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(Telefax 07071/295889, e-mail: haug@ait.physik.uni-tuebingen.de)
Received 27 February 1997 / Accepted 28 February 1997

Abstract. The nonrelativistic Bethe-Heitler cross section for
bremsstrahlung often used in astrophysical applications is a
poor approximation at initial electron energies above 30 keV.
Therefore a simple formula is given which is accurate up to
semirelativistic energies. An extension of this expression can
be applied in the whole energy range.
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Energetic electrons are present in a great variety of cosmic plasmas throughout the universe. These electrons can be observed
via the radiation they are emitting. One of the most important
emission processes is bremsstrahlung production. In order to
evaluate the radiation flux the cross section is required. It is
given in first Born approximation by the well known BetheHeitler formula (Heitler, 1954) which is sufficiently accurate
in astrophysical applications since the target nuclei — essentially hydrogen and helium — have low atomic numbers Z. It
is, however, a common practice to use the nonrelativistic limit
of the Bethe-Heitler cross section for problems involving electrons with energies of up to a few hundred keV. This expression
has the form
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where α ≈ 1/137 is the fine structure constant, r0 is the classical
electron radius, k is the photon energy in units of the electron
rest energy, mc2 , and p1 , p2 are the momenta (in units of mc)
of the incident and scattered electrons, respectively.
Due to its simplicity the cross section (1) has the advantage
that calculations may be performed analytically, e.g., to derive
parent electron spectra (Brown, 1971). But the accuracy of (1)
falls off rapidly for increasing electron energies E1 as is shown in

Fig. 1. Maximum relative error of the nonrelativistic approximations
to the Bethe-Heitler cross section (expansions up to orders p0 , p2 and
p6 ) as a function of the incident electron energy.

Fig. 1. For E1 > 30 keV the maximum relative error is more than
10%. It is by no means sufficient to enter just the relativistically
correct values of the electron momenta in (1) to improve the
results. In problems dealing with mildly relativistic electrons
where one does not want to employ the fully relativistic cross
section, it is rather expedient to use an expansion in powers of
p2i . Up to order p6i it is given by
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In applying this formula it is important to employ the
relativistically correct values of the momenta, pi =
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p

(Ei /mc2 )(2 + Ei /mc2 ), where Ei (i = 1, 2) are the kinetic
electron energies.
The maximum relative error of the expansions in p2i up to orders p0i (Eq. 1), p2i and p6i (Eq. 2) is shown in Fig. 1 as a function
of the incident electron energy E1 . One can see the significant
improvement attained even by the correction of order p2i . The
full cross section (2) represents an excellent approximation for
electron energies below E1 = 236 keV. At this energy the error is less than 1% throughout the photon spectrum and below
0.5% for photon energies hν > 160 keV. The high accuracy
of formula (2) is surprising since the expansion parameter p1 is
larger than unity for E1 > 212 keV. Of course, the errors grow
for further increasing E1 and formula (2) gets inappropriate due
to the high powers of pi .
In order to obtain an approximate cross section which is
more accurate at high energies one can combine Eq. (2) with
the extreme-relativistic limit of the Bethe-Heitler formula,
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All the formulae quoted above were derived from the
bremsstrahlung cross section in Born approximation which does
not take into account the distortion of the electron wave functions by the nuclear Coulomb field. These cross sections can be
improved by the multiplicative factor (Elwert, 1939)
fE =

a2 1 − exp(−2πa1 )
,
a1 1 − exp(−2πa2 )

(5)

where a1 = αZ1 /p1 and a2 = αZ2 /p2 are Coulomb parameters. In particular, this factor gives rise to a finite cross section
at the short-wavelength limit of the spectrum (p2 = 0). Contrary
to the statement of Koch and Motz (1959) it yields accurate results in the whole energy range (Pratt and Tseng 1975) for low-Z
target nuclei which are dominant in astrophysical applications.
Considering the bremsstrahlung cross section differential in
photon angle and energy, the nonrelativistic approximation is
still poorer than in case of the total cross section. Whereas the
relativistic corrections to the photon spectrum (1) are of order
p2i they are of order pi for the photon angular distributions. Thus
their shapes are strongly distorted even at low energies (see Elwert and Haug 1971). Consequently it is inappropriate to use
the nonrelativistic limit of the differential cross section for electron energies above 10 keV. Instead the fully relativistic Sauter
cross section, reproduced in Elwert and Haug (1971) has to be
applied.1

where 1 and 2 are the total energies of the initial and final
electrons in units of mc2 . This results in
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Expanding the cross section (4) into powers of p2i up to order p6i ,
it takes the form (2). Thus it is of similar accuracy as Eq. (2) up
to semirelativistic energies (relative error < 1% for E1 < 300
keV). But it is also valid at relativistic energies with maximum
relative errors of less than 5.5% (around E1 = 1800 keV).
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Note that there is a misprint in the cross section (6) of this paper: the
second term in curly braces should read −(2 + 1 + 21 0 p cos θ)/p2 u2 .

