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Abstract. In a previous paper (Henri & Petrucci in press, here-
after Paper I), we have derived a new model in order to explain
the UV and X-ray emission of radio quiet AGNs. This model
assumes that a point source of relativistic leptons (e*,e™) il-
luminates the accretion disk of the AGN by Inverse Compton
process. This disk is supposed to be simply represented by a fi-
nite slab which radiates only the energy reprocessed from the hot
source. The radiation field within the hot source region is there-
fore highly anisotropic, which strongly influences the Inverse
Compton process. The different Eddington parameters charac-
terizing the radiative balance of this system have been calculated
self-consistently in the Newtonian case (Paper I) giving a uni-
versal spectrum for a given inclination angle. In this paper, we
take into account relativistic effects by including the gravita-
tional redshift, the Doppler boosting and the gravitational fo-
cusing due to the central supermassive black hole. This has the
effect of modifying the radial temperature profile in the inner-
most region of the disk (at some gravitational radii). However,
the spectrum is hardly different from that obtained in the New-
tonian case, unless the hot source is very close to the black hole.
These results are clearly different from standard accretion disk
models where the gravitational energy is mainly released in the
vicinity of the black hole.
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1. Introduction

It is now generally agreed that the engine of high power emis-
sion in AGNs is a supermassive black hole of 10° — 107 M,
accreting matter from a surrounding accretion disk (Shakura &
Sunyaev 1973; Rees 1984). Besides, several satellites observa-
tions of radio quiet Seyfert galaxies have allowed to obtain an
average high energy (X-ray/-ray) spectrum, better reproduced
by a complex superposition of a primary power law, a reflected

component from a cold thick gas, a fluorescent iron K line and
an absorption by a hot medium (Pounds et al. 1990). On the
other hand, Clavel et al. (1992) have shown a close simultaneity
between UV and optical variations of some Seyfert galaxies,
which cannot be reproduced by standard accretion disk mod-
els. Rather, these results are better explained if the UV-optical
emission comes from the reprocessing of hard radiation emitted
by a hot source above the disk. In Paper I, we have proposed a
new model involving a point source of relativistic leptons (the
hot source) emitting hard radiation by Inverse Compton (IC)
process on soft photons produced by the accretion disk. The
disk itself radiates only through the reprocessing of the hard ra-
diation impinging on it. Such a geometry is highly anisotropic,
which takes a real importance in the computation of IC process
(Ghisellini et al. 1991; Paper I). Paper I dealt only with the New-
tonian case and did not include the relativistic effects: these are
first, the Doppler shift due to the rotation of the disk; second the
gravitational shift, undergone by photons which follow a null
geodesic, either from the disk to the hot source and inversely, or
from the AGN to the observer at infinity; and third, the gravita-
tional focusing, most important for rays of light skimming the
black hole. Thus, the subject of this paper (Paper II) is to extend
this simple model to the general relativistic formulation appro-
priate to a Kerr black hole. The organization is as follows. We
will establish, in Sect. 2, the general equations which govern the
radiative balance between the hot source and the accretion disk
in an axisymmetric gravitational field. We will study the case of
arotating black hole in the Kerr metrics in Sect. 3. In Sect. 4, we
will finally obtain the power spectra emitted by this model for
different values of the inclination angles and the height of the
hot source, and conclude on the importance of the gravitational
effects on the overall spectrum.

2. Relativistic energy balance equations

The geometry of the system, formed by the hot source and the
accretion disk, is sketched in Fig. 1. The energy balance can be
solved self-consistently, for a given disk emissivity law. Actu-
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Fig. 1. The general picture of the model. We have also drawn the trajectory of a beam of photons emitted by the hot source in a solid angle d{2 4
and absorbed by a surface ring dSp on the disk. The letters A and B refer to the indices define in part (2.1).

ally, the emission of the disk is entirely controlled by the hard
radiation angular distribution, which is at turn determined by
the disk emissivity through the anisotropic IC process. In Pa-
per I, we solved the Newtonian case of this radiative balance
by solving a system of 3 equations between the 3 Eddington
parameters characterizing the photon field. When relativistic
effects are taken into account, the same principle can be used,
but with some modifications. First, the photons do not follow
any more straight trajectories, but geodesics whose equations
must be deduced from the metrics. Second, one must take care
of gravitational and Doppler shifts between the hot source, the
rotating accretion disk and the observer at infinity.

2.1. The different frames

The Kerr metrics describes the exterior metrics of an stationary
axisymmetric gravitational field around a rotating body. It is
completely specified by its total mass M and angular momen-
tum per unit mass a. The line element can be written in Boyer-
Lindquist coordinates as follows (we use convenient units such
that ¢ = G = 1; then the unit length is GM/c* = Ry/2 = M,
R, being the Schwarzschild radius):

ds* = —e*dt* + ¥ (dp — wdt)® + A7 Sdr? + Xd? (D)

where
A= (?+d>)? —a*Asin’0 2)
A = r*+a* —2Mr 3)
Y = r2+a’cos’ b @)
e = ATTAY 3)
e = AY " 'sin?0 (6)
w = 2aMrA~". @)

Yet, as shown by Bardeen et al. (1972), physics is not simple
in the Boyer-Lindquist coordinate frame. First, the dragging of
inertial frame becomes so severe as we approach the Kerr black
hole, that the line element ds? goes time-like. Second, the met-
rics is non-diagonal which introduces algebraic complexities.
For those reasons, Bardeen introduced the locally non-rotating
frames (LNRF, Bardeen et al. 1972) to cancel out, as much as

possible, the “frame dragging” effects of the hole rotation. They
are linked to observers whose world lines are » = constant,
0 = constant and ¢ = wt + constant. We will used the same
method here. We defined the set of frames R as these LNRF.
For a Schwarzschild black hole, they correspond simply to the
curvature coordinates frame (r, 6, ¢). We also define the set of
frames * which locally rotate with the disk. All terms com-
puted in these frames are labeled with a star.

The quantities expressed at the hot source location (0 =
0, r = Zp) are indexed with an A. They are indexed with a B
when they are computed on the surface of the disk (¢ = 7). For
example, a differential elementary surface of the disk, expressed
in the rotating frame $*, will be noted dS% (cf. Fig. 1). The
gravitational shift between any point P and Q is noted (1 +
(1+2pso)F@ ith (1 + yPQ = o
(1+2g2)P@ el T = e
emitted wavelength of a photon and )\, the observed wavelength
at infinity along the geodesic connecting P and Q).

2)pQ = Ae being the

2.2. Computation of the specific intensity

The radiative balance between the energy radiated by the disk
and that radiated by the hot source of relativistic leptons gives
the relation:

dP5,
F*rg) = .7
sy
dP, 1
_ 2 A

Here, F'*(rp) is the flux emitted in the frame rotating with the
disk, by the surface ring which radius is in the range [rp,rp +
dPg
(1 + ZQoo)
dPFq is the radiative power, measured in (), released by the hot
source) is a relativistic invariant. Using, now, the covariance of
the space-time quadrivolume between the 2 inertial frames R

and *, we obtain:

drg], and we use the fact that the ratio ) (where

dS5dtsdh’ = dSpdtpdhsy 9)
in R

in R*
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where dh; and dh g are the elementary space intervals in the Z
direction. Since there is no motion along this direction, dh}; =
dhp and thus , combining Egs. (8) and (9), one gets:

dP
Q
(dQAd A)
dP dQ

= 1 (14 2% 4.
a0 dSB( +2)BB-(1+ 2)p- 4

1 dt;

F*
() dSp dig

(10)

We suppose the disk to radiate isotropically like a blackbody at
the temperature 7. So, one gets also:

F(rp) (1)

(12)

mlg(rp)

T (rp).

dP
The ratio 40 of the power emitted by the hot source by solid
A
angle unit, is derived in Eq. (48) of Paper I . One gets (with
A = cosby, cf. Fig. 1):

AP 3L,

= —Ka)—4H KA — 2101
10y = 3omg [BJa = Ka) = 4Hapa+GKa = Jil(3)

where J4, H4 and K4 are the three Eddington parameters
defined by:

1 1
Ja = 2/ I(a)dpa
.
1 1
Hy = 2/ I(na)padpa (14
-1
1! )
Ky = 5 I(na)padpa.
.

The gravitational shifts (1 + z)p+ 4 and (1 + 2)pp~ and the Ja-

Q
cobian SA of Eq. (10) will be developed in the next section.

B
We deduce from Eqs. (10), (11) and (13) the general expression
of the specific intensity of the radiation emitted by the disk, in
the rotating frame R*:

dQa 3L y
dSp 32m2Jy,
[3Ja — Ka —4Hapa+(BKa — Ja)pil.

I5(re) = (1+2)5. 4(1 + 2)Bps

(15)

2.3. Computation of Eddington parameters

Now, we can find a system of 3 equations between the 3 Edding-
ton parameters J 4, H 4 and K 4 characterizing the radiation field
near the hot source. Using Egs. (14) and (15), and the fact that

4 is a relativistic invariant (Liouville’s theorem), one obtains:
v

1 /! R
Ja 2/ (1+z)BiAIBduA
—1

dQ2a

1! _
2/ (1+z)BzA(l+z)BB* X
-1

S (16)

3L

3J4 — K4 —4H 3K 4 — J)ui)dpa.
327T2JA[ A—Ka Apa+QGKy — Japaldpa
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If we define, now, the following parameters:

3L,

- 17

¢ 322 72J 4 {17
1! _ o

G, = / (1+2)57 4(1 +2)BBs A Z3utdpa, (18)
2/, dSp

we can rewrite the expression of Jy4, and those of the second
and third Eddington moment H 4 and K 4 in the same way, in
order to obtain the following linear system:

Ja = €alJaBGy — Gr) —4H oG + KA(BG, — Gy)]
Hy = €alJa(BG1 — G3) —4H 4Gy + KA(BG3 — G1)]
Kyg = alJa(BGr — Gy) —4H 4G5+ KA(BGy — Go)].

19

H K
We will find the values of n4 = JA and x4 = JA by making

the determinant of this system vanéh, that is by S(ﬁving a cubic
equation in £4. The only physical constraints on the choice of
& 4 that we have torespectare 74 < 1and x4 < 1. Note that the
Newtonian case of an infinite disk of Paper I can be recovered by

setting G, = . In the general case, we need to compute

1
2(n+4)
the values of the variables G, , that is, to express the gravitational

dQ
shifts (1+2) g+ 4 and (1+2) g g«, and the ratio SA . This will be

B
the subject of Sect. 3 where we use the Kerr metrics to calculate
explicitly these coefficients.

3. Computation in the Kerr geometry

The photons follow null geodesics either between the disk and
the hot source, or between the disk/hot source and the observer
at infinity. We recall the general expressions of the momentum
along a null geodesic (Carter 1968, Cunningham 1975):

py = —F (20)
ps = EX 1)
pr = £EV!/2AT! (22)
po = £EV,*5! (23)
with
/\2
Vo= ¢ —( , —a’)cos’f (24)
sin
V, = (rF+a* —a))? —
(r? +a® =2\ — a)* + ). (25)

E, g, X\ are constants of motion: E is the energy-at-infinity
and A and q are closely related to the angular momentum. For
geodesics intersecting the Z axis, one has A = 0, which is the
case for every photon coming from or reaching the hot source.
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3.1. The gravitational shifts

First, we need the expressions of the gravitational shifts of Eq.
(18). Since the hot source A is at rest, one gets:
. 2MZy \ '
B*A _ va _ 0
(1+ Za00) —eA—(l—ngz) . (26)
The shift (1 + zp-00)? “ between a point B* rotating with the
disk and the infinity, is given by Cunningham (1975) (with A = 0
since the geodesic crosses the hot source):
(I +2p)” A =21 = V) 27
where V/ is the velocity of the disk in the locally non-rotating
frame R, which can be express as a function of the coordinate
angular velocity of the disk €2, (Cunningham & Bardeen 1973):

Qe —w)e?¥™"
Ml/z(r3/2+a)_l.

Ve
Qe

(28)
(29)

We thus obtain the following expression for the gravitational
shift between A and B*:

era

eVB(l _ V€2)1/2 : (30)

(1+2)p=a=

The shift between B and B* is deduced from Lorentz transfor-
mation between the 2 inertial frames ¥ and R*, that is:

(1+2)pg- =(1— VA2, (31)

ds2
3.2. Computation of dSA
B

The disk surface element d.Sp contained between rg and rg +
drp is calculated in Appendix A:

dSp =21 AYV2PA 2y, (32)
Thus, we obtain:
Ara _ gz p12a. (33)

dSB drB

The derivative s computed numerically by integrating the

r
equation of Inotiojrgl between the hot source and the disk, for a
grid of initial values of 4. The equation of motion has been
obtained by Carter (1968) taking full advantage of the separation
of variables:

w/2 B
ag dr (34)

o Vo Jz VV

The signs of Vrl/ *and Vel/ * are always the same as the signs of
dr and df, respectively. In this case, df is always positive (we do
not take into account geodesics spinning round the black hole).
Only dr can change its sign at a turning point in r. The constant
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of motion A and ¢ must be taken such that, at the starting point
A, one has:

ps =0 (35)
prp’ = papep’. (36)
This gives:

A=0 (37)
g = [(1— 222+ a®)(Z2 +a® — 2M Zy) "' — a?]'*. (38)

Equation (34) is then solved with respect to r g, for a given 4.
Once all the coefficients G,, are computed, the linear system
(2.3) can be solved, by making its determinant vanish. One can
extract the values of 74 and x 4 and compute the radial effective
temperature distribution T¢(rp) by means of Egs. (11), (12)
and (15).

3.3. Disk emission spectrum

The power carried to the observer by the photons emitted by a
surface element of the disk, will be the product of its observed
solid angle and specific intensity. Using again the Liouville’s
theorem to relate the observed power to the emitted specific
intensity Ip~, measured in the rest frame of the emitter, we
obtain:

APYF = (1 4 2peoo) 1, . d2 (39)
where (1 + z2p+ ) is the redshift between the disk and the ob-
server at infinity. Here again, we are only interested in the “di-
rect” geodesics and do not compute photon trajectories crossing
several times the equatorial plane between the black hole and
the observer. If we suppose that the disk radiates like a black-
body, the specific intensity I, }; is simply the Planck function
B, (T (rp)). We spot the apparent position of a point P of the
disk by its coordinates (v, 3) in the plane of the sky. A cou-
ple («, B) represents the coordinates of the impact parameter
of the null geodesic between the disk and the observer. They
are measured relative to the direction of the center of the black
hole, in the sense of the angular momentum (see Fig. 2). Once
again, we use the Carter’s formalism to compute the geodesic
between the disk and the observer. We can simply expressed A
and ¢ as a function of the impact parameters «, 3 (Cunningham
& Bardeen 1973):

A

—asin 6

(8% = a? cos? By + a? cos? o).

(40)
(41)

Here, 6, is the inclination angle of the accretion disk. The radius
rp of the emitting point of the accretion disk is then calculated
by solving the new equation of motion:

% 4o < dr

w/2 \/‘/0 B B \/Vr @)
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Fig. 2. The impact parameters «, 3 in the plane of the sky deduced
from the polar coordinates (p, ¢). If 6 is the inclination angle of the
disk, one have the relation tan g = cos  tan .

Finally, we can expressed the gravitational redshift between a
point of the accretion disk and an observer at infinity, needed in
Eq. (39), as follows (Cunningham & Bardeen 1973):

(14 2) g0 =€ “(1 = VA 721 — Q.. (43)

The total spectrum is computed by integrating Eq. (39) over the
disk surface. The grid in («, 3) is obtained from a elliptic polar
coordinates sampling (Fig. 2). The polar angles ¢ are regularly
spaced whereas we use a logarithmic sampling of polar radius
p. The Cartesian coordinates («, 3) are then deduced by the
following formulae:

«

B

pCosS
p sin ¢ cos 6.

(44)

4. Results and discussion
4.1. The set of parameters

The method described above have been used to obtain spectra
emitted by the accretion disk and the hot source. In the Newto-
nian case, as shown in Paper I, the disk emission depends only
on the total luminosity L; and the height Z; of the hot source
above the disk. Furthermore, one finds a universal spectrum as
a function of a reduced frequency v/v, and reduced luminosity
vF, /L where

ke (3L \'*

c = 5 45
g h < 32nZio ) “43)
corresponding to the characteristic temperature

h
T, = .- 46
= ks (46)

In the relativistic calculations, one must also specify the mass
M and the angular momentum by unit mass a of the black hole.
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Fig. 3. Parameters n4 and x4 versus Zy/M. The Newtonian values
without central hole are plotted in solid line and Newtonian values with
central hole of radius 1.23 M (the marginal stability radius correspond-
ing to @ = 0.998) in dashed line. The Kerr values with a = 0.998 are
plotted in dash-dotted line.

Actually, the disk emission in reduced units depends only on
a and Zy/M. However, one needs a value of v, comparable
to the observations, i.e. about 10eV. As an example, for L; =

45 -1 6 M\
10 erg.s™ and M = 510°M(,, one gets v, = 85 eV

Zy
that is Zy/M about 70.

The high energy spectrum depends also on the relativistic
particle distribution, which was taken as a exponentially cut-off
power law (cf. Paper I):

—s v
) ocy P exp(— ). (47)
Yo
Thus, one needs also to specify the spectral index s, and the

cut-off Lorentz factor - or equivalently the high energy cut-off
frequency 1. Again, the total spectrum is universal for a given

value of a, Zy/M, v and s. The OSSE/SIGMA observations
v,

favor the values hiy ~ 100 keV and s ~ 3. We have kept these
values for all simulations.

4.2. Angular distribution of radiation

As already mentioned, the angular distribution of high energy
radiation is entirely determined by the two parameters 774 and
X 4, solutions of the linear system (2.3). Thus, it depends only
on the G,,’s values, which depend at turn on geometrical factors.
Hence, the only relevant parameter is the ratio Z, /M. We plot
in Fig. 3 the curves 4 and x4 as a function of Z,/M for
a = 0.998. The differences with the Newtonian case become
important for Zy/M < 50, reaching about 30% at Z,/M = 10.
The closer the source to the black hole is, the smaller n4 and
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/ hot source
location

Toward the disk

dP
Fig. 4. Polar plots of
ig olarplots of

for Zy/M = 100 (solid line) and Zy/M = 10
(dashed line). The photon field at the hot source location is less

anisotropic as the hot source is closer to the black hole. The bold line
corresponds to the Newtonian case.

x 4 are. This corresponds to less anisotropic photon field. This
is due to two effects: first the presence of a hole in the accretion
disk inside the marginal stability radius; second the curvature
of geodesics making the photons emitted near the black hole
arrive at larger angle than in the Newtonian case. As shown in
Fig. 3, the first effect has a weaker influence than the second

dP
one. The polar plot of 40 is sketched in Fig. 4 for Zy = 100M

and Z, = 10M.

4.3. The radial temperature distribution

We have plotted in Fig. 5 the radial temperature distribution
of three models: the Newtonian model of Paper I, the present
relativistic model with a = 0.998 and Z, /M = 70, and the stan-
dard accretion disk model including relativistic effects (Novikov
& Thorne 1973) for the same total luminosity in each cases.
The temperature profile is markedly different between the two
illumination models and the standard accretion disk one. At
large distances, all models give the same asymptotic behavior
T o R~3/* (cf. Paper I). In the inner part of the disk (R < Zj),
in the illumination models, the temperature saturates around
the characteristic temperature 7. On the other hand, it keeps
increasing in the accretion model, where the bulk of the grav-
itational energy is released at small radii. Thus, for rapidly ro-
tating black hole, the main difference comes from the smaller
marginal stability radius (R,,s = 1.23 M fora = 0.998, whereas
R,,s = 6 M for a = 0). This increases a lot the accretion effi-
ciency that goes from ~ 5.7% for a Schwarzschild black hole
(a = 0), to ~ 42% for a maximally rotating Kerr black hole.
In the same time the central temperature reaches much higher
values. As seen in Fig. 5, these effects have much less influence
in the illumination model. Indeed, the power radiated by the
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Fig. 5. Effective temperature profile of the disk versus r in 3 cases:
a) Our model in Newtonian metrics

b) Our model in Kerr metrics

¢) Standard accretion disk

‘We suppose the same total luminosity in each model.

Reduced frequency v/v,

Fig. 6. Differential power spectrum for different values of Zy for the
Kerr maximal case. We use reduced coordinates and logarithmic scales.

dP
disk surface is essentially controlled by s which is approxi-

mately constant for R < Z; (i.e. 04 > 7/4) as shown in Fig. 4.
So, the differences with the Newtonian model comes only from
gravitational and Doppler shifts which are only appreciable for
small radii (R < 5M). Thus, they concern only a small fraction
of the emitting area at 7" = T, unless Zj is itself small enough.

4.4. Overall spectrum
4.4.1. Influence of the hot source’s height

Fig. 6 shows the overall spectrum, in reduced units, predicted by
the model for different values of Zy/M, for Ly = 10% erg.s™!,
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Fig. 7. UV/X ratio versus Zy/M for different values of the inclination
angle, in the Kerr maximal case.

M =510° Mg and 6y = 0°. The frequency shift at both ends
of the spectrum is due to the variations of the characteristic fre-
quency v, with Zj (cf. Eq. (45)). The relativistic effects them-
selves become important for values of Z, /M smaller than about
50. They produce a variation of intensity lowering the blue-
bump and increasing the hard X-ray emission. The change in
the UV range is due to the transverse Doppler effect between
the rotating disk and the observer, producing a net redshift, the
influence of this redshift being more important for small Z, /M
as already explained in the last paragraph. In the X-ray range,
the variation is due to the change of the parameters 14 and x 4
when Zy/M decreases (cf. Fig. 3). The observed UV/X ratio
can then be strongly altered by these effects. Quantitatively, the
ratio between the maximum of the “blue-bump” and the X-ray
plateau of our spectra, goes from ~ 300 in the Newtonian case
(or, equivalently, for high values of Zy/M in the Kerr metrics),
to ~ 10 for Zy/M = 3 and 6y = 0° in the Kerr maximal case, as
shown in Fig. 7. This ratio is highly dependent on the inclina-
tion angle 6. By taking the maximum of the““blue-bump” ,which
may be not observed, we evidently overestimate the UV/X ratio
compared to the observations. It appears also that a small value
of Zy/M could explain the comparable UV and X-ray fluxes
observed in few Seyfert galaxies (Perola et al. 1986, Clavel et al.
1992). This behavior is clearly the opposite of what we would
expect for a hot source whose emission is independent of the
disk emission, and thus does not depend on Z,/M. In such a
case, the smaller the height of the hot source is, the larger the
bending effects on the ray of light emitted by the hot source
are, increasing the illumination of the disk and thus increasing
the UV/X ratio (Martocchia & Matt 1996). It does not take into
account the changes in the hot source emission due to the same
bending effects and our model shows that, in this case, the global
result is an increase of the X-ray flux toward the observer.

105

4.4.2. Influence of the inclination angle

One can see on Fig. 8 Newtonian and Kerr maximal spectra
for different inclination angles for Zy/M = 10. For small in-
clination angles, the Kerr spectra are always weaker in UV and
brighter in X-ray than the Newtonian ones. However, the differ-
ence tends to be less visible for the highest inclination angles.
These results can be easily explained: in the X-ray range, as
shown in Fig. 4, it is due to the decreasing of the relative differ-
ence of the angular distribution between Newtonian and Kerr
metrics, as the inclination angle increases. But, for very small
values of Z,/M, the gravitationnal shift can be so high that the
Kerr X-ray spectra appears weaker than the Newtonian one. In
the UV band, the relativistic effects (the gravitational shift and
the Doppler transverse effect) produce a net redshift in the face-
on case (0p = 0°) compared to the Newtonian case. For higher
inclination angle, the redshifted radiation is compensated by the
blueshifted one, coming from the part of the disk moving toward
the observer.

These effects are much less pronounced for high Zy /M val-
ues because the emission area is much larger, and thus is less
affected by relativistic corrections.

5. Conclusion

We have studied the effects of general relativity on the spectrum
emitted by our model of re-illumination of the accretion disk of
Seyfert I galaxies by a relativistic plasma of leptons. This hot
source could be the result of a strong shock between an abortive
jet coming from the disk and the interstellar medium. It appears
that, by opposition with the standard model of accretion disk
including relativistic effects (Sun & Malkan 1989; Novikov &
Thorne 1973), there are few differences between the Newtonian
and relativistic case, unless the height of the hot source is small
enough, i.e. Zp < 50M. Indeed a region of the disk, of length
scale of the order of the height Zj of the hot source above the
disk (and thus no disturb by the presence of the black-hole for
large Zj), is equally illuminated and thus predominates in the
spectrum.

In a future work, we will study the detailed structure of the
hot source, taking into account the microphysical processes like
pair production and particle acceleration. As mentioned in Pa-
per I, these processes could determine the unknown parameters
(upper energy cut-off, spectral index, disk temperature) that are
still free in the present theory.

Appendix A: expression of dS

The elemental area dS of a parallelogram defined by 2 vec-
tors dly, dl, can be expressed, in curvilinear coordinates, in a
general form given by differential geometry. Locally, we can
suppose the space to be flat and characterized by 3 vectors
ey, ez, e3. The projections of dS on each plan (e, eg) are
given by the antisymetrical tensor d.S®?:

dSeP = digdlf — dif dig (Al)
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inclination angle of 0°
O: T T T

reduced frequency v/v.

inclination angle of 40°

vF, /L

reduced frequency v/v.
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inclination angle of 20°

reduced frequency v/v.

inclination angle of 60°

reduced frequency v/v.

Fig. 8. Differential power spectrum for different inclination angle, in the Newtonian (solid lines) and the Kerr maximal (dashed lines) cases for

Zy/M = 10. We use reduced coordinates.

In a 3 space, we rather use the vector dS,,, dual of dS,, 3, defined
by:

1
dSs = 2\/fyeomdsﬁW (A2)

<y is the determinant of the space metrics and e, g. is the Levi-
Civita tensor. We can now obtain the expression of the surface
dS modulus of dS,:

dS = /dS.dSe (A3)
- \/wﬂdsadsg (A4)

1 1 14,7
- \/77aﬁzeauudsuyQeﬁu"/’dsu v (AS)

By setting the 4-tensor G which coefficients are defined by:

Guyu'y’ = 77aﬂeauueﬂu’u’ (A6)

we can re-write the expression of the elementary surface dS
(sum on repeated indices):

ds = \/ Gy 1t dly dI™ dly’ (A7)

Appendix B: Kerr metric case. Expression of d.S in the plan
6=0

In Kerr metrics, the space metric tensor is diagonal

Yag = Gag = P20 (B1)
9oo
= 0ifa# g (B2)

To obtain the expression of the elementary surface dS in the
plan 6 = 0 of the disk at radial coordinate r, we have to take
a = (=0 in Eq. (A6). One gets then:

dS = \/VrrVppdrdep

As a matter of interest, the metrics coefficients g, we use here,
are calculated in the corresponding locally non-rotating frame
R. In the plane 6 = 0 of the accretion disk, only the g,,,, metrics
coefficient differs from the one of Boyer-Lindquist coordinate
frame (Eq. (1)). Thus, in frame R, ~,, and ~,,, are equal to:

(B3)

Yrr = SAT!
(B4)
Yoo = €Y

A ring surface is obtain after integration of Eq. (B3) with respect
to ¢, that is:

dS =27 AYVEAT 2 gy (B5)
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