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Abstract. Starting from the Helmholtz free energy we calcusix quantities consisting of the Helmholtz free energy, two of
late analytically first- and second-order derivatives, as interrig single derivatives, one of its second mixed derivatives, and
energy and specific heats, for the ideal system and the exchatwge of its second pure derivatives with respect to temperature
and correlation interactions covering a broad range of degereemd density (see e.g.dppen et al. 1988). We complement the
acy and relativity. The complex physics of Coulomb interactiodelmholtz free energy with the pressure and the internal energy,
is expressed by PadApproximants, which reflect the actualwith the isochoric specific heat, and with the temperature and
state of our knowledge with high accuracy. We assume codensity exponents in the equation of state (EQ&).andy,.
plete ionization and provide a base system of thermodynamigdlis paper will be devoted to the ideal, exchange and correlation
functions from which any other thermodynamical quantities caontributions according to the expansions given in paper |, viz.
be calculated. We chose for the base system the free energyfthease a weak relativity and arbitrary degeneracy, atase
pressure, the internal energy, the isothermal compressibility istrong degeneracy and arbitrary relativity. These cases cover
density exponent), the coefficient of strain (or temperature ex@olarge area in the density-temperature plane. The correlations
nent), and the isochoric specific heat. By means of the latter fp@tween the charged particles are formulated by the technique
tentials entropy, isobaric specific heat and adiabatic temperatof@®ade Approximants as in paper |. Here we give improved ver-
gradient can be determined. We give comparisons with quarsiiens of our earlier applied Pad\pproximants. In particular we
ties which are composed by numerical second-order derivatiVesve rearranged terms of the quantum virial function.
of the free energy and show that numerical derivatives of the Explicit expressions for the Helmholtz free energy and the
free energy as calculated, for instance, from EOS tables, nmgssure have already been derived in paper | for ideality as well
produce discontinuities for astrophysically relevant quantities for exchange and correlation interaction. This paper aims at
as, e.g., the adiabatic temperature gradient. Adiabatic temp@pviding analytical formulae with high accuracy which sup-
ature gradients are shown for different chemical compositioply quick computing with reliable accuracy in practical appli-
(hydrogen, helium, carbon). Finally the used formalism oféPadations. Furthermore the expressions of the thermodynamical
Approximants allows immediate incorporation of recent resulfisnctions given here can be easily included as a part of the ther-
from many particle statistics. modynamical description of arbitrary degree of ionization.

This paper is organized as follows. In S&¢t. 2 we list the set
Key words: equation of state — plasmas — stars: interiors — stacé:thermodynamical potentials to be considered. §kct. 3 gives
evolution — stars: low-mass, brown dwarfs — stars: white dwadsbrief overview of the concept for the calculation of the EOS
terms. SeckJ4 deals with the detailed determination of the ideal,
exchange and correlation parts for the EOS. Numerical results
and comparisons are presented in $éct.5, and a summary is
given in Sec(.b.
For an accurate modelling of stellar objects we have to com-
pute a complete set of thermodynamical quantities which meets
the physical conditions of various evolutionary stages. Based
on the framework presented in Stolzmann &8ker (1996a,
hereafter paper I) we derive further thermodynamical potenti@s Thermodynamical relations and identities

in order to provide a base system from wharfyother thermo- . . .
P y &ty & summarize briefly some well-known standard relations,

dynamical quantity can be calculated. Such a system re uiY%1 . .
y d y 4 a which are frequently used to provide the thermodynamics for

Send offprint requests V. Stolzmann astrophysical applications.

1. Introduction
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We have to determine the first and second-order quantitaa®d the internal energy,
which are related by the rati@p/Cy of isochoric to isobaric

specific heat: U=F-T <ZF> (13)
T )
G V% . .
7= Oy Kr CyT' @) leading to the entropy according to
The (isobaric) thermal expansion coefficiekt can be ex- TS =U — F (14)
pressed by
% and to the isochoric specific heat via
Ap = 7TCVT’YG = K15 () o <6U> . (82F) s
v = B — = — hp—— .
with v being the Giineisen coefficient OT )y n T2 ) v N
PV Moreover, we have to calculate the coefficient of strain and the
6= oo X ) inverse compressibility (bulk modulus) by means of Egs. (4)-
@@.
®q is the coefficient of strain
s = Pxr , (4) 3. Theoretical model
and K7 is the isothermal compressibility As in paper | we start with the Helmholtz free enerfjyof a
1 fully ionized plasma consisting of ideal and Coulomb interac-
— =Py, . 5) tion parts
Ko Xp ) p
The so-called temperature and density exponents in the equafidd’ Vs Na) = Y Fal + Fe! (16)
of state (Cox & Giuli 1968) are defined by @
ol P T /P where the Coulomb term contains the following parts:
xr=[———) == (= (6)
(fﬂnT)p p <8T)v Feoul = FX 4 FS + F§ + F{U+ FS (17)
_(0lmP\ V [OP - with x and ¢ marking the exchange and correlation contributions
Xp = dnp ). P \av o ™ and cq the quantum correction term. The paibsdenote the

interaction between particles of specieandb (electrons, ions),
The adiabatic temperature gradient defined Wyq = respectively.
(0InT/01n P)gs (S denotes the entropy) can be expressed by Forconvenience we introduce dimensionless thermodynam-
PV o PV yr ical potentials defined by

Vad = 0o S ol y, ® P g- G oo P
Another possibility to calculate the adiabatic gradient is given N(];T NKT nkT
by the three adiabatic exponerts, Iy, andl's (Cox & Giuli v = <~ (18)
1968, Rogers et al. 1996)
Ib—1 TI3-1 S 1 1 Pg

va - - 3 9 = — _—= — = —_—

1T, T, O s= T Emar " ar
which can be obtained by ey = v (19)

Nk

__7 _ v _

Iy = PKy ' Iy = v — PKryg Is =147 -010) \yhere, — N/V refers to the total particle number density of

the ionsor the electrons, and denotes the Boltzmann con-

Inorderto calculate the quantities given by EG5. [1)-(10) we stathnt, Eq[(T6), or correspondingly the potentials summarized
with the Helmholtz free energ¥'(V, T, N) and determine by by Eq. [18) and EQL{19), can be written by
means of standard thermodynamic relations the Gibbs energy,

3 = NKT [O’,ied + 0% + 05] +
G=N oF 11 id c
BRI D NET [0} + 0f + of + of] (20)
whereX = {F, G, P-V, U, S-T, V/Kr, &s-V, Cy -

T}ando = {f,g,p,u,s,1/kr, ¢s, cy} Symbolize the various
PV=G-F, (12) thermodynamic functions defined in the previous section.

the pressure,
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4. Thermodynamical potentials determine the adiabatic temperature gradient. Recently, Blin-
. . . S . nikov et al. (1996) and Miralles & Van Riper (1996) presented
This section deals in detail with the calculation of the pOten':;lrametrizations and used various approximations to evaluate

tials listed n Eq.[;(ZD). By introducing def|n|t|on.s and for th he fully relativistic ideality for the set of thermodynamical po-
sake of the integrity we repeat here few expressions concemMiifials, which are listed in Se[t. 3. However, all calculational

Helmholtz iree energy and pressure, which are already 9Vehemes are characterized by an immense effort in order to de-

paper . termine temperature- and density derivations even for asymp-
totic regions. For details, see e.g. Miralles & Van Riper (1996).
4.1. |deality We pursue to include relativistic effects over a broad re-
._gion of astrophysically relevant densities and temperatures for
. . ; : 3ea|ity and exchange. Furthermore we evaluate the set of ther-
is described by the well-known classical expressions for the : . : .
modynamical potentials analytically avoiding the well-known
Helmholtz free energy . " .
noise problems of second-order quantities apparent in purely
fid = [In (n; A}) — 1] . (21) numerical approaches.
The th | de Broli | hi o . N This can be realized by introducing two approximations:
e thermal de Broglie wavelength for particles of speaies a) arbitrary degeneracy, but weak relativiae 3 and

A, = 27h/v/2m,mkT. In the classical description we get forb) arbitrary relativity, but strong degeneracaée b

the pressure, the compressibilty, and the coefficient of strain ) g o
A numerical study on the density-temperature validity re-

pid = 1 —¢id = 1 (22) gion of these approximations was carried out in paper I. Note,
B . ' that case a based on\-expansions~ O(\*), is limited to

T < 2-10°K andp < 10g/cm?, whereaase b based on

1/vy-Sommerfeld-Chandrasekhar expansien®(y~%) holds

id id 3 for ¢ 2 5 (see Fig. 1 in paper I).

Ui =i T g (23) Carrying out the expansions(O(\*)) in case ave get for

The ideal pressure of the electrons at any relativity and dedS-[2#) and.(25)
generacy (Chandrasekhar 1939, Cox & Giuli 1968) canbe caly  I3/2() U?(¢), \)

and for the internal energy and the isochoric specific heat

= 28
culated by b L () VA, ) @9
i 2 5 2
W [ Taya (. 2) + 7 A5 120, 4) } ) @48 ne = h() V@A) (29)
with the correponding particle number density with the abbreviationg’* andV® (not to be confused with the
9 3 internal energy or the volume)
ne:E [J1/2(¢7>\)+2/\J3/2(1/%)\)} . (25) Ua:1+L5AIS/2 |:1+7 I’Ti (1_3>\19/2>:| (30)
8 _[3/2 16 _[5/2 8 I7/2

The thermodynamical potentials of the electrons are character-
ized by the relativistic Fermi-Dirac integralg, (¢, ), which and

depend on the degeneraay) (@nd the relativit arameters 15 I I I
P generac)l P Va:1+5”2[1+7wz<1—3A7”>} (31)
kT 8 Iy 16 130

u
v=——, A=—5 . 26 . L .
kT mc? (26) taking into account relativistic correction$, = I,(¢) =

Generally, the degeneracy parametein (26) is a function [, dz z”(e~¥+1)~!/T'(v+1) are the nonrelativistic Fermi-
of the density and temperature defined by Eq. (25). In order@yac integrals considered by parametrizations and expansions

evaluate the free energy (see e.g. paper ).
id u For the Helmholtz free energy in EF.{27) we have performed
f& =Y —ps 27) the inversiony = ¢ (ne, T) analytically (see paper I). Using

we have to determing explicitly from Eq. [Z5) by an inversion the Maxwell relation Eq[(I3) and Eqsl (4)-(7) we obtain for the

procedure which has to be performed numerically. Note that"t€rnal energy, compressibility, and coefficient of strain
in ) is identical with the ideal contribution gfin ([8), i.e. 4 3 4 g/\ls/g Ug
¥ = g4, Lamb (1974) and Lamb & Van Horn (1975) evaluatefe ~ 3Pe ™ g7, . ya
the thermodynamical potentials applying the parametrizations

of Eggleton et al. (1973) for the relativistic Fermi-Dirac inte- 1 _ T2 V* (33)
grals. Johns etal. (1996) improved the accuracy ofthe polynonlﬂﬁe I/ Vi

als given by Eggleton et al. (1973). Straniero (1988) calculated

the complete set of thermodynamical functions based on tgie
expressions given in Eq6._(24)-(27) by numerical integrations t6°

(32)

3 Iy
21 4y

Ve 5)\13/2 Ve
Vi 4 Ly V)

= uld + pid — (34)
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Obviously, Eq.[3R) results for — 0in the well-known nonrel- o _ ; , 15, 112 [1+7 L% (1_3 Is/z)} (a4)
ativistic relationu'd = 2pid. Calculating the derivatives of the ¥ 8 "I 3 1671, /5 871
free energy with respect to the temperature in order to get the
I I
isochoric specific heat (Eg.]L5) we have to execute eXp|ICIte|¥/&)\ 1y )\ 3/2 (1 B 9)\5/2> (45)
PF  dp O°F 8711/2 16" I
Cy = -T —
v {8712 dT 0¢0T From these relations we can read off immediately various
d\? 92F  d%y OF asymptotics. The nonrelativistic\ (< 1) and nondegenerate
+ <dT> 902 T are a0 (35) limit (¢» < —1) of Eq. (38) results to the well-known classical
V,N, value
The temperature derivatives ¢fat constani” and N, must be dd 3 46
calculated from EqL(29) giving Ve= 5 - (46)
Ao 3 Ip [Va 5 Igm Vo Furthermore in the nonrelativistic limit and at arbitrary degen-
Tsr="3 171//2 Vi Z)\sz ‘723 ; (36) eracy the comparison of Eq6.{34) ahd](38) yields
i 2 i
Se = 3NV - (47)
o 15 Liyp VA 13 Liyp VA I Vi, . .
" = ve |FT7T .. veT .. ve Case b describes the regime where the Sommerfeld-
dr AT Ve |BI1p Ve Ip Vg : .
Chandrasekhar expansion (Chandrasekhar 1939, Cox & Giuli
+3>\ I /o Vw I3/o w 1_3/2@ 1968) becomesvalid.The_degeneracy parameigrelated for
AN\ I Vo Iap Ve Iy V3 the strong-degenerate limit by
QAQ 13/2 ‘//{"(Il/g @ w)\:\/l—f—az—l s (48)
I_ a \ I_ va . . . L
8 12V 12 Yy wherea = pp /mcis the fraction of the Fermi- to the relativistic
Vo VRI 300 Viy 7 I5e VR momentum. The Sommerfeld-Chandrasekhar expansion with
T2Ty Vil VP 30Tas V) -87) ~ 0(4) provides (Cox & Giuli 1968)
b
Finally, Eq.[35) divided byN.k yields the ideal part of the pid — ! Ub(lfi, A) , (49)
electronic specific heat AV
15 | I3 U* 3 Iip V? 2 \/5 o? me\3 o
ld = — —_—— = — — e = 33 ’ =\ = =V 7>‘350
Ve 4 |;h/2 Va 5 I_1/2 Vv " Ag 2\3/2 (w A) (h) 372 (¥, A) . (50)
75)\ [15/2 U 3 I3 V7 with the abbreviations
8 | Ly, Vo 51 4, V2
/ / v Ub\/1+042|:132+332
105)\2 I7/2&_E 13/2 ka‘léivi)\ 2 2 \/1"‘0(
64 11/2 Va 7 I_ 1/2 V 11/2 Va X]n(a+ 1+a2)
(38) 2 2)\2 7 2)\2
+ I (1—2(1—2042))} (51)
where the abbreviations are given by o 60 «
1, and
Ut =1+ 7>\ /2 (1 - 9)\9/2) (39)
8 Iz 16" Irp b w2\’ o, TN
VeP=1+ 1+20° + — (52)
204 20 ot
va, =1 2p\Jorz (40)
A 8 I s For the Helmholtz free energy represented by EQ. (27) the in-
versiony = v(n., T') for case ls already given by EJ._(48). In
Ve =1+ )\ I5/2 (1 -~ 9/\17/2> (41) order to correct Eq[{48) to the order O(y)~%) analytical in-
8 I3 IR e versions have been performed by Yakovlev & Shalybkov (1989)
and paper .
Vi =1-— 3/\17/2 (42) For the internal energy, compressibility, and coefficient of
16 I5)o strain we get
15 112 7 132 I5)2 : 1 ub v
Vi=1+— R T O P 72 43) 4= = |/ 2 _ 42
L [*16 L 78, B we s g Vit g (w*wﬂ ®3)
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11 a? Vb 0 , 02

X [m<3vb+vgﬂ G Ha=oago X, Xe=aT5aX (62)
2

TN |4V Ttz \3VPVR /|

) . Eg.[60) yields by neglecting the order (Chandrasekhar
Neglecting the ordep—" in Eq. (53) we get the Chandrasekhajg3g Eliezer et al. 1986, Yakolev & Shalybkov 1989)
approximation for the internal energy (Chandrasekhar 1939,

- . 2
Cox & Giuli 1968, Lamb 1974, Eliezer et al. 1986, Yakovlev &.id _ T A 1 2
' ' ' e = —5V1i+a®, 64
Shalybkov 1989) Ve T 2 (64)
9 3 which delivers the strong-relativistie: (> 1)
wd = (Y
o = N&T 822 \h a _ T (65)
) 8 cV,e - E
avV1l+a?(l+20°)— — —In({a+ V1+a?
[ ( )~ 33 ( ) and the nonrelativistico{ < 1)
4 12 )2 2
= 2 2y 2 . T
o (\/1+a (1+3a2) - (1+2a ))} . (56) g _ = (66)
The specific heat EJ.(15) can be calculatedctase bvia limiting laws. Let us remark that both Eqg.{38) ahdl(60) have
92F da °F in the degenerate, weak-relativistic limit a wide overlap, which

we use to combinease aandb in order to realize numerical

CVZ_T[@TZ—'—2dT6'aaT Ise
continuity (see paper I).

da\? @*F d%a OF
(dza“> 527 * I 7a (7)
a Yy, 4.2. Exchange
The temperature derivatives afat constant” and N, must be The lowest order exchange (Hartree-Fock) free energy for rela-
calculated from EqL(30) tivistic electrons is given by
T dO( VAb X 62 1 X
el =——/] A 67
o dT = 3Vb—|—VO}? s (58) ee 71_Azel nekT rel(¢7 ) ) ( )

whereJX, (1, A) isthe relativistic Hartree-Fock integral (Kovetz
T2 d’« Tda [V TdaVP etal. 1972, paper I).
o d1r2 ~ adT Vif 25@7;) The A-expansion ircase aresults in
Tda\? (12VP VP, sy f5—— e I*(y) W, ) (68)
“\aar) vp m v )| B9 T RIA Dp@) Ve
: . i where
Finally, Eq.[5Y) divided byV,k yields P . .
) 3 1/2 9, 13/2 11 I3)2
id W =1-2° ) T4 o222 (14 o222
Ve 8" Ix [ *3 11/2< TR, S
1 VP 1UP Is o I
=2 (V14a2—1) 22 - _2M _ 2Bz
A {( ) Vb 3 Vb ) 1 11)\13/2 T2 . (69)
+2£dﬁ (\/1 + a2 — 1) % + @ Parametrizations for the nonrelativistic Hartree-Fock integral
adT Vb Vb ’
Tda)? ve o 1vh P = [ ) (70)
_ (== 2 _ Ja 4 2 oo —1/2
(adT> [6(\/1+a 1) <1+Vb+6vb) .
3uyb  1uP a2 L VP are given by Perrot & Dharma-wardana (1984) and Kalitkin &
v T Vaf BGETOEE (1 +2(1+« )V(Zﬂ Ritus (1986) (see Stolzmann & &tker 1996b). Note, that for
T2 g2 b A = 0 the following relation holds
e 2 _ Yo < X
o ar? [( ot —1) (3+ Vb)]} ' ©0) (A =0) = —27 I*(y) . (71)
Here the abbreviations labeled by the superscript b are givenl§}e €xchange pressupg, = g¢. — fc. is determined via the
the simple derivatives wittk = {U", v} exchange Gibbs energy (cf. paper )
2 Wwa
0 0? x ___% g 4 72
Xy = A X . Xy =222 x 1) Yee = “1/2 T o (72)
A )‘a)\ ’ A=A IN2 ) (6 ) oe kTA, VTZJ
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where e o7 I .
W2 =1+ = 1}/(2 {1_342(1 29\ I3/2
we = 1— §)\ I /2 {1+9)\ I /o <1+13/21_1/2 8 I 8 I 72" 1o
A lapl 16 Lap Lz Ty (1_2515/2”1/2))] (79)
11 I3/2 13/2

1 f3/2<1+2515/21—1/2)ﬂ (73)
24 11/2 3 13/2 11/2

For the exchange contribution of the internal energy, comprespz,, = 1 — 3, J12 [1 + Laplap

ibility, and coefficient of strain we get 8 I 19 I 3,5 110
3.1 e K WE 15 Iap VR WO (sl T
Use = =Doe — 5 T <A T Yee  (74) 16 112 I_3/013/2 9 132
2 2 kTAc Ly V2 ' 8 1)y V2 / 1253/ /
(1 1 3 hp by 25[5/21‘”))} (80)
1 _ 62 11/21—3/2 E 9 Wiw . @ @ (75) 28 171/2 13/2 28 13/2 171/2
K e kTAe  I_1/2 V$ Vj V;; V$
3.1 27 1. I I
Way = 14 2) 22 [14—)\3/2(14-1/21/2
« « < 1 €2 7 L I 30 4 1 4, 16 I/ I /5150
Boe = P tteet g a2 P T e (L BB
: a 216 I 251 '
Qwiwfvwwwi E+§)\Lﬂﬁ 3/2 5/2
Vi Vi Vi Vi 4 LpVy The Sommerfeld-Chandrasekhar expansion for the exchange

free energy ircase b(Salpeter & Zapolsky 1967, Kovetz et al.
. (76) 1972, Lamb 1974) delivers for O(z)~) (see paper I)

Ve T AT vy v

Wi 15)\ Lo Vi W5

e? 3 1 WP, \)

Using [35%) we obtain for the exchange part of the isochorfcgC = TETA, 203 oA VPh(a, A) (82)
specific heat
where
P e? [15 { I* (W‘dl 2w n 1W§k> 352 5 )
Ve = 1mA |4 T - Y I b 2 4
’ kETA. |4 |1 Va 3Va 5 Va WP = ——— —3aB+ - -
e 1/2 201 + a2 ab + 2a + 2oz
a a a a
3 haloop V2 Wiy Viw IV ST o046 4 2m 2 102 - 38
5 I_1/2 VTZL VJ} V?Zl Va : A o a
wa oW it 11 37 63B
_ o2 79A 1-— 1 83
Ly (VJ} 5 Vs ) T 1002 \' T 1102 T 1103 (83)
[ Iyl _ypp V(W5 1 Wiy with B = v1 + a?In (a+v1+a?).
tg T L, Ve Ve 5 Ve With the Gibbs energy (see paper I)
2 b
3 ‘[3/2-[—3/2 4N W:Zw V£¢ W,z X _ _67 3 1 Wa 84
g 11/2 7%, 2 Vu?‘ - Vd? V,j‘ Jee kTA, 203 V2T 3Vb—|-VO]? ( )
3 Ve, e it is possible to provide the exchange pressifte= g5, — fX
+z N2 ‘;@ Vj] again.
" In a straightforward manner, the exchange contribution for
12,1 a W va, wa internal energy, compressibility, and coefficient of strain are
%/\2 32282 Vi vy g v represented by
64 Lol _q )2 Vah Va vy ve
. . N e2 3 1 wb o wb
4 qlar2loar ( Lo Vi Vin ”5/2VM> Uee = FTA, 207 Vorx [v g
11/2 171/2 Vw Vw 30 13/2 Vw Wb V/{J
o JRE W 85
()] e
with the relativistic corrections
3 112/2 27 _[3/2 55 Ig/g 1 62 3 1 ( Vb )2
Wi =1+2A T+ 022 (14 —— a2 — 2 y
A + 8 Ix + 8 11/2 + 216 Il/2 x k’)l(",ee kTAe 20[3 V2T 3Vb + VCLD

25 I5/o Il/2>):| wb 6WP LA ) VA
1—- == 78 aa a 14 & 4 Z aa 86
( 11 T35 Iy 78) {Vb 3Vb+V£(+Vb+6Vb>] (86)
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SVAb + Vo}?/\ B Wolf,\ \ \ \ \ \ \

PSee = Poo T Ueo ~ Jox {1+ 0.50
e = Pee T Uee ™ e 3Vb Vb WP '

%% 4V vEh o Wb
T o oo |- 87 o045 5
Vb + Vi 3Vb 4+ Vi wh c
The exchange specific heat can be formulated by g 0.40 |
5,0.

& — _ 62 i 1 W;A 2Zd£ W(EZ)\ *Lé) )
Vie kTA. 203 /axx | VP adl VP £0.35 -
2 b 2 J2 b 9 4

Tda\" Wo, T7da Wy (88)
adl) Vb ' o dT? Vb 0.30 ]

The temperature derivatives afin Eq. [88) are given by (38) o5 -
and [59). The derivatives 6" with respect to\ anda for the Lo \ \ \ Lo

exchange contributions are determined by -2 0 2 L 6 8 10 12 14
log [o/(g cm™)]
b 9 n b 2 0% ) . . . .
Wy = )\EW s Wi =A WW ) (89) Fig. 1. Adiabatic temperature gradieRt.q vs. density af’ = 10"K

andT = 10°K for various elements. The curves refer to the sum of

b 52 ideality, exchange and radiation. The presentation towards extremely
wp = aaiwb . Wb, = GQWWb ; (90) high densities serves only to illustrate the asymptotic behaviour of
@ @ the adiabatic gradient in our model (processes relevant to very high
52 densities as, e.g., pycnonuclear reactions or electron captures, are not
WP = a\ 5o wb . (91) considered).

The adiabatic temperature gradiént (8) expressed by our dimen- ‘
sionless potential§ (18) and {19) is given by 050

Ps ya cv

Vad = pkr— = 1-— 92) = 0.45 |-
d PRT cp (bS ( cp ) ( ) é I
with the isobaric specific heat %o_m -
) o . /10°
cp = cv + kr¢s (93) 5
£035 |-

The Figs[dL andl2 illustrate the adiabatic temperature gradient L
(92) ofthe ideal gasim comparison with agas where additionally, -
the exchange term is taken into account. Note, that the repre- 108
sentation in Fig§ll arld 2 for extremely high densities serves
only to illustrate the asymptotics of the theoretical expressions?-2°
Processes relevant to such high densities as, e.g., pycnonuclear e e e
reactions or electron captures, are not taken into accounE]Fig. 1 e 2 02 6,3 & 10z
illustrates the course &F .4 for the elements hydrogen, helium '0g fe/tg em =]

and oxygen along a nonrelativistic and a weak-relativistic terfig. 2. Adiabatic temperature gradie¥it,q vs. density for carbon along
perature. A comparison with the corresponding data for carbearious isotherms compared with Lamb (1974):(10°K, A : 10°K,

from Lamb (1974) is given in Fig]2. Note a disagreement fer: 107K, o : 10°K, * : 10°K). The curves refer to the sum of

T = 10°K. This deviation could be caused by an erroneoifgality, exchange and radiation. The presentation towards extremely

constant for the exchange contribution used by Kovetz et 319" g_erésiti_es Se(;‘_’es only to i”udStlrate the asymplt"tic beha"iOUL_OL
(1972) and Lamb (1974) and is discussed in detail in paper |1 2diabatic gradient in our model (processes relevant to very hig
ensities as, e.g., pndOnUCIear reactions or electron Captures, are not

numerical procedure to guarantee a smooth transition bEtW%Sﬂsi dered).
the approximations given bgase aandcase bis developed
in paper |. The curves as seen in FIgs. 1 @hd 2 show how ex-

change effects vanish with increasing temperature. Consideripg Correlations

the isotherms in the high density region exchange effects are’

negligible. Nevertheless EqE{82)-(88) guarantee the accurateording to Eq.{20) we have to determine the terms labeled
asymptotics, which is a fundamental problem for the calculby the superscript ¢, which are based on correlation effects.
tion of EOS derivatives for quantities with vanishingly smalls in paper | we aim to present closed-form parametrizations
temperature dependence (Miralles & Van Riper 1996). formed by Paé Approximants to get explicite expressions for
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the correlation contributions of the thermodynamical poten- ©-° ‘ ‘
tials. The thermodynamical potentials resulting from the cor-

relation contributions are characterized by the electronic and °-“
ionic Coulomb-coupling parametefs = (47n./3)'/3e? /kT - A
andI'; = T.(Z%3) giving the strength of the Coulomb in- 0.3 |- -
teraction, and by the degeneracy paraméer= T/Tr = < s O=1 1
2(4/9m)/3ry /T, describing the quantum state of the system; 02 [ -
The parameter, = mqe?/h?(3/4mn.)/3 is the ratio of the 3 - il
mean interelectronic distance to the (electronic) Bohr-radius.c 01

4.3.1. Electron-electron interaction 00 0.1 —
The Paé Approximants for free Helmholtz- and Gibbs energies i 1
of the nonrelativistic electronic subsystem at arbitrary degener--0.1 [~ N
ation and Coulomb coupling have the general structure e 7‘1 ‘ : ‘1 -
c _ _ aOF2/2 - a2rg [Ec(Tsv O) + AEC(TS7 T)} /T (94) og T
e 14+ a2+ asl8 ’ Fig. 3. The isochoric specific heat for the electronic subsystem at dif-
ferent degeneracyd( = 10 (classical),l (intermediate)p.1 (strong))
. sor§/2 — 59T 1o (rs, 0) + Apuo(rs, 7)] /7 vs. Coulomb-coupling parameter.
Gee = — ) (95)

1+ 51T/ + 55T
+sile’ + 82l C’1+I5(%ln\x|+co+g—ﬁ>

with ground-state energies (rs, 0) and uic(rs, 0) derived by @3(=2) = (102)

9 w5/2x  x? 5
Vosko et al. (1980) and low-temperature correctitvas (s, 7) L e ( 192 75) T
and Ape(rs, 7), which are given in paper I. The coeI"f|C|ent§Nith Co = % (ln3+ 20k — %) andC, = é (ln3+ % _ 1)_

read A detailed comparison of the Padormula [94) with most
o — if (T.) o — §a n }1“ dag (96) advanced many body calculations is given in paper | and recently
0= 3l 07 2% 3 eqr, in Stolzmann & Rsler (1998b). The electronic correlation con-

tribution for the pressure is obtained by

1 1 1
== 97) pt. =gc — fS 103
fO( ) 2 ((1+01088Fe)1/2 + (1+03566Fe)3/2> ( ) Pee Yee ee ( )
The internal energy can be described by the&Paabroximant

3v3 8
a]p = i 2T |:1+Kg (\/2/T)i| 5 S1 = —aq (98) c _ ’LL()FS/2—'LL2FS [Ec(rsa0)+A5c(rsa7)] /T
2 9 Uge = — 3/2 ) (104)
14 u e’ + uol'®
as = 6%2 , ss=as . (99) with the coefficients
s 3 dCLO
= - Fe—, = 105
Note that we have modified the coefficiemtsands; as com- 4o 2a0 + dl’e 2 = az (105)
pared to paper | by a rearrangement of the quantum virial func- d
tion (Ebeling et al. 1976) w = 2 (al _ ;?)
8x 1
K (z)=FE(—2)— — |Q3(—x) — =1 —C 100 5 3 d
e (J’J) 2( l‘) ﬁ Q3( JZ) 6 n |JJ| 0 ( ) — gal _ % ot (Tng(Qf)) (106)
-

In paper | we incorporated fak; («) in Eq. (98) only the first 1 temperature derivative of the quantum virial function(100)
part of Eq.[(Z0D) as proposed by Ebeling (1993). The Secoi'%dgiven by
term was considered by the coefficientof the ion-electron

contribution (see Eq. (85) in paper I). The justification to reaf— K’ (r) = TiE;(fT) _ EK:(,T) + EE;‘(—T)
range these summations over the electrons is the omission of t dr 2 2

coefficientas in Eq. (53) in paper |, which has only been intro- _ 16 [Tng(_T) + 1} ) (107)
duced to optimize the interpolation. F&% andQ3; we derived V2rr | dr 12
Pack approximations as given in paper | with improvements for the temperature derivativesif andQ’; we derive the Pa&l
achieve higher accuracy. Approximants
m3/2 z° 1 1
In2 + 0.0113z% 4+ 0.12° ( A — % A A WV
Ej(—z) = (ﬁ”” ”) (101) TdiEé‘ (—7) = = 3 > (f ) = (108)
T 140113552 (1 - 0.473z) + 5

1+ 73/22/(18In2) + 0.125
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3;/4x+0 1ot ( 14 L) 4.3.2. lon-ion interaction
(109)

d ., 160~ 6a?
TEQB(_T) 1+ 2852+ 01240 The classical one-component plasma (OCP) is a thoroughly

studied plasma system and the results are unified in closed-form

The correlation contribution /7, .. for the bulk modulus is parametrizations (Hansen 1973, Graboske et al. 1975, Brami et
given by al. 1979, Ebeling & Richert 1985, Ichimaru 1993, Kahlbaum
1 2 F§/2 ko T [pe (1 1 —1/ko(rs 1996, C_habrler &,Potekhm 1998). For t_he ion-ion correlation
= + kale [pe(rs, 0) ( [ke(rs, O)I /7 (110) we modify the Paé Approximants used in paper | by the new

K ee 1+ ki T8 + kT8 formula (Stolzmann & Bbcker 1998, 1999) for the free energy
with the coefficients
3 Tedag . Dol ry” [1 + b2 F (T )} + bl e () 120
k‘o = 4 apg — Zﬁ k‘g = 10&2 5 kl = 30&1 . (111) .fii - 1— bll“f’G( i) + bgr? ) ( )
The ground-state bulk modulus is given by with 7(T;) = InT; 4+ By andG(T;) = InT; + By
1 3 ry d 2 11
o(75,0) . 112 -z _
ke(r.,0) _ 0.062181 3 dr,” (rs,0) (112) B, 3 <2CE +5 3 - ) ; (121)
Using the Monte-Carlo data-fit from Vosko et al. (1980) for ) 17
pe(rs,0) (see paper I) we apply B =3 <20E + 53+ 22— 6> —0.4765 (122)
1 $m1/Ts $m1y/Ts + mars + m3r3/2 -
= 372 | and the coefficients
kC(T'S,O) 1+WL1\/E 1—|—m1\/i+m27‘b+m37"
13), _ L (2 _3V3 (123)
- | L VBB b8l
The coefficient of straimg ., can be expressed by
C C C b
¢S,ee = Pee T Uee bz =100, bs = 713 ) (124)
$oTe"* = §oT8 [ue(rs, 0) — 3Aec(re, 7)) /7 , ,
+ 373 ; (114) Eq.[I20) is based on the classi€al< 1 result from Cohen &
1+ ¢ale’™ + gole Murphy (1969) and fol; = 1 we take into account the most
with the coefficients recent Monte-Carlo fit for the free energy(T';) of the liquid
9 3 dag 1 OCP from DeWitt & Slattery (1999)
$o = 7% + EFCdT ; ¢2 592 (115)
e ei(T;) = 0.899172T; + 0.274823 In T
16 2 d 1 0.323064 4 | .
o= B0, - 57% (116) 1.864179T, +1.4018 .(125)
-

-~ . We remark, that in our notation of EG.{20) far(T';) we have
and for the isochoric specific hed ., the Paé Approximant g take forl'; > 178

can be obtained by

3/2 6 ) ) i(T) = 0.895929T; — 1.51nT; + 3. 9437F‘
c(\:/ = 'l)()Pe - UQFe [2f(7ns)@ (]. + 9 ln @)] /T (117) + 1245F1 + 11703 (126)
’ 1 + 01F§/2 + 'UQFS

which, with Eq. rewritten b
with the coefficients a2 Y

3 kT
3 da d_ 3InT; —0.7155 127
%4{%4 dro}’ w=ay, (8 Tl T ’ 4z
delivers the thermal (solid phase) energy of the OCP given
by Hansen (1972), Pollock & Hansen (1973), Slattery et al.
3 V2
v = f\/ 2n7 |14 75 (1 - lgTK;‘( )> (1980), and Stringfellow et al. (1990). The quantityd; —
AZ*m,/m.Ryd denotes the ionic Rydberg energy with the
1 1 d _, (electronic) Rydberg uniByd = m.e*/2h2.
+24 1+ B3 (=7)) 9 (TdTEQ(_T)> The free Gibbs energys; and the isochoric specific heat
5 16 1 5, ;; are expressed by the Fadpproximants
S+ )] e
62nr < s 95 (128)

Fig.[3 shows that the electronic correlation part of the isochoric %bOF?/Q [1 + §b31—‘?/2 (F(Ty) + %)} + b6 g5 (Ty)
specific heat can be neglected in the case of strongly degenerate — 3/
electrons. — 20,13 (G(TY) + %) {1 + 3T } + boI'¢
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0.0 ‘ ‘ 4.3.3. lonic quantum effects

The classical description for the subsystem of ionic OCP be-
comes inaccurate in the region of high densities at moderate
temperatures. A measure for the quantum effects of the ions is
the parameter (weight fractioXi;, molecular weight4;, proton
massm,,, atomic mass unitr,, = 1.66053 - 10~21g)

1/2
hwy, AT [ p me [ B2\’ Z2X,
| = V0 = —— e L 1
© kT kT (mu mp \ Mee? zl: A2 (135)
) which is related by
I | 3
0 =4/—T , (136)
05 L L ! ! ‘ Rs
T2 -1 0 1 2

and whereas,, denotes the (ionic) plasma frequency dtg=
m; Z%e? /h2(3/4mn;)"/? is the ratio of the (ionic) Wigner-Seitz-
Fig. 4. The compressibility for the ionic subsystem vs. coupling paadius to the (ionic) Bohr-radius. Quantum corrections for a
rametef’;. The solid line represents the correlation contribution1133)olid OCP over a broad region ©f were calculated first by Pol-
and the dashed line refers to the parametrization from Hansen (197g¢k & Hansen (1973). Chabrier et al. (1992) (see also Chabrier
1993) and lyetomi et al. (1993) derived an free energy for a solid
3, 13/2 3/2 5 6 OCP model with quantum corrections. Nagara et al. (1987) cal-
. 100l [1 + 86Ty (F(T5) + §) | +602I0i(Th)  culated quantum corrections for the free energy of the OCP valid
Vi = 1— 7613 (G(T3) + 32) 4 6boT'S for quiq ar_1d solid phases by a new_expansion method. In our
model ionic quantum effects according to Nagara et al. (1987)
(129) . . .
as well as Chabrier et al. (1992) will be included.
with Following paper I, the free energy calculated within the so-
called “sixth reduced moment approximation” of Nagara et al.

log I

1 i (T o
(1) = ex(T3) + ,pim 7 (1987) is given by
3 dry
2. (T c 3t
0i(Ty) = F?M , (130) fit =3 |qo(t) + 24q4(t) — Zfzs%(t) + 26q6(t) (137)

dr?

The pressure, internal energy, isothermal compressibility, afih t = ©:/2v/3. Generally, the reduced momensare de-
coefficient of strain (Hansen 1973, Stolzmann &&ker 1999) pendent of";. For simplicity we choose for the solid phase the

are calculated by values for the rigid bcce lattice (Nagara et al. 1987):
= go — fC (131) % =0827702 , 25 =1131, 2 =055045 . (138)
o = 3 g (132) The functiongy; (t) are given by

11 1m0 . ht

| | 4 qo(t) = In <SH; ) (139)

= 2. 4+ =S 133
kfiii 9 CV,u + 9 Usi ( )
1 ¢ 21
PG5 = 3 Vi - (134) sinh™t
ot e, 3 5, 1 2

Fig.d compares our Pad\pproximants of the isothermal comBs(t) = g coth™t — 5 cotht — 6 smn?t 1 (141)
pressibility with the fit formulae from Hansen (1973). Further )
comparisons between different interpolation formulae for the ;) — _}+i cotht+t— : 12 <1 + 2t coth t) .(142)
classically ionic subsystem, e.g. from Hansen (1973), Ichimaru 6 16 16 sinh” ¢

(1994), Kahlbaum (1996), Chabrier & Potekhin (1998) can bﬁ1e free energy expansioliT137) reproduces the Wigner-

found in Stolzmann & Bcker (1999). ,&irkwood expansion (Wigner 1932, Kirkwood 1933) up to the

. lonic qgantum effects,. which were inpluded approximate rder©%. Furthermore the expansion of Nagara et al. (1987)
in our earlier Pad Approximants for the ionic subsystem (SeSeIiversl the high®; asymptotics of the Coulomb lattice by
paper 1) will be considered separately in the following section. '

it = -6 (143)
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with 1y = 0.564. For the harmonic lattice approximation ong;* = pi? + f:4 (154)
obtainsy; = 0.511 (Hansen & Vieillefosse 1975).
The ionic quantum effects for our set of potentials are given .
. ud = 2pd (155)
by the resulting formulae ii i
cq 3 / / / 3t /
pi = 5t |do(t) + 24q4(t) + 2645 (t) —  1-255(1) 1 «q 3 3 aOexp(—aB;) 1
1 S = pod— = D3(Oé@1) - + *ﬂ@i
kL o2 2 1—exp(—aB;) 4
3Lty ey
8T 545 +} ~vO;exp(—v0;) ~0;
9S8 = pSd 4 fea (145) g 1 G—) expg—v(;i)) 1 — exp(—v06;)
aiexpl—a;
3t += 156
uiyt = 2p + %505 (t) (146) 21— exp(-a®;) (159)
1
o = 30 — 27 (157)
cq 2 1 1! 3 t /! kT’ii
vl = =317 qq (1) + zaqy (t) — 1T 5% (t)
1 Cigii = 2¢g}ii (158)
o(t 147 .. . L .
204 ( )1 (147) An explicite expression fof (I58) is given by Chabrier (1993).
Figs[BEB compare the ionic quantum corrections for the free en-
1 L, c c 3t 7 ergy as well as the isochoric specific heat calculated by different
== |But — e — — =25 | Sas(t) + 2tqs(t 148 AT
kpy 4 { Ui T v T e <3q (1) + 2tas( )ﬂ (148) approaches. Note, the end of the solid lines in the Ejg$. 5-8 re-
. 5 flects the validity of the moment expansion as pointed out by
t

cq
Sii T

cq
Cvii —

(149)

D RN

[ (10~ 1500

The functionsy, (t) andg;’ (t) are first and second derivatives o
the functionsy; (t) with respect ta.
Although the expansion of Nagara et al. (1987) can be

plied to estimate quantum effects for fluid ionic phases as w

as for solid phases this expansion is restrictedbtos 17,
which is equivalent td; < 4 - 103(AZ*/(T/K))'/3 or to
p S 5-107%(T/K))%(A/Z)? for the density-temperature

regime. Foll; =~ I',,, & 180 itis convenient to use the quantum

&

crystal models from lyetomi et al. (1993) or from Chabrier
al. (1992), which are applicable for a wide regionaf
If we extract the ionic quantum corrections for the free e

ergy of a crystal from Chabrier et al. (1992) one obtains (Stol

mann & Blocker 1994)

fit = _§D3(a®i) +2In[1—e %] +1In[1—e 7]
+36; — 31n (56;) (150)

with (Chabrier 1993)

a=0399, =089, [=0767. (151)

The last term in[(150) witld = 0.4355 guarantees the pure
ionic quantum correction in our formalism;s(n) is the Debye

integral, which can be approximated by (see e.qg. Iben & Tutukgy = —

1984)

t3
t

n
5 [
n° Jo e
With (I50) our set of potentials is given by
1 7Oiexp(—©i) 3

2 1—exp(—©;) 2

-1
)

1
Pt = D3(a6;) + +5001  (153)

n

Nagara et al. (1987). Fip] 5 shows ionic quantum corrections for
Z = 6 calculated with different theories. lonic quantum correc-

1tions in the vicinity of phase transition &t ~ 180 are shown

in Fig.[8. Fig[® illustrates that the quantum corrections calcu-

qIgged by lyetomi et al. (1993) decrease with increagngrhis

ﬁzhaviour is caused by the inclusion of the anharmonic contri-

ution of the zero-temperature oscillations (see e.g. Nagara et
al. 1987, lyetomi et al. 1993), which is neglected by Chabrier
etal. (1992). Fid.l7 shows the ionic quantum corrections for the
sochoric specific heat derived from the corresponding free en-
rgies. Fig B illustrates the course of the electronic and ionic
contributions of the isochoric specific heat vs. temperature and
shows how different prescriptions for the quantum corrections

%ffect the results. The discontinuities in the curves for the ionic
contribution in Fig[8 refer to the fluid-solid phase transition at

4.3.4. lon-electron interaction

Next we have to include the screening effect between electrons
and ions. We adopt the new Radpproximant based on the
Ungld-Berlin-Montroll asymptotics of Stolzmann & Ebeling
(1998) and Ebeling et al. (1999)

3/2

i

1—|—61F

+ 02F§/2€ie(7“s, ) + C?,C4F§/2
T el 4 e

i e

C()F

(159)

The weak coupling limitI(; < 1) is given here by the Debye-
Huckel two component plasma (DHTCP) law. The coefficients
cy are defined by

B U (O 59 Rt il 4 b
.

- ﬁ <Z>1/2<Z5/3>3/2 (160)

)
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Fig. 5. The free energy contribution of the ionic quantum correctior]_s

R o ig. 7. The isochoric specific heat for the ionic quantum corrections for
for carbon afl’ = 10°K vs. ionic quantum parameter (£0.135). Thecarbon alp = 10"°g/cm?® vs. temperature. The solid line represents

.SO"d Ii.n.e reprgsents Nagara et aI: (1987) [Eq1137) (s.hown only witry agara et al. (1987) (EQ.T47) (shown only within its validity regime)
its validity regime), the _dashed line r_efers to Chabrier et al. (199 PT dashed line refers to Chabrier (1993), and the crosses to Pollock &
and the dashed-dotted fine to lyetomi et al. (1993). The curve labe nsen (1973). The curve labeled WK refers to the first order in the

by WK refers to the first order in the Wigner-Kirkwood expansion and . i . .
HV to Hansen & Vieillefosse (1975). igner-Kirkwood expansion and HV to Hansen & Vieillefosse (1975).

R T T TTTT T T 1117 T T 1117
T T T T TTTT T T TTTT - |
0.8 |~ — !
log 0=7b /
. [=180 P " Carbon
e /
06 /,:j/‘\‘ ] 3
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3 L e
o N AN
Voo
\
\7 -
\
‘L -
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107 10° 10" 107 10° 108 107 108 10°
0, T/K

Fig. 6. The free energy contribution of the ionic quantum correctiorfsig. 8. The electronic and ionic parts of the isochoric specific heat for

atl; = 180 vs. ©;. The solid line represents Nagara et al. (198 @arbon ap = 10"-°g/cm? vs. temperature. The long-dashed line rep-

(Eq[L3T) (shown only within its validity regime), the dashed line refefgsents the electronic terms of Hg.J(20) The solid line (applies Nagara et

to Chabrier et al. (1992), and the dashed-dotted line to Iyetomi et &ll. (1987) forcy;;) and the short-dashed line (applies Chabrier (1993)

(1993). for ci/';;) represent the ionic terms of EG.{20). The crosses refer to the
ionic contribution calculated by Lamb & Van Horn (1975).

_ 3 1 T N
“a = 2 co(Z)(Z5/3)3 [ 8 CelZ7) N - )
_ ga = —_— ) Ve = — ) Ce = - (164)
S (L) A, -c) ey T VDT e T
ab ab

In Eq.(161) is summed up over # b in contrast to sum-
co = Zr7T* c3 =0.01, (162) mations made in earlier approaches (Ebeling 1993, paper ).
For ei(rs,T';) we apply the expression given by Ebeling &
cg = (2-1.786— 0.9 — 09T, /T) T (163) Richert (1985), which consider the high density/large coupling-
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Fig. 9. The free energy contribution of the screening contribution fdfig. 11. The free gibbs energy contribution of the screening contri-
hydrogen and densities referringitp= 2,1,0.5,0.1,0.01 (from top  bution for carbon and densities referringto = 2,1,0.5,0.1,0.01

to bottom) compared with the Debye-Hueckel limiting law (DHTCP{from top to bottom) compared with the Debye-Hueckel limiting law
(the first term in the nominator of EQ.(159)) and the high density/larg@HTCP) and the high density/large coupling-asymptotics from Galam
coupling-asymptotics from Galam & Hansen (1976) (dashed-dott&Hansen (1976) (dashed-dotted lines). The solid lines correspond to
lines). The dashed lines refer to Chabrier & Potekhin (1998) and theg. (I67).

solid lines correspond to E.(159).

05 I ! ! ! - with the relativity parameter = 0.014/r,. J(T';) as well as
B 1 A, B andC depending on Z are given by Galam & Hansen
0o [ C 1 (1976). Recently, Chabrier & Potekhin (1998) presented & Pad
B J — =1 formula for the screening contribution of the free energy, which
C o= —-————-—...1 includes the Thomas-Fermi approximation in the limit of high
- 05 Z —| densities and large coupling parameters. The results of Chabrier
ok B 1 & Potekhin (1998) with Eq[({I89) are compared for hydrogen
Tao0 Lk -1 and carbon at five densities in Hig. 9 and FEig. 10.
= B 1 In the following we proceed in the same manner as in the
- s b ~| case of the electron-electron subsystem in $ect]4.3.1.
Tk 1 For the ion-electron Gibbs energy we use theéPaxpres-
B ] sion
0 I 1 . %Corf’m + el (gie + 3 (hie — die)) + czeale!?
o5 L | | | | ] e 14+ cll‘?/Q + C2F2/2 + C3F2/2
-1 0 1 2 (167)

log I,
) _ ) ) ) . with hie = Fi . 6518/8Fi anddie =Ty 6618/8’[“5. Flg[ﬂ. il-
Fig. 10.The free energy contribution of the screening contribution fqfistrates the Gibbbs energy for carbon at five densities. The

carbon and densities referringito= 2,1,0.5,0.1,0.01 (from top to olarization pressure can be determine c _ fc
bottom) compared with the Debye-Hueckel limiting law (DHTCP) anH P dhy= g — fie

the high density/large coupling-asymptotics from Galam & Hansen . _ _
(1976) (dashed-dotted lines). The dashed lines refers to Chabrieb&Numerical results and discussion

Potekhin (1998) and th lid li dt 159). . . . . .
otekhin ( ) and the solid lines correspond to[EGJ(159) This section will be devoted to illustrate the behaviour of the

adiabatic temperature gradievity. The adiabatic temperature

asymptotics from Galam & Hansen (1976) including highgradientis a highly sensitive quantity, because it depends on first
density corrections according to Kagan et al. (1977). and second-order derivations of the model Helmholtz free en-

Loz 2/3 ergy. Therefore it is well suited to test the quality of the explicit
Eie(rs, i) = <5/2> D7 [E?e(v"s, T + sz(F)] (165) expressions der.|ved in Sects. 3 an(_j 4..The ad|apat|c gradient is

™ a crucial ingredient for many applications. For instarcegy

. a4 determines the Schwarzschild criterion for convective instabil-
S0 A+CTy BT (166) ity and an accurate evaluation is required for evolutionary cal-

14008972 140353 pi—l/‘1 culations of very-low mass stars. We restrict our comparisons
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Fig. 12. Contributions of the isochoric specific heat in unitsaf for ~ Fig. 13.High-density asymptotics of the adiabatic temperature gradient
helium atT" = 10°K vs. density. The lines refer to the ideal electron¥ ad VS- density for hydrogen, demonstrated along the isotfiErm
(dashed dotted) and ions (long-dashed), the exchange and correlatioH)” K. The dashed line refers to the ideal and exchange terms only.
(dashed), the ionic quantum correction from Chabrier et al. (199Pje dashed-dotted (withoutionic quantum effects), the solid (with ionic
(short-dashed), and the sum of those (solid). The curves with détgntum corrections from Chabrier et al. 1992), and the short-dashed

represent ionic quantum corrections after Nagara et al. (1987).  (with ionic quantum corrections from Nagara et al. 1987) lines take
into account correlations. For more explanation: see text.

of the adiabatic temperature gradient to the EOS tables giver[mwOO
by Straniero (1988), Saumon et al. (1995), and Rogers et al.
(1996). Further detailed comparisons can be found in Saumon
et al. (1995) who compared their results fgrq with those 2
of Fontaine et al. (1977), &ppen et al. (1988), and Magni & ©
Mazzitelli (1979). 20375
Fig[12 shows the total isochoric specific heat according to
Eq. (20) as well as their various single contributions (in units ¢f
n;k), i.e. electronic exchange and correlation terms (electronig,
ionic and screening part). We note that the discontinuity in the
ionic correlation is caused by the fluid-solid phase transition aty 35
I' = 178 (Stringfellow et al. 1990), which can also be observed L
forthe adiabatic temperature gradient in the high-density region. | | | | | | |
The influence of quantum effects on the fluid-solid transition -4 -3 -2 -1 0 1 2 3
of the OCP is discussed in detail by Pollock & Hansen (1973), log To/(g cm™)]

Lamb & Var! Horn (1975), Nagaraetal. (1987), Cha.bner (19913}9. 14.Adiabatic temperature gradieWt, 4 (without radiation anehll
and lyetomi et al. (1993). We chose for our numerical CaICUI?e'rms in Eq.I2D)) for hydrogen (solid line)t= 10>%*K vs. density.

tionsI" = 178, which is based on an simulated OCP withoufpe gashed line refers to Saumon et al. (1995) and the dashed-dotted
quantum effects (Stringfellow et al. 1990). The specific hegte to Fontaine et al. (1977).

contribution according to the ionic correlation is monotonously

increasing until the phase transition of the OCP model. The first

maximum atlog p ~ 1.5 in the dashed curve in Fig.112 is de-

termined essentially by the electronic exchange and electrobicNagara et al. (1987) the isochoric specific heat will be more

correlation. The influence of electronic exchange and correkirongly reduced as shown in Higl12.

tion increases with decreasing temperatures. Quantum effectsWe point out that the same behaviour appears for the adi-
for the specific heat according to the ions after Chabrier (1998)atic temperature gradient as indicated in Eigs. 13 alid15-18.
are illustrated by the dotted line in Figl12, which can be seélote, that although the ionic quantum correction calculated by

also in FigsL’7 anfl8. This contribution is compensated at ve@phabrier et al. (1992) and Chabrier (1993) are valid only for the

high densities by the contributions of the ideal and the correslid phase we considered here also the fluid range in order to
lated ions. Considering ionic quantum corrections calculatddistrate the differences to the result of Nagara et al. (1987).

dien
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Fig. 15. Adiabatic temperature gradieM,q (without radiation and Fig. 16. Adiabatic temperature gradieM.q (with radiation andall

all terms in Eq.I(2D)) for helium &F = 105-5*K vs. density. For the terms in Eq.[[2D)) for helium & = 10°K vs. density. For the ionic

ionic quantum corrections the results from Chabrier et al. (1992) agdantum corrections the results from Chabrier et al. (1992) (solid line)

from Nagara et al. (1987) (solid line) are used. The dotted line refemsd from Nagara et al. (1987) (short-dashed line) are used. The dotted

to Saumon et al. (1995) and the dashed-dotted line to Fontaine eliaé refers to Saumon et al. (1995), the triangles to Straniero (1988),

(1977). The ideality (long-dashed line) is shown for comparison. the dashed-dotted line to Fontaine et al. (1977), and the dots to Rogers
et al. (1996).

0.40 = |

Figs[TIBE20 display isotherms of the adiabatic temperature
gradient evaluated on the basis our analytic expressions given.ip 55 |
Sect{ 4 including the photonic contribution (Figs. 16—20) over{cg
broad range of densities. As already mentioned, the representa-
tions towards very high densities aimed at the purpose to shﬁ?% 30
the asymptotic behaviour of the potentials given by Ed. (20§. '
The accurate description of plasmas at very high density regign
requires the consideration of additional effects as electron cap-
tures and other processes (cf. Shapiro et al. 1983). RHig. 13 shows L

log T=0

the high density asymptotics of the adiabatic temperature gra- - Vol i

dient calculated by different approximations. Considering ideal
and exchange contributions we obtained the well known value”
V.a = 1/2, according to relativistic considerations. The limit-
ing valueV.q = 3/8is determined by inclusion of the classical

i Carbon

2 b 6 8 10
log [o/(g cm™)]

ionic correlation andv,,4 = 1/4 is obtained with ionic quan-
tum corrections given by Chabrier et al. (1992). In Eig[1#-18g. 17. Adiabatic temperature gradieGr@tad (with radiation andall
we compare our formalism with data from other authors (Lani®ms in Eq.[(2D)) for carbon &t = 10°K vs. density. For the ionic

1974. Fontaine et al. 1977. Straniero 1988. Saumon et al. 19@¢gntum corrections the results from Chabrier et al. (1992) (solid line)

Rogers et al. 1996) based on analytical as well as numeri?e%ﬁifrom Nagaraetal. (1987) (short-dashed line) are used. The triangles

methods and valid for various density and temperature rang e7rs to Straniero (1988), the dashed-dotted line to Fontaine et al.
- T . . ﬁg 7), and the crosses to Lamb (1974).

The radiation contribution is dominant at high temperatures al

low densities. The well-known limiting case ®f,q4 = 0.25 in

the low-density limit depends on the temperature in a strong Fig[I9 shows the adiabatic temperature gradient for helium.

manner. In Fig 20 we drawV .4 for a mixture of carbon and oxygen at
The largest deviations for the adiabatic temperature gratigh temperatures as appropriate for white dwarf interiors.

ent are observed in the intermediate density region, that meansThe temperatures and densities are chosen here according

for plasma parameter where e.g. correlation effects must be tbethe conditions for a fully ionized plasma. Nevertheless, our

scribed by accurate expressions. It should be emphasized #@s-formalism can be applied for the conditions of a partially

the Paé technique is well suited to meet the challenging résnized plasma (lower temperatures) provided additional terms

guirements of this - sometimes poorly known - density regimie. Eq. (20) are considered and are solved in connection with
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Fig. 18. Adiabatic temperature gradief.q (with radiation andall

terms in Eq[{20)) for carbon (solid line and short-dashed lineg)-at
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Fig. 20. Adiabatic temperature gradieRt.q (with radiation andall
terms in Eq.[(2D)) for a mixture of C/O=50/50 (mass fractions) along

107K vs. density. For the ionic quantum corrections the results frothe isotherms” = 107 (solid), 107-® (dashed), and0*K (dashed-
Chabrier et al. (1992) (solid line) and from Nagara et al. (1987) (shodetted) vs. density.

dashed line) are used. The triangles refers to Straniero (1988), the

dashed-dotted line to Fontaine et al. (1977), and the crosses to Lamb

(1974).

0.40

0.35

0.30

adiabatic gradient

0.25

log [o/(g cm™)]

Fig. 19. Adiabatic temperature gradieM.q (with radiation andall
terms in Eq[T20)) for helium along the isotherffis= 10° (solid), 107

(dashed), and0®K (dashed-dotted) vs. density.

per we have improved our Padipproximants for the corre-
lation contributions and continued to present formulae for the
explicit calculation of the internal energy, reciprocal compress-
ibility (bulk modulus), coefficient of strain, and the specific heat.
Further results using our calculational concept for the adiabatic
temperature gradient for fully ionized plasmas are presented by
Stolzmann & Bbcker (1998). The extension of our formalism
to the partially ionized region is in progress.
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