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Abstract. Inthis paper we consider the existence of stable mthe unit of time is such that the gravitational constant is one. In
tions for a particle near the triangular points of the Earth-Modhese units, the period of the primaries around their common
system. To this end, we first use a simplified model (the scentre of mass is equal tor. In this system of reference, the
called Bicircular Problem, BCP) that includes the main effecEarth and Moon have coordinatésg, 0,0) and (x — 1,0,0),
coming from the Earth, Moon and Sun. The neighbourhood @fspectively. It turns out that the equations of motion of the in-
the triangular points in the BCP model is unstable, as happené§iitesimal particle can be written in Hamiltonian form, with
the real system. However, here we show that, in the BCP, thétamiltonian function given by

exist sets of initial conditions giving rise to solutions that re- 1, ) ) 1—p I

main close to the Lagrangian points for a very long time. The§&TBP = §(px +py +DpZ) T Ype — TPy — -

solutions are found at some distance from the triangular poin\}\ﬁﬁ

)
TPE PM

2 _ 2 2 2 i i
Finally, we numerically show that some of these solutior%s tir:?InEPéErtE gcn @PM ) _+ (g./r j = ff;ef'sjﬁ:“;i (t);éh;sptggge
seem to subsist in the real system (by real system we refer q . DM H y .
h del defined by th -k IPL eph is) in o4 he particle to the Moon. It is well known (Szehehely 1967;
€ model detined by the well-known JFL €p emerls), N Uever & Hall 1992) that, in synodical coordinates, the RTBP
sense that the corresponding trajectories remain close to th€ . e o . .
has five equilibrium points, three of them lie on thaxis (they

equilateral points for at least 1 000 years. These orbits move Ul " -lled Euler points, collinear points or simply Lo

and down with re;pect to th? Earth-Moon plane, crossing tk}:\'ﬁdLg) and two of them are the third vertex of an equilateral
plane near the triangular points. Hence, the search for Trojan : . .
o riangle that has the primaries as the other vertices (they are also
asteroids in the Earth-Moon system should be focused on thes : : ; .
: : . called Lagrangian points, triangular pointsioy and Ls).
regions and, more concretely, in the zone where the trajectories . i .
We start focusing on the dynamics around the equilateral

ﬁ;ﬁg their maximum elongation with respectto the Earth'MO%r(])int Ls of the RTBP (the same results will hold fdr, due

to the symmetries of this model). For the value of the mass
corresponding to the Earth-Moon cagg, is an elliptic equi-
librium point. Under very general conditions, standard results
from KAM theory (Arnold et al. 1988) predict that, around
an elliptic equilibrium point of a Hamiltonian system, there
exist many quasi-periodic solutions. In suitable coordinates
(the so-called action-angle variables), these solutions corre
Let us start by assuming that the Earth and Moon are poggond to linear motions taking place on invariant tori, whose
masses that revolve in circular orbits around their common cefimension coincides with the number of basic frequencies
tre of mass, and consider a particle with infinitesimal mass unadrthe quasi-periodic motion. For this reason, in this context
the gravitational attraction of the Earth and Moon (in this corit- is usual to refer to quasi-periodic solutions as invariant
text, the Earth and Moon are sometimes called primaries). Tiogei. Due to the constraints imposed by the Hamiltonian
study of the dynamics of this third particle is the so-called RTB&tructure, the dimension of these tori (i.e., the number of
It is usual to take a system of reference with the origin at th@asic frequencies of the quasi-periodic motions) cannot be
centre of mass, and with rotating axes such that the primarggeater than half the dimension of the phase space. In this
are fixed on ther axis, they axis is contained in the plane ofsense, we will distinguish between the maximal dimensional
motion of the primaries and orthogonal to thexis, and the:  tori (tori whose dimension equals half the dimension of the
axis is orthogonal to thér, ) plane. This system of referencephase space) and lower dimensional tori. It is well known that
is called synodical. The unit of distance is the distance betwebe set filled by the maximal dimensional tori has positive
primaries, the unit of mass is the total mass of the primaries, anéasure and empty interior. Obviously, initial conditions inside
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this set give rise to trajectories that are always close to the This kind of stability was previously observed
equilibrium point. So, to study the instability of an elliptic(Gomez et al. 1993;|_Simet al. 1995), but with smaller
point we should look at the dynamics on the complementarym@gions and much shorter time intervals (around 60 years). The
the tori set. The (possible) diffusion inside this set is usualtgain improvements in this work come from the computation
called Arnold diffusion [(Arnold 1964). The main results irof the vertical families of quasi-periodic solutions for the
this direction are only upper bounds on the diffusion spe®&CP and the use of initial conditions around them. It seems
(Giorgilli et al. 1989; | Sind 1989; | Celletti & Giorgilli 1991; that these families of tori are the skeleton that supports these
Jorba & Villanueva 1997a,; Giorgilli & Skokos 1997;stability regions. A preliminary version of these results was
Benettin et al. 1998;| Niederman 1998). One of the mapresented in a conference paper (Jorbal1998).

conclusions of these works is that, under general conditions,

the time needed to escape from a neighbourhood of the

equilibrium point is (at least) exponentially large with respe@. The bicircular model

to the distance from the initial condition to the equilibriuml.

. o e bicircular model is a Restricted Four-Body Problem that
point. Henge, the application of these results t.o the RTE(’:Ign be seen as a modification of the RTBP in order to take into
corresponding to the Earth-Moon case results in very lar

T S e ard&count (in an approximate way) the effect of the Sun. We refer
stab!l!ty times. This kind of stability is usually called effectlve[o Cronin et al..(1964) for a detailed derivation of the equations
Sta%lgyt.he other hand, we can consider the motion of a Smgﬁmotion.

article in the real Solr;lrws stem. in al neiahbo rhlood of the tri- To define this model, we impose that: a) the Earth and Moon
particie in t Y .| 'ghbou . fevolve in circular orbits around their centre of mass (asin the
angular points of the Earth and Moon. Here, we will use

“real Solar system” the model defined by the JPL epheme?lf;rBP); and b) the Earth-Moon barycentre and the Sun also

. . o . ove in circular orbits around the Earth-Moon-Sun centre of
(http://ssd.jpl.nasa.gov/horizons.html). This is a numerlcal):gass, that is fixed at the origin. Of course, these two circular

defined vector field, that can be numerically integrated for tlpﬁ

time span for which the positions of the main bodies are kno otions satisfy Kepler's laws. Then, it is not difficult to derive
! P wh POSIl ! ! e equations of motion of a fourth (infinitesimal) particle mov-

NOtﬁ.g“fﬂ’ forthef[ re‘.”" sy;t}erﬂ, thetrt]nangular g?lnés are ?r? "F’;‘Tﬁ under the attraction of these three bodies. The study of the
equilibnium points since the nypotheses usedlo derive the otion of this fourth particle is the so-called BCP. Note that, in

are not satisfied. It. IS knowr_1 that a_rbltrary traje_zctorles Startlrt'ﬁis model, the motion of the Earth, Moon and Sun is not coher-
near the (geometrically defined) triangular points move aw.

after a short time.(Schutz & Tapley 1970ida et al. 1991) and @Nt, since it does not follow a true solution of the Three-Body

: . Problem.
hence, the RTBP is not a good mode| to study this problem be- To write the equations of motion of the BCP, we use the same

cause it displays a qualitative behaviour that is quite diﬁeren}eference frame as in the RTBP: the origin is taken at the centre
For this reason, we will start using the so called Bicirculgf - ¢ - th and Moon. theaxis is on the Earth-Moon line

Problem (from howon, BCP)'.Th'S model can be seenasa : %y axis is contained in the plane of motion of Earth and Moon,
dependent periodic perturbation of the RTBP, that includes t d the= axis is orthogonal to thér, ) plane (see Figl1). In

main effect coming from the Sun. We believe that this mod #'s system of reference, the Sun is turning (clockwise) around

was first introduced by Cronin et al. (1964), and it has some L o . )
the main features of the real model (for instance, the neighbotg]r? origin in a periodic way. As in the RTBP, we use normalized

. o ._units such that the Earth-Moon distance is 1, the total mass of
hood of the equilateral points is unstable). Our purpose |slf%)e Earth-Moon system is 1, and the period of Earth and Moon

use the BCP as a first model to describe some properties ofili)
real system. In particular, it is known that the BCP has sevefg
f,‘”“.“”,‘es of quasi-periodic solutions near the equilateral pOirEtr?e mass of the Sun, and the frequency of the motion of the Sun
(Simd et al. 199K Jorba 1998: Casted Jorba 2000). It turns around the origin is denoted hy. In these coordinates;s is

out that some of these tori are hyperbolic, while some oth%se sidereal frequency of the Sun minus 1.

are elliptic (Jorb_a 1998, 2000), and t_hat these_ eIIiptig tori are Let (z,y, z) be the coordinates of the infinitesimal particle.

IE;P?oatesr?(;ng:rgzrrlg? ;rgrr:]g:le Z(Iqlwltactetﬁl' pqlr;tsr:;'éls knn dogxrf%en, defining the corresponding momentapas= & — v,
wer-dimensi ) y ellipt | gVE Tise, U = ¢+ x andp, = 2, the motion of the fourth particle can

general conditions, to regions of effective stability around th described by a Hamiltonian system that depends on time in

und their barycentre i&r. In these units, we denote lay,
distance from the Earth-Moon barycenter to the Sunis

(Jorba & Villanueva 199 ra,b). Here, we will est!matg the S.'Z:fgeriodic way:

and shape of these regions by means of numerical simulations,

to show that they are relevant for this problem. 1, ) ) 1—p
The last step will be to show, by means of numerical sif{Bcp = ) (Pa: + Dy +pz) + Ypz — TPy — —

ulations, that some of the stability regions found in the BCP I ms = mg )

model subsist in the real system, at least for time spans of 1 000 T rew rps a2 (ysind —xcosd),

years. As will be discussed later (in S&tt. 5), these regions are
a suitable place to look for Trojan asteroids in the Earth-Moqmere,algE =(z

system. rdg = (v — g

~

) +y* 422 gy = (x—p+1)2 +y?+22,
>+ (y —ys)® + 2% xs = ascosh, ys =

~
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Fig. 1. The bicircular problem.
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Fig. 2. Left: Continuation of the periodic orbit that replacesin the BCP. Right: The three periodic orbits that appear in the left plat forl.

—ag sin #, andf = wgt. We stress that we can look at the BCP  To reduce the number of degrees of freedom of the prob-
as a periodic time dependent perturbation of the RTBP: lem, we introduce the Poindasectiont = 0 modTgs, where
Ts = 27 /ws is the period of the perturbation, and It be the

. -
Hgcp = Hrrep + €Hpcep, corresponding Poincamap. Note thaP. is an autonomous6-D

where (symplectic) map whose fixed points correspond to periodic or-

R 1 ysinf — z cos § bits (of periodTy) for the flow, and vice versa.

Hpcp = —mg (T + aQ> ) Now, by means of a continuation process, we compute
PS S

the fixed points ofP. (for £ ranging between 0 and 1) that

and it is clear that{5c) = Hrrep, and thatiicp = Heop.  Correspond to the periodic orbit that replaégs The results are

In Fig.[d1 we have marked the Eulerian and Lagrangian poirttisplayed in Fig:R (left), where the horizontal axis showsithe

L, .. 5 by using their corresponding coordinates in the RTBPoordinate of the fixed point and the vertical axis refers to the

As the vector field of the perturbatiarf/cp does not vanish Value ofz. Note that, foe = 1, there are three fixed points 5f

at these points, they are no longer equilibrium solutions.  that are close tds. The(z,y) projection of the corresponding
Now, we focus on the.s; point (due to the symmetries ofPeriodic orbits for the flow are displayed in Hig. 2 (right). By

the BCP, the same results will be valid fbg: of course, this computing the eigenvalues of the differentialiefat the fixed

is not true for the real system). A straightforward appncaﬂdppints, one can seethat orbit PO1is unstable, and that orbits PO2

of the Implicit Function Theorem shows that, under a genefd@d PO3 are linearly stable. Moreover, these three periodic or-

non-resonance condition (satisfied in this case) and assumirits have an elliptic mode contained in fep. ) plane. In what

small enough[s is replaced by a periodic orbit with the samdollows, we will refer to this mode as the vertical mode of the

period as the perturbation. This orbit tendstpwhene tends corresponding periodic orbit. More details about the BCP can
to zero. be found in the literature (@nez et al. 1993; Sitnet al. 1995).
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0.55

elliptic. Families VF1 and VF2 are connected through a turn-
ing point, and this is where the change of stability takes place.
Family VF3 can be continued up to very high values of the
vertical amplitude and, except for small intervals of instability
(produced by some resonances involving internal and normal
frequencies), the tori in this family are normally elliptic. For
more details on the normal stability of these families see Jorba
(1998; 2000).

Recent results show that normally elliptic lower dimen-
sional tori are surrounded by a region of effective stability
(Jorba & Villanueva 1997a). This means that the time needed
to escape from a neighbourhood of one of those tori increases
exponentially with the initial distance to the torus. A possibility
for estimating the size of this region and the speed of diffusion
is to compute a normal form around the torus and to derive
Fig. 3. The vertical families of 2-D tori. The graphic corresponds testimates on the remainder, as has already been done for peri-
the mapP:, for e = 1. The horizontal axis is the coordinate, and the odic orbits |(Jorba & Sird 1994; Jorba & Villanueva 1998). Of
vertical axis displays the rotation number. See the text for more detaﬂ%urse, obtaining “analytical” bounds usually requires the use
of rather pessimistic inequalities that lead us to underestimate
) o ) the region where the diffusion is small enough. Here, to have a
2.1. The vertical families of 2-D tori of the BCP realistic estimate of the size and shape of this region, we will
Let us now consider the vertical mode of one of the p&imply use a numerical simulation to detect initial conditions
riodic orbits. It is known that, under generic conditionéor which the corresponding trajectory remains there for a suf-
(Jorba & Villanueva 19974d,b), there exists a Cantor family diiently large time interval. In what follows, we will use the
2-D invariant tori that extend this linear mode into the completgords “quasi-stable region” to refer to a region such that the
(i.e., nonlinear) system. This is very similar to the well-knowHme taken to escape from it is bigger than a large prescribed
Lyapunov centre theorem, but instead of obtaining a (smoo¥#@lue (this value will be specified later on).
family of periodic orbits, one obtains a (Cantor) family of quasi-
periodic solutions, with two (linearly independent) basic fre; 5 Numerical simulations
quencies. In suitable coordinates, each quasi-periodic solution
fills densely a two dimensional torus. Hence, for each periodi$ it has been mentioned in Sdct]2.1, the families of 2-D tori
orbit POl, PO2 and PO3, there is a Cantor fam”y of 2-D toHFl, VF2 and VF3 CorreSpond to families of invariant curves
(let us call them VF1, VF2 and VF3, respectively) that “growr the mapP._. Moreover, on each family, the invariant curves
up” in the vertical direction. can be “labeled” by the value of thecoordinate whenr = 0

In order to display these families, we use again the Map andz > 0. LetC(%) be one of these curves, anddgt,) € R°
defined before. In this way the 2-D tori become invariant curv8§ the point on the curve such that 0 andz = %, > 0. The
ofa6-D Symp]ectic map. As all these curves cross transversdl t Step is to select a set of initial conditions around the pOint
the hyperplane = 0, we select, for each curve, the only poinf %0). To reduce the amount of computations, we will use a two
on the invariant curve that has= 0 and# > 0. Thus, each dimensional grid: the coordinatesp., p, andp, are fixed by
curve is represented by a single point. We have used this regh& corresponding values of%), and the values of andy are
sentation in Fid.13. The horizontal axis displays treordinate Used to define the mesh. Due to the shape of this regions (this
while the vertical axis contains the rotation number of the if\ill be clear later on), we will use the following polar-like grid,
variant curve. Note that families VF1 and VF2 are connect
(as suggested by the connection of the periodic orbits PO1
PO2 in Fig[2), while F3 reaches high amplitudes in the?)
direction. In fact, as the projection of these quasi-periodic mathere ,. and h,, are used to select the density of the mesh
tions in the(z, 2) plane is close to an harmonic oscillator (seand the (integer) indices and ;j move on suitable ranges,
also Secf._3]2), the value éfwhenz = 0 is a good approxi- such that the mesh is (approximately) centered around the
mation to the maximum value reached by theoordinate. The (z,y) coordinates ofi(%g). Then, we will use each point on
details about these computations can be found in Jorbal(1988) grid as an initial condition for a numerical integration of
and Castell & Jorbal(2000). the vector field of the BCP. To decide whether the trajectory

It is also known that, under generic hypotheses of noascapes, after each time step of the numerical integrator (see
resonance, the tori on these families that are close to the b&#ct[%), the program uses a couple of tests. First, it checks
periodic orbits have the same stability as these periodic orbitse actual distance to the Earth and Moon. If the distance to
So, for moderate vertical amplitudes, we expect the tori on Ve primaries were lower than their respective radius, then the
to be hyperbolic, and most of the tori on VF2 and VF3 to biaitial condition would not be considered as belonging to the
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gij = rjcosa; + K, r, = 1+4+1ih,,
Yij = T5sinay, o = 2mjhq,
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Fig. 4. Estimation of the size of the quasi-stable region for the BCP model. The horizontal axis shows the va(seethe text), and the
vertical axis contains the number of points inside the quasi-stable region. Left: Family VF2. Right: Family VF3.
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Fig. 5. Slices of the quasi-stability regions around the Family VF2 in the BCP. The horizontal and vertical axis aranthg coordinates,
respectively. The central quasi-periodic trajectory has been marked with a big “+” sign, and the initial conditions corresponding to non-escaping
trajectories are marked with black dots.

guasi-stable region. The second test is to check whether Has a bigger stability wheihranges from 0.26 and 0.92 (when

actual point has crossed the= —0.5 plane (we recall that we z is below 0.20, the size of the region associated to VF3 is in

are working around th&s point). Numerical experiments showfact smaller than the VF2 one).

that this last condition is equivalent to escape. This has already Fig.[§ contains a few slices of the stability region around

been used before (sometimes with different values foritheVF2. In each plot we have marked with black dots the initial

section) in several works| (McKenzie & Szebehely 198Tponditions that do not escape after an integration time of 15000

Szebehely & Premkumar 1982; 0Bez et al. 1993; Moon revolutions. The large cross in the graphic denotes the

Simo et al. 1995). In this work, we have used the valuestersection of the invariant curve with this slice. The region

h,. = 0.001 andh, = 0.0002. The different sizes betweenexplored has been drawn with a semi-circular box.

these two values is to produce a nearly squared grid. For the Several slices for Family VF3 are displayed in [Elg. 6. These

numerical integrations, we have used a time interval of 15 O8lices correspond to the biggest parts of the region (se€lFig. 4).

Moon revolutions (we recall that, in the BCP model, this igVe recall that that the unit of distance in these plots is the Earth-

equivalent to 15 00027 units of time). Moon distance, so the size of the displayed regions is quite large
The results are summarized in Hig). 4 for the VF2 and VFB the physical system. As has been mentioned before, itis worth

families. The horizontal axis displays the same valué¢ s$ed noting that the largest part of the region corresponds to high

in the previous section (see also the horizontal axis of{frig. $alues of thes coordinate.

The vertical axis displays the number of non escaping points

after 15000 Moon revolutions. As we have_use_d the same mpzsg Remarks

throughout, the number of non escaping pointsis a good estimate

of the size of the stable region. For the Family VF2 the regidks has been explained before, the vertical families of quasi-

is not very large, and its size decreases when the value gberiodic solutions are seen as invariant curves of the Rap.

increases; this is a natural result since Family VF2 becomEs reduce the number of numerical simulations, we have re-

hyperbolic when it meets VFL (Jorba 1998, 2000). Family VFgricted the search of the stable region by selecting a single point
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Fig. 6. Slices of the quasi-stability regions around the Family VF3 in the BCP. The horizontal and vertical axis aranihg coordinates,
respectively. The central quasi-periodic trajectory has been marked with a big “+” sign, and the initial conditions corresponding to non-escaping
trajectories are marked with black dots.

on the invariant curve (the one haviag= 0 andz > 0), and DE406. The JPL ephemeris comprises files containing interpo-
taking a 2-D mesh around this point. This mesh is obtained latory polynomials for the orbital data of each planet, including
moving the(z, y) values of this point and keeping the remaininthe Sun, Earth and Moon. These data can be easily used to de-
coordinates constant. Note that this produces a concrete slicev# the vector field acting on an infinitesimal particle under the
the stable region. The computation of the full region would rettraction of the main bodies of the Solar system. Of course, this
quire a 5-D mesh, obtained by varying 5 coordinates around {{memerically obtained) vector field is only defined for the time
initial point (2 should be kept fixed to avoid changing the basaterval for which the ephemeris is provided.

invariant curve). This process can be applied to every invariant

curve on the family (i.e., moving), and this will produce an
estimate of the full (6-D) region for the map._;. The total
region for the BCP still requires us to take all the points of thEhe initial time for the numerical integration is the modified
stable region foP._; as initial conditions, and to integrate themJulian day 20.1978749133 (day 0.0 corresponds to year 2000.0),
for a period of the time variable This would produce a 7-D that coincides with the first full Moon of year 20Bhis is to
region inside the 7-D phase space of the (flow of the) BCP. vave an initial relative position of the Earth, Moon and Sun
other words, the 2-D slice that we have computed in the pigmilar to the one of the BCP far= 0. The simulation stops
vious section is the result of taking the full 7-D region for that year 3000.0. We have also used the same mesh as in the BCP
BCP whent = 0 (a 6-D section), fixx = 0 (5-D section), and model (see Sedf.2.2). Due to the lack of symmetry between
fix Z and the momenta, andp, to suitable values to define theL, and Ls in the real system, we have carried out simulations
final 2-D slice. The computation of the 7-D quasi-stable regidar both cases. The results obtained are very similar, and are
would require a prohibitive amount of computer time and merdiscussed in the following sections.

ory. This is the main reason for restricting the simulations to a

two-dimensional sice. 3.1.1. Stability around the family VF2

3.1. Numerical simulations

In order to compare these results with the ones for the BCP,
3. The JPL model we have used the same mesh as in 8edt. 2.2 JFig. 7 shows the
number of initial conditions corresponding to trajectories that

In this section, we will check the quasi-stability results for . ; :
very realistic model of Solar system. The model used herealg notescape (inthe same sense as infSert. 2.2) for time spans of

defined by the Jet Propulsion Laboratory (JPL) ephemeris, filé In fact, this is the date of the first lunar eclipse of year 2000.
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Fig. 7. Estimation of the size of the quasi-stable region corresponding to the family VF2 for the JPL model. The upper curve (masfés! with
for an integration time of 10 years. The lower curve (marked wjtborresponds to an integration time of 100 years. Leftcase. RightZs
case. See the text for more details.
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Fig. 8. Quasi-stability regions (for a time interval of 10 years) neamround the Family VF2 in the JPL model.
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Fig. 9. Quasi-stability regions (for a time interval of 10 years) nBgararound the Family VF2 in the JPL model.

10 years (upper curve) and 100 years (lower curve). We do not Note the size of the quasi-stable region for a time interval
include the results for 1 000 years because only afew trajectorid< 0 years (see Fidd. 8 ahtl 9). Although a stability time of 10
subsist: inthd. 4 case, the number of these pointsis never greatgrars is totally irrelevant for astronomical purposes, it could be
than 8, while for theL; case this number is slightly biggerinteresting for astronautical applications, since there would be
(the more stable section corresponds to the ¢asd).13, that no need for any kind of control to keep an spacecraft there. The
contains 85 surviving points). Taking into consideration thesgrategy to transfer a spacecraft from a parking orbit to these
results and the behaviour around the family VE2, seems regions is not considered here. Roughly speaking, a transfer by
slightly more stable thai.,. Moreover, if the integration time means of a double lunar swing-by from the standard Ariane
were long enough, we believe that all these trajectories woueostationary Transfer Orbit to the vicinity of the triangular
finally escape. points can be completed in about 2 months using a little bit less
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Fig. 11.Quasi-stability regions (for a time interval of 1 000 years) neaaround the Family VF3 in the JPL model.

than 900 m/s ofAv (Companys et al. 1996). For a dynamicabo, although the stability region for the JPL model is smaller
systems approach to similar transfers, see aléméz et al. than that of the BCP, it is remarkable that there exists a quite

(1993). large stability region for a time span of 1000 years. In order
to compare with the simulations for the BCP model, note that
3.1.2. Stability around the family VF3 tlhgoggrfr?rs is more than 13 000 revolutions of the Moon around

This family seems to be responsible for the largest quasi- Figs[I1 anf12 showthe, y) coordinates of a few slices of
stability regions that we have found near to the Lagrangi#@ine quasi-stability region for a time interval of 1 000 years near
points. FiglID shows the number of initial conditions correhe triangular point& 4 andLs, respectively. The selected slices
sponding to non escaping trajectories (this is the same plotcasrespond to places inwhich the regionis quite large, according
in Fig.[4 but for the JPL model). As we have used the same pa+ig[T0. We recall that the unit of distance is the Earth-Moon
rameters to define the mesh of initial conditions, the “units” idistance for the modified Julian day 20.1978749133, that is,
these plots —the vertical axis— are also the same as in the B&32 467 km.
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Fig. 13. Total number of non escaping initial conditions (vertical axis) against integration time (horizontal axis) around the family VF3. Left:
L4 case. RightZs case.

From these plots, it seems that the BCP model contaiE3 for whichz = j/100 whenz = 0 (j = 0,1,2,...,90).
several features of the JPL system. This is especially true fa@t s,, ; be the number of non escaping initial conditions afiter
the location of the quasi-stability regions, as has been shownymars (we are using the same mesh as before), around the orbit
these calculations. However, the comparison between [Rig€’'4 Lets,, bezj sn,j, thatis,s,, denotes the total number of non
(right) and[ID also shows that not all the features of JPL agscaping points around VF3. The values,pffor n ranging be-
contained in BCP. We believe that these differences are maitlyeen 100 and 1 000 years are displayed in[Ely. 13. We have tried
due to resonances in JPL that are not present in BCP, due todbeeral fits to these data, trying to show the persistence of a cer-
simplicity of the latter. The development and study of improvedin number of points whemgoes to infinityl(Sind et al. 1995),
models is the subject of work in progress. but the results are inconclusive. It turns out that the number of

Obviously, the size of these regions could depend on themaining points strongly depends on the fitting function used,
length ofthe integration time. To try to show this dependence, \aad there are no theoretical reasons for suggesting any partic-
have carried out the following calculation. To fix the discussionlar type of fitting function. We think that longer numerical
let us focus on thé, point, and leC’; be the orbit on the family integrations will help to elucidate this question.
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plot: (z, £) projection. Integration time: 2 years.

3.2. Typical trajectories in the stable region 4. Technical details

To explain the dynamics inside the quasi-stable region, we fifidte numerical integrations for the BCP model have been per-
show a few trajectories corresponding to the slices0.58 and formed using a Taylor method of order 20 (Jorba & Zou 2000).

% = 0.83 (see Fid_ID). In each slice, we have selected an initithe numerical integrations for the JPL model have been car-
condition near the “central part” of the stable region. For eacied out by a standard Runge-Kutta-Fehlberg method of orders
initial condition, we have computed the corresponding orbit ihand 8. A sample of the results has been tested —on a different
the JPL model, for thé.4, case, and the results are displayed icomputer— against a third numerical integrator, the Shampine-
Figs[T4 and15 (similar figures are obtained forfiease). To Gordon method (Shampine & Gordon 1975). The results ob-
give a sense of velocity we have drawn the orbit as a polygonained are quite similar, with very small differences that seem
line, putting a vertex for each day of the integration. to come from the different arithmetic and truncation errors.

It is interesting to look at théz, 2) projection of these tra- The numerical integrations for the JPL model have been per-
jectories. They show that the vertical oscillations are very clof@med as follows. From the data in the JPL ephemeris file, we
to an harmonic oscillator: there is a clear frequency that doeempute the equatorial coordinates of each planet (with origin
inates this motion and the remaining frequencies appear aat ¢he instantaneous centre of mass of the Solar system), except
perturbation. This dominating frequency is already containéat the Moon whose coordinates are referred to the Earth. From
in the BCP and RTBP (it is related to the vertical frequency afnumerical point of view, it is not a good idea to have the origin
the L, 5 points in the RTBP and to the vertical frequency of thef coordinates at the centre of mass of the Solar system be-
orbits PO1, PO2 and PO3 of the BCP), and its period is a litibause then the different coordinates of the trajectories near the
less than a month. triangular points of the Earth-Moon system are very close, and

this could result in cancellations of meaningful digits. For this
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reason, the origin of the coordinates has been translated tofilra an observation since the asteroid is moving at its highest
Earth-Moon barycentre. The ideas for these tasks are describpeed. In fact, there are records of a few observations of small
in Gomez et al.[(1985; 1937; 1991; 1993). dust clouds near the Earth-Moon Lagrangian points, but none of

them has been confirmed subsequently (Freitas & Valdes 1980;

_ Valdes & Freitas 1983).
5. Conclusions
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