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Abstract. We consider a cosmological model with nonflation and permit to determine the values of important cos-
Gaussian initial perturbations, which in principle could be gemological parameters with high accuracy. Future experiments
erated in non—standard inflationary scenarios with two or mdigennett et al. 1995: Bersanelli et al. 1996) will yield all-sky
scalar fields. In particular we focus our attention on the modelaps of the CMB with sufficiently high resolution and sensi-
proposed by Linde & Mukhanov (1997), where perturbationivity.
are quadratic in a Gaussian field. These perturbations, if they Apartfrom estimates of the power spectrum with subsequent
exist, have to be observable as a non-Gaussian distribution ofplaeameter determination, the CMB data also provides very im-
CMB signal on the sky. In order to efficiently pick up the nonportant constraints on the nature of the perturbations that led
Gaussian signal in CMB maps of degree resolution, one danthe formation of large—scale structure (Bond & Jaffe 1998).
use Minkowski Functionals and peak statistics. Our paper cofo extract this information beyond the power spectrum we need
tains the theoretical predictions of the properties for Minkowskd consider not only the amplitudes, but also the phases of the
Functionals and distributions of peaks of the CMB anisotropy tamperature field. One possible approach is under consideration
the model with “squared” Gaussian statistics. Likelihood conm our paper.
parison of the four—year COBE DMR data to this non—Gaussian Generally speaking, cosmological models based on the in-
model and the standard Gaussian model does not select anffadonary paradigm predict adiabatic Gaussian fluctuations with
them as most likely. a power spectrum slightly different from the scale invariant
We also suggest an efficient algorithm for fast simulation ohe (Mukhanov & Chibisov 1981; see also_Starobinsky 1982;
CMB maps on the whole sky. Using a cylindrical partition of thelawking 1982; | Guth & Pi 1985; Bardeen et al. 1983). The
sphere, we rewrite the spherical harmonics analysis as a FouBaussianity of the density perturbations directly translates into
transform in flat space, which makes the problem accessible2aussianity of the CMB temperature fluctuations on the sky.
numerically advantageous FFT methods. However, along with standard inflationary models, at present
there still exist theories which are compatible with observa-
Key words: methods: numerical — methods: statistical — cotions and predict non—-Gaussian primordial fluctuations. Among
mology: cosmic microwave background — cosmology: observi&iem are, for instance, non—standard inflationary scenarios with
tions two or more scalar fields, where one could expect signifi-
cant deviations from Gaussianity (Linde & Mukhanov 1997;
Antoniadis et al. 1997; Peebles 1999a,b), namely, the perturba-
tions there are quadratic in a Gaussian field. Another possi-
Observations of the Cosmic Microwave Background providality to accumulate non—-Gaussianity in the CMB signals ex-
fundamental information about the primordial inhomogeneitiésts after recombination. Even if the fluctuations were Gaus-
in the Universe. The temperature anisotropies on scales absia at the surface of the last scattering they may have ac-
a few degrees preserve information about primordial dens@iyired non—Gaussian contributions due to subsequent weak
fluctuations on scales larger than the acoustic horizon at gravitational lensing (Fukushige et al. 1995; Bernardeaul1997)
moment of recombination. Since the first detection of thand due to various foregrounds like dust emission, synchrotron
CMB anisotropy by the COBE satellite (Smoot et al. 1992adiation, or unresolved point sources, to mention just a few
Bennett et al. 1996) several groups have also reported obse(Banday et al. 1996). One should also take into account cosmic
tions on angular scales of abadiftwhich roughly corresponds variance and additional non—Gaussian instrumental noise in the
to the horizon size at recombination. Obtaining the spectrushservational data (Tegmark 1997).
of the primordial anisotropies on smaller scales with high pre- Therefore, establishing the Gaussian nature of the signal or
cision will allow us to verify several robust predictions of indetecting some distinctive non—Gaussianity is crucial. In fact,
it would allow us to reveal the nature of the primordial fluc-
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tuations. For instance, a confirmation that the fluctuations lofving a? distribution with one degree of freedom. This type
the CMB are Gaussian would leave practically no alternatied perturbations results in very special non—Gaussianity of the
to standard inflation, since it would definitely rule out mosEMB anisotropy. Therefore, itis well suited for the study of sta-
of the models that predict non—Gaussian fluctuations and &stical methods. We calculate the Minkowski functionals and
at present still compatible with observations. In addition, ththe distribution functions of extrema of the CMB field smoothed
investigation of non—Gaussianity is also important for a praaith COBE resolution in this model, and compare the outcome
tical reason. Most of the current techniques for estimating thethe results for a Gaussian field with the same spectrum.
power spectrum from the observed signal with significant noise This article is organised as follows. In Sé&dt. 2 we briefly
are optimised for the Gaussian fields only (Feldman et al.|199dyiew the definition of the Minkowski functionals and the dis-
Knox et al. 1998, Ferreira et al. 1998). tribution of extrema in two dimensions, and compare their ex-

Many authors have searched for non-Gaussian sigpactation values for a Gaussian field ang?afield with the
tures in CMB data and in the large—scale structure usisgme smoothing scale and spectrum. As an aside, we inves-
such diverse tests as peak statistics (Bardeen et al. 198fate the behaviour of the one—point probability distribution
Bond & Efstathiou 1987; Vittorio & Juskiewicz 1987),under smoothing. In Se€f. 3 we first outline an algorithm for do-
the genus curvel| (Coles 1983; Smoot et al. 1994), higheng Fast Fourier Transforms on the sphere that was used for our
order correlations | (Luo & Schramm 1993), peak corré&€MB map simulations. Afterwards, we compare the Minkowski
lations (Kogut et al. 1996), and global Minkowski funcfunctionals and the peak statistics of the COBE DMR data to
tionals (Gott lll et al. 1990; | Winitzki & Kosowsky 1997; both the Gaussian and the non-Gaussian model.[$ect. 4 sum-
Schmalzing & @Grski 1993). marises and provides an outlook.

The first analysis of two—dimensional theoretical maps of
the temperature fluctuations that used the total area, lengtr%oﬁ'heory
the boundary and genus for the excursion set was done
Gott Il et al. (1990) although without referring to Minkowski2.1. Gaussian ang? random fields

functionals!| Schmalzing & @rski (1998) discuss the appllca-Let us consider the temperature fluctuatic%% of the CMB

tion of the Minkowski functionals 0 all-sky maps taking Intqemperature on the sky, parametrised with spherical coordinates
account the curvature of the celestial sphere. They apply th%sg

statistics to the high—latitude portion of the four—year COB ndgiiogmghsmg Wlth respect to the dispersiof, wher.e
DMR data and argued for its advantage as a test of Gaussfam <(T) > is the variance of the temperature fluctuations,
signal. They conclude that the field is consistent with a Gauge obtain a random field(?, ¢) with zero mean and unit vari-
sian random field. Colley et al. (1996) measure the genus of #rece:(u) = 0, (u?) = 1.
temperature fluctuations in the COBE DMR 4-year sky maps Inthe following, we will consider two models for the random
and come to a similar conclusion. Heavens (1999) compute fledd given by the normalised temperature fluctuations on the
bispectrum of the four—year COBE datasets and again failgky.
find evidence for non—Gaussian behaviour. The standard is to modelas a Gaussian random field. The
However/ Ferreira et al. (1998) study the distribution of goroperties of Gaussian random fields are very well known (see
estimator for the normalised bispectrum and conclude treag. Adler 1981).
Gaussianity is ruled out at the confidence level atleast of 99%. In Apart from that, we will also use a? field with
a recent paper, Novikov et al. (1999) suggest to use the partiak degree of freedom, as suggested by the model of
Minkowski functionals as quantitative descriptors of the gelhinde & Mukhanov (1997). In order to retain zero mean and
metrical properties of CMB maps. They apply their techniquit variance, we use the relation
to the four—year DMR COBE data corrected for the Galaxy con- 9
o ! L o : 1—9¢
tamination and also find significant deviations from Gaussiap-=
ity. It was later shown_Banday et al. (2000) that the observed V2
non-Gaussianity can be explained by systematics. to calculate a realisation of a x? field from a given realisation
While these findings may appear confusing at first sightof a Gaussian random field.
(Bromley & Tegmark 1999), they actually highlight the impor-
tance of studying non—Gaussian fields in a quantitative way, ) _ ) .
After all, while the Gaussian random field is a well-define 2. Minkowski functionals and peak statistics

notion, non—Gaussian fields still have to be substantiated. @foosing athreshobd’ we can divide the Sphere into two parts:
instance| Kogut et al. (1996) introduce a non-Gaussian moggit regions where the random fielgpasses the threshold, and
where perturbations i-space are drawn from independ&ft cold regions where: < v. The hot region is also called the
distributions withr degrees of freedom, while White (1999)excursion set of the field over the threshold. Its properties
puts forward the use of distributions in real rather than in can be characterised by a large variety of geometrical quantities,
{—space. including the Minkowski functionals (Minkowski 1903).

In our paper, we consider a cosmological model with non— From the mathematical point of view, Minkowski func-
Gaussian initial conditions, with a statistics in real space fafonals have several distinguishing properties. Hadwiger (1957)

1)
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showed that all global morphological descriptors (satisfy- *° ~ “"* Vi length
ing translational invariance and additivity) for patterns in 1 f—L—"""T"TTT
d-dimensional space are linear combinations of juist 1 1
Minkowski functionalsv,, (), with i € {0, ..., d}. Moreover, r
in up to four dimensions all Minkowski functionals have simples
and intuitive geometrical meanings. In two dimensions the§§ i
are: '

TTT
i

08 [ r
0.1 [~

Area: vg(v) is the total area of all hot regions, that is pointg'2 i
whereu (¥, p) > v. 0

Boundary length: v (v) is proportional to the total lengthof 6 -4 -2 o0 2 4 6 4 2 0 2 4
the boundary between cold and hot regions. threshold threshold

Euler characteristic: v2(v), being a purely topological quan- v, — Euler characteristic
tity, counts the number of isolated hot regions minus the 002 BT
number of isolated cold regions. This is not exactly true
on the sphere, where a generalised Gauss—Bonnet theorem
holds (Allendoerfer & Weil 1943), but nevertheless we will 0 g
use this relation in the following calculations. :

Since Minkowski functionals are additive with respect to 002 7
isolated parts of the sky, they can be used for patchy or incom- - 8
plete coverage. Their calculation requires aBlyV) operations 004 i, Gt ]
for calculating the Minkowski functionals on a map f pix- 6 4 2 0 2 4
els, once the first and second derivatives of the field at the pixel threshold
locations are known (Schmalzing &Eski 1993). Fig. 1. The analytical expectation values of the Minkowski functionals

Both for a Gaussian and a” random field, the forthe Gaussian field (solid) and thé field (dashed).
Minkowski functionals in two dimensions are known analyt-
ically (Tomita 1990] Worsley 1994; Schmalzing 1999). Since
the field is normalised to unit variance, the analytical valutﬁ.

X o . Min
depend on a single parameter= (u?), given as the vari- for the same parameter
ance of any of the field’s first derivatives. Note thahas di- By the Mgrse theoreni (Morse & Caims 1969), the Euler
mensions of inverse length squared, so one usually interprets y ) ° '

reom = (27)71/2 as the so—called “correlation length” of the® _aracterlstlc((z/) of the excursion set above a certain threshold

random fieldu v is related to the number of extrema above this threshold by

Fig.d shows a comparison of the expectation values of the
kowski functionals of the Gaussian and random fields

For the Gaussian random field, we Have X(¥) = Niax (V) + Nin(v) — Ngaa (V). 4)
v(v) = 1 1(1) <V> ’ Here Nyax(v), Nmin(v) and Ng.q(v) denote the number of
2 2 V2 maxima, minima and saddle points, respectively, where the
T v? value of the field itself lies above the thresheldAlong with
vi(v) = ] EPl T ) the Minkowski functionals, we use these three distribution func-
2 tions of all possible kinds of extrema — maxima, minima and
T 1%
va(v) = —vexp | —— (2) saddle points — as another measure of non—Gaussianity. We al-
V8m3 2

ways normalise these numbers by the total numbgr =
For the x? random field with one degree of freedom WeVmax(—00) + Niin(—00) 4 Nsaa (—00) of extrema in the field,

haveé] giving number densities,,.x (v/), nmin (¥) @ndng.q (v), respec-
tively.
w(v) = @ L 7 The peak statistics for the Gaussian random field
2 V2 have been thoroughly investigated (Bond & Ffstathiou 1987;
JT 1 y Bardeen et al. 1986), but unfortunately cannot be written in
= ——¢€ [ + _— s H . . _
vy (v) WG XP( 5 ﬂ) a simple form. The same holds for thé field, whose ex

tremadistribution functions are in principle easily obtained from

() = T 1 Lexp (_ n 1/> 3) th_e Gauss_ian case via Eg. (1). Furt_hermore, thg shapes of the
4w\ 2 V2 2 2/ Minkowski functional curves are universal, that is they do not
depend on anything but the statistical nature (Gaussiast)or
L o(x) = % fo“”dte‘tz is the error function. of the underlying random field, and the analytical expectation

2 The results for an arbitrary number of degrees of freedom can ¥lues only contain constants of proportionality, parametrised
found in Schmalzing (1999). by the correlation radiug.,,,. This is not the case for the distri-
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maxima minima

smoothed field should be equal to the original field — we obtain
— " o1 LTI the smoothed field (x, t) by convolution:

0.25

0.2 0.08

u(x,t) = A(t) [dlyg(x— v )uy) ©)
where the constan\/(¢) is chosen such that the smoothed
field remains normalised to unit variance. We may think
of u(x,t) as a field ind + 1-dimensional “scale space”
‘ ‘ — (ter Haar Romeny et al. 1991).
6 4 2 0 2 4 4 2 0 2 4 If the filter g is Gaussian, it obeys the diffusion equation

threshold threshold

dg(x,t)

ot

where the Laplaciam\ is of course taken with respect to the
- spatial coordinates only.

] Combining Eqgs[(5) and[{6), we can write down an “evolu-
tion equation” for the field. as the scalé changes:

] ou(x,t)
E ot

ol = B B B Wi The second expressiof12, in the operator enters through the

64 m-z o 2 4 scale—dependence of the normalisation fagt@t). Details of
reshold the calculation can be found in Appendix A.

Fig. 2. The analytical expectation values of the extrema distributions This equation enables us to study the one—point probability

for the Gaussian field (solid) and th€ field (dashed). distribution P(u, t) of the smoothed field (-, t) as the smooth-

ing scale changes. Writing this probability density as

0.1 0.04

0.05 0.02

e b b b b

o
A e L R

saddle points

= tAg(X7 t)’ (6)

04 [

02

01 - =t (A4 roon) u(x,t). (7

bution functions of extrema, where a second parametso P (u,t) = (§(u(x,t) — u)) (8
affects the shape of the curves. We demonstrate this inlFig. 2, . _ I . .
by showing the expectation values for two different values.of apd applymg the partial derivative with respectfeve Imme-

Since the Euler characteristic is proportional to the thil%'ate'y obtain
Minkowski functionalv,, the distribution functions of extrema OP(u,t) b
and the Minkowski functionals are not independent. In the fol-—5, — *t% [(
lowing Sect B, we will use the first two Minkowski functionals
vy and vy, and the three distribution functions of extrema t¥ve refer the reader to Appendit B for the technical details of
test our models against the four—-year COBE DMR data. Hoiftis calculation. The quantityAu),, denotes the average of the
ever, let us first take a look at the effects of smoothing on nokaplacian of the field:(x, ¢) under the condition that its value
Gaussian fields. w is fixed. Itis interesting to note that this equation is written in
conservative form, that is its integral ovler vanishes.

For a variety of random fields, the conditional average of
the Laplacian can be calculated analytically. Most notably, for
As an aside, we note that CMB temperature maps usually suff@th the Gaussian and thé field (Au), = — =z—. Inthese
from considerable smearing through the finite instrument bea@mses, the right-hand side of Hd. (9) simply becomes equal to
size and are usually smoothed in order to reduce the noise lezelo.

Therefore, a non—Gaussian CMB signal may appear in the mapAs far as the Gaussian random field is concerrd&d,) o

with a much distorted distribution. Here, we attempt to quantifyp(—u?/2) is a stationary solution of Eq.J(9). This reflects the
this effect. We focus on the one—point probability distributiowell-known fact that a Gaussian random field stays Gaussian
(PDF) of the field, because it is easy to handle and also closelyder smoothing, and in fact under any linear filtering.

related to the zeroth Minkowski functional, being nothing butits In the case of the? field, however, the probability distri-
nagative first derivative. It is of course conceivable that a nobution is non-zero only fon < 1/v/2 by Eq.[), and is not
Gaussian random field still has a Gaussian PDF. Other statistidfferentiable at the upper bound of the field. Therefore, under
can in principle be treated in a similar fashion. smoothing the field evolves away from tieé distribution, and

We start from the cosmological CMB signal and considerfinally ends up with a distribution close to the stationary Gaus-
as arandom field(x) on somei—dimensional space, where insian solution at large smoothing lengths. Eig. 3 illustrates the
our casel = 2. Introducing a smoothing filteg(x, t), where effect using ay? random field with various degrees of smooth-

t is the smoothing scale anfix,0) = J(x) — since the un- ing.

(Au), + 2“) P(u,t)} . 9)

corr

2.3. Non-Gaussianity and Gaussian smoothing
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Fig. 3. The PDFs of a smootheg? random field (solid lines). From left to right, the smoothing scale increases, ranging from no smoothing
(left panel) over little smoothing (middle panel) to considerable smoothing (right panel). The transition of the curve’s shape from clearly
non—Gaussian to almost Gaussian is obvious. For comparison, the Gaussian bell curve is plotted in all three examples (dashed lines).

This shows that although our two models are fairly different
at first glance, the noise, beam size and other effects of actugt
observations tend to make the fields appear more similar. We
shall look upon the practical consequences of this now, usi
the four—year COBE DMR data as an example. "

3. Data analysis

We illustrate our methods on the COBE DMR four—year all-sky Gaussian field @ field
maps (Bennett et al. 1996). We work with the map constructed
from all three bands and both channels of the DMR instrument
by the so—called subtraction method. Although this method is
supposed to remove most of the galactic contamination, wé:
avoid the galactic plane completely by applying a cut.56
latitude.

For the statistical tests presented in the following, we use:
a large number of realizations of the Gaussian ghdandom
fields. In both cases, we calculate the fields using a scale—free
spectrum with a correlation radius ©f. To mimic the DMR
beam, we smooth the fields with a Gaussian filter’dFWHM.
Examples of realisations of the Gaussian and theandom COBE north pole COBE south pole

fields, together with the COBE DMR maps, are shown in[Hig. 4. ) o _
Fig. 4. Four maps showing realisations of the Gaussiang@tandom

) fields and the northern and southern parts of the COBE DMR map,
3.1. Fast Fourier transform on the sphere respectively. All maps extend from the pole30® latitude. The lines

Statistical test CMB I invol imulating | show isocontours of the field at half integer multiples of the standard
atistical tests on maps usually Involve Simulating 1argg, iation. Shaded areas indicate regions where the field value drops

numbers of model maps from given power spectra. Tiheerap- below the mean. Open circles show the positions of minima, full circles

proach to this computational task is extremely time—consumingyrespond to maxima, and saddle points are indicated by drude’s feet.
requiringO (N2 M?) operations, wheré&/ andM are the num-

ber of pixels on the equator and the number of multipoles, re-

spectively. Here we use a Fast Fourier Transform (FFT) in fidte polar angle alone. Let us first outline the mathematical and
space over spherical coordinates outlined by Risbo (1996). To@nputational ideas.

means that the FFT is used in both the polar and the azimuthal Given a realisation of a random field in terms of its spheri-
direction, while other methods usually perform the FFT oveal harmonics coefficients,,,, we wish to calculate its values




22

0 [degrees]

360

180
¢ [degrees]

270

D. Novikov et al.: On non—Gaussianity in the cosmic microwave background

Inverting Eq.[(I#) and inserting EQ.{10) allows us to estab-
lish a relation between the Fourier coefficients and the spherical
harmonics coefficients,,,,:

M—-1
bjk = E aemhémpfmj |m:k
=k
1

+ § aEmhlmphnj |m:k7]ﬂ )

- (15)
¢=M—k

where thep,,,; are the coefficients of the Fourier series of the
associated Legendre functions:

M—-1
Prp(cost) = > 7 ppy;. (16)
j=0

Using the well-known|(Press et al. 1987) recurrence rela-
tion for the associated Legendre functions, it is easy to derive
recurrence relations for numerical evaluation of phg;.

Let us now summarise the steps for efficiently calculating

Fig.5. A COBE all-sky map, projected onto the plane in cylindrical ) > : ° .
coordinates and mirrored at the North pole to give a square suitabledofeMB map in real space from its spherical harmonics coeffi-

the FFT method described in the text. The meaning of the various ligi€nts.
and symbol styles is explained in the caption of Kiy. 4.
1. Obtain arealisation of the random field in spherical harmon-
iCSagy,.
Calculate the intermediate Fourier coefficiehjs using
Eq. [1). This step requirg8(M?3) operations.

u(¥, ) in real space parametrised with spherical coordinatezs
(9, ¢). This can be done through the spherical harmonics ex:

pansion 3. Perform the two—dimensional Fast Fourier Transform from
M—-1 +4¢ Eq. [14) in order to obtain the real-space realisatioh ¢).
u(9, p) = Z Z aemYem (9, ), (10) This step require®(N? log M) operations.
=0 m=—¢

where the function’,,, are the spherical harmonics. They are ObIV'OUS|y’ our alpt).pror_:lch produc_:fes a Cyhn?rlc_?Lplxe“Sftloq
related to the associated Legendre functitps by In real space, resuiting in non-unitorm PIXeis. This maxes it
unsuitable for applications that involve quadratures, where uni-

form pixelisations (e.g. Gorski et al. 1999) are desirable. How-
ever, the method is well suited for the calculations presented
wherem and/ are called the order and the degree of the functiopg|ow, because it allows large oversampling of the map in real
respectively, and space, that iV < M, with little computational effort. This is

desirable both for accurate calculations of Minkowski function-
o — 2041 (£ —m)!
tm = 4 (L+m)!

als of a map by tracing the contours with high accuracy, and for
determining the exact positions of extrema.
All spherical harmonicd7,, enjoy the symmetry property
3.2. Minkowski functionals
(13)

Ykm (197 QO) = h@mPgm(COS 19)eim<p, (11)

(12)

Yo (9, 0) = Yo, 2m — 9, m + ).
(0, ) e ) The Minkowski functionals of the COBE DMR maps are dis-

played in Figl®. Since the Northern and Southern polar caps
were analysed separately, we show two curves in each panel.
simply by mirroring the field at the poirftr, 7). The resulting The shaded areas indicate the average and standard deviation
square map is illustrated by an example in Eig. 5. of 1000 realisations of a Gaussian random field with the same
The extended field in real space, which now consists of tw@o—point characteristics as the COBE data.
identical copies of the actual map, is periodic bott end ine, In order to assess the probability that the COBE DMR
and can therefore be expanded into a real-space Fourier seriegs are indeed a realisation of our toy models, we use a non—
parametric test (Novikov et al. 2000).
We computedV = 1000 realisation of each random field.

Thenth realisation yields Minkowski functionalsf") (v), with

This can be used to extend the field, ©), which is normally
defined for(, ¢) € [0, 7] x [0, 27], to the whole squar®, 2x]?,

M-1M-1

u(dog) = 3 7 beiitHke,

i=0 k=0

(14)
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Fig. 6. The Minkowski functionals of the COBE DMR data in com-Fig- 7. The extrema statistics of the COBE DMR data in comparison
parison with the average values for a Gaussian random field. The a¥ig the average values for a Gaussian random field. The areas indicate
indicate the standard deviation. the standard deviation.

Table 1. Summary of the probabilities of obtaining the COBE DMRand the lengtlyy, since by Eq[(#4) the last Minkowski functional
data as a realisation of the moslela Gaussian random field anga is a linear combination of the extrema statistics analysed in
random field — considered here. The analysis is done separately fordfge:t 33.

Northern and Southern polar caps. Since we use five related statistics

to obtain these probabilities, five values are shown for each case. o
3.3. Distribution of extrema

Parea  Plength  Prnax  Pmin Praa For the COBE DMR data, the distribution functions of all three
South Gaussian  94%  12%  38% 52% 53% kinds of extrema are shown in Fig. 7. For comparison, we also
Xt 87%  61%  44%  56% S57% show the mean and standard deviations over 1000 realisations
North — Gaussian  33%  44%  89% 87% 95%  of 3 Gaussian random field with the same two—point character-
X1 31% 28% 76% 81% 88% istics.

In order to quantify the difference of the COBE data
the threshold ranging from—5 to 5. We calculate the averageand the models, we use a standard Kolmogorov—Smirnov test

Minkowski functionals (Press et al. 1987). The resulting probabilities are shown in Ta-
L ble(d.
V) =52 Vi) (17)
n=1

4. Summary and outlook

for the random field, and determine tlig

the | _ —distance of each \ye haye investigated a method for probing the non-Gaussianity
realisation from this average:

of CMB maps, based on Minkowski functionals and on distri-
— bution functions of extrema. In order to make the deviations
(n) _ (n) (1)) —

A= /dy ‘VH ) V”(V)l' (18)  from Gaussianity quantitative, we used a model proposed by

_ _ Linde & Mukhanov (1997), producing toxg distribution with

OBE \ ’

We then obtain the samec%uBa]\Enylf' fromthe data, andtest ;¢ jegree of freedom for the primordial fluctuations. Analyti-

the hypothesis that thia [~™* is distributed according to the ¢4 calculations for our statistics showed that the non-Gaussian

distribution function of theﬁ,(f) of the model we are currently and Gaussian models produce markedly different results.

investigating. The situation may change, however, when smoothing is
The resulting probabilities are displayedin Tdllle 1. Note thi@ken into account. We derived an equation governing the

we only show the values for the first two functionals, the &iga change of the one—point probability distribution with the
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smoothing scale and found that, while the Gaussian field fEhe first integral is equal to one because of the normalisation
mains Gaussian under smoothing, ffefield evolves towards condition [A2), while the second integral can be rewritten as
a more symmetric distribution with closer resemblance to tiiee variance of the gradient afx, ¢) using partial integration,
Gaussian bell. The outcome of this effect became clear inwahich is equal to the inverse square of the correlation radius
application of the method to the COBE DMR data — we saw,,,, by definition.

a slight preference of the Gaussian model, but this was by no Now we can eliminate the explicit reference to the normal-
means significant. Since all realisations of the maps were higiggtion factorN'(¢) from Eq. [A3) and obtain our final result,
oversampled in real space, the failure to discriminate betwegq. [7):

the two models is definitely due to the rather large smoothi

scale. Therefore, an application of the method to the recenrgffﬂ =1 (
completedBoOMERANG (de Bernadis et al. 2000) and MAX-

IMA (Hanany et al. 2000) experiments appears highly promis-

ing, as soon as the data become available. Appendix B: derivation of Eq. (9)
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Appendix A: derivation of Eq. ([7)

We start from the smoothing prescription in Eqg. (5): At first, the partial derivative of this equation yields a func-
tional derivative of thed—function with respect to the field
u(x,t) = N(t) /ddy g(x—y,tuly), (A1) wu(x,t). Fortunately, it can be rewritten as an ordinary partial

derivative with respect to the value Furthermore, the value
and apply the partial derivative with respect to the smoothing(not the fieldu(x, t)!) only enters through thé—function.
scalet. Straightforward differentiation yields We can then insert EQ.](7) for the evolution of the field under
smoothing. All in all, the calculation proceeds as follows:
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i) _ oN(E) /ddyg(x —y,tu(y)
ot ot OP(u,t) <85(u(x, t) —u) " 8u(x,t)>
dg(x —y,t -
LN / ddy g(x —y )u(y)_ (A2) ot ou(x, t) ot
ot __9 Su(x,t) — U)M
We use the diffusion equatioh](6) on the second addend, and  Ou ’ ot
eliminate the integrals by reinserting the smoothing prescrip- ) _
tion (8). This leads to: = _t% (8(u(x,t) = u) (A + 7o) u(x, 1))
AN () 0 u
Qult) 3 ik 1) + tAu(x, b). (A.3) ~to- <5(u(X7 t) —u) (Au(x,t) + )>
ot N(t) 5 corr
In order to evaluate the partial derivative of the normalisation = —t— K(Au>u + zu) P(u,t)] , (B.2)
. s ou T
factor A/(t), we use the normalisation condition corr
so we end up with Ed.{9).
1= /ddx u(x,t)? (A.4)
and again apply the partial derivative with respect fiogether REferences
with Eq. (A.3), this becomes Adler R.J., 1981, The geometry of random fields. John Wiley & Sons,
du(x, t) Chichester
0 = /ddx u(x,t) ! Allendoerfer C.B., Weil A., 1943, Trans. Amer. Math. Soc. 53, 101
ot Antoniadis I., Mazur P.O., Mottola E., 1997, Comment on: Nongaus-

5/\8/ ft) sian Isocurvature Perturbations from Inflation. astro-ph/9705200

= N /ddl’ u(x,t)? +1t /ddﬂﬁ u(x, t)Au(x,t) Banday A.J., ®rski K.M., Bennett C.L., etal., 1996, ApJ 468, L85
Banday A.J., Zaroubi S., &ski K.M., 2000, ApJ 533, 575

Bardeen J.M., Bond J.R., Kaiser N., Szalay A.S., 1986, ApJ 304, 15

Bardeen J.M., Steinhardt P.J., Turner M.S., 1983, Phys. Rev. D 28, 679

= % _¢txr 2. (A.5)



D. Novikov et al.: On non—Gaussianity in the cosmic microwave background 25

Bennett C.L., Banday A., &ski K.M., et al., 1996, ApJ 464, L1 Kogut A., Banday A.J., Bennett C.L., et al., 1996, ApJ 464, L29
BennettC.L., Hinshaw G., JarosikN.C., etal., 1995, BAAS 187(71.09Q)jinde A., Mukhanov V.F., 1997, Phys. Rev. D 56, 535
1385 Luo X., Schramm D.N., 1993, ApJ 408, 33
Bernardeau F., 1997, A&A 324, 15 Minkowski H., 1903, Mathematische Annalen 57, 447, in German
Bersanelli M., Bouchet F.R., Efstathiou G., et al.,, 1996, CQMorse M., Cairns S.S., 1969, Critical point theory in global analysis
BRAS/SAMBA. A mission dedicated to imaging the anisotropies and differential topology. Academic Press, New York and London
of the cosmic microwave background. Report on the phase A stutyukhanov V.F., Chibisov G., 1981, JETP Letters 33, 532

European Space Agency Novikov D.I., Feldman H.A., Shandarin S.F., 1999, Int. J. Mod. Phys.
Bond J.R., Efstathiou, G., 1987, MNRAS 226, 655 D8, 291
Bond J.R., Jaffe A.H., 1998, In: Discussion Meeting on Large Scaivikov D.l., Naselsky P., Jargensen H., et al., 2000, Power filtration
Structure in the Universe. Royal Society, London of CMB observational data. submitted, astro-ph/0001432
Bromley B.C., Tegmark M., 1999, ApJ in press, astro-ph/9904254 Peebles P.J.E., 1999a, ApJ 510, 531
Coles P., 1988, MNRAS 234, 509 Peebles P.J.E., 1999b, ApJ 510, 523
Colley W.N., Gott Il J.R., Park C., 1996, MNRAS 281, L82 Press W.H., Flannery B.P., Teukolsky S.A., Vetterling W.T., 1987, Nu-
de Bernadis P., Ade P.A.R., Bock J.J., et al., 2000, Nat 404, 955 merical recipes in C. Cambridge University Press, Cambridge
Feldman H.A., Kaiser N., Peacock J.A., 1994, ApJ 426, 23 Risbo T., 1996, Journal of Geodesy 70, 383

Ferreira P.G., Magueijo J. C.R.0&ki K.M., 1998, ApJ 503, L1 Schmalzing J., 1999, Ph.D. Thesis, Ludwig—Maxmilians—Univ&trsit
Fukushige T., Makino J., Nishimura O., Ebisuzaki T., 1995, PASJ 47, Munchen

493 Schmalzing J., Grski K.M., 1998, MNRAS 297, 355
Gorski K.M., WandeltB.D., Hansen F.K., Hivon E., Banday A.J., 199%moot G.F., Bennett C.L., Kogut A., et al., 1992, ApJ 396, L1

The HEALPix Primer. Technical report, Theoretical AstrophysicSmoot G.F., Tenorio L., J., B.A., Kogut A., et al., 1994, ApJ 437, 1

Center (TAC) Kopenhagen, Starobinsky A.A., 1982, Phys. Lett. B 117, 175
http://lwww.tac.dk/"healpix/ Tegmark M., 1997, ApJ 480, L87
Gott lll J.R., Park C., Juszkiewicz R., et al., 1990, ApJ 352, 1 ter Haar Romeny B.M., Florack L.M.J., Koenderink J.J., Viergever
Guth A.H., Pi S.-Y,, 1985, Phys. Rev. Lett. 49, 1110 M.A., 1991, In: Lecture Notes in Computer Science Vol. 511,
Hadwiger H., 1957, \Vorlesungeiber Inhalt, Oberdiche und Springer Verlag, Berlin, p. 239
Isoperimetrie. Springer Verlag, Berlin Tomita H., 1990, In: Kawasaki K., Suzuki M., Onuki A. (eds.) For-
Hanany S., Ade P., Balbi A., et al., 2000, ApJL in press, astro- mation, dynamics and statistics of patterns. Vol.1, World Scientific,
ph/0005123 p. 113
Hawking S.W., 1982, Phys. Lett. B 115, 295 Vittorio N., Juskiewicz R., 1987, ApJ 314, L29
Heavens A.F., 1999, MNRAS 299, 805 White M., 1999, MNRAS 310, 511

KnoxL.,Bond J.R., Jaffe A.H., Segal M., Charbonneau D., 1998, Phinitzki S., Kosowsky A., 1997, New Astronomy 3, 75
Rev. D 58, 083004 Worsley K., 1994, Adv. Appl. Prob. 26, 13



	Introduction
	Theory
	Gaussian and $chi ^2$ random fields
	Minkowski functionals and peak statistics
	Non--Gaussianity and Gaussian smoothing

	Data analysis
	Fast Fourier transform on the sphere
	Minkowski functionals
	Distribution of extrema

	Summary and outlook
	derivation of Eq.,(T @ref {eq:field})
	derivation of Eq.,(T @ref {eq:probability})

