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Abstract. This paper presents a simple and efficient equation
of state which can be used for quick and accurate computing of
the thermodynamic functions of partly ionized and weakly cou-
pled plasmas. Based on the free energy minimization method,
the improvement of the equation of state includes a detailed ac-
count of the physical processes of non-ideal effects consisting
of electron degeneracy, Coulomb coupling and pressure ioniza-
tion. The treatment of Coulomb coupling combines the results
of the quantum exchange effect of degenerate electrons at fi-
nite temperature,N -body semi-analytic theory and the extended
Debye-Ḧuckel theory with hard-sphere correction. For the com-
plicated physical processes of pressure ionization an approxi-
mate model is adopted. The nonideal corrections to equation of
state are calculated under solar interior conditions.
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1. Introduction

The modeling of high-quality helioseismic data requires great
accuracy in an equation of state (EOS), thus providing a basis
for checking input physics about stellar envelopes and interiors.
Although nonideal effects are fairly weak in the Sun, they influ-
ence the structure of solar interior significantly. The complexity
of physical effects mainly includes two processes, i.e., Coulomb
coupling and pressure ionization, both of which should be incor-
porated into the equation of state of stellar evolutionary codes
covering a wide range of density and temperature variables.

Several equations of state have been developed in order to in-
clude nonideal effects for fully ionized or partially ionized plas-
mas. A theoretical description of improved equations of state
beyond the ideal gas law can be based either on the physical or
the chemical picture of the plasma. In the chemical picture, the
simplest improved equation of state is the so called CEFF equa-
tion of state (Christensen-Dalsgaard et al. 1988; Christensen-
Dalsgaard & D̈appen 1992) by adding Debye-Hückel free en-
ergy term to the EFF model (Eggleton et al. 1973). Mihalas et
al. (Hummer & Mihalas 1988; Mihalas et al. 1988; Däppen et
al. 1988) have presented the so called MHD equation of state
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which takes into account the effect of excited levels of atoms
and ions on the properties of the plasma. The MHD equation of
state considers only the lowest-order Coulomb coupling term
through the Debye-Ḧuckel approximation. In contrast to the
chemical picture, there exists a more complicated physical pic-
ture, in which nuclei and electrons (free or bound) are the only
fundamental constituents of the thermodynamic ensemble, as
employed in the OPAL equation of state (Rogers 1986; Rogers
et al. 1996).

The MHD equation of state and the OPAL equation of state
are given with their results in tabular form and can not be
called directly. This is because the complex formalism and time-
consuming calculation of the EOS stem from many physical pro-
cesses. Although a number of shortcomings in the EFF equation
of state have been known for a long time, the EFF equation of
state possesses many advantages over tabulated EOSs due to its
being analytical. Its obvious merit is flexibility in varying com-
positions, which have been routinely dealt with, and the possi-
bility of introducing and investigating new physics. In order to
model high accurate EOS, we attempt to present an algorithm
for explicit and simplified expressions of the improved EFF
equation of state under the solar interior conditions on the ba-
sis of free-energy minimization method in the chemical picture
(Harris et al. 1960; Graboske et al. 1969). The EOS presented
in this paper is formulated for a hydrogen-helium mixture and
takes into account the physical processes of electron degeneracy,
Coulomb coupling and pressure ionization.

The paper is organized as follows. A thermodynamic model
of the hydrogen-helium mixture is presented in Sect. 2. In
Sect. 3, we propose simple and accurate analytic approxima-
tions for the non-ideal free energies of the plasma arising from
Coulomb coupling and pressure ionization. The algorithm for
calculating thermal equilibrium is given in Sect. 4. In Sect. 5 the
calculated results of the EOS are compared with those of other
EOSs.

2. Free energy model for a H-He mixture

Since the main matter constituting the Sun is a mixture of hy-
drogen and helium, we need an expression for the free energy
including the contribution of at least six chemical species with
free and bound state, i.e., electrons, ionsH+,He++,He+, and



880 S.L. Bi et al.: An improved equation of state under solar interior conditions

neutral particlesH,He. The total free energyF can be written
as the sum of four terms (Saumon et al. 1995; Potekhin et al.
1999):

F (T, V, {Nk}, Ne) = F
(k)
id + F

(e)
id + Frad + Fex, (1)

whereF (k)
id is the ideal-gas contribution of the particles;F

(e)
id ,

the contribution from the uniform electron gas;Frad, the radi-
ation term of free energy;Fex, the excess free energy arising
from nonideal effects.

The pressureP , enthalpyH and the electron chemical po-
tentialµe can be given by differentiating the free energy with
respect to eitherV andT , at fixedNe andNk, orNk, at fixed
V andT , respectively:

P = −
(
∂F

∂V

)
T,{Ne,Nk}

, (2)

H = −T 2
(
∂

∂T

F

T

)
V,{Ne,Nk}

− V

(
∂F

∂V

)
T,{Ne,Nk}

, (3)

and

µe =
1

kBT

(
∂F

∂Ne

)
T,V,{Nk}

. (4)

2.1. Plasma parameters

The behaviour of a H-He mixture manifests nonideal effects of
interacting charged particles. Degeneracy of electron, Coulomb
coupling and pressure ionization are important features of the
plasma. To describe nonideal effects of the plasma, it is conve-
nient to introduce dimensionless parameters to characterize the
plasma. We consider the plasma consisting ofNi ions of species
i = {H+,He++,He+}, with chargesZie, Nj neutral particles
of speciesj = {H,He}, andNe electrons in a volumeV at a
temperatureT . The mean ionic charge is defined as

〈Zν〉 =
∑

i Z
ν
i Ni∑

iNi
. (5)

In the multicomponent plasma, the averaged Coulomb cou-
pling parameters for ions and for electrons are given by (Ichi-
maru et al. 1987; Stolzmann & B̈ocher 1996):

Γion = 〈Z〉1/3
〈
Z5/3

〉 e2

kBTa
, (6)

and

Γe =
e2

kBT

(
4π
3V

Ne

)1/3

= Γion/
〈
Z5/3

〉
, (7)

where

a =
(

4πNion

3V

)−1/3

, (8)

is the mean ion-sphere radius, andkB is the Boltzmann constant.
The total number of ions isNion =

∑
iNi. The charge neutrality

condition requiresNe = 〈Z〉Nion.

The dimensionless density parameter of electronsrs and the
degree of Fermi degeneracyθ are described as, respectively

rs =
(

3V
4πNe

)1/3
mee

2

~2 , (9)

and

θ = 2
(

4
9π

)2/3

rs/Γe , (10)

whereme is the mass of an electron.

2.2. Ideal part of the free energy

The main purpose of this work is the investigation of the ther-
modynamic functions of the plasma. We stress that charged
and neutral particles behave classically. In this paper, we limit
ourselves to the consideration of one-component plasma (OCP)
where the particles are regarded as point particles while the elec-
trons are assumed to form a uniform background of neutralizing
space charges. ThusF (k)

id andF (e)
id can be given by Maxwell-

Boltzmann statistic and Fermi-Dirac integrals. The ideal free
energy of classical particles can be written as

F
(k)
id = kBT

∑
k

Nk

[
ln

(
Nk

V wk
λ3

k

)
+

χk

kBT

]
(11)

with the thermal de-Broglie wavelength of particles

λk =
(

2π~
2

kBTmk

)1/2

, (12)

wherek runs over five species{H+,H,He++,He+,He};wk is
the statistical weights both in bound and free states; the corre-
sponding energiesχk of ionization for five species have values
0,−13.60, 0,−54.40 and−78.98 in electron volts.

For partially degenerate electrons, the ideal part of the free
energy for electrons is

F
(e)
id = Neµe − PeV , (13)

wherePe is the pressure of the ideal Fermi gas. The pressure
Pe and electron densityne, in turn, are functions of chemical
potentialµe and temperatureT , which can be given by

Pe =
8

3
√
π

kBT

λ3
e
I3/2 (ψ) , (14)

and

ne =
4√
πλ3

e
I1/2 (ψ) , (15)

where the degeneracy parameter is defined asψ ≡ µe (kBT )−1,
and

In (ψ) =
∫ ∞

0

xndx
ex−ψ + 1

(16)

is the usual nonrelativistic Fermi-Dirac integral. The chemical
potential is obtained from the relationship

I1/2 (ψ) =
2
3
θ−3/2 . (17)
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Furthermore,ψ can be expressed in useful analytic formula
(Ichimaru & Kitamura 1996):

ψ = −3
2

ln θ + ln
4

3
√
π

+
Aθ−(b+1) +Bθ−(b+1)/2

1 +Aθ−b (18)

with A = 0.025954, B = 0.072, andb = 0.858, as a function
of the degeneracy parameterθ.

The third term on the right of Eq. (1), i.e., radiative term
Frad, is

Frad =
4σ
3c
V T 4 , (19)

whereσ andc are the Stefan-Boltzmann constant and speed of
light, respectively.

The excess free energy,Fex, from the contribution of non-
ideal effects, will be discussed in Sect. 3.

3. Non-ideal effects

The excess free energy arising from nonideal effects is written
as

Fex = FC + Fneu . (20)

whereFC denotes Coulomb coupling, andFneu takes account
of the contributions from interactions of neutral species with
electrons, ions and other neutral species.

Two physical processes, i.e., Coulomb correction of charged
particles and pressure ionization of neutral species, have been
taken into account in this paper. Owing to the complexity of
such physical processes, we only consider simplified and ap-
proximate models.

3.1. Improvement of Coulomb coupling

The interaction contributions of Coulomb coupling, as presented
in the work of Bi et al. (2000), allow fast access to different ther-
modynamic properties in wide ranges of density and tempera-
ture. The Debye-Ḧuckel approximation overestimates Coulomb
effects when the coupling becomes significant at moderately
coupling value. Therefore, the present improvements are made
on the basis of the available analytical formulae for the quantum
exchange effect of electrons at finite temperature,N -body semi-
analytic theory for ions, and the extended Debye-Hückel theory
with hard-core correction for ion-electron interaction under the
weakly coupled and weakly degenerate conditions. These mod-
ifications not only can be applied to the weak coupling region,
but can also yield the Debye-Hückel limiting law in the classical
limit.

The Coulomb term of free energy can be expressed as the
sum of the separate contributions, electron-electron, ion-ion and
ion-electron interaction, that is,

FC = NekBTfee +NionkBT (fii + fie) , (21)

where the dimensionless form of excess free energy in Eq. (21)
can be written by the linear-mixing rule (Ichimaru & Kitamura

1996):

fee (Ne) = fee (Γe, θ) ,

fii ({Ni}) =
3∑

i=1

ζifii (Ni) , (22)

fie ({Ni}, Ne) =
3∑

i=1

ζifie (Ni, Ne) .

whereζi ≡ Ni/Nion represents the number fraction of ions of
speciesi in the total ionic configurations{H+,He++,He+}.
Sinceme � mi, we may approximately regard the electron-
electron and ion-ion interaction terms as being the functions
of only Ne andNion, respectively. In general, the excess free
energy due to Coulomb coupling is calculated through the cou-
pling constant integration of the internal energy (Ichimaru et al.
1987), namely

fC =
∫ Γ

0
uC (Γ′)

dΓ′

Γ′ , (23)

whereuC is the dimensionless form of the Coulomb internal
energy.

3.1.1. Electron-electron interaction

For the electron-electron contribution, we adopt the expression
of interaction energy proposed by Bi et al. (2000), which is based
on the results of quantum-statistic calculations of electrons at
the finite temperature:

uee (Γe, θ) = a0 (θ) Γe + a1 (θ) Γ3/2
e + a2 (θ) Γ2

e , (24)

where

a0 (θ) = 0.44973 exp (−0.54712/θ) − 0.44335 ,
a1 (θ) = −0.38618 exp (−0.47357/θ) − 0.34389 , (25)

a2 (θ) = 0.28162 exp (−0.16000/θ) + 0.21628 .

The excess free energy arising from electron-electron interac-
tion is then obtained by performingΓe integration:

fee (Γe, θ) = a0 (θ) Γe +
2
3
a1 (θ) Γ3/2

e +
1
2
a2 (θ) Γ2

e . (26)

In the weak coupling limit (Γe � 1), the values offee
asymptically approach the lowest-order exchange energy, i.e.,
Hartree-Fock energy. In the classical and weak coupling limits,
the Debye-Ḧuckel valuefee = −1/

√
3Γ3/2

e then becomes the
leading contribution to the electron-electron interaction. Con-
sidering those boundary conditions mentioned above, Eq. (26)
reproduces the RPA values (Fetter & Walecka 1971; Tanaka et
al. 1985) and the STLS values (Singwi et al. 1968) within 1%
for Γe < 1.

3.1.2. Ion-ion interaction

For the ion-ion interaction, we adopt a simplified internal energy
formula for ions of speciesi proposed by Chabrier & Potekhin
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(1998), which accurately reproduces the Debye-Hückel value
uii = −√

3/2Γ3/2
i for Γi � 1 and provides a smoother transi-

tion fromΓi > 1 to Γi < 1:

uii (Γi) = Γ3/2
i

[
c1√
c2 + Γi

+
c3

1 + Γi

]
, (27)

whereΓi = ΓeZ
5/3
i denotes coupling parameter of ions of

speciesi. The fitting parameters in Eq. (27) arec1 = −0.9052,
c2 = 0.6322, andc3 = 0.2724. It should be noted thatuii is
expressed as functions of the only parameterΓi in a uniform
electron background for the classical ions. The excess free en-
ergy of ions of speciesi is calculated according to Eq. (23), that
is

fii (Γi) = c1[
√

Γi (c2 + Γi) − c2 ln(
√

Γi/c2 (28)

+
√

1 + Γi/c2)] + 2c3
[√

Γi − arctan
(√

Γi

)]
.

Neglecting the interactions between the charged hydrogen
and helium species, the total internal energy and the excess free
energy arising from the contribution of ion-ion interaction can
be given by the linear-mixing rule at good accuracy,

uii ({Ni}) =
3∑

i=1

ζiuii (Γi, ζi = 1) , (29)

and

fii =
3∑

i=1

ζifii (Γi, ζi = 1) . (30)

3.1.3. Ion-electron interaction

If we assume that ion-electron interaction is weak, in which
the Poisson-Boltzmann equation for the electrostatic potential
can be linearized, the screened OCP model for the description
of the thermodynamic properties of the two-component ion-
electron plasma can be adopted. When the Fermi degeneracy of
the electrons is also weak, we can farther assume that electrons
and ions obey Maxwell -Boltzmann statistics. For ion-electron
screening effect, we adopt the internal energy formula given
by Bi et al. (2000) on the basis of the extended Debye-Hückel
theory with hard-core correction, namely

uie (Ni) = −1
2
Z2

i e
2Θ (kDa)
rDkBT

, (31)

where the functionΘ (kDa) is defined as

Θ (kDa) =
ekDa

1 + kDa
, (32)

and the reciprocal of the Debye shielding lengthrD is given by

kD = r−1
D =

[
4πe2

(∑
i Z

2
i Ni + θeNe

)
V kBT

]1/2

=

[
4πe2Ne

(
θe +

〈
Z2

〉
/ 〈Z〉)

V kBT

]1/2

. (33)

Here

θe =
1
2
I−1/2 (ψ)
I1/2 (ψ)

(34)

is a correction for degenerate electrons. In the non-degenerate
limit, θe = 1.

By using Eqs. (6), (8) and (33), after some operations, we
have a relation

kDa =
√

3

(
θe 〈Z〉 +

〈
Z2

〉)1/2

〈Z〉1/6 〈
Z5/3

〉1/2 Γ1/2
ion . (35)

With the aid of Eqs. (5) and (35), the total internal energy
from the contribution of ion-electron interaction is given by the
liner-mixing rule, so that

uie ({Ni}) = −1
2

3∑
i

ζi
Z2

i e
2Θ (kD a)
rDkBT

(36)

= −1
2

3∑
i=1

ζi
Z2

i

〈Z〉1/3 〈
Z5/3

〉Θ (kDa) kDaΓion

= −
√

3
2

〈
Z2

〉 (
θe 〈Z〉 +

〈
Z2

〉)1/2

〈Z〉1/2 〈
Z5/3

〉3/2 Θ (kDa) Γ3/2
ion ,

Thus, the excess free energy due to ion-electron interaction
is obtained by performingΓion integration in Eq. (23) under
weakly coupled limit, as

fie = −
〈
Z2

〉 (
θe 〈Z〉 +

〈
Z2

〉)1/2

√
3 〈Z〉1/2 〈

Z5/3
〉3/2 Θ (kD a) Γ3/2

ion . (37)

As a result, corresponding Coulomb corrections to the ther-
modynamic functions, i.e., the pressurePC, the electron chemi-
cal potential∆µC and the enthalpyHC, can be calculated from

PC = −
(
∂FC

∂V

)
T,{Ne,Ni}

=
kBT

3
[neuee + nion (uii + uie)]

+
nekBT

θ

[
b0 (θ) Γe + b1 (θ) Γ3/2

e + b2 (θ) Γ2
e

]
(38)

with

b0 (θ) = −0.16404 exp (−0.54712/θ) ,
b1 (θ) = 0.08128 exp (−0.47357/θ) , (39)

b2 (θ) = −0.01502 exp (−0.16000/θ) ,

∆µC = − 1
kBT

(
∂FC

∂Ne

)
V,T

= −fee − 1
3

(
uee +

uie

〈Z〉
)
, (40)

and

HC = −T 2
(
∂

∂T

FC

T

)
V,{Ne,Ni}

− V

(
∂FC

∂V

)
T,{Ne,Ni}

= UC + PCV , (41)
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where the Coulomb correction of the internal energy is given by

UC = NekBTuee +NionkBT (uii + uie) . (42)

3.2. Approximate treatment of pressure ionization

The nonideal part of the atomic free energyFneu, which takes
account of the contributions from interactions of an atom with
surrounding particles, can be given by

Fneu = FHS + Fe . (43)

Here the first termFHS denotes the neutral-neutral interactions
based on the hard-sphere excluded-volume treatment. This ex-
cluded volume contribution is the lowest-order approximation
to the total configuration of the free energy. The second termFe
represents the neutral-charged interaction.

In the plasma with high temperatures (T ≥ 105K), pressure
ionization of atoms is predominantly based on Stark-ionization
theory. For the cooler surface of the Sun, however, neutral atoms
dominate the interaction between interparticles. Rather sophis-
ticated physical models for the interactions based on advanced
physics theory are discussed in Saumon & Chabrier (1991;
1992). For astrophysical application and research, we only adopt
an approximate model for the complicated physical processes
of pressure ionization to produce the essential thermodynamic
features.

The free energy of the hard-sphere mixture is represented
by the occupation probabilities according to the definition given
by Potekhin et al. (1999):

kBT lnwj = −∂FHS

∂Nj
(44)

with the occupation probability formalism given approximately
by Luo (1997)

lnwj = −4π
3
r3j

(
NH +NHe

V

)
, (45)

whereNH+NHe is the total number of atomic nuclei.j includes
three configurations, i.e.,{H,He,He+}; rj is an effective radius
of speciesj. The radii of atomicH,He and singly ionized helium
He+ are taken to berH0 = aB, rHe0 = 0.5aB andrHe+ =
0.8aB, respectively, with Bohr radiusaB = ~

2/mee
2.

A detailed treatment of the neutral-charged interaction re-
quires complicated and time-consuming calculation. Pressure
ionization is predominantly a volume effect. Owing to the de-
struction of relatively loosely bound states by interactions of
both charged and neutral particles in the plasma, the particles
are jammed closely together, bound electron orbitals filling too
large a volume fail to survive, and the electrons migrate from
atom to atom. The electrons in a bound state are so called “act-
ing” electrons. We consider that “acting” electron in a bound
state can move freely with respect to a particle in bound, thus
making the gross simplification that the “acting” electrons de-
pend only on the density of free electrons. For simplicity, we

adopt the expression forFe by EFF (1973) and Christensen-
Dalsgaard (1977), namely

Fe =
C1

V 〈Z〉3
(
kBT + C2 〈Z〉2

) (
N2

e0 −N2
e
)
, (46)

whereC1 andC2 are constants, andNe0 is the total number of
electrons per unit mass, in bound or free

Ne0 = NA

(
X

AH
+

Y

AHe
+
Z

2

)
. (47)

HereX,Y andZ are the mass abundance ofH,He and elements
beyond hydrogen and helium, respectively.NA is Avogadro’s
number.AH = 1.0079 andAHe = 4.0026 are the atomic
weights. Eq. (46) ensures that the effect of pressure ionization
on the thermodynamic functions becomes zero asNe → Ne0.

As a result, the contribution from pressure ionization to the
pressurePPI, the electron chemical potential∆µPI and the en-
thalpyHPI can be formulated in terms of

PPI = −
(
∂Fneu

∂V

)
T,{Ne,Nj}

=
1
2

∑
j

kBT
Nj

V

(
∂ lnwj

∂ lnV

)
T,Nj

(48)

+
C1

〈Z〉3
(
kBT + C2 〈Z〉2

) (
n2

e0 − n2
e
)
,

∆µPI = − 1
kBT

(
∂Fneu

∂Ne

)
T,V

=
2C1

〈Z〉3
(
kBT + C2 〈Z〉2

) ne

kBT
, (49)

and

HPI = −T 2
(
∂

∂T

Fneu

T

)
V,{Ne,Nj}

− V

(
∂Fneu

∂V

)
T,{Ne,Nj}

=
C1

〈Z〉3
(
kBT + 2C2 〈Z〉2

) (
n2

e0 − n2
e
)
V

+
1
2

∑
j

kBTNj

(
∂ lnwj

∂ lnV

)
T,Nj

, (50)

wherene is the number of electrons per unit volume. The hard-
sphere term of Eqs. (48) and (50) is explicit functions ofT ,
NH0 ,NHe0 andNHe+ . HereNH0 andNHe0 denote the number
of hydrogen atoms and helium atoms, respectively. The factor
1
2 is introduced to take account of the fact that the interactions
of particles have actually been counted twice for each atom in
the sum.

4. Thermal equilibrium quantities

For simplicity, we only employ the partition functions in the
ground state for the dominant elementsH andHe. Considering



884 S.L. Bi et al.: An improved equation of state under solar interior conditions

Table 1.Reference solar models

Model EOS Z/X Tc(106K) ρc(g/cm3)

1 EFF 0.0248 15.74 157.4
2 Present 0.0248 15.74 157.4
3 MHD 0.0245 15.67 154.5
4 OPAL 0.0245 15.67 154.2

the correction of nonideality and electron degeneracy to thermo-
dynamic quantities, the modified Saha equation can be written
as (Christensen-Dalsgaard 1977; Pols et al. 1995):

NH+

NH0
=

1
2

exp (−ψ + ∆µ− EH0/kBT ) , (51)

NHe+

NHe0
= 2 exp (−ψ + ∆µ− EHe0/kBT ) , (52)

and
NHe++

NHe+
=

1
2

exp (−ψ + ∆µ− EHe+/kBT ) , (53)

where the total correction to the electron chemical potential is

∆µ = ∆µC + ∆µPI; (54)

Eij is the configuration energies in unit of electron volts, i.e.,

EH0 = −χH0 , EH+ = 0 ,
EHe0 = −χHe0 − χHe+ , (55)

EHe+ = −χHe+ , EHe++ = 0 .

For the numberNH0 , NH+ , NHe0 , NHe+ andNHe++ of
neutral and ionized hydrogen and helium particles, we introduce
a set of dependent variables, i.e.,xH0 , xH+ , xHe0 , xHe+ and
xHe++ , being the occupation numbers of particles divided by
the number of nuclei of the respectiveH or He species. With
these definitions, we have the occupation number for hydrogen
species

xH+ = ZH0/ZH , (56)

where the partition functions are given according to

ZH0 =
1
2

exp (−ψ + ∆µ− EH0/kBT ) ,

ZH+ = 1 , (57)

ZH = 1 + ZH0 ,

with the normalization condition

xH0 + xH+ = 1. (58)

For helium species

xHe+ = ZHe0/ZHe ,

xHe++ = ZHe+/ZHe, (59)

where the partition functions are

ZHe0 = 2 exp (−ψ + ∆µ− EHe0/kBT ) ,

ZHe+ =
1
2

exp (−ψ + ∆µ− EHe+/kBT ) , (60)

ZHe++ = 1 ,
ZHe = 1 + ZHe0 + ZHe+ ,

Table 2.Non-ideal effects in the equation of state

Effects EFF MHD OPAL Present

Coulomb coupling No Yes Yes Yes
Pressure ionization Yes Yes Yes Yes
Electron exchange No No Yes Yes
relativistic-
Electron degeneracy Yes No No No
Excited states No Yes Yes No
Classical ions Yes Yes Yes Yes

with the normalization condition

xHe0 + xHe+ + xHe++ = 1 . (61)

Under conservation constraints, the number of free electrons
per unit mass is given by

Ne = NHxH+ +NHe (xHe+ + 2xHe++) + Z/2 . (62)

Since the present model considers six species
{e,H,H+,He,He+,He++}, Eqs. (56) and (58)-(62)
are six simultaneous equations for the six unknown
{Ne, xH0 , xH+ , xHe0 , xHe+ , xHe++} with a unique un-
known variable, i.e., the electron degeneracyψ. Here ∆µ
defined in Eq. (54) is also an explicit function of the electron
degeneracyψ by means of the free electron numberNe.

5. Results and comparison

Coulomb coupling and pressure ionization lead to influence of
nonideality on the equation of state. In order to examine the
importance of nonideal effects on the EOS and compare the
results with those of other EOS, we have employed four solar
models for this paper. All models have been constructed with
OPAL opacities (Iglesias et al. 1992) atT > 104K and Kurucz
tables (Kurucz 1991) at lower temperatures. Table 1 summa-
rizes the main properties of the models and displays the values
of the ratioZ/X of metallicity to initial hydrogen abundance,
the central temperature and density. The nonideal effects in the
different equation of state are listed in Table 2.

The simplicity of our improved EOS formalism allows us
to obtain the solution easily and investigate the properties of
thermodynamic functions. Contributions of Coulomb coupling,
pressure ionization and electron degeneracy to the total pres-
sure can be seen in Fig. 1. The ratio of non-ideal part to ideal
pressure, e.g.,δP/Pid, is plotted in Fig. 1 with respect tolog T
of temperature from surface to the center throughout the so-
lar model. HerePid is the total pressure of Model 1 employed
EFF EOS without including any nonideal effects, andδP is
any of the fractional contributions to the pressure calculated
according to Eqs. (38) and (48). In Fig. 1 the dashed line in-
dicates the Coulomb pressure for fully ionized H-He mixture,
the dotted line is the Coulomb pressure under Debye-Hückle
approximation, and the solid line is the pressure correction due
to Coulomb coupling and pressure ionization for the partially
ionized plasma.
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Fig. 1. The fractional contribution arising from nonideal effects to the
ideal pressure of the reference solar model 1 which employed the EFF
EOS. The solid line refers to the calculation of pressure correction
including Coulomb coupling and pressure ionization for the partially
ionized plasma, in the senseδP = PC + PPI; the dashed and dotted
lines denote pure Coulomb pressure correction,δP = PC, for the fully
ionized plasms by means of the present formula and Debye-Hückel
approximation, respectively.

Comparison of the Coulomb pressure corrections in Fig. 1
shows the following points: (1) At the solar surface, either the
present formula or the Debye-Hückle approximation overesti-
mates Coulomb effects. Contribution of the Coulomb potential
to the total pressure is maximum (log T = 4.6 and 4.7), at
which point the most abundant species (hydrogen and helium)
are completely and singly ionized, respectively. This means that
the Debye radius is sufficiently small. (2) In the intermediate re-
gions, the Debye-Ḧuckle approximation also overestimates the
Coulomb effects. (3) As the temperature and the density in-
crease, the Coulomb contribution becomes smaller, until partial
degeneracy of the electrons sets in near the center of the Sun. At
the centre, the values of Debye-Hückle term without electron
exchange contribution (dotted line) are smaller than our calcu-
lated values. As a result, we may conclude that the terms of
higher order in the Coulomb correction play an important role
even under the weakly-coupled limit.

Pressure ionization is caused by interparticle interactions
and contributes to the pressurePid. The fully ionized ions, e.g.,
H+ andHe++, have no contribution to the pressure, because
they have no bound systems interacting with surroundings. The
comparison of solid line and dash line in Fig. 1. shows the differ-
ence of the pressure corrections mainly at low temperature. The
contribution from pressure ionization starts to play a role and
increases the pressure before pressure ionization takes place.
In contrast, Coulomb correction becomes important only after
pressure ionization takes place. As the degree of ionization in-
creases, a great number of charged particles are produced, there-
fore fractional change, i.e.,δP/Pid, increases a few percent. The
increase of the pressure due to pressure ionization compensates

Fig. 2. The relative pressure difference with respect to Model 1 with
the EFF EOS. The solid and dashed lines correspond to the pressure
changeδP = Ppresent − Pid andδP = PMHD − Pid, respectively.

the decrease of the pressure due to Coulomb coupling in the re-
gion of pressure ionization. Consequently, the pressure correc-
tion which corresponds to a partially ionized plasma is smaller
than that of a fully ionized gas. The Coulomb coupling makes a
negative pressure correction with respect to the ideal-gas value,
while pressure ionization makes a positive contribution to it.

Our improved EOS has simple and explicit expression for its
practical use, however, its reliability requires comparison with
the EOS data calculated by other EOS. Fig. 2 shows the profile of
δP/Pid for the two different formalism of the EOS with Model
1 as the reference model, where the relative pressure difference
is δP = Ps − Pid with the pressure labeled “s” corresponding
to our EOS or the MHD EOS. In Fig. 2, we can see that the
MHD and our improved EOS are similar throughout the Sun
except near the surface. This discovery reveal that the Coulomb
interaction term is the dominant nonideal correction in solar
interior. Comparision of the pressure corrections in Fig. 2 shows
that the central pressure is smaller in our EOS than in the MHD
EOS. Although the MHD EOS takes into account the Coulomb
correction to the pressure in the Debye-Hückel approximation,
it fails to account for the contributions of the electron-electron
interaction and screened potential in the weak coupling central
regime. At the surface, the MHD EOS includes several factors
ignored by us, e.g., the formation ofH2 andH−, and excited
states in bound systems. Therefore, it seems much more realistic
than our simple EOS.

The adiabatic sound speedc = (Γ1P/ρ)
1/2 is very sensitive

to changes in the equation of state. The relative difference in the
sound speed with respect to the depth inside both models are
shown in Fig. 3. Comparision of the sound speeds correspond-
ing to the EFF EOS and our EOS shows that the computation of
solar model has been truly improved through improved equation
of state in physics. From Fig. 3, we also can see that the overall
agreement between our analytical formalism and the results ob-
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Fig. 3. The relative difference in the sound speed against fractional
redius between Model 4 and 2 (solid line), between Model 4 and Model
3 (dotted line) and between Model 4 and 1 (dashed line).

tained by MHD is rather good. The divergence is found mainly
at the surface because of the occurrence of many complicated
physics processes. Under conditions of weak coupling and weak
degeneracy, however, our EOS yields quite reasonable results
and time-saving calculations.

6. Conclusions

Starting from the free-energy minimization method in the chem-
ical picture, we have derived analytical and simplified expres-
sions for the physical processes of Coulomb coupling, pressure
ionization and electron degeneracy. Thus, we are able to es-
tablish a single algorithm of equation of state involving a sum
of terms, each including a different physical contribution. This
makes it possible to incorporate nonideal effects into the stellar
evolution codes with direct call of EOS. Therefore, the thermo-
dynamic quantities of the plasma may be calculated explicitly
and very quickly over a wide range of temperature and density.

The purpose of this paper is to examine the nonideal
effects on the EOS for solar interior matter. We have
found that the corrections have a significant effect on
the solar equation of state. In addition, our simple and
comprehensive algorithm also allows us to incorporate
more physical processes or add more elements into the EOS.

Although our improved formulation of the equation of state
can be of benefit to the study of the complexity of physical
processes concerned in the EOS, the influence of the nonideality
on the EOS as shown in this paper remains approximate. More
studies would be needed to fully understand finer infulence of
nonideality on the equation of state.
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