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Abstract. We present a general method for the reconstruction In case of weak lensing surveys it appears however that it is
of the one-point Probability Distribution Function of the locamore convenientto consider the so called aperture mass statistics
aperture mass in weak lensing maps. Exact results, that neglbat corresponds to filtered convergence fields with a compen-
the lens-lens coupling and departure from the Born approxingated filter, that is with a filter of zero spatial average (Kaiser
tion, are derived for both the quasilinear regime at leading ordetral. 1994; Schneider 1996). Indeed, it is possible to relate the
and the strongly nonlinear regime assuming the tree hierarchilcalal aperture mass to the observed shear field only, whereas,
model is valid. We describe in details the projection effects am contrast, convergence maps require the resolution of a non-
the properties of the PDF and the associated generating fulocal inversion problem and are only obtained to a mass sheet
tions. In particular, we show how the generic features which ategeneracy. The aperture mass statistics have proved valuable
common to both the quasilinear and nonlinear regimes leadrgarticular for cosmic variance related issues (Schneider et al.
two exponential tails foP (M,,,). We briefly investigate the de- 1998). Thus, in this article we present a method to compute the
pendence of the PDF with cosmology and with the shape of thee-point PDF of the aperture mass, both for the quasilinear
angular filter. Our predictions are seen to agree reasonably veglt strongly non-linear regimes. In the case of the quasilinear
with the results of numerical simulations and should be ahblegime we can use rigorous perturbative methods while in the
to serve as foundations for alternative methods to measure linghly non-linear regime we have to use a specific hierarchical
cosmological parameters that take advantage of the full shamse model (which has been seen to agree reasonably well with
of the PDF. numerical simulations). Although the details of the calculations

are specific to each case we point out the general pattern com-
Keywords: cosmology: theory —cosmology: gravitational lensmon to both regimes which is brought about by the projection
ing — cosmology: large-scale structure of Universe effects. In particular, our methods are quite general and actually
apply to any filters, though we are restricted to axisymmetric
filters for the quasi-linear regime. Our results for the non-linear
regime, where there is not such a restriction, can also be ex-
tended to multivariate statistics{point PDFs).

Recent reports of cosmic shear detection (van Waerbeke et al.In Sect. 2 we recall the definitions of the local convergence
2000a; Bacon et al. 2000; Wittman et al. 2000; Kaiser et &nd aperture mass and how they are related to the cosmic 3D
2000) have underlined the interest that such observations €gRsity fluctuations. In particular we present the shape of the
have for exploring the large-scale structures of the Univer§@mpensated filters that we use for the explicit computations we
Previous papers have Stressed that not on|y |t Could be pogéesent in the fOllOWing. In Sect. 3 we describe the relationship
ble to measure the projected power spectrum (Blandford etRgtween the PDF and the cumulant generating function of the
1991; Miralda-Escuel 1991; Kaiser 1992) of the matter field 3D density field and we show how this extends to the projected
but also that non-linear effects could be significant and betr@§nsity. The details of the calculations are presented in Sect. 4,
the value of the density parameter of the Universe. More spedfif the quasilinear theory, and in Sect. 5 for the nonlinear theory.
ically, Bernardeau et al. (1997) have shown that the skewngygmerical results are presented in Sect. 6.

third order moment of the local convergence field, when prop-

erly expressed in terms of the second moment can be a prgb :

of the density parameter independently of the amplitude of t 'eq—he convergence and aperture mass fields
density fluctuations. This result can be extended to higher ém-weak lensing observations, background galaxy deformations
der moments, to the nonlinear regime (Jain & Seljak 1997; Hean be used to reconstruct the local gravitational convergence
1999; Munshi & Coles 2000; Munshi & Jain 1999b) and thield. We recall here how the local convergence is related to the
whole shape of the one-point PDF (Valageas 2000a,b; Mungihe-of-sight cosmic density fluctuations. As a photon travels
& Jain 1999a,b). from a distant source towards the observer its trajectory is per-

1. Introduction
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turbed by density fluctuations close to the line-of-sight. Thigith

leads to an apparent displacement of the source and to a dis- 9

tortion of the image. In particular, the convergenamagnifies Q(V) = ~U (V) + 5 /dﬂ' V' UW). ©)

(or de-magnifies) the source as the cross section of the beam is

decreased (or increased). One can show (Kaiser 1998) thatMe@etheless considering such a class of filters is interesting be-

convergence along agiven Iine-of-sight is, cause convergence maps are always reconstructed to a mass
R, sheet degeneracy only. Therefore, to some extent, any statisti-

o — / AR (R, Rs) 6(R) 1) cal quantities that can be meast'Jred in convergence mass maps
0 correspond to smoothed quantities with compensated filters. In

when lens-lens couplings and departure from the Born appr&lﬁg following, for convenience rather than due to intrinsic lim-
imation are neglected (e.g., Bernardeau et al. 1997). This qu%tjon of the method, we consider filters that are defined on a
tion states that the local convergence is obtained by an intedr@inPact support.

over the line-of-sight of the local density contrast. The integra-

tion variable is the radial distanc®, (andR corresponds to 2.1. Choice of filter

the distance of the source) such that _ . . , L
It is convenient to write the filter function in terms of reduce

cdz/Hq @) variable,/0 whered is the filter scale,
VoA + (1= Qm — Q)1+ 2)2 + Qu(1 + 2)° ey 10/
while the angular distanc® is defined by, (W) = 02

dR =

(10)

¢/Hy ) HoR so that the evolution witl# of the properties of\f,,, only de-

D(z) = Vi -, sinh ( L= = - ) ®3) pends on the behavior of the density field seen on different scales
o _ o (while the shape and the normalization of the angular fifi@t)

Then, the weighto(R, R) used in[(1) is given by: remains constant). In the following we shall use two different

filters, which satisfy[[I0). One, which we notg;, has been

3Qm HE D(R)YD(Rs — R > .

B(R,Rs) = == —5 DR) +z explicitly proposed by Schneider ,

5(R,Rs) o DR)D( )(1 ) (4) licitl d by Schneider (1996

wherez corresponds to the radial distarie Thus the conver- y4(z) = 9 (1—2?%) <1 - ;ﬁ) forx <1 (11)

gencex can be expressed in a very simple fashion as a function @ 3

of the density field. We can note froifnl (1) that there is & Migngy,¢ (x) = 0 otherwise. The Fourier form of this filter corre-
imum valueryin (25) for the convergence of a source locategpongs to,

at redshiftz,, which corresponds to an “empty” beam between .
the source and the observer £ —1 everywhere along the - / _
line-of-sight): Ws(l) =27 ; dz x ug(x) Jo(lz) =

24 J4(1)

. (12)

R . The other, which we notegy , corresponds to a simpler com-
Kmin = _/0 dR (R, R) () pensated filter that can be built from two concentric discs. It is

) . built from the difference of the average convergence in a disc
In practice, rather than the convergenci can be more con- 1/2 and the average convergence in a disc unity:

venient (Schneider 1996) to consider the aperture mAgs It
corresponds to a geometrical average of the local convergence _ 4H((2z) H(x)

: . L upy(r) = ——— — —— (13)
with a window of vanishing average, T T

5 , , where H(z) is the characteristic function of a disc unity. In
Map = /d P UW) w(9" - 9) )  Fourier space it is simply related to the Fourier transform of a

] . disc of radius unity,
wherex(9) is the local convergence at the angular positibn

i i i 2J:1(1
and the window functiod/ is such that Wi (1) 1(1) (14)

l b
2 _
/d U(9) = 0. @) and reads,

In this case,M,, has the interesting property that it can b B 4(1/2)  24(1)

expressed as a function of the tanggerﬂiarco%pongm the Wav (1) = Wi(1/2) = Wa(l) = R )

shear (Kaiser et al. 1994; Schneider 1996) so that it is nOt4fe ratio of the 2 radii has been chosen so that the 2 filters are

principle necessary to build local shear maps to getlocal apertgfgse enough, as shown in Fig. 1. Note that the normalizations

mass maps. More precisely we can write, are somewhat arbitrarily. In the plot they have been chosen to
5 o , , give the same amplitude for the aperture mass fluctuations in

Mo (9) = /d Q) (9 =) (8) case of a power law spectrum with index= —1.5. This is
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0.6 3.2. The projection effects

The relation[(1) states that the local convergence can be viewed
0.4 as the superposition of independent layers of cosmic matter
field. The direct calculation of the one-point PDF of such a
Ui g0 sum would involve an infinite number of convolution products
which makes it intractable. Itis more convenient to consider the
I cumulant generating functions which simply add when differ-
M ent layers are superposed (because Laplace transforms change
v convolutions into ordinary products).
"y 1 0 1 2 The projections effects for statistical properties of the local
Log, () convergence have already been considered in previous papers. It
has been shown in particular how the moments of the projected
Fig. 1. Shape of the filter functions we use in Fourier space. The solighnsity can be related to the ones of the 3D field in both hierar-
line corresponds to the shape proposed by Schneidef Eq. (12), Mica| models corresponding to the non-linear regimétifiet
t?p"ed by 1.459 an_d th? dashed line corresponds to the Compenszgﬁd_LQSQ) and in the quasilinear regime (Bernardeau 1995).
filter we introduce in this paper, Eq.15). More recently it has been shown (Valageas 2000a,b; Munshi
& Jain 1999a) thatthese results could be extended to the full PDF
obtained by multiplying the expression {12) by 1.459. Fig.df the projected density. In particular the cumulant generating
shows actually that the two filters are very close to each othgfnction of the projected density can be obtained by a simple
In particular they have their maximum at the saimerale, and |ine-of-sight average of the 3D cumulant generating function.

except for the largé oscillations they exhibit a similar behavior. |t is convenient to define the normalized projected density
In the following we will take the freedom to use either one Qontrasty,,,.;. by:

the other for convenience.

Spuas = 1 = [ ARF(R)S(R), (20)
3. One-point PDF construction [fmin]
. . . . whereF'(R) is the selection function for the projection effects
In this section we succinctly review the theory for the construc- . T
: . - " : as a function of the radial distané&

tion of the one-point PDF statistical quantities. In particular we A

recall the mathematical relationship between the one-point P@‘ER) _ W(R,Rs) . (21)

and the moment and cumulant generating functions. | Kmin|

When filtering effects are included we have,
3.1. General formalism

| e S = [ € w0 B (97~ ) 22)
In general one can defing \) as the generating function of the = '
cumulants of a given local random variable wherewy is a given window function at scake A particular
o0 AP case is provided by the normalized aperture nidss,
X(A) = _(0)e = w
p=1 P M, = P a_p| = /d219’ U(9") dproj. (9 — 9). (23)
Itis given through a Laplace transform of the one-point PDF of e _ .
the local density contrast The cumulants of the projected density can be related to
- those of the 3D density fields. Formally they correspond to the
ex(N) — / dé e P(6). (17) ones of the field when it is filtered by a conical shape window.
1 Thus, from[[20) we obtain:
For hierarchical models, that is wheéi?), ~ (62)P~1! it is R, P
convenient to define(y) as (Oproj. (V1) - - - Oproj. (Ip))e = / [[dR: F(R:)
0 =1
_ (6P)e (=y)P _ 2 2
p(y) = — ; (82)p=1  pl —(6%) x(—y/(6%))- (18) X(6(R1,D191) ... 6(Rp, DpVp))e- (24)

. _ . The computation of such quantities can be made in the small an-
Then the one-point PDF éfis then given by the inverse Laplacegle approximation. Such approximation is valid when the trans-

transform (see Balian & Schaeffer 1989), verse distanceB|9; — 9| are much smaller than the radial dis-
dy oy) Yo tancesR. In this case the integrdl{P4) is dominated by configu-
P(6)dd =do S5 exp -5t + 5, (19) rationswher®R;—R; ~ D;|9;—9;| ~ D;|9; —9;|. It permits
2mio o o J J J J

to make the change of variabl® — r; with R; = R, +r;D;.
of the moment generating function. Here= (62)/2 is the Then, since the correlation length (beyond which the many-
r.m.s. density fluctuation. body correlation functions are negligible) is much smaller than
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the Hubble scale/ H (=) (whereH (z) is the Hubble constant atthe correlation functions. It is in particular natural to assume
redshiftz) the integral over; converges over a small distance ofhat,

the order ofd; — 19| and the expressioh {(P4) can be simplified
in oo pression ) PRET7). o (21 (32)

Re | with a coefficient of proportionalitys,, that depends on both the
(Oproj. (V1) - - - Oproj.(Fp))e = / DY dRy FY power spectrum and filter shapes, but not on the power spectrum
o P 0 normalization. For power law spectrum it implies in particular
X/ H dr; (8(R1,D191)...8(Ry + 1Dy, D19,))..(25) that these coefficients do not depend on the filtering scale. In
s the coming sections we present in more details the origin of this
scaling relation. It allows to define

ply) = - Z Sp (_p%)p

Taking filtering effects into account leads to,
= —(6%) x(~y/(6%)). (33)

R, P
O / DY AR, FY /HdQﬁiwe(ﬁi)
0 =1

o P The Eq.[27) then relates the cumulant generating functign
X / H dr; (6(R1,D191)...6(R1 + D1, D19,))..(26) forthe projected density to the one corresponding to cylindrical
—0 =2 filtering effects,

Thus the projection effects reduce to dR
o () = [ S oty FOR)(R) (34)
(68 o p)e = / AR FP(R) (80 wr)e LP71, (27)
proj.,0 DO, cyl. with
wheredp,, ., is the filtered 3D density with a cylindrical filter (025 1)
of transverse siz® 0 and depthL (which goes to infinity in ¥s(R) = (sziy L (35)
@)) < proj.,9>
In particular this result gives the expression of the varianggich can be rewritten in terms of the matter fluctuation power
of the filtered projected density contrast, spectrum,
Rs 2 2
2 )= / AR F2(R) (53 o1 e L (28) _ [ a2k P(k,z) W2(kD6) a6
oros0) = (R) {9%0,e01) Vo R) = TR R a2k Plk, ) WD ) O

This expression can be re-expressed in terms of the power SRRehis expression we have explicitly written the redshift depen-

trum P(k) (nonlinear power spectrum), defined in this papgfance of the power spectrum. In case of a power law spectrum,
with

. EN\"
d’k K(x1—x P(k,z) = P, () 37
(0(x1)d(x2)) = / (zﬂ)gp(k) k(1 —x2) (29) (k,2) = Po(2) o (37)
Then it takes a much simpler form given by,
> dk d2k Py(2) p—n—2
2 _ 7” L = . 38
<5D9,cyl.>c - /0 ot / (27‘(’)2 P(k) 1/)0(72) de/ FZ(R/) Po(Z/) D/—n—2 ( )
y 2 sin(k) L) 2 W2(DOk, ) (30) The result[(3#) is the cornerstone of the calculations we present.
kL L It allows to relate the cumulant generating function of projected

guantities to the ones computed in much simpler geometries.
The difficulty then resides in the computation @f;;. in
regimes we are interested in. Two limit cases are actually
accessible to exact calculations. First, one is the quasilinear
regime where one can take advantage of the special properties
1 [d2k, of the perturbative expansion in Lagrangian space to build the
(050, ey1) = 7 /(272 P(k,) W?(Dbk,) (31) cumulant generating function in Eulerian space. These kinds
: ) of properties had been used previously for 3D or 2D top-hat

wherelV is the Fourier shape of the 2D window function. Thisilters only. We show here how this method can be extended
relation holds for the filtered projected density contrast as wedl the filter [15). Second, in the strongly nonlinear regime one
as the aperture mass, for whigh in (31) is to be replaced by can also do exact numerical calculations when one is assuming
Wg or Way . the high order correlation functions to follow a tree model. The

The formal expression for the higher order moments can terivations corresponding to these regimes are presented in the
simplified by taking advantage of the so-called scaling laws foext two sections.

wherek is the component ok orthogonal to the radial di-
rection andk is the component along the line-of-sight. In the, o
previous integralk ~ 1/L andk, ~ 1/(D#0), so that wherl,
is largek| is negligible compared th; which leads to,
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4. The quasi-linear regime whereD_ (t) describes the time dependence of the linear grow-

.ing mode. The central issue is the way the geometrical kernel

The reason rigorous calculations can be carried on in this regime, k,) behaves when geometrical effects are taken into
1,---,Kp

is that the cumulant generating function for a cylindrical Shapea't%count. At leading order in perturbation theory (that is when

exactly the one correspond_mg to the 2D dynamics (BernardeoarHy “tree order” terms are taken into account) that amounts to
1995). In other words, in this case

compute terms of the form
sDg;llzibsilinear (y) _ sDgz)asilinear (y) (39)

A . A b/daldapjp(kl,,kp)W|k1++kp| (45)
at leading order. In this regime the problem then reduces to the

computation of cumulant generating functions for compensates ereq; is the angle of the'h wave vector. There exists a

f|lters for th? 2D dynamics. Th? I{;\tter caleulation is Presented iral property, valid for top-hat filters only, which states that
in the following paragraphs. This is a long and technical Cach?;ernardeau 1995)

lation that leads to the formulde {85187).
The calculations we present follow what has been done for/ da day, J, (k k) Wilki +...+ k| = (46)
the top-hat window filters, with the complication introduced by Lo p pA R Bp/ FTLITL T T B

the use of two such filters instead of one to build the compensated
f|lter Wl (kl) N Wl(kp) /dal e dOép Jp(kl, ey kp),

S _ wherelV; is defined in[(I4). This result extends the one obtained
4.1. 2D statistics in Lagrangian space in Bernardeau (1994) for the 3D dynamics.

The generating function for the compensated filiet (13) can be At leading order in Perturbation Theory any cumulant of

built from the generating function of the joint density PDF fof"€ form(v{ v3). involves only products of such quantities. The

two concentric cells of different radius. This quantity will be©t Of commutation rule given in the previous equation implies
obtained in Eulerian space from the one in Lagrangian spaﬁ?@t these cumula.mts.can be computed without explicitly taking
through a Lagrangian-Eulerian mapping. More precisely Walo account the filtering effgcts._ It means that any cumulgnt of
consider the joint PDF of two reduced volumes defined as ti form (vf v3). can be built with aree shape construction

comoving volumeV,(t) occupied by some matter expressed iyith two different kinds of end points. Formally the generating

units of the volumé/ it occupied initially, function of such cumulants
/\P )\q
_ ch(t) (a0) XOndo) =2 TRl ) (47)
p,q

The Eulerian overdensity of this matter region will then be giveigads,
by the inverse of,

X(A1,A2) = Ai(y(71) + A2y (T2) — (48)
p = 1/’(} (41) )\1 ’ AQ /
o . . 511 (m) — 5 72((T2)
The calculation will be made in two steps. First we present the 2 2
derivation of the cumulant generating function in Lagrangian 1= M&1Ch (1) + A€o (Te) (49)
space, then the mapping from Lagrangian to Eulerian space. Ty = MECh(T1) + Xaou (s (T2), (50)

In a Lagrangian description corresponds to the Jacobian _ _ _
of the transform from the initial coordinatesin Lagrangian Whereg;; are the second moment of the linear density contrasts
space to the ones in real space between two cells of fixed Lagrangian radjiandé,

d’k

ox| (42) & =Fy(016;) = / G PRI W@E) W) (6)

dq
The construction of the volume PDF is then based on the gddwey are, for the Lagrangian variablgs fixed parameters that

metrical properties of the Jacobian perturbative expansion. dgpend only on the power spectrum shape (and on the set of cell
expansion with respect to the initial density fluctuations (in thradii chosen at the beginning). The functignis the generating

v=J(q) =

rest of this subsection we consider 2D dynamics) reads  function of the angular averages §f(k;, .. .,k;),
J@=1+J"@)+... (43) >
G = dp—s do=1 (52)
Each term of this expansion can be written in terms of the initial =0 P
Fourier modes of the linear density field, ] 1
Jp = (27()17 /da1 ...dOép Jp(kh...,kp). (53)

2k ’k
J®) = /g...d ED2 () d(ky)...0(ky) X , _
27 27 Note that(7) — 1 = 1/¢;(7) — 1 describes the density contrast

explitks +... +kp)q] Jp(ki,... k). (44) of aspherical density fluctuation of linear over-densiftgr the
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2D dynamics. The exact form @f; is therefore known for any which gives implicitly the values of; at the saddle point posi-
cosmological model. tion in terms ofv;. Taking advantage of the properfy [59), one
The relation[(4B) can actually be generalized to an arbitragets,
number of cells in a straightforward way,
g y CJ(Ti) = V;. (62)

x({A)) = Z NGy (r) — Tl ¢hm) (54) Itimplies that with the saddle point position the expression of
the joint PDF is (not taking into account prefactors),

B g&‘ G () 9 P ) e | 5 S Gy, (63)

ij
The latter relation can be rewritten in an equivalent way as . _ .
d y with the mapping[(82). This is exactly what one would expect
c o 56 for Gaussian initial conditions; being the linearly extrapolated
Z i 75 = X G (i) (56) density contrasts at the chosen scales.
j=1
where(;; is the inverse matrix t@m The generating function 4 3 Lagrangian-Eulerian mapping

x can then be written,
Torelate Lagrangian and Eulerian space, one uses the same trick

x({\i}) = Z/\ ¢r(m) Z Coi i (57) asinBernardeau (1994), that is,
? 13 Tty

g=1 1 1
) ] .J PLag,<v1>,...7vn>>=
It gives the generating function of the reduced volume generat- po1 Pon

ing function of an arbitrary number of concentric cells. Note that Prui (p1 < po1y-- -y Pn < Pon)- (64)

however the known geometrical properties of the Lagranglame leading order cumulant generating function can then be

expansion terms do not allow to extend these results to ng dbtained by an identification of the exponential term when one

concentric cells. Thus, our method actually apply to any filter
which is axisymmetric (in general one would need an mﬁmtuses the saddle point approximation. The variables are however
y 9 now changed im; which are related ta@; with

number of cells but in practice numerical discretization always
leads to a finite number of concentric shells). It is worth noting(r;) = p;, ((7:) = 1/{s(w). (65)

that the relatiori{35) gives, Moreover the variableg; enter also the expression of the cell

41y e N correlation coefficients, ; since they are in Ed.(51) computed

Z AiCr(m) d\; Z 73 (75) dy, i (1) (58) for a fixed mass scale and not for a fixed Eulerian space radius.

! o ! As aresult, the coefficiertt;; expressed in terms ¢f; should
which in turns leads to, be understood as function of the variaplethrough
Ix({Ai}) _ = =( 1/2
2o =), (59) & = &(n"0:) (66)

& = E(n)%0,0)0;) (67)
4.2. Saddle point approximation and leading order cumulant
generating function whered; are all kept fixed.

The cumulant generating function in Eulerian space is ob-

In this subsection we explicit the formal relationship betweegined also with a saddle point approximation in the computation
the generating function computed at leading order and the shgpe

of the multivalued density probability distribution function.
The joint PDF is formally given by (this is an extension ofxp [xeu({Ai})] = /dp1 coodpp Prai(p1, -5 pn)
Eql[19)

Plor,... o) = [ (60) X exp (Z:A”’l) (68)

2mi T 2mi

xexp[ N} Z)\ ’U;|. L
Xew({Ai}) = Z)\zﬂz —-3 > Cimim (69)
In case of a small variance, the expression of the joint density i,j=1
is obtained through the saddle point approximation. The sadg|gy, the stationary conditions,
point conditions read,

g))\( = v;, (61) 2 apz Z Cz] T TJ - >\ (70)

which leads to,
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where the partial derivatives should then be understood for fi;
radiusf; and);. The relation[(6B), together with the condition
(70) gives the formal expression of the cumulant generat
function in Eulerian space.

The case we are interested in,
Map =pP1— P2 (71)
if
01 =1/2, =1 (72)

correspondsto 2 cells, i, is built with the filter [15). Then the

generating function fon/,;, is obtained with a peculiar choice

for \;,

A=A =)o (73)
It is actually convenient to define,

y=Ao? (74)
and

Pap(y) = ey (y) = —x(A) o (75)
whereo? is defined by

0% = (MZ,) = &1 + €9 — 2615. (76)

With this choice of variablep(y) does not depend formally on
the variance but only op. To be more specific one has finally

Pyt (y) = yC(11) — yC(72) + F(11,72) (77)
o2
f(Tl,TQ) = m
T2 T2 2r(11, T2)T1 T2
X |=—— + =—2— — , (78)
fulm) - Eal(n) &11(11)E20(72)

wherer = £,5/1/&,1€45,&;, @andé,, are considered as function
of 71 andr, through the variableg; andp.. the saddle point
conditions then read,

0

8f = —y('(m) (79)
T1

oF ,

pE y¢'(72). (80)

of the one point PDF of the local aperture mass
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Fig. 2. Shape of the functions, (y) and(y) for the two-cell com-
pensated window functiony(= —\o?). The computations have been
done for a power law spectrum fer = —1.5. The solution forr

has been extended beyond the singularity to show explicitly that the
singularities are due to double solutiongn

0.1 0.15

Inthis case the functiog(\) can be numerically calculated. 4 4 Properties of the cumulant generating function
We have restricted our calculations to the case where the power

spectrum follows a power law behavior with index= —1.5.

These figures clearly show that the functipfy) has two sin-

To do the numerical computations we also use a simplified eylarities on the real axis. This is to be compared to what is

pression for the 2D spherical collapse dynamics,

(r)=QQ+7/r)"" (81)
with
_YB-1 (82)

2

The resulting functiorp.1.(y) is shown in Figl 2, together with
the functionsr, (y) andm(y).

encountered for counts-in-cells statistics where only one sin-
gular point is expected. The numerical resolutions have been
extended slightly beyond the singularities to show that they are
due to the resolution of the implicit equationsrthat have
multiple solution iny. As a result the generic behavior near any
of such singularity is

vz, (83)

(84)

T(y) ~ g (y - ys)

eyt (y) ~ as (y —ys)*/*.
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5. The nonlinear regime

In the nonlinear regime, there exist no derivations from first
principles of the behavior of the high order correlation functions
of the cosmic density field. However, hints of its behavior can
be found. Thestable clustering ansagives indication on the
expected amplitude of the high order correlation functions and
how they scale with the two-point one. The hierarchical tree
model, and more specifically tmeinimal tree modelallows to
build a coherent set of high-order correlation functions.

5.1. The stable-clustering ansatz

Fig. 3. Geometrical representation of Eg.[86). The functidy) is . .
given by the intersection of the line/y with the curvec’s (7). The stable clustering ansatz (Peebles 1980) simply states that

Singularities appear when both curves are tangential, as shown in% high Qrder correlation anCtions ShOl_J|d comper_lsate, in viri-
figure. alized objects, the expansion of the Universe. It gives not only
the growth factor of the two-point correlation, but also a scaling

This behavior directly induces exponential cutoffs for the shap@ation between the high-order correlation functions.

of the density PDF (see Balian & Schaeffer 1989; Bernardeau & EXPressed interms of the coefficies)i-hence of the gener-
Schaeffer 1992). In case of compensated filter, the fact that &9 functiony(y) defined in[(18)- it means that they are inde-
obtain 2 singularities, induces two exponential cut-offs on bofgndent of time and scale. As a consequence, the knowledge of

side of the PDF as it appears clearly on the results presentel{fs €volution of the power-spectru(k), or of the two-point
Sect[® (see also Valageas 2000c). correlation functions, is sufficient to obtain the full PDF of

In a phenomenological way the functign,.(y) can be the local density contrast. This property has been checked in
described by an effective vertex generating fun'ctjgn(T) so humerical simulations by several authors (Valageas et al. 2000;

that Bouchet et al. 1991; Colombi et al. 1997; Munshi et al. 1999).
' 1 In particular, the statistics of the counts-in-cells measured in
Yyl (y) = yCerr (T) — =y 7 g (7) (85) numerical simulations provide an estimate of the generating
, 2 functiony(y) for 3D top-hat filters.
T = ~YCen.(T): (86) More precisely, in the highly non-linear regime one consid-
Numerically the effective vertex generating function is well degrs the variable: defined by:
scribed by a fifth order polynomial, o 1+ 05 ©0)
Cor (T) = —740.84317972 — 5.7511 73 + 3.3669 7* — e
6.3852 7° (87)  Then, using[(19), for sufficiently “large” density contrasts the
which is regular, the expected singular behaviorf6y) being PDFP(dr) can be written as (Balian & Schaeffer 1989):
induced by Eq[(86) (see Fid. 3). Note tdat (7) can be viewed 1
as a generating function of effective vertices. It implies that fdt(dr) = = h(z) (91)
instance the skewness of the 2D (or equivalently cylindrical)
compensated filtered density is when
SV = 3% 0.843179 ~ 2.52 ®8) 1, (1405 >¢ /Y (92)

for such power law spectrum shape. Itis however important ihere the scaling functiol(x) is the inverse Laplace transform
have in mind that the shape @fi (1) as well as the skewnessy¢ oly):

depend on the window functiorormalization The calculations A
have been given here for the;y filter defined in Eq.[(15). For (2) = +ico dy
theus filter, Eq. [12),55" for instance would have been abou{1 )=

1.459 times larger, because of the normalization discrepancy ,
between the twao filters. In'(92) the exponent comes from the behavior gf(y) at large

The skewness afZ,, is then related to this one through & Indeed, from very general considerations (Balian & Schaeffer
simple projection factor 1989) one expects the functigr(y) defined in[IB) to behave

) for 3D top-hat filtering as a power-law for large
Cyl. f dR FS [PO(Z) Di(n+2)]

SEOI = 55 5
[[dR F2 Py(z) D~ (n+2)]

This latter relation is actually valid in both the quasilinear a
the nonlinear regime. y—=yl oo(y) = —as D(ws) (y —ys) " (95)

o e™ o(y)- (93)

—100

(89) y— +oo : oy)~ay'™ witho<w<1, a>0 (94)

nadnd to display a singularity at a small negative valug,of
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where we neglected less singular terms (note that this behawitrere(«) is a particular tree-topology connecting theoints

has indeed been observed in the quasilinear regime, Bernardgatout making any IoopQﬁ,“) is a parameter associated with
1992). Taking advantage of these assumptions, one obtais order of the correlations and the topology involvedijs

(Balian & Schaeffer 1989), a particular labeling of the topologftr) and the product is

_ a(l—w) o made over thép — 1) links between the points with two-body
r<1: h(z)~ Tw) © (96)  correlation functions. A peculiar case of the models described
21 h(@) ~ag ol el 97) by (I00) is the “minimal tree-model” (Bernardeau & Schaeffer

1992, 1999; Munshi et al. 1999) where the Weig@g%’) are
with z; = 1/|ys|. Hence, using[(91) we see that the deryiven by:

sity probability distributionP(d ) shows a power-law behavior

from (1 4 6g) ~ E_w/(l_i) up to (1 4 dg) ~ z,€ with an QY = II Vq (101)
exponential cutoff above ;£. It implies in particular that the vertices of(a)
functionh(z) measured in numerical simulations can give rise : . .
: . . Wherey, is a constant weight associated to a vertex of the tree
to constraints on the cumulant generating function from the ol ith ina I Th derive th
verse relation opology wit ' outgoing lines. Then, one can derive the gen-
o erating functiony(y), defined in[(1B), or the coefficient$,,
o(y) = / (1—e~¥) h(z) du (9g) from the parameters, introduced in[f(ml)_ which completely
0 specify the behavior of the—point correlation functions.
Note thath(z) depends on the power-spectrum and, in the ab- In th.is case the cumulant generating function is given for
sence of a reliable theory for describing the nonlinear regime3 filtering by,
has to be obtained from numerical simulations. This is the case 3
ip particular_forthe evolution of the two-point correlgtion funcx()\) :Z 7/d3r1..d3rp w(rr).w(ry) & (ry, .., rp) (102)
tion, or equivalently of the power-spectrum. To this order we = P
use the analytic formulae obtained by Peacock & Dodds (1996?1 ) ) )
from fits to N-body simulations. wherew corresponds to the filter choice. In the case of the min-

Note that the relatiofi{93) holds independently of the stabf§1@! tree-model, where the—point correlation functions are
clustering ansatz. However, if the latter is not realized the genfffined by the coefficients, from (100) and[(101), it is possi-
ating functiony(y) depends on time (and scale). Then, most Hfe to obtain a simple implicit expression fqr the functp@(n\_)
the results we obtain in the next sections still hold but one ned§€€ Beérmnardeau & Schaeffer 1992; Jannink & des Cloiseaux

to take into account the evolution with redshift @fy). That 1987):

would be necessary in particular if one wants to describe the . 7(x)¢'[7(r)]

transition from the quasilinear regime to the strongly nonlineafA) = /\/d r w(r) [C[T(r)] T (103)

regime. In the following we assume that the stable-clustering

ansatz is valid, so that(y) is time-independent. As mentionedr(r) = /\/d3r/ w(r’) &(r,r) '[r(x")] (104)

above this is consistent with the results of numerical simula-

tions. where the functior{(7) is defined as the generating function
for the coefficient/,,

5.2. Minimal tree-model < (1)

If one is interested in the statistics of the top-hat filtered cohl™) = Z o ™ with vy=v =1 (105)

vergence, it is reasonable to assume that (Valageas 2000a,b), p=0

99) The functiony () obviously depends on the choice of filter

Pert. () % pap(y)- through the functionw. For a top-hat filter, it would simply be

In case of the aperture mass statistics however the filterig@nsracteristic function normalized in such away that
scheme istoo intricate (with both positive and negative weights)

to make such an assumption, and in particular the resulting vjidgr w(r) =1 (106)
ues forS, depend crucially on the geometrical dependences gf '
the p-point correlation functions. We are thus forced to adopt

a speqﬂc m_odel for the_ correla_tlon functions, and t_he one Wsod results in case of top-hat filter (Bernardeau & Schaeffer
adopt is obviously consistent with the stable-clustering ansa 92) is to integrate (r) over the volumé” in the second line

A popular model for theo—point correlation functions in .
. L . of the systen{(103) and then to approximate) by a constant
the non-linear regime is to consider a “tree-model” (Schaeffer y ) PP ) by

1984; Groth & Peebles 1977) whefgis expressed in terms of This leads to the simple system:
products oft, as: T {'(7)

o - 257 (107)
&re,orp) = > QWY ] &alrisry) (100)
(o) ta p—1 T (108)

A simple “mean field” approximation which provides very

®3p(Y)

I
[
<
X
—
]
~—
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Then, the singularity op(y), see[(9b), corresponds to the point Thus, we see that the correlation functions of the projected
where the|dy/dr| vanishes. Note thaf(r) is regular at this densityd,..;. itself do not show an exact tree-structure as the
point and that the singularity is simply brought about by thenderlying 3D correlation function§,. Nevertheless, as seen
form of the implicit system[{108) as observed in Bernardeaui& (I10) they are given by one simple integration along the line-
Schaeffer (1992). Making the approximatipn ([[079108) for botst-sight of the 2Dp—point functionsw, which exhibit thesame
w3p(y) andycy (y) leads to the approximatiofi {99) which igtree-structureas their 3D counterparts,. This means that we
thus natural for the minimal tree model. can still use the techniques developed to deal with such tree-
In the case of a compensated filter such a simple mean fielddels. In particular, in the case of the minimal tree-model
approximation however cannot be done. It is in particular d@&01) we will be able to take advantage of the resummation
to the fact that the weights given tothen strongly depend on (I03E104).
the radius distance. Before we go to this point we need first to Once again, it is interesting to note that for power-law spec-
take into account the projection effects. tra, P(k) o« k", the angular and the redshift dependences,of
can be factorized so that the correlation functions of the pro-
jected density,..;. itself now exhibit a (new) tree-structure.

Then, the 2-point function reads,
As noted in Dth et al. (1989) and analyzed in detail in Valage _ _ _ 9 —(n+2)
(2000b), we know that the tree structure assumed for the %"OJ'wlgpmng» = [91 =9
correlation functions is preserved (except for one final integra- x/ d’1 1" Jo(l) /dR F?(R) Fo D~ (n+2) (115)
0

5.3. Projection effects for the minimal tree-model

tion along the line-of-sight) for the projected density. Indeed, (2m)? 0
inserting [1UD) in[{Z4) we obtain: while the high-order ~ p—point functions
R, (Sproj. (91)--Opro.(9p))e follow the tree-structure [{Z00)
(Bproj. (91)-Oprog. (Ip))e = > QLMD i dR, F? with the projected weight§'”) . -
(o) ta

—(n p—1

“T o — @ JARF? [Po(z) D~ 2]

x / [TdR: T G2(xa xs) (109) ““Pproi- = » AR 7 By D
T =2 p—1

_Note that the relatio){" «» Q;f*;mj_ depends on the slope
where we notedc, = (Rq, D19,). It can be noted that in , of the power-spectrum. On the other hand, if the initial tree-
the small angle approximation the weight applied to each digqe| for the 3D correlation functions is the minimal tree-model
gram depe.n.ds on their ordeonly and not on thelr geqmetncal (T01) we can see that the projected tree-struckurd (1 1@)ian
decompositions. As a consequence the projeptebint Cor- gy 4t minimatree-modd which would be expressed in terms

relation function can be written, of a new generating functiafy.;. (7). In other words..;. (¥

(116)

(oroi.(91) - - . Sproi. (D)) = cannot be built from a tree structure whereas, (y) can, and
proj. -+ Uproj. p)/lc — . . . . .
R, with thesamevertex generating furjctlofm(r) _deflned in[(I0h).
/ AR F? wy(V1,...,0,;2), (110) As a consequence, in the nonlinear regime, the reldfidn (34)
0 ? g is to be used with,

where the two-dimensional-pointfunctionsv, (¥4, ..., ¥; 2) _ / 2 _ 7(9)('[7(9)]
have the same tree-structure as the three-dimensieradint e () y [ AU @) (C[r(9)] 2 (117)
correlation functions,,,

wp(91, ..., 2) :ZQéa)ZHQ&('ﬂa,'&b;Z) (111)
(o)

toa p—1

r9) =~y [0 vy 22EE ) )

where((7) is the 3D vertex generating function. Note that this
function depends on throughws(9,9’; 2) andw,(z). Note
with: also that iny = 0 the expansion of the generating function
d2k Peyl. () IS eyl (y) = =42 /2 + .. ..
wo (01,025 2) = /W P(k,2) Jo (kD[91 — ¥2]). (112) We have computed the resulting shape of the generating
function in such a model for various cases. For comparison
Here Jy is the Bessel function of order 0. For convenience weith the previous quasi-linear case we assume here the power

also notevs (z) the angular average ah (91, 99; 2), spectrum to follow a power law behavior with index= —1.5.

The vertex generating function is assumed to be given by
wg(z) = /dzfﬂldz’ﬂQ U(’l91) U(’l?g)(.dz(’ﬂl,’ag;z), (113) C(T) _ (1_'_7_/%)—& (119)
which, expressed in terms of the power spectrum gives, ! Thisis due to the fact that the numerator in the r.h.@(%{})@ cannot

be factorized in the forml B?~*. A simple way to check thad, " ;.

cannot be written in terms of new parameteys,..;. as in [I01) is to

consider the “snake” topology wheg\:*) = 12 Vb2,

™ ak )
Dy(z) = /0 (QF)QP(k)W (kDO). (114)
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Fig. 4. Profile of ther function as a function of the angular radius. The —0.02

two plots correspond to the two singularitigs,- for the solid line and

ys+ for the dashed line. Fig. 5. Integration paths in thg complex plane. The paths (dashed
lines) are dynamically built so that the argument of the exponential in

with x ~ 0.5 (in the parameterization gfwe followed the tra- Eq. (I123) is always a negative real number. The thick half straight lines
{epresent the locations of the non-analytic parteeh;.(y) in this

ditional notation and useclas a simple free parameter. It is no
. lane. Of course, the paths must not cross these branch cuts.
to be confused with the local convergence). InElig. 4 we presgnt
typical profiles obtained for(¢). We see that it is regular in i .
9. In particular it does not exhibit discontinuities nor abnormaj @PPears, as expected, that the singularities are closer to the
behavior near the singular valuespfWe also found that the ©119in- This is to be expected since the nonlinearities contained

results we obtain are very robust regarding to the numberBf?ey1. (¥) are stronger in the nonlinear regime compared to the

shells used to describe the integralinwith 2 cells only the duasilinearregime. o .
description ofp.,. is already very accurate. Similarly to the quasilinear regime it is also possible to de-

The choice of the value afin (LI9) relies a priori on numer- i€ an effective vertex generating function from whiehy (y)
icalresults. The EPT (Colombi etal. 1997) or more convincingf" P built and which reproduces its singular points,
the HEPT (Scoccimarro & Frieman 1999) provide however@ﬂ@‘(T) = 7 4+1.496672 — 11.6982 73 + 21.528 7% —
convenient frame which can be used to predict the value of 771899 75. (123)
This can be done for instance by identifying the predicted values
for the skewness both from the formm{119) and HEPT. Indeddie result given here has been obtained for= 0.88 in

in our model we have, Eq.[119).
(1+r) -
S3(k) = ST (120) 6. Statistics of the aperture masV/y,

whereas, in HEPTS; is related to the initial power spectrum't now suffices to plug the numerical expressions we have ob-

index tained fory.y. (y) in (34) to get the shape of thil,, PDF.
’ o More precisely we have,

Sy (n) =3———, 121 d

3 (TL) 1 + 2n+1 ( ) P(Map)dMap = |K3min‘ dMap / 27y2
T10
which leads to, y B ‘/fmin|2§0proj. (y) y|’<ﬁmin u\/-[ap 124
1+4n exp 2 + 2 - (124)

(+2) (122) ’ ’

R ———.
3 (1—2n) whereo is the variance of the aperture mass.

In the numerical applications presented in the following we will In (122) Fhe mtegral ovey -has o be ma}de n the complex

use this scheme. In particular—= —1.5 leads tox = 0.88. On plane. The integration path in t@eplane IS built in such a

the other hand, at the angular scéle- 4’ which we consider way that the argument' O.f the e>'<po.nent|al is always a real neg-

below the local slope of the linear power-spectrum is —2.2 ative number thus avoiding osc_lllatlons_(see Elg. 5). Moreover,

which leads tos ~ 0.6. one must make sure that the _mtegra_t!on path doe_s not cross
The properties ofs.,1.(y) we get in this regime are verythe branch cuts ap.,1. (). The singularities op.,1. (y) induce

similar to those obtained for the quasilinear regime. In particul'apn.'.analytlc parts fofppro;. () as well. They are located at
we found that the functiop.. (y) exhibits 2 singular points on positions,

the real axis. As for the quasilinear regime this behavior is duejo- y};’fj and y < yP (125)
the implicit equation in- and not to peculiar choice of the vertex .

generating function. In Tabld 1 we summarize the parametgvrls '

that describe the singularities of,; (y) in different regimes. y?\* = y,1/ max[F(R)y(R)] (126)
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0.001 [ ‘ ‘ ] non-linearx = 0.50,n = —1.5 6.32 -0.040 0.084 0.65 0.31
-0.05 0.00 0.05 0.10

Map value

Fig. 6. Shape of the one-point PDF of the aperture mass from the quasi- L d ived in th . .
linear regime model (top panel) and in the non-linear regime (bottdﬁqrameterlzatlon 0bey1.(y) described in the previous sections.

panel). The sources are at redshift unity, the variance/gf is 0.01, N particular we assume a power law spectrum with index

for the filter given by EJ5. the solid lines correspond to Einstein-del.5. The variance adopted for the plotssis= 0.01. In these

Sitter case, the dashed lines to flat universe ®ith= 0.3. investigations we did nottry to put a realistic source distribution,

but we assume all the sources to be at redshift unity. However, all

our results can be extended in a straightforward fashion for any

redshift distribution of the sources (the latter is simply absorbed
a redefinition of the selection functidf(R)). Note also that

where the maximum value &f(R ) (R) is taken along the line-
of-sight (and is indeed finite). As noticed in Valageas (2000

the exponentu, of the singularity ofpg,1. as defined in ;
@3) Ie% dstothe exponecngg— 1 /Q}f/or tﬁey;l)r(gj)ec(:te d generatingwe present the PDF for the correctly normalized aperture mass
M., thatis without dividing the local convergencehy;,. We

. ' . g ) aps
func“.on%ro*(.y)' However, in both the quasi-linear and hlghlycan check in Fid.]6 that the tails of the PDF are stronger in the
non-linear regimes we have, = —3/2, see[(84). In this case,

h i App. A f broj th e singularity is of the f non-linear regime than in the quasi-linear regime independently
as shownin App. pr’ojc))glj Yst Itm? singularityis ofthe form ¢ yp0 \ariance (whichisthe same in both plots). Thisis related
n|\y —1

Pproj. (¥) ~ (Y — Ysx i to the smaller values of the singularitigg€’®’| in the non-linear
The existence of these branch cuts is directly responsﬂe@se, as shown by the express[on{127). Of course, this is due to

for two exponential cut-offs in the shape of the PDRVGf,,  the smaller value of the singularity,| of the 3D density field

|Fommin| Mo _ in the non-linear regime (in a similar fashion the coefficief)ts
P(M,p) ~ exp (’nzzp y}jfj) : (127) are larger).

In Fig[1 we show that the positions of the cut-off de-
It can be noted that th@ dependence of,;, will induce a pend crucially on the window shape. In particular it is clear
strong) dependence in the position of the exponential cut-offthat when the disc radius ratio is larger the PDF is more
The variation ofk,;, with Q is thus to be compared with theasymmetric and bears more resemblance withxt#RDF for
theoretical uncertainties an.. a top-hat window function. Indeed, when the inner disk is
much smaller than the outer radius the fluctuationdff, =
6.1. The PDF shape K1 — ko are domingted by those of Fhe convergene;e(vhic_h
corresponds to this small inner window while which is

In Figs[8 we present the resulting shape of the one point PB&verned by larger scales shows lower amplitude fluctua-
obtained for different cases. They have been obtained from tfens.
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Fig. 8. The aperture mass PDF for a source at redshift 1 for 4 cosmologies and with the angular windéw= 4’. The dashed line shows
the Gaussian which has the same variance. The points show the results of N-body simulations from Jain et al. (2000). Results for sCDM and
ACDM models have been directly taken from Reblinsky et al. (1999).

6.2. The?,, dependence of the PDF rameter can be constrained more efficiently with the PDF than
simply the local skewness is not yet clear. Such a study is
ever beyond the objective of this paper and is left for further
S.

It has been stressed inthe literature (e.g., Bernardeau et al. 1%%1&
that the non-Gaussian properties of the convergence maps a
expected to exhibit a strorigy,, dependence. This is due in par-
ticular to the normalization factor. Such dependence is apparent
iN Kmin that depends crucially on the valuesdf,. This property 6.3. Comparison with numerical simulations

naturally extends to the shape of the one-point PDF. In partiﬁ'nally, we compare our predictions for the PDRAM,,) of

ular tis important to have-m mind that t$&,, dependence is . aperture masal,, with the results of N-body simulations
negligible inpcy. (y) (for a fixed shape of the power spectrum) iy et a1 2000) in Figl8\ote that for all these comparisons
The 2., dependence is therefore entirely contained in the pro-

S . o e exclusively use t filter. We consider the cosmological
jection effect through the shape and amplitude of the eﬁ'c'enﬂodglsudgingduin TZ?)S 2 a standarld CDM (SCDM)galmd a
function. =

- . CDM scenario in a critical density universe, a low-densit
In Fig.[6 we show how low values @1, amplify the non- T y y

. . . open universe (OCDM) and a low-density flat universe with a
Gaussian features contained in the PDF. Whether such a p%— ( ) y
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Table 2. Cosmological models and results obtained vithfilter. The sixth and seventh lines show the variance and the skewn&Xs\ff;,)
from numerical simulations (Jain et al. 2000). Results for sSCDM/&B®M models have been directly taken from Reblinsky et al. (1999) and
have been obtained with one realization only. The eight and ninth lines show the reconstructed PDF properties.

sCDM  7CDM (5 realizations) OCDM (7 realizations) ACDM

Qi 1 1 0.3 0.3
Qu 0 0 0 0.7

Hy [km/s/Mpc] 50 50 70 70

s 0.6 0.6 0.85 0.9

r 0.5 0.21 0.21 0.21
Ora,, 0 =4 000730 0.00542 +0.00017  0.00449 + 0.00017 0.00495
sy g =4 159 258. + 38. 545. + 30. 347
Oray, 0 =4 0.00721 0.00497 0.00469 0.00477
sy g =4 148 180 395 300

1.5

non-zero cosmological constalt@DM). HereT is the usual
shape parameter of the power-spectrum. We use the fit given
by Bardeen et al. (1986) faP(k). We only consider the weak
lensing distortions which affect a source at redshift 1, with 1
angular window characteristic scale= 4'.

In the numerical calculations, we discretize the inte@ral (3
over redshift and we solve for the system (117 -1118). That#o.5
we take into account the redshift dependence of the generatig
function ¢.,1.(y). Moreover, we use the relation (122) to gef
the value of the parametat, where forn we take the local .,
slope of the linear-power spectrum at the wavenumiber =
2/(D(zs/2)0). This corresponds to the Fourier modes whicft
are probed by the filter of angular radiysee Figl. Fof = 4/
we obtainn ~ —2.2 andx ~ 0.6.

First, we can check in Fig] 8 that we recover the right trend
for P(M,p), with two asymmetric tails for largg\Z,,|. In par-
ticular, the exponential cutoff is stronger for negative values of 1
the aperture mass than for positive values. We can also note that M,
the PDF is significantly different from a Gaussian as it sho L
a clear expor?ential cu{off, much smoother than the Gaus;!éas'%' 9. The relative differenceP(Map) — G(Map)]/G(Map) of the

. " aperture mass PDP(M.; ) with respect to the Gaussiéf{ M.;). The
falloff, especially for large positivaZ,,,. On the other hand, we variance of the Gaussian is taken from the simulations. As i Fig. 8 we

note that Reblinsky et al. (1999) obtained a good match to th&,jger a source at redshift — 1 with the angular windowd = 4’.

tail of the PDFP(M,;,) using a description of the density fieldwe display our results for theCDM (solid line) and OCDM (dashed

as a collection of virialized halos (Kruse & Schneider 1999)ne) cosmologies. The dotted lines correspond to the same cosmologies
However, such a method is restricted to the far tail of the P@th « = 0.88 (see main text). The points show the results of N-body
(large positiveM.,;,) while our approach provides in principlesimulations from Jain et al. (2000).

a model for the full PDRP(1,,). There seems to be a small

discrepancy with the simulations for th€ DM scenario. It is

not clear whether this is due to a limitation of HEPT or of oy, Fig. the relative differencé(M,,)/G (M,p,) — 1. Here
formulation. To clarify this problem one should test the stati%;(M ) is the Gaussian with the sa(tr?we varia[r?ce as the numer-
. . ¥ . . ap
tics of the 3D density field and of the projected density in they| simylations. We can check that we recover a reasonable
same simulation. However, this is beyond the scope of our papgfreement with the numerical results, since [ig. 9 is directly
Nevertheless, the overall agreement appears to be quite reagQied to FidZ8. To get an estimate of the sensivity of our pre-
able. Note that the shape of the PDF is governed by only Ofjgions with respect to the parameterization{119) Bndi(122) we
parametex;, which is uniquely related to the local slope of theys, hi6t in FigD our results for the same cosmologies when we
power-spectrum, independently of scale and of the cosmology,,. — 0.88 (this would correspond to an initial power spec-
On the other hand, the inaccuracy of the numerical simulatio§m indexn, — —1.5)in (I22). We can see in the figure that our
in the tail of the PDF might be somewnhat underestimated. e jictions are not too sensitivertdfor reasonable values gj

In order to see more clearly the difference of the apertuigin the range-0.015 < M,, < 0.015 (the difference would
mass PDFP(Ma,y,) with respect to the Gaussian we display, oy even smaller in Fig8). In particular, the variation with

0+

—-0.5
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of our results is much smaller than the difference between bajlren by a tree-model as if_(1I00). This leads to the difference
cosmologies. This suggests that one could use the deviatiomefween the two-variable system(7[7)1(80) and the integral re-
the PDF with respect to a Gaussian to estimate the cosmologlasibn {I1T){{I1B). Nevertheless, a simple prescription would
parameters. A well-known tool to measure this signature is the to recast the relatioris (11¥)-(118) into the fdrm (77)-(80) by
skewness but one could devise other statistics which would tagproximating the integrals oveér by the difference between
advantage of the expected shape of the PDF to maximize theio mean values, corresponding to the inner and outer regions
dependence on cosmology. However, such a study is beyarfidhe filter Uy and characterized by two averagesandrs.
the scope of this article. We can see in Tdble 2 that we under€ken, the shift from the quasi-linear to the highly non-linear
timate somewhat the skewnessif)M,;,). However, it is not regime would simply be described by a smooth interpolation of
clear whether this is due to the parameterizaiionl(119) or to e generating functiog(r), i.e. of the sole parameter How-
use of HEPT in[(122). We note that the tailBf 1) for large ever, such a study is left for a future work as in this article we
negative values of\/,, appears to be slightly more sensitivgreferred to lay out the formalism needed to study the statistics
to x than the tail at positivé/,,. This could be related to the of the aperture mass and to focus on the two regimes which have
fact that the behaviour aP(M,,,) for M,, < —oyy,, is more already been tested in details against numerical simulations, so
sensitive to the detailed properties of thepoint correlation as not to introduce a new specific parameterization.
functions (see Valageas 2000c for a study of this point).
Finally, we note that although = 4’ corresponds to non-
linear scales it is not very far from the quasi-linear regim

However, the aperture mass,;, probes the non-linear density|n this article we have described methods that allow exact re-
field for filters with larger angular scale than the convergenggnstructions of the one-point PDF of the local aperture mass
r. Indeed, since the aperture mass involves compensated filfgfigeak lensing maps. These methods do take into account the
the contribution from lowk modes is strongly suppressed (segrojection effects but not all the nonlinear couplings between
Fig.[1) so that”(M.,,,) is governed by the properties of the denthe |ocal density field and the observed distortions field such as
sity field at the comoving wavenumbler 2/(D0). Incontrast, |ens-lens coupling effects, or departure from the Born approxi-
the convergence shows a more important contribution frommation.

larger wavelengths which implies that in order to probe non- |n the course of this paper we have examined both the quasi-
linear scales only one must set the filter giZarther away into |inear and non-linear regimes. In particular, although the details
the small-scale non-linear regime. This also means that in prifthe calculations are specific to each case we have pointed out
ciple the aperture mass could be a more convenient tool thantﬂi@ generic properties which are common to both regimes and
convergence since it should be easier to separate the non-lingafeatures brought about by the projection effects. Forinstance,
and quasi-linear regimes, while for an important range of angi-both quasi-linear and non-linear domains the PR/,

lar scales the convergence should be sensitive to the transigiguld show two asymmetric exponential tails. Our methods
regime between both domains. However, a possible caveagjig quite general and can be extended in a straightforward fash-
that the statistics of the aperture mass depend on the detaiigflto other statistics. In the quasi-linear regime our approach
behaviour of the—point correlation functions (and not on theilcan be applied to any filter which is axisymmetric while in the
average over spherical cells only), and therefore requires a befig¥i-linear regime there are no restrictions. In particular, in this
understanding of them. latter case our results can be extended to multivariate statistics

As discussed above, this property of the aperture massgighich can be obtained from filters which consist of several
probe a narrow range of wavenumbers makes it easier to av@isconnected parts).

the intermediate regime as one can select observation windows\we have briefly investigated the dependence of the PDF

which are either in the quasi-linear or in the strongly non—IinegI(Map) with the shape of the filter. Thus, we have checked
regime. However, it would clearly be interesting to obtain gat for filters with a large compensation radius we recover ap-
model which would also cover this transitory range. Unfortysroximatly the shape of the PDIF(x) which is relevant for the
nately, thisis rather difficult as one cannot use the simplificatiofisp-hat filtered convergence.

which appear in the two extreme regimes. An alternative to a Finally, we have checked that our predictions agree reason-
rigorous calculation would be to use an ad-hoc parameteriziiy well with the results of available numerical simulations
tion which would smoothly join the quasi-linear regime to thgalthough we have not included any noise effect at this level) at
highly non-linear regime, for instance in the spirit of HEPT ascale about 4’ where the data should provide the largest signal to
described in van Waerbeke et al. (2000b) for the skewness of Hifise ratio (e.g. Jain & Seljak 1997). In particular, we recover the
convergence (note that our model for non-linear scales is baa@gmmetric Shape of the PDF. Moreover, our approach provides
on a simple ansatz which is not rigorously derived). Howeve{prediction for the full shape of the(M,,,) while earlier mod-
although the quasi-linear and strongly non-linear regimes shafg were restricted to the positive tail of the PDF. We have also
the same gross features, like the relatiod (34) which descrikg¢g®wn that the difference between the PDFs obtained for two
the projection effects, their detailed properties are different. gdsmologiesfCDM and OCDM) is larger than the inaccuracy
particular, although in both cases we have the scalinds (32) 8t®ur predictions (due to parameterization we need to introduce
correlation functions obtained in the quasi-linear regime are etdescribe the underlying 3D density field). This suggests that

g. Conclusion
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Appendix A: order of the singularity of ¢proj.(y)
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gularity aty?}* and diverges foyy — y°i°' (while the lower
derivatives ofp,,,.;.(y) remain finite a/}}>’). This yields:

Pty (1) = [AR PRI o(R) o) Iy F(R)o(R). (A1)

Fory — 3" the integral is dominated by the valuesf

around the point where the factét(R )iy (R) is maximum,

sincewi‘a diverges asy — y*'°/|~3/2 at this point. Thus, we

obtain from [A):

(3) o 2 proj —3/2
o ()~ [ dR ‘(1—73 Yy—yP (A2)

— 00

proj
Yy — Ys+

proj

After the change of variable= |y/(y — y21™)|R? we obtain:

) o —1/2
ro (3) dt —-3/2 |y|
Y=y oo () ~ | = (1) T (A3)
o o Vi ly—yP
which gives:
roj 1
Yy — Z/Eij : ‘P;?;lj.(y) ~ T oo (A.4)
ly — Yo
Finally, the integration of this relation leads to:
Y= Y ooy () ~ (y — ¥EE)? Infy — P (AB)

where we only wrote the most singular term.
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