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Jiřı́ Kubát
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Abstract. The occupation probability formalism is imple-
mented into the equations of statistical equilibrium. The equa-
tions and corresponding expressions for rates are presented in
detail. The improved equations are used for the calculation of
sample spherically symmetric NLTE model atmospheres. The
difference between this formalism and standard cutoff formula
is studied for pure hydrogen atmospheres. It is small for main-
sequence and sdO stars. However, a larger difference is found
for white dwarfs.
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1. Introduction

In our previous papers (Kubát 1994 – hereinafter Paper I, Kubát
1996 – hereinafter Paper II) we have presented a description of
a method for the calculation of static spherically symmetric
NLTE model atmospheres in radiative and hydrostatic equilib-
rium. The equations of hydrostatic equilibrium, radiative equi-
librium, and radiative transfer were described in detail in Papers
I and II. Here we shall discuss only the equations of statistical
equilibrium and underlying expressions for opacities and emis-
sivities using the occupation probability formalism of Hummer
& Mihalas (1988).

Calculations of model stellar atmospheres using classical
expressions for opacities (see Mihalas 1978, Eq.7.1) and stan-
dard cutoff formula for partition functions (see Traving et al.
1966) yield reliable model atmospheres that give satisfactory
agreement with observations (for a review see Kudritzki &
Hummer 1990). The standard cutoff formula for calculation of
a partition function implicitly assumes that for given temper-
ature and density all the atoms in a particular ionization stage
have exactly the same number of non-dissolved atomic levels.
Nevertheless, this procedure for calculation of a partition func-
tion introduces systematic errors into ionization balance, and

consequently the electron density. Therefore it is natural to try
to replace the above mentioned standard cutoff procedure by
a more accurate one. An extended discussion of various cut-
off methods was published by Däppen et al. (1987). Hummer
& Mihalas (1988) proposed to replace the assumption of the
same number of non-dissolved levels for all atoms in a par-
ticular ionization stage by a smooth distribution of a number
of non-dissolved levels. They used this occupation probability
formalism as a cutoff procedure in the partition function calcu-
lations. Using this formalism, Mihalas et al. (1988, 1990) and
Däppen et al. (1988) calculated illustrative examples of ioniza-
tion fractions as well as thermodynamic quantities for several
values of temperature and density, and different chemical com-
position. Hubeny et al. (1994 – hereinafter HHL) applied this
approach to stellar opacities near series limit and demonstrated
the usefulness of the occupation probabilities for calculations.
Recently, the implementation of this formalism into the NLTE
plane-parallel code was briefly described by Werner (1996). In
this paper we use the method of HHL for calculations of static
spherically symmetric model atmospheres.

2. The equations of statistical equilibrium

2.1. LTE ionization and excitation equilibrium

As in HHL we use the partition function in the form

Z =
∞∑
i=1

wigie
−Ei/kT ,

where Ei is the excitation energy of level i, gi is the statistical
weight, wi is the occupation probability, and T is the tempera-
ture. The LTE population number n∗i is then

n∗i =
N∗

Z
wigie

−Ei/kT . (1)
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Here N∗ is the total LTE number density of the corresponding
ion that can be calculated from the Saha equation

N∗
j

N∗
j+1

= ne
Zj
Zj+1

CST
−3/2e−Ej/kT , (2)

where ne is the electron density,Ej is the ionization energy, and
CS = 0.5(h2/(2πmek))3/2. Eq.(2) underlines the necessity of a
proper treatment of a partition function, since it directly affects
the ionization equilibrium, and consequently level population
numbers. Commonly used polynomial fits to the partition func-
tion of Traving et al. (1966) introduce systematic errors (de-
pending on the values of temperature and electron density) into
calculations, which may be several orders of magnitude (in the
worst cases). Luckily, their effect on the resulting model need
not be so drastic, since the changes in the dominant element
(hydrogen) in the standard atmosphere affect only H i, while
prevailing ionization stage is H ii. Therefore, the total amount
of free electrons practically does not change. In any case, using
of the occupation probabilities is superior to the standard cut-
off procedure, especially in such situations when two ionization
stages of the same element compete.

2.2. NLTE ionization and excitation equilibrium (statistical
equilibrium)

We express the NLTE population numbers with the help of de-
parture coefficients (b-factors), defined as bi = ni/n

∗
i by Menzel

(1937). The NLTE ionization and excitation equilibrium is de-
scribed by a set of equations of statistical equilibrium (see, e.g.
Mihalas 1978)

Ail · bl = Bi. (3)

In the following subsections we will describe this set of equa-
tions in detail.

2.2.1. Rate equations

The rate equations for the static case using occupation proba-
bilities wi can be written as (see HHL)

bin
∗
i

∑
l

wl(Ril + Cil)− wi

∑
l

bln
∗
l (Rli + Cli) = 0. (4)

We rewrite the Eq.(4) in the form

bi
∑
l

(R̃il + C̃il)−
∑
l

bl(R̃li + C̃li) = 0, (5)

where we have introduced the quantities R̃il = n∗iwlRil and
C̃il = n∗iwlCil. We will refer to these quantities as to the
weighted rates. Particular expressions for these rates are

R̃il = n∗iwl
4π
hνil

∫ ∞

0
σil(ν)Jνdν (6)

for upward bound-bound radiative rates,

R̃li = n∗lwi
gi
gl

4π
hνil

∫ ∞

0
σil(ν)

(
2hν3

c2
+ Jν

)
dν (7)

for downward bound-bound radiative rates

R̃ik = 4πn∗iwk

∫ ∞

0

σik(ν)
hν

Jνdν (8)

for upward bound-free radiative rates, and

R̃ki = 4πn∗iwi

∫ ∞

0

σik(ν)
hν

(
2hν3

c2
+ Jν

)
e−hν/kT dν (9)

for free-bound radiative rates. Here σil stands for the general
cross-section (both bound-free and free-free) for transitions be-
tween levels i and l.

The upward and downward weighted collisional rates (both
excitation and ionization) are written as (see Mihalas 1978)

C̃il = C̃li = nen
∗
iwlqil(T ). (10)

Here qil(T ) is the collision excitation rate coefficient (Gallagher
& Pradhan 1985). Let us finally express the particular coeffi-
cients of the rate matrix A explicitly. The off-diagonal elements
of the rate matrix read

Ail(i/=l) = −(R̃li + C̃li) (11)

and the diagonal elements are

Aii =
NL∑
l=1

(R̃il + C̃il), (12)

where the quantities R̃ and C̃ are introduced in the Eq.(5). The
right hand side of the rate equations B is zero.

2.2.2. Closing equations

Since the system of rate equations is linearly dependent (see e.g.
Mihalas 1978), we close it with the help of either the particle
conservation equation∑
k

Nk = N − ne (13)

or the charge conservation equation∑
k

∑
j

qjNjk = ne. (14)

Here Nk is the number density of an atom k, Njk is the number
density of an ion j (of an atom k), qj is the ionization degree
of an ion j, and N is the total number density. If we consider
more than one element (usually hydrogen), we have to close the
equations of statistical equilibrium for each element. We use the
abundance equation

Nk = YkNr, (15)

where Nr is the number density of a reference element (usually
hydrogen), and Yk is the abundance relative to this element.
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For each element we must replace one of the rate equations
with one of Eqs.(13), (14), or (15). The common choice (also
adopted by us) is to replace the last equation for the reference
element (e.g. hydrogen, but use of other elements is also pos-
sible) optionally either with Eq.(13) or with Eq.(14) and for all
other elements except the reference one with Eq.(15).

The densities and population numbers vary by several orders
of magnitude throughout the atmosphere, and consequently the
right hand side of the equations (13) – (15) varies in the same
way. Since we solve the equations for the b-factors and not for
the population numbers, it is numerically convenient to divide
these equations by the massive particle density

nm =

∑
k YkmkNk∑
k Ykmk

,

where summation goes over all elements included and mk is
the mass of a particular element. Then the right hand side is
of the order of 1 in the whole atmosphere. Let us list matrix
coefficients for these equations. For Eq.(13) we have (asterisks
mean LTE populations)

Arl =
n∗l
nm

(16)

with the right hand side

Br = 1. (17)

Similarly, Eq.(14) yields

Arl = ql
n∗l
nm

(18)

with the right hand side

Br =
ne
nm

. (19)

Finally, for the abundance equation (15) we have

Arl =
n∗l
nm

for the element being closed

= − n∗l
nm

for the reference element (20)

= 0 for the rest

with the right hand side

Br = 0. (21)

2.3. Opacities with occupation probabilities

We include the occupation probability formalism in the expres-
sions for opacities basically after HHL. The bound-bound opac-
ity with occupation probabilities for a transition from level i to
level j is

χil(ν) =
(
n∗i biwl − n∗l blwi

)
σil(ν). (22)

The bound-bound cross-section σil(ν) is

σil(ν) =
πe2

mec
filφil(ν), (23)

where fil is the oscillator strength, and φil(ν) is a line profile.
The opacity for photoionization (bound-free) transitions is then

χik(ν) = n∗i
(
biwk − bkwie

−hν/kT
)
σ̃ik(ν) (24)

where the extrapolated cross-section (for a discussion of this
see Däppen et al. 1987 and HHL)

σ̃ik(ν) = σik(ν) for ν ≥ νik

=

(
1− wn∗

wi

)
σik(ν) for ν < νik. (25)

The effective quantum number n∗ is generally a non-integer
quantum number of the fictitious highest state that can be
reached from the state i by the absorption of a photon of a
energy of hν (Däppen et al 1987)

n∗ =

(
1
n2
i

− hν

χION

)
.

where ni is the quantum number of the level i and χION in the
ionization energy. The occupation probabilitywn∗ is calculated
similarly as the occupation probabilities wi using the formulae
in the Appendix of HHL. For a calculation of the photoionization
cross-section σik(ν) for frequencies below the ionization edge
we may simply use the standard formula in Mihalas (1978).

The expression for free-free transitions

χkk(ν) = nebkn
∗
kσkk(ν, T )

(
1− e−hν/kT

)
(26)

is not directly affected by the presence of the occupation proba-
bilities in our method. The effect of the occupation probabilities
is, however, indirect, since changes in photoionization cross-
section (and consequently in bound-free rates) cause changes
in the number of free electrons and population numbers.

3. Computational details

The method of solution has been described in detail in Papers I
and II. Here we discuss only some particular details, which we
regard to be important.

3.1. Radiative transfer

The radiative transfer equation in the linearization step is treated
with the help of approximate lambda operators, i.e. the mean
intensity of radiation is expressed as

Jν = Λ∗νSν +
(
Λν − Λ∗ν

)
Sν = Λ∗νSν + ∆Jν . (27)

The approximate diagonal or tridiagonal lambda operator Λ∗

is calculated for both geometries using the short characteristics
method of Olson & Kunasz (1987). We also implemented a
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possibility to calculate a Λ∗ operator after the formal solution of
the transfer equation following the idea of Rybicki & Hummer
(1991) and Puls (1991).

The formal solution of the transfer equation is calculated
using either 2nd order differences (Mihalas 1985), splines, or
Hermite solution (Auer 1976) using Feautrier (1964) variables.
More details about the radiative transfer in our code can be found
in Papers I and II.

3.2. Linearization of the equations of statistical equilibrium

The equations of statistical equilibrium closed with the particle
(or charge) conservation equation and the abundance equations
(if more elements than hydrogen enter the calculation) can be
formally expressed as

A · b = B . (28)

3.2.1. Explicit linearization of the b-factors

Since these equations are non-linear, they are to be linearized
together with the equations of hydrostatic and radiative equilib-
rium, and with an equation for the radius. The linearized Eq.(28)
is

δA · b + A · δb− δB = B −A · b. (29)

The detailed form of this equation is given in the Appendix. The
quantities we want to determine in the linearization step are ne,
T , r (for spherical atmospheres only), and bi. The standard way
is to linearize the equations of radiative, hydrostatic, and statis-
tical equilibrium and to solve the resulting linearized equations
for corrections δne, δT , and δbi. In total we must construct and
solveNL+2 linearized equations. Then, in order to stabilize the
solution, it is recommended (Auer & Mihalas 1969b, Mihalas
& Auer 1970 – and we do the same) not to use the new values
bnew
i = bold

i + δbi, but to calculate them using the equations of
statistical equilibrium with the new values ofne and T . We shall
call this method the explicit linearization of the b-factors.

3.2.2. Implicit linearization of the b-factors

As an alternative it is possible to express

δbi =
∂bi
∂ne

δne +
∂bi
∂T

δT +
∂bi
∂r

δr (30)

and use this expression in linearized equations of hydrostatic and
radiative equilibrium in order to eliminate δbi. The derivatives
of the b-factors vs. electron density, temperature, and radius are
expressed from the equations of statistical equilibrium using the
equation (ψ stands for r, ne, and T )

∂b

∂ψ
=

−
(

A +
∂A
∂b

· b− ∂B
∂b

)−1

·
(
∂A
∂ψ

· b− ∂B
∂ψ

)
.(31)

(see Eq.30 in Paper I). Then the linearized b-factors are elimi-
nated using the relation (30). Then, as in the explicit lineariza-
tion, the new b-factors are calculated using the equations of
statistical equilibrium. This method will be called here the im-
plicit linearization of b-factors. In practice, it is sufficient (and
sometimes more stable) to neglect the dependence of A and
B on b-factors and to use the simpler relation

∂b

∂ψ
= −

(
∂A
∂ψ

· b− ∂B
∂ψ

)
. (32)

The resulting system of linearized equations is very small,
since the changes of the b-factors are not calculated explicitly
and we can arrive at a very attractive number of only three vari-
ables (ne, T , r). However, it is clear that this method of the
linearization of the b-factors can not serve as a tool for the solu-
tion of a so-called restricted NLTE problem, i.e the solution of
the coupled statistical equilibrium and radiation transfer equa-
tions when the atmospheric structure (T , ne, r, . . . ) is given.
On the other hand, the explicit linearization does not suffer from
the latter drawback, but we have to linearize (and solve) more
equations.

3.2.3. Comparison of both methods

At first sight one would expect the following conclusion (sim-
ilar to that of Paper I): The implicit linearization is faster in
CPU than the explicit one since we solve substantially smaller
set of equations. On the other hand, the explicit linearization is
faster numerically, since it takes the coupling between radiation
field and atomic level populations directly into account. Nev-
ertheless, a period of testing of both methods did not confirm
preceding conclusions completely.

For calculations of model atmospheres of hot white dwarfs
(Kubát 1995, 1997) we successfully used the explicit lineariza-
tion. The implicit linearization served sometimes as an acceler-
ation tool since it produced larger corrections when they were
necessary and the explicit linearization was used for fine tuning
of models. On the other hand, for some other stellar parame-
ters the implicit linearization failed to converge. This is not too
surprising since larger corrections may get out of hand. More
interesting is the fact that sometimes we observed just opposite
behaviour, i.e. explicit linearization failed while the implicit one
successfully converged. This happened for some models of main
sequence A stars.

The reason for such a strange behaviour is not too clear. Here
we can conclude only with a need to test these two alternatives
more systematically in future.

4. Results and discussion

In order to test the effect of a better treatment of the level dis-
solution by means of the occupation probability formalism we
calculated a small set of representative models. For the sake
of testing we included only hydrogen in our calculations. All
models have 16 NLTE levels of H i and 1 level of H ii. The line
oscillator strengths were taken from Wiese et al. (1966), the lines
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Fig. 1. Outer regions of spherically symmetric NLTE model atmospheres of a main-sequence B star (Teff = 30000K, log g = 4.0, M = 15M�),
and of a main-sequence O star (Teff = 40000K, log g = 4.0,M = 30M�). Full line is a model calculated with the help of occupation probabilities,
dashed lines denote a model calculated using the standard cutoff procedure. T stands for temperature, and m for the column mass depth.

were assumed to have depth independent Doppler profiles dur-
ing calculation. Photoionization cross sections are calculated
using the occupation probabilities according to the Sect. 2.3.
The collisional ionization rates were evaluated using the poly-
nomial fit of Napiwotzki (1993). For the collisional excitation
of H i the expressions given in Mihalas (1967) were used. The
higher, non-explicit levels were assumed to be in LTE with re-
spect to the next higher ion. The ionization from these levels is
taken into account by means of the so-called modified free-free
cross-section (Auer & Mihalas 1969a). The collisional tran-
sitions between explicit and non-explicit levels are taken into
account by means of a modified collisional ionization rate (see
Hubeny 1988). The LTE population numbers of both explicit
and non-explicit levels were calculated using the occupation
probability formalism, as described in the Sect. 2.1.

4.1. Hot main sequence stars

For a sample calculation of model atmospheres of main se-
quence stars we have chosen Teff = 40000K, log g = 4.0,
M = 30M� as an typical O star andTeff = 30000K, log g = 4.0,
M = 15M� as a hot B star. The cooler B star of Teff = 20000K,
log g = 4.0 was analysed by HHL. Temperature structures of
our resulting spherically symmetric model atmospheres are plot-
ted in Fig. 1 both for the case of occupation probabilities and
standard cutoff procedure. For the case of a hotter O star we
found the difference only about 0.2%, while for a hot B star the
difference is about 0.8% in the outer layers. The hot B star has
differing temperatures also at depth aboutm ∼ 10−2. Neverthe-
less, the changes in temperature structure do not affect emergent

radiation in lines very much, the differences are hardly visible
on a plot. Therefore we do not show them here.

4.2. O subdwarfs

The parameters for a testing of a typical sdO star were taken from
Lanz et al. (1997). Teff = 55000K, log g = 5.5, M = 0.5M�
correspond to a star BD +75◦ 325. However, contrary to the real
situation, helium was neglected in out test calculations. Simi-
larly to the case of hot main sequence stars, the differences in
temperature (see Fig. 2) are present only in the outer layers.
However they are slightly higher than in the case of hot main
sequence stars, namely about 0.7%. We plotted the Balmer line
profiles for both cases in Fig. 3. The differences are hardly vis-
ible on a plot.

4.3. White dwarfs

For testing the effect of the occupation probabilities for the
case of hot white dwarfs we used following stellar parameters:
Teff = 100000K, log g = 7.5, M = 0.6M�. Temperature struc-
tures of the resulting spherically symmetric model atmospheres
are plotted in Fig. 2. The difference caused by improved treat-
ment of the level dissolution is almost negligible, only in the
outermost layers we see a difference about 0.3%.

The case of a cooler white dwarf was tested for Teff =
40000K, log g = 8.0, M = 0.6M�. We found larger differ-
ences in the temperature structure (see Fig. 2) than in the very
hot case of Teff = 100000K. These difference in T are about
1.2% in the outer layers.
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Fig. 2. The same as Fig. 1 for an O subdwarf and for three white dwarfs. The stellar parameters are displayed in the figure.

We also tested the effect of occupation probabilities on the
model atmosphere of a cool white dwarf with Teff = 20000K,
log g = 7.5,M = 0.6M�. We found quite interesting behaviour
of temperature structures. Both models practically coincide up
to the depth where the Lyman continuum is formed (m ∼ 10−5).
There the difference between the occupation probability for-
malism and the standard cutoff procedure comes into effect.
Slightly different absorption cross section in the region of max-
imum continuum flux causes the quite significant differences

displayed in the Fig. 2. The difference of outer temperatures for
this particular model is about 1.3%. However, deeper in the at-
mosphere atm ∼ 10−5, where the Lyman continuum is formed,
the difference has similar value, i.e. it is quite large.

All of these results could be expected. For very hot atmo-
spheres, only a very little amount of hydrogen is not ionized.
Consequently, the change in the number of free electrons caused
by the occupation probability formalism is very small. This
number is larger for a cooler atmosphere of Teff = 40000K,
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Fig. 3. Balmer line profiles for the O subdwarf model atmospheres
with Teff = 55000K, log g = 5.5, and M = 0.5M�. Full lines denote
the spectrum emerging from models calculated using the occupation
probabilities, dashed lines denote models calculated using the standard
cutoff procedure.

where the amount of neutral hydrogen is larger. Even more
neutral hydrogen is present for the coolest model atmosphere
we have calculated (Teff = 20000K). The effect of occupation
probabilities is quite pronounced for this particular model. One
would expect an even larger effect on still cooler atmospheres,
but for such atmospheres the effect of convection comes into
play and our results would have only academic value.

Since the differences for the white dwarfs are not negligi-
ble, we plotted the Balmer line profiles for Hα, Hβ , Hγ , and Hδ

lines for all of our white dwarf models in Figs.4 – 6. All profiles
were normalized to unity continuum flux in the center of a line.
The differences for the hottest models (Teff = 100000K) are
about 1% in the region about line center. Inclusion of the occu-
pation probability formalism causes the profiles to be shallower.
Although this small effect is not drastic, it is much more pro-
nounced than for the case of main-sequence stars. Even more
interesting is the behaviour of the line profiles for the model
with Teff = 40000K. The region where the profiles differ is
broader than for the hottest white dwarf under consideration.
Very interesting is the difference in the blue wing of Hδ line.
For this particular line (see Fig. 5) another effect of level dis-
solution comes into a play. The transitions to dissolved levels
are photoionizing transitions, and according to the Eqs.(24) and
(25) the photoionization cross-section under the ionization edge
is larger. Due to the larger continuum opacity the emergent flux
is consequently lower. On the other hand, the line profiles of
the cool white dwarf of Teff = 20000K (Fig. 6) do not display

Fig. 4. Balmer line profiles for the white dwarf model atmospheres with
Teff = 100000K, log g = 7.5, and M = 0.6M�. Full lines denote the
spectrum emerging from models calculated with the help of occupation
probabilities, dashed lines denote models calculated using the standard
cutoff procedure.

remarkable differences except the difference in the blue wing
of Hδ .

These relatively important differences between occupation
probability formalism and standard cutoff procedure have one
reason. Relatively large density and pressure in white dwarfs
causes the standard cutoff procedure to be less realistic than for
main-sequence stars. Hence using the better occupation proba-
bility formalism has a pronounced effect for white dwarfs.

In order to see the direct effect of the difference between the
occupation probability formalism and cutoff procedure on the
ionization and electron density, we plotted the depth dependence
of the electron density for both cases in the upper panel of Fig. 7.
No difference can be seen on the logarithmic scale. Therefore
we plotted the relative differences in the lower panel of Fig. 7.
The differences are of the order of percent reaching a maximum
of about 3% form ∼ 10−1, i.e. at the continuum forming region.

5. Conclusions

In this paper we have described the implementation of the NLTE
occupation probability formalism into the equations of statisti-
cal equilibrium. We used the method of HHL. However, we
included the occupation probabilities into the rates and we refer
to these modified quantities as to the “weighted rates” (Eqs.(6)
– (10)).

With this improved formulation of the equations of statisti-
cal equilibrium, and of the equations for the opacities, we calcu-
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Fig. 5. The same as Fig. 4 for Teff = 40000K, log g = 8.0, and
M = 0.6M�.

lated a small set of model atmospheres to test the effect of proper
treatment of a level dissolution when compared to the “classi-
cal” treatment with the help of the standard cutoff method. We
found (similarly to HHL) that for hot main sequence stars the
difference is very small and is hardly visible on a plot of line
profiles. A very small difference was found also for a subd-
warf O star. On the other hand, the largest effect was found for
white dwarfs. We conclude that especially for this class of stars
it is necessary to use of the occupation probability formalism
in the calculation of ionization balance (both LTE and NLTE),
statistical equilibrium, and opacities.
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Appendix A: details of the linearization

After discretization and linearization of all equations, we obtain
a tridiagonal system of the form

Adδψd−1 + Bdδψd + Cdδψd+1 = Ld,

and A1 = CND = 0 (ND is the number of depth points). This
system is solved by standard Gaussian elimination (see Paper I).
Since the expressions for the linearized equations of hydrostatic

Fig. 6. The same as Fig. 4 for Teff = 20000K, log g = 7.5, and
M = 0.6M�.

and radiative equilibrium were presented in Papers I and II,
we present only the expressions for the equations of statistical
equilibrium here.

A.1. Explicit linearization of the equations of statistical equi-
librium

Eq.(29) yields the particular coefficients (x stands for ne or T )
of the form

(
ASE(j)
x

)
d

=
NL∑
l=1

∂Ajl,d

∂x

∣∣∣∣
d−1

bl,d (A1)

(
BSE(j)
x

)
d

=
NL∑
l=1

∂Ajl,d

∂x

∣∣∣∣
d

bl,d − ∂Bj,d

∂x

∣∣∣∣
d

(A2)

(
CSE(j)
x

)
d

=
NL∑
l=1

∂Ajl,d

∂x

∣∣∣∣
d+1

bl,d (A3)

(
ASE(j)
bk

)
d

=
NL∑
l=1

∂Ajl,d

∂bk

∣∣∣∣
d−1

bl,d (A4)

(
BSE(j)
bk

)
d

=
NL∑
l=1

∂Ajl,d

∂bk

∣∣∣∣
d

bl,d + Ajk,d − ∂Bj,d

∂bk

∣∣∣∣
d

(A5)

(
CSE(j)
bk

)
d

=
NL∑
l=1

∂Ajl,d

∂bk

∣∣∣∣
d+1

bl,d (A6)
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Fig. 7. The effect of the occupation probabilities on the electron density
for the case of a white dwarf model atmosphere with Teff = 20000K,
log g = 7.5, and M = 0.6M�. The electron structure is plotted in the
upper panel both for the case of occupation probability formalism and
standard cutoff procedure. Plotted on a logarithmic scale both curves
coincide. On the lower panel we have plotted the relative difference
between both cases.

(
LSE(j)

)
d

= Bj,d −
NL∑
l=1

Ajl,dbl,d (A7)

The nonlocal terms in off-diagonal elements arise from the
tridiagonal operator. For diagonal operators actually vanish.

A.2. Implicit linearization of the equations of statistical equi-
librium

For the implicit linearization we do not write any linearization
coefficients for the equations of statistical equilibrium, since we
do not linearize them explicitly. They are linearized indirectly
with a help of the derivatives of b-factors – see Eq.(31).

A.3. The derivatives of the rate matrix

Let us express the derivatives of rate matrix coefficients explic-
itly. The derivatives of the rate matrix coefficients are simply (y
stands for ne, T , bi)

∂Aii

∂y
=

NL∑
l=1

∂(R̃il + C̃il)
∂y

(A8)

for diagonal elements, and

∂Ail(i/=l)

∂y
= −∂(R̃li + C̃li)

∂y
(A9)

for non-diagonal elements. The derivatives of particular rates
are (x stands for ne, T )

∂R̃il

∂x
=

4π
hνil

n∗iwl

∫ ∞

0
σil(ν)Λ∗ν

∂Sν
∂x

dν

+
1
n∗i

∂n∗i
∂x

R̃il (A10)

for upward (both bound-bound and bound-free) radiative rates,

∂R̃li

∂x
=

4π
hνil

n∗lwi
gi
gl

∫ ∞

0
σil(ν)Λ∗ν

∂Sν
∂x

dν

+
1
n∗l

∂n∗l
∂x

R̃li (A11)

for downward bound-bound rates, and

∂R̃li

∂x
= 4πn∗iwi

∫ ∞

0

σil(ν)
hν

Λ∗ν
∂Sν
∂x

e−hν/kT dν

+
1
n∗i

∂n∗i
∂x

R̃li + δTx4πn∗iwi

∫ ∞

0

σil(ν)
kT 2

×
(

2hν3

c2
+ Λ∗νSν + ∆Jν

)
e−hν/kT dν (A12)

for free-bound rates. Here δTx = 1 for x = T and 0 otherwise.
For derivatives versus b-factors hold

∂R̃il

∂bm
=

4π
hνil

n∗iwl

∫ ∞

0
σil(ν)Λ∗ν

∂Sν
∂bm

dν (A13)

for upward (both bound-bound and bound-free) radiative rates,

∂R̃li

∂bm
=

4π
hνil

n∗lwi
gi
gl

∫ ∞

0
σil(ν)Λ∗ν

∂Sν
∂bm

dν (A14)

for downward bound-bound rates, and

∂R̃li

∂bm
= 4πn∗iwi

∫ ∞

0

σil(ν)
hν

Λ∗ν
∂Sν
∂bm

e−hν/kT dν (A15)

for free-bound rates. The derivatives of collisional rates read

∂C̃il

∂ne
=
∂C̃li

∂ne
=

1
n∗i

∂n∗i
∂ne

C̃il + n∗iwlqil(T ) (A16)

∂C̃il

∂T
=
∂C̃li

∂T
=

1
n∗i

∂n∗i
∂T

C̃il + n∗iwlne
∂qil(T )
∂T

(A17)

∂C̃il

∂bm
=
∂C̃li

∂bm
= 0 (A18)

both for upward and downward rates. The derivatives for the
closing equations of charge conservation, particle conservation,
and abundance, follow directly from Eqs. (18) – (20).
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