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Abstract. Helioseismic inversion to determine solar structure is
based on the analysis of very substantial numbers of modes and
hence may involve considerable computational expense. This
is particularly true for inversions using methods of optimally
localised averages, which require inversion of matrices whose
order is the number of modes in the set; yet such methods are desirable to make the full use of the data. On the other hand, there
is considerable redundancy in the data, different modes carrying almost the same information about solar structure. Thus, in
the unavoidable presence of data errors, the number of independent pieces of information is generally much less than the
number of modes. This suggests that the modeset can be reduced
by forming suitable combinations of the data before the more
computationally intensive inversion is performed. We show that
such combinations may be based on singular value decomposition (SVD) of the problem, leading to a drastically reduced
inverse problem whose solution is essentially indistinguishable
from the solution of the original problem. In addition, the results
of the SVD provide insight into the information content of the
helioseismic data.
Key words: Sun: oscillations – Sun: interior – methods: data
analysis

1. Introduction
Global solar oscillation frequencies can be determined to very
high precision. Hence comparison of computed and observed
frequencies provides a stringent test of models of the solar interior. In fact, no physical model of the Sun reproduces the
observed frequency spectrum at the level of accuracy provided
by the observations. As a result, to infer the detailed structure
of the Sun the helioseismic data must be inverted.
Send offprint requests to: S. Basu

The observed global oscillations of the Sun are well described throughout most of the solar interior by the equations
describing linear adiabatic oscillations. (cf. Unno et al. 1989).
These equations, along with appropriate boundary conditions,
constitute a self-adjoint eigenvalue problem, which leads to a
variational principle connecting the eigenfrequency to the basic
equilibrium state. This has been extensively used as the basis for inversions to determine the structure of the Sun (e.g.
Gough & Kosovichev 1988, 1993; Dziembowski, Pamyatnykh
& Sienkiewicz 1990; Däppen et al. 1991; Antia & Basu 1994;
Dziembowski et al. 1994). Such inversions proceed by linearizing the equations of solar oscillations about a known reference
model of the Sun. Schematically, we can write our inverse problem as
Z
K i (r) · δX(r) dr + i ,
(1)
di =
where di is the ith datum, K i is a vector function, the kernel,
which is a known function of the reference model, δX is the unknown vector function for which we wish to invert, and i is the
error in the ith datum. In our case, di is the relative differences
between the observed frequency of the ith mode and the corresponding frequency of the reference model (more correctly, the
mean multiplet frequency for given radial order and degree, averaged over azimuthal order); δX(r) is a 2-vector describing the
relative structural differences between the Sun and the model
relevant for adiabatic oscillations of a spherically symmetric,
self-gravitating body in hydrostatic equilibrium; r is the radial
coordinate describing position inside the Sun; and the integral
runs from the centre of the Sun (r = 0) to the surface (taken to
be located at the chromospheric temperature minimum).
Various standard linear inversion techniques are available
for inverting a set of constraints such as Eq. (1) – see the above
references and Sect. 2 below. A characteristic feature of the inverse problem is the very large number of modes available for
inversion and the large degree of redundancy in the information
they contain (see Christensen-Dalsgaard, Hansen & Thompson
1993). This leads to an ill-posed problem, and unless precau-

S. Basu et al.: SVD preprocessing for solar structure inversion

tions are taken, errors in the data cause large errors in the solution (e.g. Craig & Brown 1986). To control the errors, trade-off
parameters have to be introduced in the inversion techniques,
and these must be determined as a part of the solution. This and
the large amount of data available in general makes inversion
computationally expensive.
It was shown by Christensen-Dalsgaard & Thompson
(1993) that in the case of inversion to determine solar rotation,
it is possible to exploit the redundancy of the data to reduce the
problem at hand. They demonstrated that, by using a singular
value decomposition, one can form a new, smaller set of data
that are linear combinations of the original data. This smaller
set contains all the useful information of the original dataset,
and because of its size can be inverted by some standard inversion techniques much more quickly than could the original set.
Our purpose in this paper is to demonstrate that similar preprocessing is effective also in the case of the inversion for solar
structure.
The essence of the preprocessing is therefore to find a smallish set of linear combinations of the data that contains essentially
the same information about the solar interior as the full dataset.
This will then be our new transformed dataset. The empirical
test to show that all useful information has been retained is that
the same inversion solutions and averaging kernels can be derived with the new dataset as with the original one. We can write
the new data as
X
Uji dj
(2)
dei ≡
j

for some coefficients Uji ; and since this is just a linear operation
it follows from Eq. (1) that
Z
e i · δX dr + e
K
i ,
(3)
dei =
i

e and e
where K
i are the corresponding combinations of the
kernels and the errors. The essential point is that the necessary
f of new data is smaller than the original number M
number M
of data, if the coefficients Uji are chosen judiciously.
How then are these coefficients Uji to be determined? The
strategy we adopt is to form a matrix, each row of which is
a discretized representation of the kernels K i , and to find the
singular value decomposition (SVD) of that matrix. We then
derive the required coefficients from the singular vectors corresponding to the largest, most significant, singular values of the
kernel matrix. This is analogous to the approach ChristensenDalsgaard & Thompson used for the rotation inversion, and is
closely related also to methods that have been adopted in other
areas of astrophysics for handling large datasets (e.g. Zaroubi
et al. 1995; Tegmark et al. 1997).
One difference between inversion for solar rotation and that
for solar structure is that in the case of rotation there is only
one unknown scalar function, namely the rotation rate, whereas
in structure inversion two unknown scalar functions determine
the frequency differences, i.e., the two components of vector
function δX(r). These two functions may be, for example, the

635

relative differences in the adiabatic sound speed squared (c2 )
and in density ρ; or if, in addition to the assumption of hydrostatic equilibrium the equation of state and heavy elementabundance are assumed known, then the two functions may be
e.g. the relative difference in density and the difference in helium
abundance Y .
There is a second difference between inversions for rotation
and structure. In the latter case, a significant contribution to the
frequency differences that constitute the data arises from nonadiabatic effects and other inadequacies of the forward model
in the near-surface layers. In the absence of any reliable formulation for these effects, they are taken into account in an ad
hoc manner by including on the right-hand side of Eq. (1) an
additive term:
Z
K i (r) · δX(r) dr + Fsurf /Ei + i .
(4)
di =
Fortunately, the surface term cannot be a completely general
function of mode parameters. Having factored out the inertia Ei
of the mode, the function Fsurf can be expanded as (cf., Brodsky
& Vorontsov 1993; Antia 1995; Gough & Vorontsov 1995)
F1 (ω) F2 (ω)
+
+ ···,
(5)
w2
w4
where ω is the angular frequency and w = ω/(l + 0.5). Provided the degree l of the mode is not too large, all terms except
the first can be ignored, i.e., the function Fsurf is a function of
the frequency ωi but is independent of l. Moreover, it is a relatively slowly varying function of frequency. As a consequence,
it is possible to perform a linear projection to remove the surface term and recast the inversion problem into the form (1).
Alternatively, it is perhaps simpler (and therefore more commonly done) to work with the full Eq. (4), parametrizing Fsurf
as a low-order polynomial with unknown coefficients which
are themselves to be determined or else eliminated as part of
the inversion procedure. We adopt the latter approach here, in
Sect. 4.
The plan of the rest of the paper is as follows. In Sect. 2
we discuss the setting up and singular value decomposition of
the matrix of discretized kernels. It should be borne in mind
that the only purpose of discretizing the kernels is to obtain
the coefficients for transforming problem (1) to problem (3):
this transformation is performed in Sect. 3, and the results of
inversions with transformed and full datasets are compared. For
clarity, we exclude the possibility of a near-surface term Fsurf in
Sects. 2 and 3. In Sect. 4 we indicate how things are modified in
the presence of Fsurf , and we consider the effect of more realistic
errors in the data in Sect. 5.
Fsurf = F0 (ω) +

2. Discretization and SVD of the matrix of kernels
In this section and the next, we neglect the surface term Fsurf ,
so that the full inverse problem is described by Eq. (1). Approximating each component of δX in terms of basis functions
φk (r),
X  bk 
(6)
φk (r) ,
δX(r) =
ck
k
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the integral term on the right of Eq. (1) can be replaced by a
matrix product Ax, where the elements of x are the bk and ck .
If there are M modes in the set (i.e., M data), and there are N
basis functions φk , then A is an M × P matrix where P = 2N .
The elements of matrix A are:
(R
R
K1i φj (r)dr ,
if j ≤ P/2 ,
(7)
Aij = R0R
i
K2 φj−P/2 (r)dr ,
if P/2 < j ≤ P ,
0
where K1i and K2i are the two components of the vector K i in
Eq. (1). The matrix A can be written in terms of its singular
value decomposition (SVD)
A = U ΣV T ,

(8)

where Σ is a diagonal matrix containing the singular values {σi }
of A (σ1 ≥ σ2 ≥ σ3 ≥ · · ·), U (of order M × P ) and V (of
order P × P ) are orthonormal matrices, with the property that
U T U and V T V = V V T are equal to an identity matrix.
We now show the results of applying the procedure above
to a test example. Following Antia & Basu (1994) we define a
set of points 0 ≡ r0 < r1 < r2 · · · < rN −1 ≡ R in the interval [0,R ], distributed equally in acoustic depth τ . Then our
basis functions φk (r) are defined to be the cubic B-spline basis
functions over r centred at the knots rk ; these are normalized
to a maximum value of unity so that, roughly, ck and dk are of
the magnitude of the corresponding component of δX(rk ).
We expect the results of the SVD to be similar for kernels
from any modern standard solar model. However, to be specific,
let us note that for the following numerical results we have used
model S of Christensen-Dalsgaard et al. (1996). The model was
constructed with OPAL opacities (Iglesias, Rogers & Wilson
1992), and with the OPAL equation of state (Rogers, Swenson & Iglesias 1996). It incorporates gravitational settling of
helium and other heavy elements, and has an age of 4.6 Gyr.
This model is also the reference model of the inversion in subsequent sections. The results will depend more on the modeset
used. We have used all modes from the first year of observations by the LOWL instrument (Tomczyk et al. 1995) except
for 24 modes with unusual characteristics, such as much lower
errors or linewidths than neighbouring modes. The set consists
of 1130 modes of degrees 0 to 99 in the frequency range 1–3.5
mHz (Schou, Tomczyk & Thompson 1996; Schou & Tomczyk
1997). In this section and the next two we assume uniform uncertainties on the data: we relax this assumption in Sect. 5.
First we consider the effect of the discretization on the
spectrum of singular values of matrix A. We choose δX ≡
(δ ln c2 , δ ln ρ) as our unknown variables. Fig. 1 shows the singular value spectrum for different numbers N of radial knots.
Except when very few knots are used, there is a plateau of about
one hundred singular values, beyond which the singular values
rapidly become much smaller. A similar behaviour was seen in
the case of rotation (Christensen-Dalsgaard et al. 1993), though
there the plateau of high singular values was rather flatter than
in the present case. The behaviour as the number of knots is
increased is qualitatively similar in the two cases. Provided a
sufficient number of knots is used, the large singular values are

Fig. 1. The singular value spectrum of the matrix A as defined in
Eq. (7), when the variable combination of (c2 , ρ) is used. The points are
joined together for the sake of clarity. Shown are the spectra for 41 knots
in r (continuous line), 51 knots (dotted line), 61 knots (short-dashed
line), 71 knots (long-dashed line), 81 knots ( dot-short dashed line),
91 knots (dot-long dashed line) and 101 knots (short dash-long dashed
line)

essentially independent of N . These SVD components represent
the significant information about solar structure contained in the
modeset. Indeed, the minimum-norm regularized least-squares
solution to the inverse problem can essentially be obtained from
the components corresponding to the largest singular values,
truncating the expansion at a level which depends on the errors in the data (e.g. Hanson 1971; Christensen-Dalsgaard et al.
1993). Potential information from components corresponding
to small singular values will in practice be inaccessible because
of data errors. The smallest singular values are probably dominated by round-off errors. With our discretization and modeset,
61 knots seem just about adequate to capture the behaviour of
the plateau of large singular values correctly. For 71 or more
knots the spectrum appears to reach the round-off error limit.
Thus we believe that a minimum of about 70 knots in radius are
required. For the rest of the paper, we use 81 knots in r.
To investigate further the correspondence between the structural SVD and that for the rotation kernels, we have computed
the singular value spectra using just one component of the kernels, i.e., corresponding to just one of the unknown variables.
Fig. 2 shows that the spectrum for sound-speed kernels alone
does have a flatter plateau, terminated by a well defined shoulder, which is very similar to the spectrum for rotation kernels.
The spectrum for density kernels alone is quite similar. Thus the
less well-defined plateaux in Fig. 1 are in some sense a consequence of having the two variables at once. However, we note
that at a given index i, σi for the combined case is similar to, but
slightly larger than, the value obtained for c2 alone. It is perhaps
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Fig. 2. The singular value spectrum of just the c2 kernels at constant ρ
(continuous line), the ρ kernels at constant c2 (dotted), the ρ kernels at
constant helium abundance Y (dashed), and the Y kernels at constant
ρ (dot-dashed). In all cases, 81 knots were used. For comparison, the
long-dashed line shows the corresponding singular values obtained
with the variable combination (c2 , ρ)

not surprising that inversion for two variables allows extraction
of a larger number of significant components of the solution,
and hence leads to a more extended spectrum of comparatively
large singular values, although at the expense of the less sharply
defined transition to small singular values. It is interesting also
that the largest few singular values in the combined case are
virtually identical to those for c2 ; the same is true of the corresponding components of the U and V matrices. This indicates
that the most well-determined components of the solution in
the combined case are associated with sound speed, as might
indeed have been anticipated.
Other pairs of variables can be used, and Fig. 2 shows also
the spectra for individual variables from another choice of variable pair: δX ≡ (δ ln ρ, δY ). Once again the spectra exhibit
well-defined plateaux, of similar length. However, we note that
the singular values for δY are much reduced relative to the others, except for the first few, reflecting the difficulty in obtaining
detailed information about the helium abundance except in the
dominant ionization zones of hydrogen and helium.
3. OLA inversion of the transformed problem
The ultimate purpose of performing the discretization and SVD
in Sect. 2 is to find out what suitable linear combinations of the
original data will provide a smaller set of transformed data and
yet retain the useful information in the original dataset. Guided
by rotation inversions (Christensen-Dalsgaard & Thompson
1993), we take the elements Uji from the matrix of left sin-
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Fig. 3. A sample of the transformed kernels, obtained using 81 knots
in r. The panel on the left are the transformed sound-speed kernels,
while those on the right are the transformed kernels for density

gular vectors as our coefficients Uji in the transformation of
Eq. (1) to Eq. (3). With the singular values ordered to be monotonic decreasing, we expect that we can just take the columns of
U (i.e., the index i) corresponding to the largest singular values.
Applying this transformation yields transformed kernels
ei =
K

M
X

Uji K j ,

f.
i = 1, · · · , M

(9)

j=1

Corresponding to the singular values in Fig. 1, we show in Fig. 3
a few of the transformed kernels for squared sound speed and
density. As in the case of rotation, the transformed kernels are
increasingly oscillatory as i increases. Also, it is only for moderately large i that the transformed kernels are sensitive to structure in the deep interior, reflecting the fact that this region is
relatively inaccessible to p modes. This is the reason why inversion at the core is often so difficult.
After deciding on the discretization used for the SVD, we
f of
still have considerable freedom in choosing the number M
transformed kernels to retain for the subsequent inversion. To
f has to be to capture essentially all of the useassess how large M
ful information in the full dataset, we compare inversions based
upon the full and transformed sets of kernels, retaining different
numbers of transformed kernels. We use a subtractive optimally
localized averages (SOLA) inversion in all cases, since this is
an example of an inversion method where it would be attractive
to reduce the computational burden by means of the proposed
transformation. As in the previous section, for now we do not
consider the effect of a surface term.
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Fig. 4. a The inversion results obtained from the equations transformed
with 81 knots in r compared with those obtained from the full set of
kernels; results for the latter case are shown with circles. The crosses
are for a transformation including 60 singular values, the asterisks for
are 80 singular values, the triangles are for 100 singular values and the
squares are for 120 singular values. b The difference in the inversion
results between the solution with the full modeset and those obtained
using 120 singular values

The application of the SOLA method to structural inversions
was described by Christensen-Dalsgaard & Thompson (1995).
In brief, the aim is to choose
coefficients ci (r0 ) such that (say)
P
the first component of ci (r0 )K(r) is localized about r = r0 :
then provided the other component is small, the corresponding
linear combination of the data is a localized estimate of the first
component of δX(r) around r = r0 . In SOLA, we choose the
coefficients to minimize
!2
!2
Z X
Z X
i
i
c i K1 − T
dr + β
ci K2 dr
i

+µ

X

i

ci cj Cij ,

(10)

i,j

where T is a chosen target function (here a Gaussian), β is a
parameter which controls the influence of the second function
on the solution obtained for the first function, µ is a trade-off
parameter which controls the error magnification, and Cij is
the error covariance matrix for the data. (Although we are here
assuming the errors to be uncorrelated and have uniform standard deviations, Cij will usually have a more general form.)
The minimization of Eq. (10) is constrained by the requirement
that the averaging kernel
X
ci (r0 )K1i (r)
(11)
K (r0 , r) ≡
be unimodular.

Fig. 5. a Averaging kernels produced by inversion of the full modeset.
b The difference, for a target radius of 0.5R , between the averaging
kernel shown in panel a and the corresponding kernel for the transe = 120
formed set with 81 knots and M

By way of illustration, we invert artificial data comprising
frequency differences between our reference model and a test
model. The physics of the test model is similar to that in the
reference model, but it is younger, with an age of 4.52 Gyr. Fig. 4
shows the inferred difference in squared sound speed obtained
with the original set of kernels (circles) and with various sets of
transformed kernels, using 81 knots for the discretization. For
f = 80
f = 60, the resulting δc2 /c2 is somewhat different; for M
M
there are still noticeable differences in the core. With further
f, the differences between the inversions
increase in values of M
f = 120, for
rapidly become imperceptible on this scale. For M
example, the differences in the inferred values of sound speed
are only a few parts in 108 .
As a further diagnostic test, we may consider the averaging
kernels. Panel (a) of Fig. 5 shows selected averaging kernels obtained in the complete inversion. If the corresponding averaging
kernels obtained by inverting the first 120 transformed kernels
were plotted on the same scale, the two sets of averaging kernels
would be indistinguishable. Thus, for example, panel (b) shows
the difference at a target radius of r0 = 0.5R between the averaging kernel obtained by inverting the first 120 transformed
kernels and the result of the complete inversion: the differences
are at the level of 10−5 . This provides further evidence that the
set of 120 transformed kernels contains essentially the same
information as the full set for this inversion.
4. The effect of the surface term
Thus far, we have neglected the surface term Fsurf which is
certainly present when comparing observed frequencies with
the frequencies of present-day solar models. As explained in
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Fig. 6. The singular value spectrum for matrix A as defined in Eq. (12)
(thick continuous line) when the variable combination (c2 , ρ) is used.
Also shown is the spectrum for the case δX = (δ ln ρ, δY ) (thick
dotted). For comparison we also show the spectra without the surface terms — thin continuous line for (c2 , ρ), and thin dotted line for
δX = (δ ln ρ, δY ) In all cases 81 radial knots are used. We have expanded the surface term in Legendre polynomials of degree between 0
and 10

Sect. 1, this term arises from near-surface errors in the model
and mode physics, and introduces an extra term in Eq. (4) compared with Eq. (1). To the level of approximation we consider
here, the function Fsurf depends on frequency only.
There are two differences in the way in which we transform
and invert data in the presence of the surface term. First, the
SVD is based on a discretization that includes the surface term
as well as the integral contribution from the kernels. We assume
that Fsurf (ω) can be expanded in terms of a set of basis functions
Φλ (ω) (λ = 1, · · · , Λ). Then the new matrix A is of order (M ×
P ), where P = 2N + Λ, and A has elements
R
R

 0 K1i φj (r)dr ,
RR
i
Aij =
 0 K2 φj−N (r)dr ,

Φj−2N (ωi )/Qi ,

if j ≤ N ,
if N < j ≤ 2N ,
if 2N < j ≤ P .

(12)

Here we have replaced the inertia Ei in Eq. (4) by the inertia
ratio Qi = Ei /Ē0 (ωi ), where Ē0 (ω) is the inertia of a radial
mode at frequency ω; thus Qi is of order unity, at least for
modes of low or moderate degree (e.g. Christensen-Dalsgaard
& Berthomieu 1991). We take the Φλ to be proportional to
Legendre polynomials, such that Φλ (ω) is between −1 and 1,
with suitably scaled argument (cf. Däppen et al. 1991). In Fig. 6,
the singular values of this matrix are compared with those of the
matrix given by Eq. (7), where the surface term was not taken
into account.
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Fig. 7. Some columns of the matrix U , obtained by the decomposition
of the matrix A defined in Eq. (12), plotted against cyclic frequency
ν = ω/2π

The change in the singular-value spectra due to the inclusion of the surface term is quite striking. The main difference
seems to be some comparatively large singular values in the case
with the surface term. These are undoubtedly due to the extra
basis functions of frequency in Eq. (12). One way to gauge the
nature of the extra singular values is to look at the corresponding columns of the matrix U . For the singular values that arise
due to the surface terms, Uji is expected to be a function of
the frequency of the jth mode. Singular vectors associated with
the interior of the model, on the other hand, are predominantly
functions of the turning point of the mode, which can be represented by w (see also Christensen-Dalsgaard et al. 1993). In the
present case we find that the first 11 columns of U are indeed
essentially functions of frequency and hence correspond to the
basis functions of frequency. The rest are largely functions of
w. A few such columns are shown in Fig. 7. Note the qualitatively different behaviour for i ≤ 11 and for i > 11. We remark
also that the addition of the singular values associated with the
surface term causes a shift in the remaining singular values, as
seen in Fig. 6.
The second difference in approach in the presence of a surface term is in the OLA inversion itself. Evidently, the linear
combination of data of the form (4) will produce an extra term
in Eq. (3), which becomes
Z
X
e i · δX dr +
K
Uji Fsurf (ωj )/Ej + e
i .
(13)
dei =
j

To find the coefficients ci for the inversion problem in Eq. (4),
we minimize Eq. (10) subject to the condition in Eq. (11), and
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Fig. 8. A comparison of the inversion results of the full modeset (circles)
and the transformed set with 81 knots and using 130 singular values
(asterisks). The top panel shows the inversion for squared sound-speed,
where the second variable is density. The lower panel shows the inversion for density (the second variable being helium abundance). Note
that the results for full and transformed sets are virtually indistinguishable

apply the additional constraints
X
ci (r0 )Q−1
λ = 0, . . . , Λ .
i Φλ (ωi ) = 0 ,

(14)

i

In the transformed case we do something completely analogous,
imposing the constraints


X
X
 = 0 , λ = 0, . . . , Λ . (15)
ci (r0 ) 
Uji Q−1
j Φλ (ωj )
i

j

The inversion results are shown in Fig. 8, where we again
compare the results obtained by inverting the full modeset and
those found by inverting the preprocessed modeset. Whereas
without a surface term transformation with 120 singular values
was sufficient to reproduce the original solution (cf. Fig. 4), we
find that 130 singular values are required once the surface term
is included. This increase evidently corresponds approximately
to the number of singular values associated with the surface
term.
5. The effect of realistic errors
Having investigated the uniform-error case, we turn our attention to a more realistic case in which the errors are still assumed
to be independent and Gaussian-distributed, but with individual
standard deviations si as estimated for LOWL observational 1year data (Schou et al. 1996; Schou & Tomczyk 1997). As in
Sect. 4 we include the effects of a surface term. As a first step,

Fig. 9. Singular value spectra for realistic uncertainties in the data. The
thick continuous line shows the spectrum when the variable combination (c2 , ρ) is used, while the spectrum for the case δX = (δ ln ρ, δY ) is
shown as a thick dotted line. For comparison we also show the spectra
with uniform errors — thin continuous line for (c2 , ρ), and thin dotted
line for δX = (δ ln ρ, δY ). In all cases 81 radial knots and 11 surface
terms have been used

for each datum di we renormalize by dividing through Eq. (1)
by si /s̄, where s̄ is some typical magnitude for the errors. This
renormalizes the data and the kernels in such a way as to give
once again a problem in which the errors have identical standard
deviations. The factor s̄ is included simply to avoid rescaling
the kernels by a large factor. After renormalization, the problem
looks formally identical to the one we have already considered.
We proceed in exactly the same way with the SVD, constructing the transformed kernels and data and performing the SOLA
inversion.
The singular value spectrum for the case with realistic errors
is shown in Fig. 9. For comparison, we also show the spectrum
for the uniform-error case. The factor s̄ was chosen so as to make
the value of the largest singular value the same in the case of
non-uniform errors as in the uniform-error case. In this example,
the spectra of singular values in the case of realistic errors are
very similar to those for uniform errors. The reason for this is
that for this modeset, which only extends up to 3.5mHz, there is
not a great range in the quoted uncertainties on the frequencies.
There would probably be more substantial differences if higherfrequency data, which are generally less certain, were included.
There are differences between the two spectra for intermediate
i, with the uniform-error singular values being higher than those
for the non-uniform case. This probably reflects the fact that the
most deeply penetrating (i.e., low-degree) modes have higher
than average uncertainties, so that it is more difficult to invert
for the deep interior, relative to the outer envelope, if the data
have realistic errors.
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Fig. 10. Comparison of inversion results for the full modeset (circles)
and the transformed set using 130 singular values (asterisks). The continuous lines are the exact model differences. The upper panel shows
the inversion for squared sound speed, where the second variable is
density. The lower panel shows the inversion for density (the second
variable being helium abundance). Note that the results for full and
transformed sets are virtually indistinguishable. The error bars show
propagated errors for the full set; the errors for the transformed set are
virtually the same

The inversion results are shown in Fig. 10, where we again
compare the results obtained by inverting the full modeset, and
those by inverting the preprocessed modeset. As we can see
f = 130 and a discretization with 81 knots gives very
again, M
good results. The propagated errors in the two inversions are
essentially identical at each point. Moreover, as we have seen
earlier (cf. Fig. 5), the averaging kernels (and hence the resolution) are the same in both inversions. Fig. 10 also shows the
exact differences between the test and reference models, thus
demonstrating that the inversions do indeed do a good job of
estimating the true differences.
6. Conclusions
We have investigated the feasibility of preprocessing a set of
solar mean multiplet frequencies before performing inversions
for solar structure. This is achieved through forming a linear
combination of the original data, with weights obtained from
a singular value decomposition of a discretized form of the inverse problem. The inversion is then carried out on only those
combinations of modes which correspond to the largest singular values. This enables a reduction of the computational time
required for the inversion by a substantial factor — for inversion with optimally localized averages the reduction factor is of
f)3 , where M is the original number of modes
the order (M/M
f
and M the number of combinations included. We have shown
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that the inversion results, including averaging kernels and propagated errors, obtained with and without the transformations are
indeed virtually indistinguishable, provided a sufficient number
of combinations are included. In the case considered here the ref is approximately an order of magnitude smaller than
quired M
M ; thus the saving in computing time is very considerable. The
computational effort in setting up the singular value decomposition is modest. Thus for all but the smallest modesets, it is
more efficient to preprocess the problem prior to inversion.
The properties of the singular values and associated singular
vectors are related to the information content and other aspects
of the inverse problem under consideration. For the simple case
of rotational inversion in one dimension this was explored in
detail by Christensen-Dalsgaard et al. (1993). We have considered a few features of the considerably richer problem of structure inversion, but more detailed investigations of this nature
are evidently required. Such investigations would contribute to
improving further the efficiency of the inversion procedures, and
might provide a deeper insight into the information contents of
inversions using different combinations of variables. However,
the present investigation has already demonstrated the considerable gain in computational efficiency that can be achieved with
SVD preprocessing.
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