Sun.

loa| +161] > 0, ao| + |B2] > 0, a1, =const,f,,, =const, Inthe asymptotic theory of solarmodes Eq[{26) is usually
is turned into a self-adjoint (Hermitian) problem of the Stum‘apphed withoutz, i.e. it is assumed th"’W(Q’ > |¢| (Gough

Liouville type, wherefr, ] is the integration interval. For the 1 ggg. christensen-Dalsgaard 1994). The solution is derived
Sturm-Liouville problem the eigenvalues are always real. for the equationY” + K2(r)Y = 0, where the condition

Our boundary value problem on the base of Eq. (22) cannotAQ = 0 defines the turning points, that means the bound-

be turned into a Sturm-Liouville problem due to a singularity %tnes of the-mode cavity. Let us estimate the accuracy of such
the center = 0 and atr = r,, wheres (r;) = 0. This means , agqumption. Near the solar cerfier 0), wherep ~ pe; =
that, as we will show below, near the central singulafity> 0) 5 alen?, d4rGpe ~ 2 x 107152, g ~ dmpe,Gr/3, we ob-
the solutions exhibit a power-law behavier (') but not an tain 47Gpgs /w0 9 1 for the 5-min OSCIllatIOI’(lDS Soy ~ wir?
exponential one which is is required for boundary condltloqgrl 0 a%ds ~ —whr22 for | # 0.
(24). Besides, for this problem the coefficients of the operator Near the solar surfacér — Re ~ 7 x 10°km), where
are functions of the spectral parametér When the operator g ~const,p < 10-8glen?, anddrGp/w? < 1011, we have
L depends on the spectral parameiérthe problem is hard to ~ w4R2 for I < 103. Hence it follows, that for small the
solve. For some special cases, this problem has been consi urﬁgtlons ) cannot be null, but for larg&the functions ()
by e.g. Tamarkin (1928), Langer (1930), and Keldish (1951). '{ nges |ts S|gn and has a zero at r,. In Fig. 1a the function
a consequence of that our linear eigenvalue problem formul gg is sShown forw — 2 x 10-2s—1 Tt is clear, that inside the
by Eq.[22) and by appropriate physical boundary conditio
should generally have a spectrum with a set of complex valu
w2.

It is convenient to define:

ns 7& 0fori < 20, butthere exists a zero of the functiefr)
¥&ar the center of the Sun for large 20. With increasind this
zero is shifted towards the solar surface. For instanceé £020
we haver; ~ 0.15Rg, butrs ~ 0.75R, for [ = 500. We have

Vpeir? a zero of the functios (r) in the atmosphere fdr> 1000.
Y(r)= NG u(r). (25) The conditions (r,) = 0 defines an internal singularity
) . of Eq.[26). Thus, the assumption that Eq. (26) Yo(r) has
Then, from Eq/[(22) we get our basic equation: no singularity (Gough 1986; Christensen-Dalsgaard 1994), is
" 2 _ correct forl < 20 only.
Vi) + (K2 +2)Y(r) =0, (26) In Fig. 1b the relatior|e/ K 2| for the 5-min oscillations is
where: shown. We can see that the contributionedf) in Eq. (26)
5 5 o 5 becomes significant close to the zeros of the functiigr)
K2 — % [1 _ ‘i; _ S% (1 _ NZH , and s (r). In the outer part of the Sun this ratio is smait (
¢ weoow w 3-1072) for all I < 10%. Hence only in a qualitative analysis
. <1 dH) the functiore (r) can be omitted in Eq_(26) in comparison with
T amr\" Tar )’ K2 (r).
e [ 2 1, In the outer part of the Sun (> Ry) we haveK? ~
e=e—- <H + 61) = 5e1(r)- (27)  (w? —w?) /c* for low L. So the solution is defined by the cut-

off frequency and the behavior of the solution depends on the
For the integration of this equation we ne&d(r) ande(r) sign of the difference? — w?. Forw? > w? the solution will
profiles. We have used a standard model of the internal structaseillate. But forw? < w? we get an evanescent behavior. If
of the Sun (Stix, private communication; Stix & Skaley 1990e radial widths of the oscillatory and the evanescent zones are
and the semi-empirical atmosphere model VAL3C of Vernaz#aite we will call them cavity (transparent) and tunnel (opaque),
et al. (1981). A combined model for the Sun, valid from theespectively. For a fixed frequency and wave number a tunnel is
center up to the corona, was constructed by a smooth fittingle¢ated between two cavities.
both models at the depihf R, ~ 0.9971. In this procedure we  InFig. 2the heightdependencesf () is illustrated, show-
fitted the thermodynamic variables and their first and secoing clearly the influence of the chromosphere on the formation
derivatives which are required in EB.{26). The extrapolation of the wave structure. In dependence on the gradient of the tem-
the atmospheric model to the upper CCTR and the lower corgparature some extrema arise in the functign(z) andw? be-
regions has been done using the method developed by Stateiges negative in the upper chromosphere wiiiere 7000 K
(Staude 1985; Obridko & Staude 1988). The solar ‘surfacas well as at the temperature plateau in the transition zone at
r = Ry is defined at the photospheric depth whére: T, = 1 ~ 23500K.
5770K, that is at an optical depth of) ~ 0.3.
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1.5 —r -’ 1 * T ‘* ‘* ‘* T r T T 1T T T

- a 1 Im{s(r,wi,n)} = —r*widn (w% + 22 — 27er) . (29)

- 1 Itis clear that at* < 0, # 0 we have Ims(r) # 0. That

i 1 means, for complex frequenciés + 0) the condition for the
singularity|s(r,)| = 0 is not satisfied for any or .

4. Where are the turning points?

This problem was already considered in our earlier paper
(Dzhalilov & Staude 1995), where the tunneling of waves
through the acoustic barrier into the atmosphere for non-trapped
oscillations was investigated. It was shown that the waves pene-
trate into the barrier upwards to some height and remain progres-
sive, which should extend the size of the inner acoustic cavity.
Here, we shall consider a similar task, taking into account the
existence of the turning points for tpemodes in the real solar
model. The question arises, how do the turning points change by
n # 0? Without the tunneling effecy)(= 0) the turning points

of Eq. (26) are defined by the roots of equatigh(r; [, w) = 0

LI S B B L B

0.2 (Stix 1989). For highw the conditionv? =~ S7? defines the level
- of the inner reflection:
X
> re = V(L + 1)e(ry) Jw, (30)
0.1

andw? ~ w? corresponds to the surface turning point for low

Here, our qualitative analysis will be done without the cor-
rections connected with the ters(r) in Eq.[26). Forp #+ 0
two types of turning points exist:

T R S R A A S R NI AR A A

0.0 N
0.0 0.2 0.4 0.6 0.8 1.0 1. RK?(r)}=Im{K?(r)} = 0 — a ‘total’ turning point;
r/Ro 2. RgK?%(r)} #+ 0, Im{K?(r)} = 0 — a ‘transition’-type
1.2 turning point.

Fig. 1. a The functionso, wheres (r,1) = w*r‘s, (r,1), for I =
0-1000 andw = 2 x 10~*s ", plotted against the fractional radiusyyhile constructing the solutions of EFL{26) we shall see, why
r/ R inthe solar interior The functiore (r, 1) (traditionally omitted - these equations define the turning points. Now we consider, at
in the governing equation) in comparison witft (r, 1) plotted against y hich circumstances these conditions are met. Instead of the
r/Ro for the cases =0, 10, 100 andw =2 > 107%™ conditions R¢K2} = 0 and Im{ K2} = 0 we can write the

equations:
For all frequencies below 6 mHz an additional cavity exists ) .
at the ba}se of CCTR. The width of this chromospherlc.cawgyz —w?—w?— 52+ S2N? Wi T W 5 =0, (31)
grows with frequency. Between the chromospheric cavity an (W? + w2)
the inner cavity the tunnel with a complex structure is located )
at the photosphere. For some frequencies (e.g+, 5.5 mHz) SiN -1 (32)

an additional cavity with narrow width is possible in the regioriw? + w§)2
0 < z/h < 0.15. For higher frequencies/(> 6.5 mHz) the ) . )
atmospheric tunnel disappears at all and the waves can propa%]atgq' (32) is a necessary condition for the existence of both
through the atmosphere up to CCTR. ypes of turning p_omts. .From this condition |t_ follows imme-
To account for the damping we admit complex frequencigéately that a turning pomt'cannot be Iocgted in the convective
zone asV? > 0 must be fulfilled. The solutions of EqE{81] 32)
w=wy —iws =wi (1 —in), n>0, (28) for w? andw? yield

where the imaginary part of the frequengy > 0 causes a de- 4w? = 25N + 57 + w? >0, (33)
cay of the oscillations with the damplng raje= wo Jwy #£ 0. dw? = 2SN — 2 — w2 > 0.

Now for  # 0 the problem of the singularity of Eq(26), > b Te=
wheres (r;) = 0 at realw, is not important for largé. As For the radial mode§S; = 0) these equations change into
w? = w} (1 —n* = 2in) =~ w} (1 — 2in), where the condition 4w? = w? and4w3 = —w?. This means, that for radial modes
of smalln? < 1 due to the tunnel effect is assumed (this ashe necessary condition for the turning points is not obeyed. For
sumption will be applied in all qualitative analyses), we get faronradial modes+ 0 the conditions EqL(33) might be fulfilled
the imaginary part of the function(r, w) if
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Fig. 2. Dependence of the squared cut-off frequency on the height (normalizee 1176 km) of the atmospheric model VAL3C. The hatched
domains are evanescent zones through which a tunneling of waves occurs. The wide chromospheric cavity a) and the narrow CCTR cavity b)
arise due to the sharp temperature gradients in the atmosphere. The right-hand ordinate/@ivés mHz to identify the boundary of the

opaque zone for a given frequency of fhenodes. The surface of the Sun= R) corresponds te = 0.

S? + w? (34) Curves at their zerasd; = A, = 0) correspond to three ‘total’

25N turning points which occur at the boundaries between CCTR
barriers and the cavities (see Fig. 2b). Sharp changes of the func-

Fig. 3a shows regions where this condition is satisfied/For tions A; » (2) near their zeros are responsible for the existence

10 the curves cross the dashed< A < 1 area always at the of turning points for all frequencies < 10 mHz, whilen? < 1

base of the convection zone, ~ 0.68. However, determining there. For frequencies < 10 mHz the positions of the turning

w; = 27w forl < 10 atr, ~ 0.68 from Eq.[33), we get points are practically independentofindi. They are defined

v < 0.6 mHz. This means, that a ‘total’ turning point for thepy the positions of the strong temperature gradients and the

p-modes cannot exist in the solar interior. Only jemodes this plateau off” in the upper chromosphere and CCTR. Approxi-

condition can be met at the lower boundary of the convectivgately, these points are settled at the levels whgrg ~ 0.

zone. These levels are very close to those wHElez) ~ 0.

Fig. 3b illustrates a dependence-fn the height in the We must emphasize that we defined the places of three
solar atmosphere. For dllthe curves cross the lind = 1 ‘mathematical’ turning points which obey EG-{33). We will see
four times in the region extending from the upper chromosphetgther that as a consequence of tunneling the only physically
to CCTR. The estimate af; from Egs.[(3B) shows that for justifiable pointis the last one,= r,, that s close to the corona
the whole frequency range pfmodes (2—10 mHz) the ‘total’ and not connected with the existence of a temperature plateau.

0<A<1, where A=

turning points can be located in CCTR. Nevertheless, the cascading character of the upper turning points
in the CCTR creates favorable conditions for the accumulation
4.1. Upper turning point of wave energy in a very narrow layer. This accumulation can

be of great interest for heating the upper atmosphere.
So far we proved that condition (34) for the existence of ‘total’

turning points is satisfied in the upper solar atmosphere o
Where are these points located?

In Fig.4 the curves for the quantitied, = 4wi — Let us now consider a formation of ‘transition’-type turning
(2SN + 87 +w?) and Ay = 4wl — (25N — S} —w?) points which are defined by the equation (/2 + ) = 0. For
which follow from Eq.[33) are shown. The crossings of these

nJlYZ. Lower turning point
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Fig. 4. The locations of the upper turning points in CCTR, determined
by the conditions4; = 0 (solid curve) andd, = 0 (dashed curve).
The crossings of these curves display the places of the turning points
which are valid for the whole range of frequencies of h@odes.

1 whereg = g—; ~ By (L+2in), Bo = % < 1071, and
- L=1I1(l+1). Then, we get

1 L 31 w? SZN?

, : 2 ~_ 2 9L _ 2

L R e $e 2( o “*)’(37)
| wherep, ~1— & — LA i |1 - 183 > 1.

2L (1-163)*+0()’
Near the points, where Re} ~ 0, i.e. |1 - LGZ| < 1,
g ' we haveu, =~ 1. Itis clear that for alll # 0, p. is positive
andu, ~ 1. By this way the lower turning point is practically
defined by the condition

=}

Fig. 3a and b.Check of the necessary condition< A < 1, Eq. (34),

for the existence of ‘total’ turning pointst inside the Sunb in the

atmosphere. For thpmodes this condition is satisfied in the uppey 4 . g2 2. (38)

atmosphere, at the regiom < z/h < 0.95 only. ! !

Thus the condition IfiK2?} = 0 is defined practically by

. . . . the real part of the frequenay;. For the 5-min oscillations

thlsé purpose we have to investigate thg behavior 01_‘ the functle/n: 3.33 mHz) the position of the inner turning point is shown

(K* + ¢) near the solar center. We write the density-at 0 Fig. 5a. Here, the dotted curve corresponds to[Eg. (30) (the

in the following way: case ofp = 0), but the lower curve corresponds to EqJl(38)
(the case of) # 0). It is clear that due to the tunneling effect

, (35) the turning point lies closer to the solar center for lowefor
instance, for modes with = 100 the position of the turning

. L oint changes fron®.9R to 0.3Rs. Such a huge extension
whereps, ~ 150 g/cn? is the density in the solar center an g © © g

: f the main cavity must strongly influence the eigenfrequen-
f«l T%bv\?éehg\?gps’tgr)n: F_r?)rgrfge_zsl(ig n;ood eﬁgggg?dwsa??; forfies. In Fig. 5b the positions of the turning points for different
satisfy the conditiorl < d < 2. Comparing EqL(35) with the frequencies are shown as a dependenck oarresponding to

7 Eq. [38).
real mode_l near the center, we get- 1.938 andb - 59.448. Thus, thep-modes are trapped in the region in which the
The remaining quantities can be found as follows:

i lower reflection point is located below the convection zone for
o <RL®) g~ g'r, all 7 andv. For low! < 10 this level is close to the solar center.

,  4n . 5.2 N2 For alll andv the upper turning point is at CCTR.
g'(r) = FGpo = 4192 x 107757, v 0. Itis noteworthyrfcﬁat the Iogal?ions of the turning points can
be changed only slightly, depending on the choice of the depen-
dent variable for which the second-order differential equation
1 ( 4 3 I} ) (36) is obtained from the initial set of wave equations. However, the

Using these approximations we get

ER

T H 21— B2L + O(n?) turning points are determined in order to solve the eigenvalue



1136 N.S. Dzhalilov et al.: Influence of the solar atmosphere op-thede eigenoscillations

10 T T T 2 2
7 : 9 e = 2 Re{e}, & = —w—%lm{e}.
0.8+ v=3.3mHz | .
. 1 In particular forn? < 1 we have
r q 2 2 2 2 N2
16 w S SN
, 08f 1 oe~%(1-%-5, 50, (@0)
o 4 1 1 1
| f 2 [ SN?
0] T oamnS (-0, 41)
L i c w]
0ok ] Here, ¢, = const is the sound speed defined at the solar
Tt 1 surface. Henceforth, for convenience purposes the subscript
0o | atr, will be omitted. Instead of E¢[_(26) we have now the main

equation
! Y"(r) + Xq(r; A2, )Y (r) = 0 (42)

with ¢ = Q, + & — 1 (Qi + ;) = ¢ — iq;. For the range of
p-mode frequencies ~ 10%. As a consequence of that Eig.{42)
contains a large parameters 1. A study of this equation is
cumbersome becaugér, w) is a complex-valued function. In
the case of) = 0 the turning points of EqL{42) are determined
by the zeros of),. (r) (if some corrections due to the function

e (r) are excluded). In our case when# 0 the turning points
are defined by both functiong,. and ;. Settingq ~ const
the linear independent solutions of HQ.|(42) are expressed by
Yio =exp (iz’)\\/cjr). For the more realistic case @ const

the formal asymptotic solutions should be looked for (Federuk
1983)

0 200 400 600 800 1000
Y =exp

r/Re

OO L L L 1 L L L 1 L L L 1 n n n 1

l /T Z )\_kak(r)dT> . (43)

Fig.5a and b. The locationr; /R, of the inner turning point. The k=-1
results are shown as functions of the dedrie different frequencies
(in mHz) which are denoted by numbers at the cureethe case of
v = 3.3mHz withn = 0 (without tunneling — dotted line) ang+ 0

(with tunneling — solid line)b r; (I, v) for the case of) # 0. W' + W2+ \2q(r) = 0. (44)

The substitutiolV = Y7 transforms Eq[{42) to the Riccati
equation

_ _ o Putting Eq.[(4B) into Eq. (44) yields
problem and the eigenvalues (frequencies) of the initial system

2
are invariant (Federuk 1983). ad >
( ) Z AR (r) + ( Z )\kak(r)> +A%q(r) =0. (45)
k=—1 k=—1
5. Asymptotic solution _ o
Setting the coefficients of degrée” to zero, we get a set of

In order to construct the asymptotic solution of Eql(26) let ygcurrent equations for the functions , (r), ao(r), a1 (r), ...

rewrite it in the standard form. Having in mind high frequencieghe first equation from this set ig?, = —q. Hencea_, =
of thep-modes we introduce the formal large spectral parametey, /7. With a_, = +i,/g we get

A and the radial distance. normalized taR: )

9 9 . B ql ' B 1 q// 5 q/

A2 — Rwi = RL7 0471(7”)—@\/@@0(7")——@»Zal(r)—gﬁ Y

©

2 b
C
5 o ) © ) _ For all functionsoy, (r) the recurrent relation may be written as
ROK™ = XMQ =X (Qr —iQs),
Rie = N (e, —igy), ;

k
awn(r) = 5 | ai(r) + 3 aslran—(0) | (47)

] , (39) Inthe case otr_; = —i,/q in the last two formulag/q must
be replaced by-,/q. So, Eq.[(4R) has two asymptotic solutions

(46)

5 o w? S SIN? 1-—n?
QT:71_77_7_7+ 4 1 o2
wi wi wj (1+7) )
‘% Y, * {i'/\/r Vad
2 1,2 = exp (3 qar
C 4\/(»]

2N2
= 2 L\ 5
wi (147?)
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> A can apply a rigid boundary condition at the center— 0):
+ Z (£2) / O‘k(r)dr}' (48) &, (0) = 0. It follows from the first of EqQ.[(21L) thr;t at ~ )0
=t we havell’ (r) ~ —w?¢,./c2. So, for radial waves the boundary
These solutions are not valid at the turning peist ., where condition at the center is
qr = ¢q; = 0. At this point the roots of the characteristic equa
tion p> — ¢(r) = 0 coincide. The existence of the branch dr} =0. (53)
r—0

Re{ \/q(r)} > 0 in the complex domain is supposed. To solve
. ~ 2
the boundary value problem we must determine a small spec-AS for r — 0 we havep ~ const,c® ~ const,\/s ~ r

tral parameter). As a consequence of that the second terms ibfollows from Eq. (25) thatt” (r) ~ const- rU. Then, from

degree\~! in the asymptotic solutions should be retained. Lét9- Om) V\rlwe haveY” (r) — Y (r) = 0. SinceY” (r) is finite at
r = 0 we have

Pry—1- L (7 3, (A2 (49) Y (0) = 0. (54)
8\2g \ q 4 ¢2 '

Fitting Eq. [52) to this boundary condition, we have finally for

Then, the solutions may be written as radial waves
T C T
Yio~ g Yexp (ii)\/ JaP (r) dr) ) (50) Y = % sin ()\/ V4P (r) dr) , (55)
0
P =1 corresponds to the main branch of the asymptotic solwith only one integration constaat = 2iC, = —2iCs.
tions. For thenonradial wavesl # 0 the second term of (32) is
The asymptotic solutions of Eq.(42) which are valid at theregular at- — 0 and hencel; = 0. Then, we have

turning pointr = r, are derived in the Appendix. C

Y ~ 761)\ ‘l"'t ﬁP(T)dT' (56)

NG

6. Boundary value problem ) i i ) )
Let us consider the behavior of this solution around the turning

Onthe basis ofthe derived asymptotic solutions a global solutiggintr = r,. Inthe case of — r; we havey, ~ ¢.(r;) (r — ),
of Eq. [42) can be constructed. This solution must be regulgnr,) ~ const, andy, (r;) > 0. Hence, the main value of the
over the whole range of integration regidn< r < oo. solution(P = 1) of Eq. [56) becomes

~ i[>\0(7'—7't)2—w1t]—w2t
6.1. Solar center Vi~e ) (57)

— _Agi(r) :
Near the solar center, where— 0, Eq. [37) can be used andVheréXo = ;==-5 > 0. It follows that a wave front is

Eq. (28) is simplified. For radial waves both solutions of thidirected toward the center of the Sun fok r,. Forr > 7,
equation are regular atthe center of Sun. Hence, the radial waliswave front is directed toward the surface of the Sun. Here,
are reflected from the center of the Sun. In the case of nonradia# 7, iS a transition point between the waves with different di-

waves! #+ 0 the solutions are rections of propagation. Hence, the solution of Eq] (56) satisfies
S el A the central boundary condition for nonradial waves mentioned
Y= O+ Cyr. (51) above, but it is not complete in the ane& r,. For the last case

The requirement of regularity of the solutions at the centg}e solutions are defined in the Appendix. , )
~ We constructed the solution for the radial waves. This so-

0) results inC', = 0. This means that there is a turnin
(r = 0) 2 %Jtion is given by Eq[(55) which is valid for the whole interval

point atr = r; for the nonradial waves. This point is connected, . . E 6) i iate for th dial
with the appearance of the singularity at the Sun’s center. Thefntegration. al(56) is appropriate for the nonradial waves.

cation of this point is defined by E@.(38). In the global solutior;r, is solution is valid below the turning point< r.

in the regionr < r;, one solution must be retained only. This

solution describes the waves decreasing in amplitude and r@r2. Upper atmosphere

ning toward to center of the Sun. At> r, the common solution

must include both solutions: downgoing waves and outwardl_g?.

propagating waves which are reflected frem r,. ;
Now we write the common solution of Eq. (42) for bot

cased = 0 and! # 0 in the form

solve the boundary value problem a second boundary con-
on is required. Atr — oo the solution must be limited. In
hthe case of) = 0 the surface of the Sun reflects thenodes if
the conditionw? ~ w? is satisfied. In this case the exponential
decrease of the wave amplitude in the atmosphere provides the
Y g VA [yt VAP | o omin ﬂp(r)d”} . (52) second boundary condition. In the case 6 0 the upper turn-
ing point does not exist for radial waves and a cascade of upper

For theradial waves we have; ~ 0, Cy 2 # 0 in the turning points located in CCTR arises for nonradial waves. In
solution and itis valid for the whole rangemoincludingr = r,. this case it is natural to suppose that the waves are reflected
As the radial waves are reflected totally from the center vim the sharp gradient of CCTR when they partially pass to
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the transparent corona as outwardly propagating waves. AsWieere the normalized, ~ 1 + R . Taking into account this
frequency and hence the radial wavenumber are complex letgadition in Eq.[(5b), we obtain a complex integral eigenvalue
consider in detail waves which propagate in the solar coronaquation for the radial modes:

We consider an isothermal corona with the paraméfers

conste 2 x 105K, g = 0.274km/€, T'; ~ 5/3; ¢ ~ 100 km/s / JaP(r) (62)
P = poo€ ’”/H,% = qu ~ 5 x 107°km™1, w? ~
1076572, N2 =~ 6 x 10 652 N— ~ 1072 ‘“—g ~ 10—2. Here,n is the radial order of thp-modes.
Then, in the main equatiori” (r )_|_/\2qy( ) =0,¢ = const= Now let us consider the nonradial modes. The solution of
qr — ig;, Where forr — oo we have Eq. [42) which is valid at the upper total turning point is pre-
sented in the Appendix; it may be written as
2
w
~l-—<51, ¢=2n>0 58 Ai(— Al(—
qr w%N7Q1 T]> I ( ) Y:El Z( x)|:1_q)0 z( 'r):l
' (r) i(—x)
(_ "—
Y = (Clei)\\/@" +O267i)\\/§r) efiwltefwgt' (59) + E2BZ( .’E) |:1 o OBl( 1’):| , (63)
2 (r) Bi(—x)

We remind that here the normalized= r, = r/R is used. \wherer — (202/3 =\ [ /g dr, the function®q(z (7))

Taking into consideration thatq ~ /g, — 5 /= and requiring s defined in the Appendlx (Eq. (A29)) arid, , =const. Sub-
that in the corona only outgoing waves must be retained, igituting Eq.[(6B) into Eq[{G1) we define the relation between

Cs = 0, we have E, andE5;
E 1—0d
_ Wi wa [T o3 % 64
Y = Crexp i (r—ct) + = <qT ctﬂ. (60) 7, 1T o®oy (64)

Hence, it follows that at — oo the wave amplitudes become To obtain this re4|§13t|on for — 7q, 2(ra) = 0,2(ra) # 0,
infinite. Even for a coordinate system moving with the soun 0?0) @()(27()07 & andF (2/3)
speed}, = ¢ = r/t, a scenario does not change fpr< 1. B (o) = = V3¢ r(i73) are taken, wherg(a) is the
As as consequence of that linear waves cannot penetrate fB&mma funct|on Substltutlng the relatiéh / E5 into Eq. [63)
the isothermal corona. Similar conclusions can be drawn foaad taking into account the relation between Airy and Bessel
non-isothermal corona. functions (Abramowitz & Stegun 1984), we get
Gouttebroze et al. (1999) and Steffens & Deubner (1999)
have analyzed the velocity and intensity of oscillations in mote = £, /- {J1/3(C) — 0®goJ_1/3(C)
than 15 spectral lines. As they did not find any evidence of x (r)

oscillations for lines formed at temperatures higher than + Do/ [T_/3(C) + 0PooTa/3(C)] }7 (65)
10° K they concluded that the waves in the rag& mHz are
entirely reflected (or dissipated) by CCTR. whereE =const. Eq[{85) defines the eigenfunctions of the non-

As a consequence of that another boundary condition shorddial waves if the eigenfrequencies are known. To derive the
be applied in CCTR. Atotal reflection of waves from CCTR willlispersion equation for frequencies we have to match(EL. (65)
notbe employed, because the coronais notan evanescentinfigite Eq. (58) at the lower turning point= r,. Since we have
waveguide. It will be shown later that a flux of energy of waveg| > 1 for » — r, the asymptotic presentation of the Bessel

tunneling through the upper boundary is possible. functions for large arguments may be used|#g (¢)| < 7
The transition from the chromosphere to the corona is ac- )

companied by a sharp decrease of the density by a factor of .\ \/T _Am® -1 66

100. In such a case it is more natural to consider CCTR as a fré’é(o ¢ cos (ym) 8¢ sin (m) | (66)

surface, similar to the surface(of ghe ocean. At a free surface thﬁ:- ore (=

pressure will not be changeéL.;t‘t = 0 which corresponds to Ym =C— 7 —m3

' = pogt,. Taking this condition at CCTR, from EG.{20) we Then for Eq.[(6b) and its first derivative we obtain
haveU = 0. In a reality spherical surface gravity waves might = 3 a .

be forced at the free surface. For the free surface gravity wavésr) =~ E, 7\ =¢ (COSV + —sin 7) ; (67)
(f-modes) the conditiol/ = 0 is satisfied and the dispersion

rglatiqn iSwQ_: gk, . For forcedf-modes t.he dispersion rela-Y/(T) ~ g |t / (bmV + 22 s 7) bW

tion will be slightly changed antl 0. In this part of the paper z'(

we will restrict ourself to the conditioty = 0 at the surface.

Hence, from Eq[(25) we have a second boundary condition () =((r) = 127

=75 — VaPo(, az = 75 + /aPo( — /\f 2$'((:))
Y | =0, (61)
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Here, we retained the first two termsin'. The parameters Table 1. The radial p-modes: = 0
aig ~ A%, From the continuity condition of the solutions and

their derivatives at = r; a set of algebraic equations is derived v n wa n v n wa
[1HZ] [1HZ] [1HZ] [1HZ]
gl ]2 (cosv—&—msin'y) _ 27 (68) 12 1839.9 0.994E-03 1.83 44 5990.6 0.893E-03 5.35
z'(r) V m¢ ¢ v 13 1970.6 0.993E-03 1.96 45 6117.6 0.888E-03 5.43
T D) ) as - C 14 2098.6 0.992E-03 2.08 46 6244.5 0.882E-03 5.51
E\/x'(r)\/?c (Sln7+<0087> = zb%, 15 2229.1 0.991E-03 2.21 47 6370.7 0.876E-03 5.58
16 2356.5 0.989E-03 2.33 48 6509.4 0.883E-03 5.75

N7 M— . . 17 2489.2 0.988E-03 2.46 49 6626.2 0.880E-03 5.83
whereb = 1+ 557 - From this setof equations we geélyg 5539 1 0.987€-03 2.61 50 67555 0.878E-03 5.93
19 2759.7 0.986E-03 2.72 51 6884.0 0.875E-03 6.02

tam,_viberz/C g (69) 20 2896.5 0.985E-03 2.85 52 7013.3 0.872E-03 6.12
1—ia1/¢ 21 3033.8 0.984E-03 2.98 53 7209.8 0.868E-03 6.26
or 22 3171.6 0.982E-03 3.12 54 73422 0.865E-03 6.35

23 3308.3 0.980E-03 3.24 55 7473.8 0.862E-03 6.44

ra 1 1l-a 5w 24 3443.7 0.978E-03 3.37 56 7606.3 0.859E-03 6.53

(= A/ Vadr = o n——+nr 4+ 5 25 3572.6 0.975E-03 3.48 57 7737.9 0.856E-03 6.63
n - 26 3701.4 0.973E-03 3.60 58 7869.9 0.853E-03 6.72

— arctan (ia) + -, (70) 27 3829.6 0.970E-03 3.71 59 8002.0 0.850E-03 6.81
12 28 3956.1 0.967E-03 3.83 60 81355 0.848E-03 6.90

wheren = 0, 1,2, ... are the radial orders of themodes. This 29 4083.8 0.964E-03 3.94 61 8267.6 0.845E-03 6.98
equation is a complex integral dispersion relation for the eige:ﬁ)— 42118 0.961E-03 4.05 62 8401.2 0.842E-03 7.07
frequencies of nonradiagtmodes. It is clear from this equation 143353 0.956E-03 4.14 63 85332 0839E-03 7.16

. S 2 4460.8 0.954E-03 4.26 64 8666.8 0.836E-03 7.24
thatthe influence of the atmosphere orpthaodes is significant 33 45890 0.952E-03 437 65 8798.8 0833E-03 7.33

asa — 1for largeA > 1. 34 4718.0 0.949E-03 4.48 66 8932.4 0.829E-03 7.41
35 4847.3 0.946E-03 4.58 67 9064.5 0.826E-03 7.49
36 4975.8 0.942E-03 4.69 68 9096.5 0.826E-03 7.51
37 5105.9 0.936E-03 4.78 69 9227.0 0.823E-03 7.59
In this section we present the eigenvalues of the radial oscilg8- 5232.8 0.929E-03 4.86 70 9359.0 0.819E-03 7.67

7. Eigenfrequencies of the radial oscillations

tions. The displacement in the atmosphere( R,) may be 39 5359.0 0.924E-03 4.95 71 9491.0 0.816E-03 7.75
expressed by EJ_(21) as 40 5485.2 0.919E-03 5.04 72 96215 0.813E-03 7.82
41 5610.5 0.913E-03 5.12 73 9753.5 0.810E-03 7.90

1 g SZQ 1 dY | _it 42 5736.7 0.904E-03 5.18 74 9884.0 0.806E-03 7.97

&r = _T\/ﬁ 202 9H + dr € : (71) 43 5863.7 0.899E-03 5.27 75 10016.0 0.803E-03 8.04

Herer is not normalized. Substituting E§.(55) into Eq.](71) and
renormalizing the solution by replacing

C = —CR2h,/p./\ wherep, =const, we have Here, z.nq is the location of the upper tutning point at CCTR,
whereU (zenq) = 0 is fulfilled.

s 1/2 14 . it ot The complex eigenfrequencies of radial oscillations are pre-
& =Ch (p) q " [cos (x) —wsin (x)] e™*"e™**",(72) gented in Table 1. The frequency separations between adjacent
modes(v,,+1 — vy,) are generally arount8-132 Hz besides
P /2 o some bumps a—7 mHz. The latter could be due to a change
(*> g MY*sin (x) e~ “rte™#2t (73) in the structure of the atmospheric barrier at the position of
P the steepest gradient. Additional roots which would be a sig-
(74) nature of chromospheric modes do not occur. The imaginary
parts of the frequenciess=Im(w) grow with frequencyv. It

—ChR®w2

U =
2\

p/ = pg&r — pC2U, vy = —w§,,

is seen from Table 1 that additionally to radiative mechanisms

R "(z H H
wherew (2) = ﬁhﬁx% <%) + %) and the normalized inde- the losses of wave energy by tunneling through the atmosphere
pendent variables are connectedrat 1 + %z The eigen- are a significant mechanism for the formation of linewidths in
frequencies are determined from the equation the power spectrum gfmodes. After having analysed the case
X (2 = zend) = nm, where I # 0in a future paper observed linewidths (Libbrecht 1988)
. will be compared to the theoretical predictions.
x (2) = )\/ Vq (r)P(r)dr The relative discrepancies between the observations of Lib-
0 brecht et al. (1990) and our frequencies,

=A (/01 Va (r)P(r)dr + RLQ /OZ \/@P(Z)dz> -(18) 5y = (Vobs —Vth) /Vin,
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Fig. 6. Relative difference between the obseryeg,s) and the calcu- v, phz

lated (141 frequenciesor = (Vobs — 14n) /vin, @s a function o, Fig. 7. Sensibility of frequencies to the location of the CCTR. At the

for radialp-modes. Marks on the curves identify the places Ofdisc_reﬁ?otted values of.nq the calculated frequencies coincide with the
fre_quencnes. The dashed curve corresponds to the standarg ease: pnserved valuesiv = 0. The results in Table 1 correspond to a fixed
(without tunneling) + old formula Ed.(1.3) + inner standard solarmodgl 4 =1.04

up tor = R; the dotted curve corresponds to the same case as the

dashed cuve, but the upper part of the inner model was replaced by the i . .
lower part of the atmospheric model VAL3C to get a better fit of bothOF radial waves we have chosen a turning point where CCTR

models: the solid curve is the case where the influence of the whBis its sharpest temperature gradient, = 1.04 (at a height

atmosphere on the-modes is taken into account. of 1.04h from the solar surface). Inreality,g = zend () must
be considered. Further development of the theory is expected

to answer this question. Now we can see from Fig. 7 how very
are plotted in Fig. 6. All marks at the curves correspond to teenall shifts inz..q may influence the frequencies. The figure
discrete locations of the frequencies. First we have calculatsitbws the location of the upper turning point for the observed
frequencies by standard formula{13) (Christensen-Dalsgaagtillations. It means that for these values:gf; in the curve
1994) without including the atmospheric influence on the frgne discrepancy function is zeréy = 0.
quencies, using only the model of Stix (private communication) Now we can easily find the average flux of energy trans-
for the internal structure of the Sun. In this case both turningitted through the upper boundary, as all eigenfunctions are
points are located inside the Sun{ R) and the calculated known:
frequencies are real. The results are shown by the dashed curve 1
with squares. The second case is the dotted curve with stirs= C*wagh®p.+/| q | cos® (4goq + arctan 77> , (76)
where everything is similar to the first case, only the upper part
of the model of Stix is replaced by the bottom part of the VAL3@here ¢, is an argument of (zcna) : ¢ =| q | exp (ipg) -
model by fitting both models. Itis seen that such a change of thés clear that the transport of energy across the boundary is
model leads only to some parallel shift®f, and the discrep- connected to upward propagating, tunneling waveswjtk 0.
ancy problem remains. In the third case (continuous curve withis becomes clear if we introduce the eigenfunction of the form

crosses) we include the influence of the whole atmosphere, and 1/2
the upper turning point is located in the CCTR. & ~ —Ch <p*> g% x
It is seen that we get a strong decrease of the theoretical P _ 4
frequencies. This result is similar to that for our three layers (e X*sinx; + ie’X* cosh x2) e~ ™, (77)

isothermal model. After some oscillations around zero thef“%herex — \1 — ix2 has been used. In this equation the first
tion 6u_becomes positive for the high-frequeneynodes. _Th|s term corresponds to standing waves for which the locations of
curve is shown only_ up te- 4mHz_as we could not f'”d_anodes are determined by, — n, they do not depend on
table of observed higher frequencies. However, the main {gsq The second term corresponds to the propagating, tunneling
sult is the dlf_ference betwegn the dashed (only the inner S\fvraves. Using EqL{76) we can estimate the energy flux which
and the continuous (Sun with an atmosphere) curves and thejf, ,yes joose due to tunneling, as the observed amplitudes at
_dependence on. Thesg results for t_he radial waves could bﬁﬁe photospheric levels are known. Numbers will be given in a
improved l?y abandoning the Cowling approximation, as the, paper with calculations for non-radial waves.
conditionZ > 1‘%/ is violated close to the solar center.

An exact condition for the location of the upper turning poir‘g Discussion
for the radial waves does not exist (contrary to the lower turning
point for which the center of the Sun has been taken). For thmethe present paper we developed an asymptotic theory which
nonradial waves these conditions are defined by Egs. [33), (38)oo rough for calculating precise frequencies and comparing
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them with observations. In highly structured regions of the a&s the amplitudes of the fluid velocify, ~ 10cms™1) of the
mosphere with characteristic scalgs) () is the wavelength) p-modes are known at the photospheric level we can use our
the accuracy of our asymptotic eigenfunctions gets worse.digenfunctions (Eq.{72)) and estimate the amplitudes at any
such regions the subsequent terms in the series expansiors\a of the atmosphere. If we suppose that the observed ampli-
the solutions could in principle be taken into account. Howeveude is| viax |phot™ vo then we can define the constaifor
the contributions of these narrow regions to the integrals in ttiee amplitude, and as a result we have
eigenvalue calculation are insignificant. Nevertheless, we can 1/2
infer answers to the following questions: how are the frequeno,. | ..~ vo (p*) \ 4 |14
cies of thep-modes shifted by the tunneling of the waves, how e
should the upper boundary conditions be taken into accountfithe power spectrum of the 5-min oscillations is detected
more exact numerical calculations of frequencies, howthese fie-the evanescent zone (Fig.2) with the parameters>
quencies depend on the location of CCTR, and how the peak$.05,p. ~ 0.3 x 107 gecm3,w? ~ 107%s72, ¢, ~
at high frequencies become eigenfrequencies of the Sun sudh then we have in the upper chromosphere~ 0.8,p
as the low-frequency-modes? ~03x1072gem 3, w? ~107%s72, ¢~ 1, and| v, |max=
Now we will shortly discuss the approximations used in the¢1km s ' < vphase = ¢ ~ 10kms™t. It means that the linear
present work. The first approximation is that of adiabaticitppproximation is justified.
Dzhalilov & Babaev (1995) and Babaev & Dzhalilov (1996) The linear condition dv,. /0t |>| (v-V)v, | can be rewrit-
have investigated analytically the interaction of acoustic wavie as 9¢,./0r |« 1. At CCTRIE,./Or ~ sin(x) — 0, as the
with radiation for the Eddington approximation. It was showglispersion relatiory = n is obeyed. So, in the whole domain
that coupling of acoustic and radiative (thermal) waves occursdhintegration up to the CCTR we have linear oscillations with
a narrow region of the photosphere where the free paths of pholy a slight deformation of the wave profile.
tons are comparable to the wavelengths of the acoustic waves.In this way there arises the possibility of a conversion of the
At higher chromospheric levels the phase velocities of theggnodes into surface gravity oscillations. Unlike the free surface
waves are strongly different and acoustic waves become adjeavity oscillation (-modes) the forced oscillations are com-
batic again. This means the contribution of the radiative losggressiblediv - @ # 0 (but close to zero) and for the forced
is mainly affecting the decay raigof the p-modes but nov.  f-modesw? # gk, . The penetration depth of these waves
Hence the amplitude decay pfmodes due to radiative losse§rom CCTR downward toward the photosphere depends on the
and due to tunneling losses should explain the linewidths in thenode frequencies. The generation of forgethodes byp-
power spectrum. modes has a resonant character. This means, that the amplitudes
Then, the Cowling approximation is used. Pekeris (1938f these oscillations increase in timeast. Hence we have a
and Tassoul (1990) considered the full system with Euleria@asonable heating mechanismzbgnodes in the quiet CCTR.
perturbations of the gravity potenti&l - 0. We get a situation So we have a rather complicated wave structure in the upper
similar to that with radiation. The coupling of acoustic waveatmosphere: on the standipgnodes upgoing tunneling waves
with gravity perturbations is considerable only at photospheiid weak downgoing forcefl-modes are imposed. Observa-
levels. In the upper layers of the atmosphere the behavior of thims gave an evidence for such a pattern (for(fie- V') and
gravity perturbations becomes exponential. (I — I) phase spectra see, e.g., Fleck & Deubner (1989) and
For the solution of the boundary value problem we have usktiiglach & Fleck (1999)) and fow? # gk, for the f-modes
a free surface conditionliv - @ = 0, at the upper boundary (Antia & Basu 1999) in the whole upper atmosphere.
(CCTR). This condition followed from the fact that waves with  The eigenfrequency resulting from our present work are in-
a complex radial wavenumber (in physics such waves are cal@nplete, as the generation of forced gravity oscillations by the
inhomogeneous waves) may exist in a limited volume only. jrmodes in CCTR must be included. This will be the topic of
our case this means that we cannot use a radiation conditiofuture paper. Of course, our theoretical conclusion about the
for acoustic waves propagating upward into the semi-infinitehavior of the upper transition region between the corona and
corona. With increasing — oo the amplitude of linear waves chromosphere as a free surface needs support by observations.
increases. Then it was shown that the flux of energy transporteat this purpose it is sufficient to show that in the wave motions
by waves tunneling through the upper boundary is not zerf.the CCTR the Lagrangian density perturbatiépsre close
If the waves cannot run upward into the infinite corona in tHe zero.
linear regime, the question arises what should be done with this In the final figure we have shown that the eigenfrequencies
flux of energy. Two ways could perhaps solve this probleraf the p-modes are very sensitive to the location of the upper
If the amplitude of the waves in the upper chromosphere a@€ TR boundary. Hence a small shift of CCTR by solar activity
in CCTR is large, then a nonlinear mechanism of dissipatishould already lead to some variations of the frequencies of
must be included. In the opposite case (small amplitude) thecillations obtained from the quiet Sun compared to those from
generation of surface gravity oscillations by thenodes should periods with higher solar activity.
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