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Abstract. Coulomb corrections to the equation of state of dedl pair interactions between charged particles (electrons, nu-
generate matter are usually described by Debuyekdl the- clei and compound ions), is conventionally described in the
ory; however, recent studies have considered modificationsiébye-Hickel approximation. The simplest improved EOS is
thermodynamic quantities which are caused by the interactiadhe so-called CEFF equation of state, obtained by adding Debye-
of charged particles beyond the Debyé&dkel approximation. Huckel terms to the EFF model (Christensen-Dalsgaard et al.
Based on the weakly-coupled plasma limit, the formulae f4088; Stix & Skaley 1990; Christensen-Dalsgaard &ppen
the physical properties of non-ideal effects on the equationI92). To estimate the possible deficiencies of this approxima-
state are derived. The treatment of the non-ideal effects dig:, a more realistic expression for the higher-order corrections
to Coulomb coupling combines the results of quantum-statisticrequired. The specific form of correction based on the as-
calculations for the electrond/-body semianalytic theory for sumption of a constant ion radius to the Debyigekel term
ions, and the extended Debyéitkel theory with hard-core cor- was adopted in the MHD equation of state (Hummer & Mihalas
rection for the electron-ion interaction. The leading Coulonit®88; Mihalas et al. 1988; &ppen et al. 1988; Gabriel 1994).
correction not only can be applied to the weak-coupling rétowever, the influence of this correction is too large to be
gion, but also preserves the well-known Debyéekel limit realistic for a stellar plasma. Recent studies have addressed spe-
atI’ < 1. We examine the Coulomb correction to the thegific non-ideal effects beyond the Debyéitkel approximation
modynamic quantities of a weakly coupled and fully ionizefPols et al. 1995; Christensen-Dalsgaard et al. 1996; Stolzmann
plasma. The result reveals that the contribution is quite sign&-Bl 6cker 1996; @ppen 1998; Nayfonov & Bpperi 1998), and
icant, and hence modifies the thermodynamic properties of there is clearly a strong interest in further development of the
plasma substantially. EOS.

The EOS presented in this paper is formulated for a
Key words: equation of state — Sun: general — stars: interiordqyydrogen-helium mixture and takes into account the physical
processes of electron degeneracy and Coulomb coupling based
on the free energy minimization method in the chemical picture
(Harris et al| 1960; Graboske et al. 1969). A simple thermo-
1. Introduction dynamic model of the hydrogen-helium mixture is presented
in Sect.2. In Sect.3, we establish the detailed processes of
oulomb coupling, and propose simple approximations for the

The equation of state (EOS) is one of the most important ph
ical inputs for the study of stellar envelopes and interiors. Al

though a simple ideal-gas model of the plasma of the solar inpon-ideal free energies of the plasma. The calculated results and

rior, the so-called EFF equation of state (Eggleton et al. 197§r$mpar|sons are presented in Sect. 4. A brief summary is given
was adequate before the advent of helioseismology, the usé o‘T’eCt' 5
high-quality helioseismic data requires much greater accuracy
inthe EOS (Christensen-Dalsgaard &fipemn 1992). The calcu- .
lation of the EOS of amulticomponent quantum plasma, consiét- 1 neoretical schemes
ing of charged particles interacting via the Coulomb potentigl,1 . parameters of plasma for a H-He mixture
is of theoretical and practical interest.

The gas in the solar interior is only weakly coupIecTO describe non-ideal effects of the plasma, it is convenient
and weakly degenerate; however, non-ideal effects, especign)}ntroduce several Qimensionless parameters to cha_rapterize
Coulomb corrections, significantly influence the structure §t€ plasma. We consider a H-He plasma mixture consisting of

o . : : 1 whi :
the solar interior. The Coulomb correction due to the sum 8fectrons andions of specigi ™, He™ ™ }, which we label with
the indexj = 1, 2, with chargesZ;e, massesn; in a volume

Send offprint requests 18i Shaolan V. If the abundances by mass a¥eandY for H and He with
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densityp and temperaturé’, the number of nuclei for H and  Another important quantity is the Debye shielding length

He are given by rp for a mixture of ions and electrons, which is defined as
NapVX NppVY 1/2
Ny = Ajv ) Npe = ilpv > (l) 1 _ dme? (Z] ZJQN] + Ne)
H He 'n® = KD = VinT
whereNy is Avogadro’s number, andg = 1.0079 andAg, =
4%02? arg: the atomic weights. The averaged nuclear chgfye  [4ne®N, (14 (22) 1 (2)) / o
is defined as = VinT )
Nu + 2Nge
Z)y=——""-—""". 2 i
(Z) N N (2)  with the charge average
. , . . , > Z2N;
For the ion system, the Wigner-Seitz radius defined as <ZQ> - 27:75\7’ , (10)
1/3 it
a= ( 3V > (3) Wwherekp, is the reciprocal of the Debye shielding length,
47 Nion andj runs over all ion species in the plasma, so thatlenotes

is the so-called ion-sphere radius which measures the mearfftg. number of ions of specigs _ _
terionic distance; here the total number of ioVis, = N/ (Z) For a classical system of charged particles the potential en-

is determined by the electroneutrality condition, avidis the ©ray is of the order Oé_in/g’ and the weakly non-ideal condi-
number of free electrons. tion is reduced to the inequality

The averaged Coulomb coupling constant of the ions, whighy,1/3 < kT . (11)
describes the strength of the Coulomb coupling, is given by . .
(Ichimaru et al 1987): It will be useful to evaluate the number of charged particles

' ' within the Debye sphere. This number is equal to
3
L@ (2 ( 4rNe )” o, 1 (kT N\
kgTa kgT 3(ZH)V Np = ?TDn = ﬁ <€27’ll/3> >1, (12)

= <Z>5/3 Le (4) wheren is the total number densit
y of the plasma (note that
whereT’, denotes the classical Coulomb coupling constant B!l ionization is assumed). This extremely important inequal-
the electrons, which is written as ity says that there is more than one charged particle within the
Debye sphere. The closerto beingideal is the plasma, the greater
e [47N, 13 is the number of particles within the Debye sphere. In the Debye
{ } ) () sphere each charged patrticle is in a self-consistent plasma field.

° " ksT | 3V . :

_ This means that the long-range character of Coulomb interac-
wherekg is the Boltzmann constant. _ tions makes particles interact with each other simultaneously
A typlcal dlmenSlonl-GSS denSlty parameter CharaCterlZl@gen in aweak|y non-ideal p|asma_ Thus, the Debymké| the-
the system of electrons is: ory is valid under solar interior conditions. However, the simple

1/3 ) Debye-Hickel theory does not include any quantum-statistical
ro= e — 3V Me€ (6) effect on the electrons.
ap 47TNC h2 ’

wherem, is the mass of an electron. The parameteis the 2.2. Free energy model for a H-He mixture
Wigner-Seitz radiusi, of the electrons in units of the Bohr

radiusas — h2/mee? and depends only on the number Oil'he total free energy’ of a fully ionized H-He mixture consist-

ing of ions and electrons can be written as (Chabrier & Potekhin

electronsV,. 98)-
The most evident quantum-mechanical characteristic Ieng}i% ):
is the thermal de-Broglie wavelength of particles F(T,V,{N;},N.) = Fi* + {9 4 Foou , (13)
N orh? \ /2 whereFiS’e) denote the ideal free energy of ions and electrons
7T kgTm; : ™ respectively, and"c,,; denotes the excess free energy due to

) o Coulomb coupling.
The degree of Fermi degeneracy of electrons, which is measuredhe pressure®, the entropyS and the chemical potentials
by the rat|o2o§ the temperatufeto the Fermi temperatut: = |, can be obtained by differentiation of the free enefgyith
h? (3m%ne) ' knme (lyetomi & IchimarU1988), is describedrespect to eitheV andT, at fixed{ V., IN; }, or with respect to
as N. and Ny, at fixedV andT', respectively:

T 4N\%3 OF OF
0= =2(o-) . ® 7= (5 - s=\or 4
TF 97T FC T7{Ne,Nj} Vv{Ne7NJ}
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[ = or fle = OF (15) ~ effects of exchange and correlation interactions between
’ ON; ) v, © \ONe/)rvn, electrons,

] N ] — electron finite-temperature (finit#-effects,
Here we restrict ourselves to conditions where the ions are re- gcreening effects of the degenerate electrons.

garded as point charges while the electrons are assumed to form
a uniform background of neutralizing space charges. Tifj{is ~ Foraweakly coupled plasma, the local-field effects between
andF((f) are given by Maxwell-Boltzmann statistics and Ferr.npartlcles can be neglected (Ichimaru 1982). The Coulomb inter-

Dirac integrals. The ideal free energy of classical ions, negle!ri;}f‘?t'onS Z‘T’m be trr]eated le_llthln.lthe .Ilnearfscr:]reemng theory. Under
ing their spin statistics, can be written as this condition, the total Hamiltonia® of the two-component

plasma can be separated into (Ichimaru €t al. 1987):

@ Nj 3
By = kBTZNj {hl <)‘j> - 1} ‘ (16) 1 41e? [ pzepie 5
; V H:FE+K1+2‘/I{Z€£O ,Z{JQ |: e(k) _Nion <Z > ) (22)

For partially degenerate electrons, the ideal free energy of th
quantum electron is wﬁereFe and K; represent the Helmholtz free energy of the

uniform electron background and the kinetic energy of the ions;
Fi(;) = Nopto — PV, 17) Pzx = 3; Zipjk is the Fourier. component pf the ion charge
number fluctuations; and the dielectric functiofk) (k = |k|)
where P, is the pressure of the ideal electron Fermi gas. Tlgthe static screening function of the electron fluid. For the
pressure’, and electron density., in turn, are functions of the ionic mixture in a rigid electron background(k) = 1. Thus,
chemical potentiagl,, and temperaturé’, given by: the Coulomb term of the free energy can be written as

8 kT — 1 !
NS RCICOR (1g) Foou = Feo t Fiit Fle (23)
¢ where the quantities labeled, ii andie refer to the contribu-

and tions corresponding to the electron-electron interaction, ion-ion
4 interaction, and ion-electron interaction, respectively. It is con-
e = NY L1z (ne) - (19)  venient tointroduce dimensionless guantities for the free energy
(For simplicity, we assumed that the electrons can be treate as_ Fee . o= B . fi= Fi . (29)
non-relativistic.) Herej, = s (ksT) ", and the Fermi-Dirac NekgT NionksT NionksT'
integrals are defined by and for the internal energy
< z"dx U U U

In (ne) = / a—n. | 1 n> -1. (20) = b e — e o= __-n

0 €¥T7me 4+ 1 Uee NokpT Uie NiokgT Uij NionksT (25)

The chemical potential is related to the Fermi-degeneragiie Coulomb free energy can be obtained from integration of
parametet the internal energy with respect to the coupling constant (Tanaka

9 et al.[1985a; Ichimaru et al. 1987)
Lo (ne) = 59*3/2 . (21) -
dar’ ,
Joou = / T [UCOul (F )]9 . (26)
3. Coulomb coupling ) 0 ) . ] )
. o By using dimensionless form defined above, Eq. (25) is ex-
The accuracy of the physical description demands a large rapggssed as

of applicability of the formalism for the EOS. Thus the formal-

ism should be valid, e.g., from the central part of the Sun, witfcoul = NeksT fee + NionksT (fii + fie) (27)
a temperaturd” ~ 107 K and a densityp ~ 102 gcm™3, to
the solar surface witli’ ~ 10> K andp ~ 10~7 gecm~3. Since
I'c ~ 0.05 atthe centre anfl, ~ 0.2 near th_e sgrface, the solarfCoul = Zofoo + Tion (fii + fie) (28)
plasma cannot strictly be regarded as being in the weakly cou-

pled state; the polarization and quantum effects of the electramiserezion.. = Nion,e/N denote the number fraction of ions
play significant roles in determining the plasma properties. Adnd electrons, respectively, add = Nj,, + N, is the total
though the Debye-tckel approximation provides the correchumber of charged particles.

limitfor I'. < 1, it overestimates the Coulomb effects whenthe A model for the H-He mixture requires a knowledge of the
coupling becomes significant at moderately smhallAn accu- interaction between the charged hydrogen and helium species;
rate representation of the excess free energy due to Couldmolvever, the non-ideal free energy of the mixture can be ex-
coupling may be obtained by going beyond the Debyekél pressed with high accuracy by the so-called linear mixing rule
approximation, including the following three modifications: in terms of the free energy of the pure phases (Hansen et al.

or
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1977). Taking hydrogen as “1” and helium as “2”, the excess ions. The contributiom,,. of the electrons to the interaction

free energy due to Coulomb coupling is written as energy is given by the Hartree-Fock value
ee N NaNe = Jee Fevg ) 1 3 9 /3
Jee (N1, Nz, Ne) fQ (Ie,) - e = (D ~ 0.45817 . (32)
e ™
it (IN1,N2, Ne) = i fii (N, Ne) , 29 . .
fis (N1, Nz, Ne) ;C]f (N5, Ne) (29) 2. In the weak-coupling limitf, < 1, the lowest-order

Hartree-Fock exchange energy of the electrons is the dom-
inant contribution tau.., so that

a0 o) @)

where(; = N,;/Nion represents the number fraction of ions of Le

specieg in the total ionic configurations. The electron-electron where an accurate fitting formula fef6) has been obtained
interaction termyf,, is a function ofl", andé, which are related by Perrot & Dharma-wardana(1984) as

the number of the degenerate electrons.

2
fie (N1,N2, No) = Y G fie (N, Ne) -
j=1

1/3
The contributions toFcou, have been studied by vari- () = (9> ! tanh (1) X (34)
ous procedures by solving a set hypernetted-chain (HNC) or Ar? 0
Monte Carlo simulations (Brami et dl._1979; Tanaka et al. 0.75 + 3.043636% — 0.0922706° + 1.703506*
19854l 1985b; Ichimaru et al. 1987; Ebeling 1990; DeWitt et al. 1+ 8.3105102 + 5.110504

1996; Stolzmann & Bicker 1996; Chabrier & Potekhin 1998).
In this paper, we make use of fitting formulae for dealing with
the weakly coupled plasmas.

In the classical limit? > 1, a (#) — 0, and the second
term in Eq.(33) proportional t&./? becomes the lead-
ing contribution in the weak coupling regime; this term can

. _ be approximately evaluated in the Debyé&dHel theory as
3.1. Electron-electron interaction O(F}/2) _ (\/§/2)F§/2.

For the _sake of simplicity, we dgscribe an interacting eleCtr_‘E’fbnsidering these limiting cases, we adopt an approximate ex-
system in terms of an effective single-particle problem. Consigression for the contribution arising from the electron-electron
ering the contribution from the sum of ring-diagrams to the fregeraction. Tanaka et al. (1985a); Tanaka et[al. (1985b) and
energy, the exchange-correlation free energy of electforn’s Tanaka & Ichimaru[(1989) computed the interaction energy
calculated numerically according to (Fetter & Walecka 1971 ihe finite-temperature electron liquids in the RPA and the
Tanaka et al. 1985a): Singwi-Tosi-Land-Sjlander approximation (STLS) (Singwi et
g3 =% roo al.|1968). The values af.. obtained in the RPA and the STLS
fee = 1 Z / v {In[1 + 9, (y)] — ¥, ()} dy , (30) approximations may provide accurate estimates of the exact free
l=—00”0 energyf.. at finite temperatures as an interpolation between the
classical and degenerate limits. A fitting formula may be con-

where
13 structed which parametrizes the computed values, valid when

U, (y) = I TIe % 31) e < 1;6 > 0.1; not only can this be applied to the weak

! 4 Y3 coupling region [, < 1), but it also yields the Debye-iktkel

/oo (na) o] (%w)z n (y2 i 2my)2 limiting law in the classical limit[, < 1):
X n z)dzln ,
o (2710)* + (y2 — 2ay)° Uee = g (0) Te + a1 () TY? + a2 ()7, (39)

andn (kpz) is the quantum-mechanical Fermi-Dirac distribuhere
tion aop () = 0.44973 exp (—0.54712/6) — 0.44335
no (kpx) = 1 ay (6) = —0.48618 exp (—0.47357/60) — 0.34389 , (36)

exp (e — pe) /hpT] +1 as (/) = 0.28162exp (—0.16000/6) + 0.21628 .

o o )
with = = kp /kr ande = 7* (kex)” /2m.. EQ. (30), based on g, (35) reproduces the RPA values and the STLS values within
the random-phase approximation (RPA), gives good resultsyigy to 1 - 1. The excess free energly, can be derived from

calculating the Coulomb coupling for a weakly coupled plasrqﬁe above expression with the aid of Eq. (26):
because the kinetic energy is dominant. T

In order to derive the equation of state, we must find an (1, ¢) = a4 (9) T, + 2(11 (0)T3/2 + laz O)T?.  (37)
analytic formula for interaction energy which is sufficiently ac- 3 2

curate to enable the necessary integration and differentiatidhe Coulomb pressurg,. can be obtained from Eqgs (35) and
The formula should include limiting conditions fog. (T, 0)  (37) as

1. § < 1. Whenl'. is kept at a finite value, the electrons thus PecV (8fee (Fe>9))
T,N

form an unpolarizable negatively charged background to té. kg T’ ov

s
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_ L <3fee> 20 (afee> (38) Weconsiderhere amodified Coulomb interaction rather than the
3
6 Te

3 \ oI 00 bare Coulomb potential through which purely classical particles

1 1 3/2 ) would interact. Suppose that a point chagge is introduced

= gty [bo (0)Te+ b1 ()T +b2(0) TS| 5 into the thermal uniform plasma. We allow the plasma to settle
down to a steady state after the charge is introduced. Now the

where electron and ion densities will be determined by the Maxwell-
by (0) = —0.16404 exp (—0.54712/6), Boltzmann distribution, so that the changes in density are given
by () = 0.08128 exp (—0.47357/0) , (39) by the Boltzmann factors:
bs (0) = —0.01502 —0.16000/96) .
> (0) exp ( /6) ne (1) = ng exp <ke¢T> ’ (a4
B

3.2. lon-ion interaction

Zje¢> . (45)

All the thermodynamic functions of classical ions in a unifornfi’ (r) = n; exp (_ kgT

(rigid) electron background can be expressed as functions of

the single parametdt;, wherel'; = FEZW denotes the cou- Since the unperturbed state has zero charge density, sq that

pling parameter of ions of specigs An accurate analytic fit 2-; 2,7 the electrostatic potential(r) isrelated to the charge

of the internal energy of ions must recover the Debyecke| density through the Poisson-Boltzmann equation, which can be
i [OViRg 97)

limit u; = —(\/5/2)1“5?/2. For the ion-ion interaction, we adoptertten as (Sturrock 1994; Bggen & Gough 1997):

a simplified internal energy formula proposed by Chabrier & ed <Z2> ed
Potekhin (1998) in the framework of th¥-body HNC the- VZ¢ = 4mnee [exp () — exp (— )

ory, which accurately reproduces the Debyiéekel value for kT (Z) kT
I'; < 1 and provides a smooth transition frofi} > 1 to — 47TZZj65 (r—rj), (46)
Fj <1: J

() = 32 c1 L (40) Whergrj is the positionlof th_e iO.rj, ar_1d§ is the Dirac delta
Willi) =14, Vet 1+ function. Furthermore, linearization yields
where the fitting parameters are = —0.9052, ¢, = 0.6322 ¢ =Y 6 . (47)
andcs = 0.2724. J

The excess free enerdy for ions of specieg arising from
the contribution of ion-ion interaction can be derived from th
above expression with the aid of Eq. (26):

(V> —k}) ¢; = AnZjed (r — 1) , (48)
fii (Fj) = 01[ Fj (CQ‘FFj)*CQlIl(\/Fj/CQ (41) ! ! !
In solving Eq. (48) one must require that bagh(r) and
+4/14+T/ca)] + 2¢s3 [\/Fj — arctan (\/Fj)} . the electric field-V¢; (r) be continuous across the exclusion

sphergr| = a and thatp; (r) vanish ag — oo. In the exterior

For a H-He mixture, the total ion-ion contribution to the fregagion, » > 4, the screened potential of a given igis given
energy is given by the linear-mixing formula Eq. (29) to googy the extend Debye-fitkel theory with hard-core correction
accuracy (Lee & Fishel 1996; Levin & Fisher 1996):

If ¢; is a weak potential then expansion of the exponentials in
Eq. (46) leads to

2 .
fii (NLNQ, Ne) = Zijii (Fj, Cj = 1) . (42) ¢j = %@ (k’DCL) EikDT] s (49)

j=1 /

The corresponding changes in pressure due to ion-ion int&fth

action is obtained by using Eq. (14): kpa
(C) (kDa) = ¢ . (50)
PV v <8fii) 1+ kpa
NionkpT oV )N Since Eq. (49) is the solution of Eq. (48), the net electron density
12 in the cloud around iorj is given by
=3 > Gui (Ty,¢ =1) . (43) 1 ne;

j=1 = _ | — V36, = J 1

j =] = )
3.3. lon-electron interaction or alternatively
When the Fermi degeneracy of the electrons is weak, we can Z;ek2 0 (kpa)
assume classical statistics both for the electrons and for the iohs= ———————— exp (=kp ) , (52)

4rr
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and the ion density; is

pi = Zjed (r) . (53)

The ion-electron interaction energy for ions of spegiés
obtained by (Shaviv & Shaviv_1996):

PJ 3,.d3,
Use Z/ ‘P_r ) @2rddr (54)

Teou/Tion

On the basis of the spherically symmetric approximation, ~°°[ ]

substituting Eqs (52) and (53) into Eqg. (54), the dimensionless

form of Eq. (54) is given by 0.01 0.10 1.00
I‘on
Uie jyiVe) = — . .
J 2kgT Fig. 1. Total excess free energy due to Coulomb coupling for a H-He
Z2e2k3 exp (—kp |r']) 6 (r) mixture divided by the coupling parameter,, at weak degeneracy
/ : T d*rd®r’ 6 = 10. The solid and dashed lines refer to the calculations of the
4 |r — 1’| 1’| " L .
present formula and Debyetidkel approximation, respectively; the
O (kpa) [ Z;e’kd stars illustrate the Pédormula of Stolzmann & Ricker [1996).
— drredr (55)
2kBT 7’2
(Zje)2 O (kpa) The corresponding change in pressure due to screening ef-
 2rpkpT : fects of degenerate electrons is obtained by using Eq. (14)
By using Eq. (4), Eq. (55) becomes BV <5fie)
NionksT oV
1/(7;\°
Uie (Nj, Ng) = —= J) O (kp a) kp alien - 56 1(z2?
( J ) 92 <<Z> ( D ) D ( ) = —6<<Z>2>@(kDa) kDaFion- (61)

In order to consider screening effects of the degenerate elec-

trons, Eq. (9) can be rewritten as Finally, the Coulomb pressui-,, is given by

Lo Poou = Pee + Pii + P . (62)
. [47TN862 (6 +(2%) / (2)) 57)
VkgT ’ 4. Results and discussion
where The Coulomb coupling leads to non-ideal effects in the EOS and
modifies the thermodynamic functions. In the present work, we
0, = EM (58) examine the contribution of the Coulomb coupling to the ther-

2 I3 (ne) modynamic quantities of a fully ionized and weakly coupled

is a correction for degenerate electrons. In the non-degene the mixture, with abundances by mass of hydrogen and he-
limit, 6, — 1. um of X = 0.70 andY = 0.30, respectively.

. . : Fig. 1 shows the total excess free enefgy., divided by
By using Eqs (3), (4) and (57), we obtain the relation T'jon atd = 10 calculated accordingto Eqgs (37), (42) and (60). In
(9 Z) <Z2>) 1/2 1o Fig. 1 we compare the value ¢, with values obtained from
7 | G (59) othertheoretical expressions. As one would expect, our result is
(2) closed available representation of Stolzmann &dkler (1996)

With the aid of Eqs (26), (29) and (59), the excess free ener§gm a Paé approximation. Fol',, < 0.05, the electron-
fio due to the ion-electron interaction for the weak coupling limglectron exchange contribution is dominant; the Debyeke!

kDa:\/§

is approximately given by the linear-mixing rule approximation fails to account appropriately for the electron-
electron exchange effects in the weak coupling regime, and
2 22 20 (kp a) hence it predicts a value ¢, even lower than the RPA values

fie (N1, N2, Ne) = T 3rpkpT over a significant domain df;,,. It can also be seen from Fig. 1

that the simple Debye-titkel approximation overestimates the
1< 2 Coulomb effects when the coupling becomes significant at mod-
3 Z G © (kp a) kp alion erately small';,,. However, it is easy to add the fitted formula
= 12 to the Debye-tdckel approximation to obtain improved results.
Z Fig. 2 shows the contributions of the electron-electron inter-
Z)? © (kp a) kp alion - (60) action f.. divided byT'. até = 1 and10. In Fig. 2 we note that

H
HM

~
~—

W =
—~
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0.00F ] 0.08
E ---DH h
—0.10F
E 0.06 -
_—020f =2
= £ ~
S 3 3 0.04 -
e E K
~0.30F [
E 0.02 -
—0.40F I
—0.50F 0.00 I I
0.01 0.10 1.00 10° 1010 1015 10%0
T, Py (Pa)

Fig. 2.Excess free energy arising from the electron-electron interactibig. 4. Ratio of Coulomb pressure to the ideal-gas pressure of the ref-
fee divided byT'. atd = 1 and10, respectively. erence solar model with the EFF equation of state. The present formula
(solid line:); the Debye-Hckel approximation (dashed line).

0.00[ ] Fig.4 shows the relative pressure, i.e., the ratio of the
F 1 Coulomb pressuréc,. to the pressuré’y corresponding to
an ideal gas for the plasma parameters of the solar interior. The
reference solar model was constructed with OPAL and Kurucz
opacities (lglesias et al. 1992; Kurucz 1991) and employed the
EFF equation of state without any Coulomb term. In Fig. 4 we
see, at the centre®(~ 10'7 Pa), the values of Debye-#tkel
term without electron exchange contribution are smaller than
our calculated values. On the other hand, in the intermediate
: regions, the results indicate a smaller Coulomb correction than
o . o that obtained with the Debyeilgkel theory. It seems that the
T terms of higher order in the Coulomb correction play an impor-
tant role. Moreover, we find that the contribution to the pressure
Fig. 3.Calculated Coulomb pressufeou = Pee+Pi+Picinunitsof  from the Coulomb correction is up to 1%, and thus it indeed
Polion, wherePy = nkpT, at weak degeneracy & 10). Solid line:  reflects the fact that the Coulomb term has a significant effect
the present formula; dashed line: the Debyigekel approximation.  on the thermodynamic properties of the plasma, at the centre
and intermediate regions @ppen_1998).
However, at the solar surface, either the present formula or
the Debye-Hickel approximation overestimates Coulomb ef-
the magnitude of the electron-electron exchange contributifytts. It indicates that the influence of Coulomb term is not
decreases a# increases owing to reduction in the exchangadequate by helioseismic constraint. At the solar surface, espe-
energy. Since no electron exchange contribution (at fixed cially in the second helium ionization zone, complex physical
regardless ob) to the free energy is included in the Debyeeffects, such as pressure ionization and the formation of bound
Hiickel approximation, the value of the Debyéitkel term de- states, should be taken into account.
viates widely from the present calculations. The result indicates
that the electron-electron exchange effect and electron finig.)e-S
temperature effect substantially modify the plasma properties.
The total excess pressule,,,; due to Coulomb coupling is We have developed a completely semi-analytic model for the
plotted in Fig. 3 atweak degenerag@y- 10. The Debye-Hickel free energy of afully ionized, weakly coupled plasma consisting
pressure is calculated on the basis of a two-component plassha H-He mixture, which is valid in the whole temperature-
(TCP) for electron-ion interaction, and a one-component (OC#&#gnsity regime and applicable to arbitrary mixtures. For the
for the electron and ion. The computed data are compared wétttess free energy of the electron fluid at finite temperature, we
the Debye-Hickel values. It can be seen that non-ideal contgrovide an analytic approximation based on quantum-statistics
butions to the pressure increase systematically with increasoajculations. For the excess free energy of the classical ionic
I';on, and the Debye-Hckel approximation overestimates th@CP, we adopt the present formula in the framework of the
Coulomb effects. Fig. 3 also reveals that the Coulomb couplifg-body HNC theory. Finally, we have taken into account the
makes a negative contribution to the pressure term, and heattron-ion interaction by using the extended Debykché!
reduces the total pressuke theory with hard-sphere correction under the weakly coupled

__—0.10}

P Coul/ ( P OFlOn

—0.20}
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and weakly degenerate limits. Our formulae are compared wibriel M., 1994, A&A 292, 281
other available approximations, and provide quick and accur&boske H.C., DeWitt H.L., Grossmann A.S., 1969, Phys. Rev. 186,

computation of the thermodynamic functions of fully ionized 210
and weakly coupled plasmas. Hansen J.P., Torrie G.M., Vieillefosse P., 1977, Phys. Rev. A 16, 2153

A more elaborate equation of state aimed at describing &S G"\S"GT“'U:%Ji' Rgbeigsé, i%%sih%fe"' 119, 1832
thermodynamic properties of partially ionized plasmas and io ymmerH).6., Mihaias L.,  ApJ 331,

ization equilibrium will be discussed in a later paper chimaru'S., 1982, Rev. Mod. Phys. 54, 1017
q paper. Ichimaru S., lyetomi H., Tanaka S., 1987, Phys. Rep. 149, 91
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