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Abstract. It is currently thought that planets around solar-type
stars form by the accumulation of solid matter entrained in a
gaseous protoplanetary disk. We model part of this process starting from small particles suspended in a gaseous disk, and ending
up with most of the solid material aggregated into 1–10–km–
sized planetesimals. The radial distribution of solid material
circumnavigating a star in the form of the planetesimal swarm
is the major result of this study, inasmuch as it provides insight
into the large-scale character of the emerging planetary system.
The model simultaneously keeps track of the evolution of gas
and solid particles due to gas-solid coupling, coagulation, sedimentation, and evaporation/condensation. For simplicity, we
concentrate on solids made up solely of water–ice. We have
found that the radial distribution of mass locked into planetesimals is sensitive to initial conditions. Two illustrative examples
corresponding to two different initial conditions are presented:
a high-mass, high-concentration case that starts with a disk of
0.24 M extending up to 15 A.U. from the star, and a low-mass,
low-concentration case that starts with a disk of 0.02 M extending up to 250 A.U. from the star. The high-mass model leads
to all solids being lost to the star; however, the low-mass model
leads to a radial distribution of solid material quite reminiscent
of what is found in our solar system.
Key words: accretion disks – solar system: formation

1. Introduction
Recently, with the identification of a solar-like star showing evidence for planets circling around it (Mayor & Queloz 1995), our
interest in understanding the formation of a planetary system on
its largest scale has intensified and widened beyond the longstanding question of the origin of the solar system. It is therefore
timely to attempt, on theoretical grounds and from an evolutionary point of view, a prediction of the large-scale properties of
a planetary system around a solar-like star. Of particular interest is the spatial distribution of material making up a planetary

system, as this is about the only information the present observations, based on the Doppler technique, can provide. To start
addressing this problem we are developing a model that would
keep track of circumstellar material as it evolves from the form
of a protoplanetary disk to the form of a planetary system. In
the first paper of the series (Stepinski & Valageas 1996; hereafter referred to as Paper I) we laid down the foundations of our
model and developed a numerical method to study the effects
of aerodynamic forces acting on solid particles entrained in a
gaseous disk. We refer the reader to that paper for elucidation
of the essential concepts underlying our approach.
In the current paper we take our model one step further by
taking into consideration the processes of coagulation, sedimentation, and evaporation/condensation of solid particles. These
processes, acting in addition to gas-solid coupling caused by
aerodynamic forces, shape the radial distribution of solid material around the star, until such time when solids augment to
planetesimal sizes and further evolution of solid material is dominated by mutual gravitational interaction between planetesimals. Thus, our model, in its present form, given some initial
distribution of gaseous and solid matter, computes the evolution
of these two components, and can predict the radial distribution
of solid mass locked into the planetesimal swarm. Arguably,
such a distribution should well approximate the radial apportionment of condensed components of the planets spread over
the radial extent of the mature planetary system. This is because the process of accumulation of planetesimals into planets
or planetary cores is thought to happen with minimum radial
displacement.
The location of solid mass in the present-day solar system
presents an inevitable test for our model, and the bulk of our calculations were carried out to determine what kind of initial conditions, if any, lead to the development of a planetesimal swarm
consistent with the solid matter in the solar system. Indeed, we
have found initial conditions leading to a configuration of solid
matter in rough agreement with the large-scale architecture of
the solar system. However, we have also found that the outcome is sensitive to initial conditions, as well as, in some cases,
to the values of the free parameters characterizing our model.

1008

T.F. Stepinski & P. Valageas: Global evolution of solid matter in turbulent protoplanetary disks. II

This opens the theoretical possibility of planetary system diversity. Additional diversity may result from the different quantities of gas that various planetary systems may subsequently
add to some of their solid protoplanets. Note that, although we
argue that our present model may predict the mass distribution
of a condensed material in a nascent planetary system, it cannot
predict the distribution of a whole planetary mass consisting of
solid and volatile materials. Nevertheless, as solid protoplanets or cores constitute the backbone of a planetary system onto
which volatile envelopes are subsequently added, modeling its
structure is of a primary interest.
The major novelty of our work is its emphasis on the global,
comprehensive treatment of the problem. This follows from our
interest in attempting to establish the link between initial conditions that characterize a protoplanetary disk at the onset of
star-disk formation, and the large-scale character of an ultimate
planetary system. To achieve this goal we have to include all
relevant physical processes. This, in turn, presented us technically and, to certain degree, conceptually with an intricate
problem, which required major simplification in order to become tractable. Therefore, our handling of several processes,
most notably coagulation, is less advanced than can be found in
some published work (for a review see Weidenschilling & Cuzzi
1993) dedicated exclusively to the issue of coagulation and not
addressing the evolution of solids globally. In order to make
progress, we have assumed that the size distribution of particles
at any given radial location of a disk is narrowly peaked about
a mean value particular for this location and time instant. Such
an approximation was first proposed by Morfill (1985). This allows us to keep track of the increase of the mean particle size
alone, and frees us from daunting calculations required for computing the shift in the entire particle size distribution function.
This approximation is important for the viability of our calculations. It also captures the essence of the coagulation process
accurately enough, at least for our purpose, which is to keep
track of solid’s mass whereabouts regardless of how it is apportioned between particles of different sizes. Two other major
simplifications characterize our current model. First, we concentrate on ice, the most abundant component of solid material,
and disregard other compositional constituents such as “rock”
and “metal.” Hence, at present, we expect to model only the
development of icy planetesimals, or outer zones of planetary
systems. In the context of the solar system, we expect to model
distribution of mass presently located in solid cores of giant
planets. Second, unlike in the calculations by Cuzzi et al. (1993),
which were devoted to the investigation of growth and sedimentation of solid particles at the fixed radial location, we assume
that the evolution of the gaseous component remains unaffected
by the changing character of the solid component. These last
two assumptions provide the current model with much desired
amenability; however, unlike the assumption about coagulation,
they could be removed without jeopardizing the integrity of our
method.
Our basic method of simultaneously keeping track of the
evolution of gaseous and solid components of protoplanetary
disks is described in Sect. 2. Separately, in Sect. 3, we describe

our treatment of coagulation and evaporation processes, and offer a very brief depiction of our numerical technique. The next
two sections are devoted to the presentation of results. In Sect.
4 the results for an initially high-mass, high-concentration disk
are given, and in Sect. 5 an initially low-mass, low-concentration
disk is examined for various values of dimensionless viscosiameter α. Finally, in Sect. 6, we present discussion and conclusions.
2. Basic design of our model
The evolution of both the gas and solid particles is described by
equations of continuity
∂
ρ + ∇ · (ρV) = 0
∂t

(1)

and momentum conservation
v
∂
(ρV) + ∇ · (ρVV) = −∇P − ρ∇Φ − ρ
∂t
ts

(2)

Terms associated with external sources of mass are absent in
these equations, as we restrict ourselves to considering only a
dissipative stage of a protoplanetary disk. Note that the equation
of momentum conservation is written in its conservative form.
The preference for the conservative form over the more familiar force form [which can be easily obtained by combining (2)
and (1)] will become clear momentarily. Both the gas and solid
particles are considered to be perfect fluids. Thus, for the gas,
P is simply the thermodynamic pressure, but for the particles
P = 0. The last term on the right-hand side of (2) represents
frictional coupling between particles and the gas. It is neglected
in the computation of gas evolution, but preserved in the computation of particle behavior. We neglect the disk’s self-gravity
and assume that despite the growing mass of the central star
its gravitational potential Φ remains constant. The symbol VV
denotes the dyadic product of two velocity vectors.
The gas is explicitly assumed to be turbulent; thus quantities
such as gas and particle velocities and densities are broken up
into average and fluctuating parts
ρ = ρ + ρ0

and

V = V + V0

(3)

Fluctuations of the gas are conveyed to particles by frictional
coupling.
Cylindrical polar coordinates (r, φ, z) are used, and an axial symmetry (∂/∂φ = 0) is assumed throughout the paper. The
basic procedure is identical for both the gas and the particles;
representation (3) is substituted into Eq. (2), which is then expanded out and the Reynolds averaging technique is applied
to isolate the relationship between average quantities characterizing the state of the gas and the particles. The effects of
turbulence manifest themselves by the presence of the correlation terms, Vi0 Vj0 , ρ0 Vi0 , and ρ0 Vi0 Vj0 in the averaged equation.
Note that because the averaging was applied to the equation of
motion in the conservative form no correlation terms involving derivatives of fluctuating quantities appear. As there are no
acknowledged models of such correlations, the preference for
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using the conservative form of the equation of motion becomes
evident. Nonvanishing correlations are modeled in terms of averaged quantities, and the equation of motion is solved under
the thin disk approximation. The evolution of the mass in the
disk is derived by vertically integrating the continuity equation
(1) supplemented by the equation of motion.
In the remainder of this paper subscript d denotes quantities
describing the state of solids, whereas quantities describing gas
have no subscript.
2.1. Evolution of gas
Applying the procedure described above to the gaseous component of the disk we obtain
∂
(ρV) + ∇ · (ρV V) + ∇ · τ = −∇P − ρ∇Φ
∂t

(4)

where τ is the stress tensor resulting from interactions among
the fluctuations in the flow field
def

τij = ρ Vi0 Vj0 + ρ0 Vj0 Vi

(5)

The presumption that ρ0  ρ makes it possible to neglect the
triple correlations ρ0 Vi0 Vj0 in definition (5). The remaining correlations Vi0 Vj0 , ρ0 Vi0 are modeled in terms of averaged quantities.
The diagonal components of the tensor Vi0 Vj0 are expressed in
terms of a turbulent kinetic energy per unit mass
Vi0 Vi0 =

1 2
V
3 t

(6)

The off–diagonal elements of the symmetric tensor Vi0 Vj0 are
specified to mimic the corresponding elements of stress associated with molecular viscosity
 


∂ Vφ
∂Vφ
0
0
0
0
, Vz Vφ = −νt
Vr Vφ = −νt r
∂r r
∂z


∂V
∂V
z
r
+
(7)
Vr0 Vz0 = −νt
∂r
∂z
Finally, the correlations of the form ρ0 Vi0 are modeled by the
gradient diffusion hypothesis
ρ0 Vr0 = −D

∂ρ
,
∂r

ρ0 Vz0 = −D

∂ρ
,
∂z

ρ0 Vφ0 = 0

(8)

Turbulent stress, τ , is characterized by three quantities, turbulent
viscosity νt , turbulent diffusivity D, and turbulent velocity Vt
given by
νt =

p
1
1
αCs H, D = K αCs H, Vt = 21/2 Ro αCs
3
3

(9)

where H is the disk’s vertical scale-height (used as a measure of
the disk’s thickness) and Cs is the speed of sound. The character
of turbulence is encapsulated into three dimensionless parameters: the Shakura-Sunyaev dimensionless viscosity parameter α,
the Rossby number for turbulent motions Ro , and K, which can
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be identified with the inverse of the turbulent Prandtl number.
In our calculations we assume these parameters to be constant
and uniform and use K = 3, Ro = 3, and α in the range from
10−4 to 10−1 . Note that in order for our model of τ [Eqs. (6) to
(8)] to be self-consistent and physically meaningful, Ro > 3/2
is required. Otherwise, the Schwarz inequality applied to the
Reynolds averaging operation is not satisfied, which leads to
the averages of the square of some real fluctuating quantities to
be negative. This detail is worth mentioning because models of
τ , identical or similar to ours are often used, but rarely checked
for consistency.
With such a model of turbulence and the stress tensor resulting from it, the self-consistent solution to Eq. (4) can be
found under the thin disk (H/r  1) approximation. The rcomponent of Eq. (4) determines the average tangential velocity Vφ . Under the assumption of vertical equilibrium (ρVz = 0)
and vertical isothermicity, the z-component of Eq. (4) yields
the vertical profile
of the disk’s density and sets the scale√
height, H = 2Cs /Ωk , where Ωk = Vk /r is the keplerian
angular velocity. The average vertical velocity, Vz , is obtained
directly from the condition of vertical equilibrium. Finally, the
φ-component of Eq. (4) gives the average radial velocity Vr .
Putting everything together, we have


z2
3 1 ∂
D ∂ρ νt ∂ ln T
(rρνt Vk ) +
+
1−2 2
Vr = −
ρVk r ∂r
ρ ∂r r ∂ ln r
H


3
r ∂P
z 2
− Vk
Vφ = Vk +
2ρVk ∂r
4
r
2D
Vz = − 2 z
(10)
H
It’s worth pointing out that Vz 6= 0; even so vertical equilibrium
is assumed. This is because the equilibrium requires the entire
mass flux ρVz = ρ Vz + ρ0 Vz0 to vanish, and Vz must be nonzero
in order for ρVz to balance ρ0 Vz0 .
The Reynolds averaged continuity equation (1) is
∂
∂ρ 1 ∂
+
(rρVr ) +
(ρVz ) = 0
∂t r ∂r
∂z

(11)

Integrating over the z coordinate and substituting ρVr = ρ Vr +
ρ0 Vr0 we obtain the familiar
equation for time evolution of the
R
surface density (Σ = ρdz) of the gas


∂
∂Σ 3 ∂
−
r1/2 (r1/2 νt Σ) = 0
∂t
r ∂r
∂r

(12)

Notice that the last term on the left-hand side of Eq. (11) vanishes
due to vertical integration, regardless of whether ρVz vanishes
or not. Because νt is not an explicit function of time, but instead
depends only on the local disk’s quantities [see Eq. 9)], it can
be expressed as νt = νt (Σ, r) and Eq. (12) can be solved subject
to boundary conditions on the inner and outer edges of a disk
and the opacity law. Given Σ(r, t), we can algebraically find all
other disk variables.
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2.2. Evolution of solid particles
Applying the procedure described at the beginning of this section to the solid particle component of the disk we obtain
v
∂
(ρd Vd ) + ∇ · (ρd Vd Vd ) + ∇ · τd = −ρd ∇Φ − ρd
∂t
ts∗

(13)

where v = Vd − V is the relative velocity between particles and
the gas, and ts is the stopping time. When averaging the gassolids coupling term we approximate that ρd v/ts = ρd v/ts∗ ,
where ts∗ = ts (|v|) if |v| > Vt and ts∗ = ts (Vt ) if |v| < Vt . The
tensor τd is given by
def

τijd = ρd Vid0 Vjd0 + ρ0d Vjd0 Vid

(14)

where again, like in the case of the gas [see Eq. (5)], we have
neglected the triple correlation ρ0d Vid0 Vjd0 in definition (14). As
we did in paper I, following the arguments given by Cuzzi et al.
(1993) and Dubrulle et al. (1995), we model correlations Vid0 Vjd0
as Vi0 Vj0 /Sc and ρ0d Vd0 as −D/Sc ∇ρd , where Sc denotes the
Schmidt number
s
v2
Sc = (1 + Ωk ts∗ ) 1 + 2
(15)
Vt
We also define the quantities
νtd =

νt
,
Sc

Dd =

D
,
Sc

Vtd2 =

Vt 2
Sc

(16)

The magnitude of the dimensionless quantity Ωk ts∗ determines
the aerodynamic regime. If Ωk ts∗ → 0, the stopping time is
small in comparison with the period of orbital revolution and
particles are strongly coupled to the gas. This happens usually, but not exclusively, when particles are small, their size, s,
smaller than about 1 mm. If Ωk ts∗ → ∞, the stopping time
is very long in comparison with the period of orbital revolution
and particles are decoupled from the gas. This happens for large
particles with s > 104 cm. The behavior of intermediate-sized
particles is characterized by the Ωk ts∗ ∼ 1 regime.
We seek a self-consistent solution to Eq. (13) under the
thin disk approximation. Such a solution is required to be valid
and self-consistent for all aerodynamic regimes. This cannot be
achieved by the approximation fully analogical to the one we
have used for the gas. Specifically, vertical transport of the rcomponent of momentum is not negligible in the Ωk ts∗ ∼ 1
regime. However, as our primary goal is to calculate the global
evolution of the mass residing in solid particles, we are not interested in details of solid material vertical distribution, with the
sole exception of its scale-height. Therefore, instead of seeking
a solution to Eq. (13) we can look for a solution to the system
of equations consisting of the z-component of (13) and densityweighted vertical averages of r and φ components of (13). It
turns out that the terms responsible for the vertical transport of
the r-component of momentum vanish when averaged, and a
self-consistent solution, valid for all aerodynamic regimes , can
be found.

We start with the z-component of (13) and assume that par0 =0
ticles are vertically in equilibrium so ρd Vzd = ρd Vzd +ρ0d Vzd
or
∂ρd
1
=
ρd Vzd
∂z
Dd

(17)

Because of vertical equilibrium, only two terms, both originating from ∇·τd , remain on the left-hand side of the z-component
of (13). Of these we preserve a term containing τzzd but neglect
a term containing τzrd . We preserve all terms on the right-hand
side of this equation. Using (17) and (10) we transform the zcomponent of (13) into




∂Vzd
1
1 2
2
Vtd − Vzd − 2
=
Vzd
Dd 3
∂z
− Ωk 2 z −

2D
Vzd
− 2 z
ts∗
H ts∗

(18)

with Vzd being the only unknown variable. In order to solve this
equation we expand Vzd in a Taylor series at z = 0
Vzd

2Dd
=−
Hd1



z
Hd1



4Dd
−
Hd3



z
Hd3

3
+ ...

(19)

The absence of even terms in expansion (19) follows from Vzd
being an odd function of z. Substituting this expansion into
(17) and integrating the resulting equation we obtain the vertical
profile of ρd
( 
)
2 
4
z
z
ρd = ρod exp −
−
+ ...
(20)
Hd1
Hd3
It’s clear that the characteristic length of a particle’s vertical
distribution is determined by quantities Hdi . Substituting (19)
into (18) and comparing the terms proportional to z and z 3 ,
respectively, we find Hd1 and Hd3 to be



Hd1
H

A +

2
=
s

1
×
3Ωk ts∗
2Sc(1 + √
)
2Kα

√

A2 + 8Ωk ts∗ (Ωk ts∗ +


2Kα 
)
3

(21)

k ts∗
, and
where A = 1 + Ro ΩK

def

4 
6
Hd1
Hd3
=
×
H
H
" 
#
√
2
3Sc
3 2Ro Sc
H
+√
+
8
Hd1
2K 2 α
2KαΩk ts∗



(22)

For particles in the Ωk ts∗ → 0 regime, Hd1 → H and Hd3 →
∞. The vertical distribution of solids and gas are the same,
an expected result in the regime that stands for a perfect gassolids coupling. For particles in the Ωk ts∗ ∼ 1 regime, Hd1 ∼
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√
Hd3 ∼ p αH, and for particles in the Ωk ts∗ → ∞ regime,
Hd1 ∼ α/ScH, whereas Hd3 > Hd1 . In all regimes we use
Hd1 as a measure of solid particles sub-disk thickness Hd .
We now consider density-weighted, vertical averages of the
r and φ components of Eq. (13). As our goal is to calculate
the relative velocity between particles and gas, we also have
to consider density-weighted, vertical averages of the r and φ
components of the momentum conservation equation for the
gas (4). Because the gas and particles have different vertical
distributions of density we introduce two different averaging
operators
R +∞
R +∞
def −∞ ρd Adz
def −∞ ρAdz
and hAid =
(23)
hAi =
Σ
Σd
We apply the operator hAid to components of (13), to get:
2

hvr id
3
Hd1
hvφ id = Vk − hVφ id − Vk
+
(24)
8
r
2Ωk ts∗
∂ 1/2
(r νtd )
∂r
2hvφ id
1 ∂Σd
−
+ (Dd − 3νtd )
Σd ∂r
Ωk ts∗

hvr id = − hVr id − 3r−1/2

(25)

Now we have to evaluate hVid . When particles are small, in the
Ωk ts∗ → 0 regime, Hd1 → H and ρd ∝ ρ, the dust is well
mixed with the gas and hVid = hVi. In this case,
 2
 3
1 ∂
H
2
hVφ id = Vk +
C Σ − Vk
(26)
2Ωk Σ ∂r s
8
r
1 ∂Σ
∂ 1/2
(r νt ) + (D − 3νt )
(27)
∂r
Σ ∂r
When particles are big, in the Ωk ts∗ → ∞ regime, Hd1 → 0,
the dust is concentrated in the midplane and hVid ≈ V(z = 0).
Thus, in this regime we get:
hVr id = −3r−1/2

hVφ id = Vk +

1 ∂Po
2Ωk ρo ∂r

(28)

1 ∂ρo
∂ 1/2
(r νt ) + (D − 3νt )
∂r
ρo ∂r
νt ∂ ln T
+
(29)
r ∂ ln r
where the subscript o denotes the value of a vertically changing
quantity evaluated at z = 0. For the intermediate-sized particles
the values of hVφ id and hVr id are somewhere midway between
these given by Eqs. (26)-(27) and these given by Eqs. (28)-(29).
Therefore, for all regimes we can use the following formulas
#
"

 2

1 ∂
3
Hd1
H
2
hvφ id =
Vk
C Σ
−
H
8
r
2Ωk Σ ∂r s



1 ∂Po
Hd1
−
+ 1−
H
2Ωk ρo ∂r
2

hvr id
3
Hd1
+
(30)
− Vk
8
r
2Ωk ts∗
hVr id = −3r−1/2
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and


1 ∂Σ
Hd1
−(D − 3ν)
H
Σ ∂r



1 ∂ρo
νt ∂ ln T
Hd1
−(D − 3ν)
−
+ 1−
H
ρo ∂r
r ∂ ln r
h
i
∂
r1/2 (νt − νtd )
+3r−1/2
∂r
2hvφ id
1 ∂Σd
−
(31)
+(Dd − 3νtd )
Σd ∂r
Ωk ts∗


hvr id =

which are the result of interpolation between two regimes
(Ωk ts∗ → 0 and Ωk ts∗ → ∞) for which the values of hVφ id
and hVr id have been expressed in an analytical form.
Note that the term proportional to (Dd − 3νtd ) on the righthand side of Eq. (31) vanishes if K = 3 as we have assumed.
Thus, from the computational standpoint, K = 3 is an especially convenient case1 , and it is consistent with calculations
by Canuto & Battaglia (1988). Under such an assumption, Eqs.
(30), (31), and (19) combined with (10) form a closed system
of equations from which hvr id , hvφ id , and hvz id can be calculated. The system is, in general, neither linear, nor separable
because ts∗ is a function of hvr id , hvφ id , and hvz id . The solution
to this system is found numerically using the relevant drag laws
outlined in Paper I.
The vertical integration of the equation of continuity (1) for
particles yields
 Z +∞

∂Σd 1 ∂
+
r
ρd Vrd dz = 0
(32)
∂t
r ∂r
−∞
and the integral under the radial partial derivative can be substituted from the vertically integrated φ-component of (13) to
obtain


3 ∂
∂Σd
1/2 ∂
1/2
=
r
(r νtd Σd )
∂t
r ∂r
∂r


1 ∂ 2rΣd hvφ id
(33)
+
r ∂r
Ωk ts∗
This equation governs the time evolution of the surface density
of solid particles, Σd . Parameters νtd , ts∗ , and hvφ id depend on
the size of particles and therefore are implicit functions of r,
t, and Σd . In order to establish these relationships we need to
model the coagulation process.
3. Coagulation and evaporation processes
So far the formalism derived in Sect. 2.2 is quite similar to what
we have done in Paper I, with the notable addition of the vertical analysis, which permits the evaluation of solid particles’
sub-disk thickness. In a hypothetical scenario of single-sized,
Note that although the condition K = 3 is computationally advantageous, there is nothing physically unique about it. We have also
performed test calculations for K = 1 and have found only expected,
quantitative differences between both cases.

1
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noncoagulating, and nonevaporating particles, Eq. (33), which
keeps track of radial advection and diffusion of particles, alone
gives the time evolution of the surface density of solid particles.
This has been done in Paper I. However, in reality, both coagulation and evaporation occur and cannot be ignored. Our method
of incorporating these processes into our calculations relies on
keeping Eq. (33) as the principal mathematical description of
the global evolution of particles, but freeing its parameters from
constraints of single-size and thermal indestructibility assumptions. Thus, our method can be characterized as solving a radial
advection-diffusion problem modulated by coagulation, with
the possibility of a cut-off by the evaporation. This method requires that the mass distribution of particles at any given radial
location of a disk is narrowly peaked about a mean value particular for this location and a given time instant. Such an assumption
may appear quite arbitrary; however, it has a reasonable physical justification as collisions with small particles do not significantly increase the size of a test particle and the bulk of the
solid mass is concentrated in the largest, all about the same size,
particles. This is supported by numerical simulations (Mizuno
et al. 1988) of grain growth in protoplanetary disk which clearly
show that although a broad size distribution is maintained, most
of the mass is nevertheless always concentrated in the largest
particles.
3.1. Coagulation
We assume that the mass distribution of particles at any given radial location r is narrowly peaked about the mean value md (r, t)
, which corresponds to the size s(r, t). The goal is to evaluate
the functional dependence of s on r and t. Particles are assumed
to be spheres with a bulk density of ρs . The density of matter
concentrated into solid particles is ρd (r) and the particles’ number density is nd (r). The geometrical cross section for collision
between two such particles is σ = π(s + s)2 and the mean time
between collisions is τcoll = 1/(nd σVrel ) where Vrel is the mean
relative speed between particles. Assuming that particles stick
to each other upon collision, the growth of particle mass md in
unit time can be expressed as follow
md
dmd
≈
= σ Vrel nd md = 4πs2 Vrel ρd
dt
τcoll

(34)

2
To calculate Vrel , we consider ∆Vd,12
≡ (Vd,2 − Vd,1 )2 , which
is the average of the square of the relative velocity between two
1/2

2
particles at the point of collision, and we use Vrel = ∆Vd,12
.
2 we obtain
Expanding ∆Vd,12
2

2
0 2 + V 0 2 − 2V0 .V0
∆Vd,12
= (Vd,2 − Vd,1 ) + Vd,1
d,2
d,1 d,2

terms have to be expressed in terms of large-scale quantities. It
can be shown using the relations given by Cuzzi at el. (1993)
that
0 2 + V 0 2 − 2V0 .V0 =
Vd,1
d,2
d,1 d,2

V 02 V 02
V 02
+
−2
Sc1 Sc2
Sc1 Sc2

(36)

Using (6) and (9) we can identify V 0 2 with 21/2 Ro αCs2 and, if
the particles are assumed to have the same size, Eq. (35) reduces
to
2
2
= ∆Vd,12
= 23/2 Ro αCs2
Vrel

Sc − 1
Sc2

(37)

which is similar to an analogical expression obtained by Morfill
(1985).
Because we assume the particles to be perfect spheres, the
mass of the particle is given by md = (4/3)πs3 ρs and Eq. (34)
transforms into
√
p
ρd
Sc − 1
ds ρd
3/2
=
(38)
Vrel = 2 Ro α
Cs
dt ρs
ρs
Sc
where we used (37) to eliminate Vrel . Equation (38) can be integrated over the period of time equal to the time step in the solid
particle’s evolution [Eq. (33)] to obtain the increase of the mean
particle size at any radial location of the disk. In turn, the new
particle size upgrades the coefficients of Eq. (33). Continuing
this process, we manage to incorporate the effects of coagulation
into the global evolution of solid particles’ surface density.
3.2. Evaporation
The temperature of the gas in the disk decreases with distance
from the star. The particle traveling inward will evaporate when
it finds itself at the location where the ambient gas is sufficiently hot. Such a location defines an evaporation radius that
depends on the composition of the particle. The evaporation radius decreases with time, as the entire disk cools down in the
process of its diminishment. Therefore we have to consider in
our computation three instead of two components: gas, solids,
and the vapor of the material constituting solid particles under
cool enough conditions. As we have assumed that solid particles are made up of water ice, they cannot exist for T > Tevap ,
and are converted into vapor. On the other hand, the vapor condenses into solid particles wherever it finds itself in a T < Tevap
environment. The value of Tevap depends on parameters of the
gaseous disk and thus slowly changes; however we assume that
Tevap = 150 K, which is a reasonable value for all our models.
In our calculations we treat vapor as particles with s → 0.

(35)

The first term on the right-hand side of (35) corresponds to the
difference between average, large-scale velocities between two
particles. In our case, where both particles are assumed to have
the same size, this term vanishes. The last three terms on the
right-hand side of (35) stem from particles having different,
chaotic, small-scale velocities at the point of collision. These

3.3. Computational approach
Equation (12) is solved by means of an implicit scheme to
find out the evolution of the gaseous component. The necessary
opacity law is adopted according to formulas given by Ruden &
Pollack (1991). The evolution of gas is computed independently
from the evolution of particles (see assumptions in Sect. 1). At

g cm-2

every time step the quantities needed for evaluating the change
in the mass distribution of solids are calculated and the change
itself is computed from Eq. (33) using the operator splitting
method. In such a method the advective term in (33) is treated
by the numerical method of characteristics, whereas an implicit
scheme is applied to the diffusion term. The obtained distribution of solid material is then modified because of the existence
of the evaporation radius, and the mass distribution of the vapor
is calculated using the implicit scheme. Finally, the new particle
size distribution is calculated before proceeding to the next time
step.

g cm-2
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4. Global evolution of the high-mass disk
First, we applied our model to initial conditions sometimes considered fiducial by modelers of gaseous disks. The 1M star is
surrounded by a disk with an initial gas surface density given
by

Hd/H

Thus, the initial distribution of the gas is practically constant,
equal to about 8540 g cm−2 , between the inner radius assumed
to be at 0.036 A.U. and the radius of about 15 AU. At larger distances there is practically no gas. The total mass of the gaseous
disk is equal to 0.245 M and angular momentum is equal to
5.6 × 1052 g cm2 s−1 . In such a disk a relatively large amount
of the gas is concentrated relatively close to the star; therefore,
we call it a high-mass, high-concentration scenario. These initial
conditions correspond closely to the “standard case” considered
by Ruden & Pollack (1991) and are identical to those we have
used in Paper I. We further assume that the dimensional viscosity parameter α is equal to 10−2 , the fiducial value assuming
that the disk’s turbulence is driven by thermal convection.
Of course, the assumed initial surface density profile is arbitrary. Fortunately, the specific form of the profile does not
influence the subsequent evolution of the gas, inasmuch as the
process governed by Eq. (12) is diffusive in nature and the details
of initial distribution are forgotten after a time short in comparison with the evolutionary timescale. Taking advantage of the
“short memory” of the gaseous component, we introduce solid
particles into the calculation only after the passage of 104 yr
during which the gas evolves alone to get rid of the arbitrariness
in the initial condition. Upon introduction, the solid particles
all have the same size, s = 10−3 cm, and the surface density of
the solid material constitutes 1% of the contemporaneous gas
surface density to account for cosmic abundance.
The calculations are carried out for up to t = 3.2 × 106 yr,
a period of time equal, within an order of magnitude, to observationally deduced lifetimes of protoplanetary disks (Strom &
Edwards 1993). Fig. 1 shows the summary of the disk evolution
starting from the high-mass initial conditions described above.
The design of Fig. 1, as well as the design of subsequent figures
in Sect. 5, is the following: panel (a) shows the evolution of Σ,
panel (b) shows the evolution of Σd , panel (c) shows the changes
in s, panel (d) shows the changes in Hd , and panel (e) shows the

cm
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Fig. 1a–e. Summary of the evolution of gas and solids for the high-mass
initial conditions scenario with α = 10−2 . Panels a to d show the surface density of the gas, Σ; the surface density of solid particles, Σd ; the
particle size, s; and the thickness of solids sub-disk, Hd , respectively,
as functions of r at selected times. On panel (a) the values of Σ are
divided by a factor of 102 to put it in the same order of magnitude as
Σd . Various times are labeled by different line styles: the dotted line
denotes t = 104 yr, the dashed line denotes t = 3.2 × 105 yr, and the
solid line denotes t = 3.2 × 106 yr. The time elapses from the moment
when solid particles are introduced into the disk. Panel e shows the
time evolution of the total mass of the disk, the dash-dot line represents the mass of the gaseous disk divided by a factor of 102 , and the
dash-dot-dot-dot line represents the mass of the solids sub-disk.
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evolution of the total mass of both gaseous and solid, components of the disk. Although these quantities are calculated and
available at any given time during the evolution of the disk, the
figures show only three snapshots: at t = 104 yr, or at the very
beginning of the evolution; at t = 3.2 × 105 yr, or at the midway
of particle evolution; and at t = 3.2 × 106 yr, when the surface
density of solids has converged.
The most important result of the high-mass model calculation is that such a model leads to a complete loss of all solids
into the star. This can be seen from panels (b) and (e) on Fig. 1.
A failure of this seemingly reasonable model to lock any solids
into bodies that can permanently orbit the star is somehow disappointing, but readily understandable from concomitant actions
of the processes occurring in a disk. The disk evolving from the
high-mass initial conditions remains relatively hot for a long
time. Therefore the ice/vapor interface is located beyond 10
A.U. for up to 105 yr. However, on a timescale of only 104 yr,
particles located beyond this interface coagulate to sizes of the
order of 1–10 cm, decouple from the gas, and start moving inward. Their inward movement is swift (see Paper I for details)
and the distance to the evaporation radius is short, so particles
have no time to further grow by coagulation and thus stop their
motion toward the destruction zone. The end result is that particles never grow to sizes bigger than about 10 cm (see Fig. 1c),
and eventually they are all destroyed, leaving a purely gaseous
disk behind (see Fig. 1b). Note that because particles have no
chance to grow to larger sizes, they remain quite well coupled
to the turbulent eddies (but not to the large-scale motion of the
gas), and therefore are distributed throughout the entire thickness of the disk, so Hd always remains comparable to H (see
Fig. 1d).
A disk evolving from the high-mass initial conditions does
not lead to the formation of planetesimals. Two features of this
model, its high surface density and compactness, are responsible
for destruction of all solids. The high surface density translates
into the high temperature and the outward location of the evaporation radius. The compactness of the disk translates into a short
distance between the outer edge of the disk and the evaporation
radius. Once particles grow to the size of maximum radial velocity (1–10 cm, see Paper I), their travel time to the evaporation
radius is shorter than the characteristic coagulation time.
5. Global evolution of the low-mass disk
In order to produce planetesimals the initial disk must apparently
be less massive and more extended than the one considered in
the previous section. Therefore we consider a scenario where
the 1M star is surrounded by a disk with the initial surface
density of the gas given by
h
2 i−3.78
Σ(r, to ) = 2 1 + r/200AU
−1.5
+600 r/1AU
g cm−2

(40)

The first term ensures that there is some mass up to very large
distances from the star. The second term corresponds to the

central concentration of the mass and sets the location of the
evaporation radius. The total mass of the gaseous disk is equal
to 0.023 M and an angular momentum is equal to 1.8 × 1052
g cm2 s−1 . Overall, the disk described by this model has about
an order of magnitude less mass than the disk described by
the previous model; therefore, we call it a low-mass scenario.
Our calculations, starting from the low-mass initial conditions,
are carried out identically to those started from the high-mass
initial conditions. Figs. 2, 3, 4, and 5 summarize the low-mass
disk evolution for values of dimensional viscosity parameter α
equal to 10−1 , 10−2 , 10−3 , and 10−4 respectively. This range
covers all values of α that are conceivable in the context of
protoplanetary disks.
The most important result of the low-mass model calculation is that such a model leads to the survival of solid material.
This manifests itself by the emergence of the converged, nonvanishing surface density distribution of solids (panel (b) of Figs.
2–5). It is interesting that although the converged radial distribution of the solid material depends on the value of α, the total
mass of solids in a disk is about the same, independent of the
value of α, and approximately equal to the initial mass of solids
in the disk (panel (e) of Figs. 2-5). Thus, the evolution of the
low-mass disk results in the reshuffle of solids within the disk,
but not to their loss into the star. Of course, some solids, those
initially located close to the evaporation radius, are lost, but,
given the initial mass distribution (40), they constitute a small
percentage of the total solid material, which is predominantly
located in the outer disk. Once particles in the outer disk grow to
the size of maximum radial velocity, their characteristic travel
time to the evaporation radius is longer than the characteristic
coagulation time so they manage to stop their radial movement
before reaching the destruction zone.
The value of α determines the radial distribution of solids:
the smaller the value of α, the broader the distribution of solids.
This is because particles suspended in a more vigorously turbulent disk (larger value of α) have larger inward radial velocities
and consequently are locked into planetesimals closer to the
star than particles in a less turbulent disk. The evaporation radius is located between 1 AU and 2 AU for all values of α, the
outer limit of converged Σd is about 10 AU for α = 10−1 and
α = 10−2 , about 30 AU for α = 10−3 , and about 60 AU for
α = 10−4 .
By the time the surface density of solids attains convergence,
the particles coagulate to about 106 cm, or planetesimal sizes
(panel (c) Figs. 2-5). In disks characterized by smaller values
of α, and thus a more extended distribution of solids, the range
of sizes, from 106 cm at the evaporation radius to 104 cm at
the outer limit, can be found. This is because the coagulation
process is less efficient at larger radii. These solids will continue
to increase their sizes, but will not change their radial position,
as they are already large enough to have a negligible radial
motion. The thickness of the solid particles sub-disk, given by
Eq. (21) depends both on the particle size and on the value of α.
Examining panels (d) of Figs. 2-5, it can be seen that the smaller
the value of α, the relatively thinner the particle sub-disk. This
is intuitively easy to understand, as a more turbulent (larger
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Fig. 2a–e. Summary of the evolution of gas and solids for the low-mass
initial conditions scenario with α = 10−1 . See Fig. 1 for legend.

Fig. 3a–e. Summary of the evolution of gas and solids for the low-mass
initial conditions scenario with α = 10−2 . See Fig. 1 for legend.

value of α) disk inhibits sedimentation of particles. In any case,
by the time the surface density of solids attains convergence,
the particles form a layer 10−2 –10−4 times thinner than the
surrounding gaseous disk.
Note that the converged radial distribution of solids does not
vary monotonically. There are bulges of matter near the evaporation radius as well as at the outer limit of Σd . These bulges
are present in all cases, but become narrower for smaller values of α. Their existence is a consequence of an intricate and
nonlinear interdependence between advection and coagulation,

modulated by changing gas conditions and the character of turbulence (the value of α).
Consider the region outside the evaporation radius, revap .
The efficiency of coagulation is a decreasing function of the
radius [see Eq. (38)] so, shortly after evolution starts, the particle
size is also a decreasing function of the radius. As particles grow
they acquire inward radial velocities in excess of the gas inflow
velocity. There exists a particular size, sf = 1−10 cm, for which
the radial velocity of a particle is fastest. For as long as the
particles near the evaporation radius are all smaller than sf , the
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Fig. 4a–e. Summary of the evolution of gas and solids for the low-mass
initial conditions scenario with α = 10−3 . See Fig. 1 for legend

Fig. 5a–e. Summary of the evolution of gas and solids for the low-mass
initial conditions scenario with α = 10−4 . See Fig. 1 for legend.

coagulation rate is actually impeded as the density of particles
decreases due to monotonically decreasing advection velocity.
Particles pass revap and are lost. This process will continue, and
may, as in the case of the scenario considered in Sect. 4, bleed
the disk of all solids, unless particles bigger than sf start arriving
at revap . For this to occur, the disk must be large enough. With the
appearance of particles larger than sf , an advection velocity is no
longer monotonically decreasing; instead, particles at revap move
slower than more remote particles, which leads to a fast increase
of particle density at revap and corresponding increase in the

coagulation rate. The two phenomena, increasing density and
enhanced coagulation rate, form a self-feeding loop resulting
in a very rapid growth of particles and formation of the bulge
in the solids surface density near revap . The formation of this
bulge also signals the “freezing” of the total mass of the solids
in the disk, inasmuch as no more solids are lost to the vapor zone
in subsequent disk evolution. They will either be captured by
the bulge or come to rest by themselves at larger radii. Notice
that it is a radial squeezing due to particle dynamics, rather
than vertical squeezing due to sedimentation, that is primarily
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responsible for establishing the bulge and keeping particles from
falling into the vapor zone.
The same mechanism is responsible for the abrupt drop in
Σd , which we associate with the outer limit of solid matter distribution, as well as the presence of the Σd bulge at the location
of this drop. The outer region of the disk is characterized by the
slowest coagulation rate, so particles there can travel relatively
long distances before acquiring a size larger than sf . Once they
grow to s > sf , they slow down, allowing particles that trail
them to catch up and form the bulge in the fashion described
above. With time, the entire region beyond the outer bulge is
swept clean of particles.
6. Discussion
In this paper we have studied the global evolution of solids in
protoplanetary disks. We have demonstrated that it is possible,
under certain assumptions, to approach the problem of how a
planet-building material is spatially distributed, from physical
principles rather than phenomenologically, like in the minimummass solar nebula model (Hayashi et al. 1985). The basic problem is as follows: given some initial state, presumably chosen to
reflect conditions at the onset of protoplanetary disk evolution,
what is the spatial distribution of solids after they accumulate
into planetesimals? On that issue, and under assumptions stated
in Sect. 1, we have obtained the following results.
(1) The outcome is sensitive to the assumed initial conditions. The shape of the initial distribution of the gas and dust
around the star makes a big difference in the ultimate location
of the planetesimal swarm. Moreover, it is plausible, and has
been demonstrated in Sect. 4, that some, otherwise perfectly
reasonable, initial distributions of matter, lead to the extinction
of all solid material from the disk. Therefore our results seem to
contradict the widespread but unsubstantiated believe that planetary systems are the natural and unavoidable product of the star
formation process. Instead, it appears that whether or not solid
planetary cores can emerge from the star formation process depends on how this formation process proceeds. If the viscous
stage starts from a relatively compact disk, solids are lost and
no solar-system-like planets could form. If, on the other hand,
the viscous stage begins with the disk extending up to large
distances from the star, solid planetesimals, and subsequently
planets/cores will develop. We may point out that observations
of T Tauri stars (for a review, see Strom & Edwards 1993) suggest the existence of extended disks that, according to our calculations, are likely to form planetesimals. However, it remains
uncertain whether these disks reflect the condition of a circumstellar material at the onset of the viscous stage, or rather during
this stage after the original disk spread significantly.
(2) Of four basic processes governing the evolution of solids,
advection, coagulation, sedimentation, and evaporation, the interplay between the first two is the single most important factor in determining the outcome. Advection draws solids toward
the star, and coagulation first enhances, then inhibits, and ultimately stops the advection. The fate of particles is decided by the
race between advection and coagulation. Sedimentation helps
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increase the coagulation rate, but is superseded in importance by
advectional compression at the crucial stage of the inner bulge
formation. Evaporation sets the inner limit of the distribution
of planetesimals. Since there is a bulge in the number density
of planetesimals at the location of the evaporation radius, one
can speculate that the location of the innermost planet (in our
case the innermost icy planet or the planet with the icy core) is
determined by the evaporation radius.
(3) If the extended initial mass distribution is assumed (like
the one considered in Sect. 5) solids evolve into planetesimals.
After times shorter than 3.2 × 106 yr the radial distribution of
planetesimals’ number density settles and can only change on a
much longer timescale by processes not considered in our model
[like mutual gravitational interactions between planetesimals
proposed first by Safronov (1968)]. Note that ∼ 106 yr is the
time required for Σd to converge everywhere; however, this
convergence is not uniform and can be achieved on a time scale
as short as 104 yr in the innermost disk. The radial extent of the
planetesimal swarm depends on the assumed value of α, but the
total mass of the swarm does not. In fact, the final mass of solid
material locked into planetesimals is about equal to the initial
mass of solids distributed among all 10−3 cm particles. That
means that the total mass of the solid constituent of planets is
fixed by the mass of dust in the initial disk. Regardless of the
value of α, the number density of planetesimals has an abrupt
outer limit resulting from advectional compression. This leads
to the prediction that planetary systems end abruptly. This is
certainly true of our solar system, where the mass of all objects
in the Kuiper belt is estimated to be only a fraction of Earth’s
mass (Jewitt & Luu 1995).
We believe that our model captures the essence of processes
leading to the distribution of icy planetesimals. There are certain
assumptions in our model that reflect the present-day state of
knowledge on the topic of protoplanetary disks, and, if revised,
can change our conclusions. Most importantly, we envision that
the protoplanetary disk indeed undergoes viscous evolution, and
it is during that viscous stage, which is further assumed not to
be accompanied by any infall of material, that the evolution
of solids take place. Furthermore, we model the viscous disk
to be powered by uniform turbulence, characterized by a constant value of α. In principle, our method does not depend on
the fact that the underlying gaseous disk is described by a viscous model. We can, as well, couple the solid component to
the gaseous component powered by a different mechanism (for
example, magnetic torque), although such a disk should still
be turbulent, because it is turbulence that makes coagulation
possible in our model. In addition, we assume that small solid
particles are initially homogeneously distributed throughout the
gas, changing this assumption may produce different results.
Within these assumptions, we have made a number of approximations. We believe that important aspects of our results
are not artifacts of these approximations. Following Cuzzi et al.
(1993) we consider the protoplanetary disk as a two-phase fluid
flow, the mixture of the gas and the “fluid” of solid particles.
The fluid approximation is valid for small (Ωk ts∗ → 0) particles because of their strong coupling to the gas, and for large
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Fig. 6. The plot of the disk’s mass interior to a given radius versus the
radius for different solid mass distributions. Solid lines represent mass
distributions calculated starting from the low-mass initial conditions.
Different solid lines are labeled by the value of α. The dotted line represents the mass distribution of the icy solid material in the solar system
spread over the outer solar system according to the minimum-mass
model.

depends on the relative velocity between particles. However,
because the bulk of the solid mass is concentrated in the largest,
all about the same size, particles, the perfect sticking coefficient is a reasonable assumption for our purpose of studying the
global evolution of solid mass, as the relative velocity between
particles of the same size is minimized. Other approximations,
such as ice-only solids, and neglecting the feedback of the solid
component on the gaseous component have obviously only a
minor effect on our results. The addition of other components
of solids, such as “rock” and “metal” will not introduce any
new insights in to the problem, although it would permit consideration of planetesimals closer to the star, for modeling the
“terrestrial” zone.
Finally, we assess how the distribution of the solid mass calculated in Sect. 5 compares to that found in our solar system. Of
course, we don’t know what was the distribution of planetesimals in the solar nebula, we only know the present locations and
masses of planets. From this data it is customary to “reproduce”
the continuous surface density of solids. According to Hayashi
et al. (1985) such a surface density of icy solids in the solar
nebula has the form
Σss
d = 30

(Ωk ts∗ → ∞) particles because they move on near-keplerian orbits in the midplane thus constituting a “cold,” two-dimensional
fluid. The motion of intermediate-sized (Ωk ts∗ ∼ 1) particles
cannot be consider two-dimensional as they undergo damped
vertical oscillations around the midplane (Nakagawa et al.
1986). For such particles the fluid description may not be fitting
for their behavior in the vertical direction. Nevertheless, as the
characteristic decay time for intermediate-sized particles oscillations is short (of the order of Ωk −1 ), the thickness of the particle subdisk is primarily controlled by turbulent diffusion and
should not be strongly influenced by oscillations of individual
particles. Overall, we feel that the fluid approach provides at
least a qualitatively correct description of solid particles in the
protoplanetary disk.
The approximation that the mass distribution of particles
is narrowly peaked about the mean value artificially decreases
the rate of coagulation because particles having the same size
can coagulate only due to the difference in turbulent speed, and
not the difference in the systematic speed stemming from particles having different sizes. However, for our purpose, only
mechanisms leading to the growth of the largest particles, the
ones that contain the bulk of the mass, are important. The encounters of these particles with the small particles, due to the
difference in their regular velocities, does not increase the size
of the large particle significantly. On the other hand, encounters between two large particles, due to the difference in their
turbulent speeds, increase the size of the particle significantly.
Thus, our approximation should give a coagulation rate of the
right magnitude, which is the only accuracy we are seeking at
this stage.
Our assumption of the perfect sticking coefficient assures
the formation of planetesimals. In reality, sticking coefficient

 r −3/2
AU

g cm−2

(41)

This distribution extends from 2.7 AU (evaporation radius) to
36 AU. It is convenient to consider the mass of the disk interior
to a given radius
Z r
ss
2πxΣss
(42)
Md (r) =
d dx
rin

The dotted line on Fig. 6 shows Mdss (r). Our low-mass model
yields Σd and we can calculate Md (r), which is represented on
Fig. 6 by the solid line. Note that all models have similar total
mass with our models having a little higher mass than Hayashi’s
model. At first, it seems that our models cannot yield a solarsystem-like configuration. Indeed, mass distribution in models
characterized by α = 10−1 and α = 10−2 do not extend far
enough to account for the architecture of the solar system, and
the mass distribution in the model characterized by α = 10−4
does not have enough mass within the inner 30 AU. Only mass
distribution in the model characterized by α = 10−3 has the
mass and almost the extension to account for the solar system, but its mass distribution Md (r) is markedly different from
Mdss (r). However, it is important to remember that Mdss (r) is an
artificially constructed quantity, and as such is only one of many
mass distributions from which planetary masses and locations
can be produced. Assume that four giant planets in the solar system have cores of MJ = 20M⊕ , MS = 20M⊕ , MU = 10M⊕ ,
and MN = 10M⊕ respectively. From Fig. 6 we can find out that,
according to Mdss , the mass constituting the core of Jupiter comes
from the zone between 2.7AU and 8.3AU, the mass constituting the core of Saturn comes from the zone between 8.3AU and
16.8AU, the mass constituting the core of Uranus comes from
the zone between 16.8AU and 23AU, and the mass constituting the core of Neptune comes from the zone between 23AU
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and 30AU. The phenomenological model has been constructed
in such a fashion that the location of planets are obtained by
taking the geometric average of the outer and the inner limit of
the corresponding zone. This gives, rJ = 4.7AU, rS = 11.8AU,
rU = 19.6AU, and rN = 26AU. These location are not exactly where the planets actually are because Hayashi’s model
assumes different values for masses of the giant planets cores.
Applying the same procedure to our α = 10−3 model we obtain
“solar giant planets” at locations, rJ = 4.05AU, rS = 15AU,
rU = 21AU, and rN = 23.6AU, which in these qualitative terms
is not much different from the actual locations. The most important difference is the excess of mass near the outer limit of
the mass distribution. This causes “Neptune” to be too close to
“Uranus.” Keeping in mind that our model starts from arbitrary
initial conditions and is not expected to actually reproduce the
solar system, the excess of mass at 20–30 AU may nevertheless account for the mass lost from the plane of the ecliptic due
to gravitational scattering of unaccreted planetesimals by planets that have already attained their final masses (Duncan et al.
1987). Overall, our model seems to account quite well for the
large-scale character of our solar system while clearly indicating
that planetary systems of different layouts are possible.
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