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Abstract. The assumption of plane-parallel geometry is tested
for the case of NLTE model atmospheres of central stars of
planetary nebulae. As a test example, two hot hydrogen deficient central stars, namely LoTr4 and K1-27 were used. It was
found that for atmospheric parameters of the star K1-27, namely
Teff = 100000K, gravity log g = 6.5, stellar mass 0.52M , and
abundance of hydrogen nH /nHe = 0.2, the sphericity effects
are very small. On the other hand, atmospheric parameters of
LoTr4, namely Teff = 120000K, gravity log g = 5.5, stellar mass
0.65M , and abundance of hydrogen nH /nHe = 0.5, yield much
greater extension and remarkable sphericity effects.
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1. Introduction
The central stars of planetary nebulae have been studied by
means of NLTE model atmospheres by several groups of scientists. Static plane-parallel NLTE model atmospheres have been
used for the analysis for some central stars by Rauch et al.
(1994, 1996), and Saurer et al. (1996). On the other hand, several
other groups applied NLTE expanding model atmospheres for
analysis of central stars of planetary nebulae with winds (Kudritzki 1996), like e.g. Wolf-Rayet central stars (for a review
see Hamann 1996).
In this paper we would like to show that the applicability of
plane-parallel static model atmospheres is limited not only to
atmospheres without any macroscopic motion, but also to really
very thin atmospheres where the thickness of the atmosphere is
lower than 10−3 of a stellar radius. As a source of suitable stellar
parameters for our study we used results of static plane-parallel
modelling of two helium rich central stars of planetary nebulae,
namely LoTr4 and K1-27.

The hydrogen deficient central stars of planetary nebulae
K1-27 and LoTr4 were studied in great detail by Rauch et al.
(1994, 1996), respectively. The authors used for their analysis
detailed static plane-parallel NLTE model atmospheres calculated with a help of the ALI method. Rauch et al. (1994) analyzed the central star of K1-27. They found that this star has
the effective temperature Teff = 100000 ± 15000K and gravity log g = 6.5 ± 0.5. They also determined the upper limit of
hydrogen abundance to be nH /nHe < 0.2. The central star of
LoTr4 was analyzed in great detail by Rauch et al. (1996) and
the authors determined its effective temperature and gravity to
(120000 ± 15000)K and 5.5 ± 0.3, respectively. The abundance
ratio of hydrogen to helium was found to be about nH /nHe = 0.5.
The sphericity effects, i.e. the effects arising from the difference between plane-parallel and spherically symmetric atmospheres, have been studied for the cool stars assuming LTE by
a number of authors (e.g. Watanabe & Kodaira 1978, SchmidBurgk et al. 1981, Scholz & Tsuji 1984, Jørgensen et al. 1992).
Castor (1974) studied the sphericity effects for Of and WolfRayet stars also in LTE. First studies of the sphericity effects
for the NLTE case were done by Mihalas & Hummer (1974)
and Kunasz et al. (1975) for a sample of static extended model
atmospheres of hydrogen rich O stars and central stars of planetary nebulae. A few years later, Gruschinske & Kudritzki (1979)
studied the sphericity effects for an sdO star with Teff = 45000K
and log g = 4.0. However, they used instead of the plane-parallel
model a spherically symmetric one with large mass of 50M . It
was shown by Kubát (1996a) that such large-mass spherically
symmetric model still has slightly different properties from the
plane parallel one.
Recently, Kubát (1995a,b, 1996a,b,c) showed that the
sphericity effects can be important not only to extended atmospheres of O stars, but also to relatively thin atmospheres of
white dwarfs. It is therefore natural to expect that the sphericity
effects might be important also to hot central stars of planetary
nebulae. The purpose of this study is to test the assumption of
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Table 1. Basic stellar parameters for central stars of K1-27 and LoTr4.
K1-27
LoTr4

Fig. 1. The NLTE model atmospheres for the parameters listed in Table 1. Full lines are spherically symmetric models, dashed lines denote
the plane-parallel models. T stands for temperature, and m for the column mass depth. Arrows indicate the depth of formation of selected
He ii lines.

a plane-parallel atmosphere for these stars and to estimate the
effects made by neglecting the curvature of the atmosphere.
There is no doubt that spherically symmetric model atmospheres are superior to the plane parallel ones. However, during
the very first analysis of every star we compare the observed
spectrum with a large number of model atmospheres with various parameters to find a best fit. Since the plane-parallel models
can be calculated more quickly than the spherical ones, their
usage is very advantageous. Therefore it is worthwhile to know
something about the error that we introduce when we apply
plane parallel models to the analysis of stellar atmospheres.
2. Model atmospheres
Model atmospheres were calculated with a help of our code
based on an ALI method. The code enables calculation of both
spherically symmetric and plane-parallel NLTE model atmospheres and has been described in Kubát (1994, 1996a).
Basic parameters of the stars K1-27 and LoTr4 are summarized in Köppen et al. (1996). For clarity, we list our adopted
parameters in Table 1. For both stars we calculated model atmospheres consisting of hydrogen (10 levels H i + H ii) and
helium (15 levels He ii + He iii) only. Due to the high temperatures, He i was not taken into account since it has no effect
on atmospheric structure. Oscillator strengths were taken from
Wiese et al. (1966), lines were assumed to have a Doppler pro-

Teff (K)
100000K
120000K

log g(gcm−2 )
6.5
5.5

M (M )
0.52
0.65

nH /nHe
0.2
0.5

file during model calculation. Photoionization cross sections are
hydrogenic using a standard formula (see e.g. Mihalas 1978).
However, the effect of level dissolution of the uppermost levels on the photoionization cross section was taken into account
after Hubeny et al. (1994). The collisional ionization rates for
both H i and He ii were evaluated using the polynomial fit of
Napiwotzki (1993). The collisional excitation rates for He ii
were calculated after Mihalas & Stone (1968). For the collisional excitation of H i the expressions given in Mihalas (1967)
were used. The higher, non-explicit levels were assumed to be
in LTE with respect to the next higher ion. The ionization from
these levels is taken into account by means of so-called modified
free-free cross-section (Auer & Mihalas 1969). The collisional
transitions between explicit and non-explicit levels are taken
into account by means of a modified collisional ionization rate
(see Hubeny 1988). In addition, the population numbers of both
explicit and non-explicit levels were calculated using the occupation probability formalism of Hummer & Mihalas (1988) in
its NLTE form (Hubeny et al. 1994).
For both combinations of basic parameters we calculated
spherically symmetric and plane-parallel model atmospheres.
The stellar mass was used for the calculation of the stellar radius in spherical models. We stopped our calculations when
the relative error of iterations was lower than 10−3 . This was
sufficient, since it yielded the conservation of total flux with a
accuracy better than 0.5%.
The results of our calculations are plotted in Fig. 1. In order
to obtain better insight into the process of the line formation in
our atmospheres we have indicated depths of formation of He ii
Lyman continuum, Lα , Pα , and Piα lines with the help of arrows.
Notice a remarkable difference in the temperature structure not
only in the outer layers for the model of LoTr4, but also in the
region of formation of Pα and Piα lines. On the other hand, a
significant difference in the model for K1-27 is present only in
the outermost layers that are optically thin. The difference in the
line forming region is small. This result is consistent with the
extension of atmospheres under consideration. The extension
was calculated as a ratio of radius at τR = 10−5 to the radius
at τR = 2/3. This number is 1.028 for LoTr4, and 1.0035 for
K1-27.
3. Continuum flux
The continuum flux for both sets of models is plotted in Fig.
2. The reference radius where the frequency integrated flux
4
for the spherically symmetric models equals σTeff
/(4π) is
R = r(τR = 2/3). In order to eliminate the difference caused by
the r−2 dependence of the emergent flux in spherical geometry,
we divided the plane-parallel emergent flux by a factor r12 /R2 ,
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line. The difference in the core of He ii 4686 Å line is below
1%, however.
This indicates the limit of using visual He ii lines for determination of stellar parameters with the help of plane-parallel
model atmospheres. One can safely use the higher series members, whereas using lower series members such as the He ii
4686 Å line may cause inaccuracies rising with the extension
of the atmosphere.
5. Conclusions
In this paper we pointed our attention to the effects caused by
the replacement of the assumption of static plane-parallel atmosphere by the assumption of static spherically symmetric atmosphere. We did not study the effects caused by atmospheric
motions. Our conclusions can be summarized as follows.

Fig. 2. The emergent continuum flux at the top of the atmosphere for
NLTE hydrogen-helium model atmospheres for the parameters listed in
Table 1. Full lines are calculations for spherically symmetric models,
dashed lines denote the plane-parallel models.

where r1 is the radius of the uppermost depth point of our spherical model. The emergent flux is lower for all spherical models
due to the extension of the atmosphere. However, for the models
of K1-27 the differences are negligible. On the other hand, the
differences for the model of LoTr4 are quite large. For the latter model the assumption of plane-parallel geometry becomes
questionable.

4. Line profiles
For each model atmosphere we have plotted emergent line profiles for the He ii Paschen and Pickering lines (see Figs.3 and 4).
The emergent flux was calculated using an approximate formula
for Stark broadening after Hubeny et al. (1994).
All lines are deeper for spherical geometry. Differences between line profiles are present especially for lower series members and affect the line core, whereas the wings are affected only
marginally. For higher series members the differences tend to
disappear. They are the largest for the Piα line (7% of the continuum flux in the line core) in the more extended model (LoTr4).
Differences of this size are easily detectable by contemporary
observational techniques. However, for the Pα line (4686 Å)
we find a difference of 3% in the line core. High signal-to-noise
observations also allow the detection of such relatively small
effects. On the other hand, the differences for the more compact
atmosphere (K1-27) are very small with the exception of Piα

1. Differences in temperature structure between our static
plane-parallel and spherically symmetric model atmospheres are present. They are more pronounced for a star
with lower gravity, and, consequently, larger extension. The
temperature is lower for spherically symmetric model atmospheres.
2. Continuum flux is lower for spherical atmospheres. The difference is larger for LoTr4, i.e. a star with more extended
atmosphere, and almost insignificant for K1-27.
3. Paschen and Pickering He ii lines are deeper for spherically
symmetric model atmospheres. These differences are quite
large (several per cent) for α lines, and they decrease towards higher series members. One should avoid using lower
series members (e.g. He ii 4686 Å) for determination of atmospheric parameters from plane-parallel atmospheres.
4. Using plane-parallel model atmospheres instead of spherically symmetric ones introduces a systematic error into results. This error is present also in highly sophisticated NLTE
line blanketed models.
These conclusions underline the need to test every plane-parallel
modelling by a comparison with spherically symmetric models.
If we find that the difference is almost negligible (like for K1-27
in this paper), we can trust the plane-parallel analysis. On the
other hand, larger difference should challenge us to reconsider
the analysis if we did not use “safe” lines (i.e. lines not affected
by the sphericity effects).
However, it is necessary to emphasize that our models assume static atmospheres. The effect of velocity fields on line
profiles for stars close to the Eddington limit may be very important and probably larger than the sphericity effects described
in this paper. The self-consistent study of the effects caused by
atmospheric motions remains a task for future.
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Fig. 3. The line profiles of the He ii Paschen (left) and Pickering (right) series for NLTE model atmospheres with Teff = 120000K, log g = 5.5,
M = 0.65M , and nH /nHe = 0.5 (LoTr4). Full lines are calculations for spherically symmetric models, dashed lines denote the plane-parallel
models. Notice that even lines of the Pickering series are contaminated by hydrogen Balmer lines.

Fig. 4. The same as Fig. 3 for NLTE model atmospheres with Teff = 100000K, log g = 6.5, M = 0.52M , and nH /nHe = 0.2 (K1-27).
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