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Abstract. We develop the formalism for estimating parallaxes,
proper motions and positions from long-focus astrometric ob-
servations as well as additional extraneous reference material
whenever this is available and relax the constraints on the star
parameters (basically their sums and correlations with the coor-
dinates on the frames), thus generating (albeit correlated) quasi-
observations whose inclusion would make the solutions deter-
minate even if there were no extraneous reference material. The
result are data on the same system to which the reference mate-
rial is referred, so that there is no need to perform the “reduction
from relative to absolute” as an afterthought.
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1. Introduction

The traditional procedure for measuring trigonometric paral-
laxes with respect to a set of field stars at relatively small angu-
lar distances, introduced by Bessel was universally applied until
the parallaxes measured by HIPPARCOS emerged in a quasi-
absolute manner (Wielen et al., 1994). Schlesinger (1911) de-
veloped the computation of parallaxes from measurements on
narrow-field photographic plates to a simple routine by use of
his “dependences” which drastically reduce the arithmetic ef-
fort, albeit at the expense of some accuracy.

The thus obtained raw parallax estimates of the target stars
were of course “relative,” since the field stars themselves are
at finite distances and thus also have positive – albeit, so one
expects, small – parallaxes. Therefore, some type of mean of
the (somehow obtained) expected estimated parallaxes of the
field stars had to be added to each raw, “relative” parallax to get
the “absolute”1 parallax, cf. van Altena (1974). In most cases,
this added mean (the “correction from relative to absolute”)

? On leave from the Department of Astronomy, University of Florida
1 This is somewhat of a misnomer, canonical though it may have
become by decades of widespread usage. Parallax, by its very definition,
is eo ipso absolute. I would have difficulties to suggest a rigorous and
simple definition of the quantity known as “relative parallax,” i.e. the
raw result of measurement in a typical narrow-angle frame which I
would rather call quasi-parallax.

was the straight arithmetic mean of the parallax estimates of the
field stars [although the correction should be correctly computed
by summing the products of the estimated expected parallaxes
times the appropriate dependences (Eichhorn, 1996)].

The necessary process of calculating the absolute parallax
from the raw reduction of the measurements has occupied as-
trometrists for a long time, and one occasionally meets the desire
to develop a reduction routine that circumvents the calculation
of a relative parallax, cf. e.g. Gatewood (1987). Murray and
Corben (1979) have, in their pioneering investigation on the
wholesale determination of parallaxes in a field, constrained
the parallaxes (in addition to the proper motion components)
of a selected number of field stars – which thereby become
the equivalent to what I call “reference stars” in this paper (cf.
Sect. 3.2 below) – thus fixing the system of proper motions and
parallaxes, achieving a “reduction to absolute.”

Much has changed since Schlesinger’s time: Ever more so-
phisticated and as accurate reduction routines are needed to take
full advantage of the improvements by orders of magnitude in
data acquisition and mensuration [MAP, cf. Gatewood (1987)
and CCD, cf. Monet et al. (1992)]. There are fewer and fewer
effects which influence the result of a parallax estimation small
enough to be negligible, and it is therefore the purpose of this
paper to establish a reduction routine that is as rigorous and
accurate as possible.

The reduction of each frame2 by itself independently of the
others with the ultimate purpose of estimating the parallax of a
star ignores the kinematic constraint that the true3 coordinates
of the same star’s images on the various different frames depend
ideally only on a small number of “star parameters” (e.g. zero
epoch position, proper motion components, parallax); it is there-
fore a waste of information to allow the coordinates of a star’s
images to be unrestricted on each frame. This was first recog-
nized by Eichhorn and Jefferys (1971) who critiqued the method
of dependences from the standpoint of computer-supported cal-
culation and suggested a reduction routine that enforces globally
the appropriate constraints on the stars’ positions and motions.
Even though their procedure unfortunately generates a singu-

2 A set of measurements of the coordinates of the stars’ images in the
field, obtained (photographically, electronically or by whatever other
means) during the same exposure
3 in the technical sense of statistics and not of spherical astronomy
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lar system of normal equations, it still converges toward good
relative parallaxes, cf. Eichhorn (1975). This technique is essen-
tially the simultaneous estimation of frame parameters and star
parameters in the situation when all frames cover (practically)
the same area of the sky. Eichhorn and Jefferys therefore named
it the “Central Overlap Method.” The singularity can lead to
ambiguous results.

I have previously set up the equations of condition and
solved the resulting normal equations for a less general case
than the one treated here (Eichhorn, 1988). Most of the notation
in the subsequent developments will be the same as in that paper
and is also explained in the Appendix. In the present paper I give
the developments only for the x-coordinate. Let it therefore be
explicitly understood that completely analogous developments
(with the customary notations) also hold for the y-coordinate.

The matrix ξξ = (ξνµ) of the standard coordinates of the µ-
th star’s image on the ν-th frame is calculated from the “star
parameters,” the elements of the matrix X = (Xλµ) by

ξξ = ΓX (1)

or explicitly

ξνµ = ξµ(tν) =
∑̀
λ=1

γνλXλµ, (2)

where Γ =
(
γνλ
)

is a matrix whose elements are known func-
tions of the epoch tν of the ν-th frame; the most common (and
in almost all situations sufficient) formulation, which we will
assume throughout the rest of the paper is

ξνµ = ξµ(tν) = (1 tν Pν)

ξ0µ

µµ
$µ

 = γν
Tξµ. (3)

This equation defines the vectors γν and ξµ, the vector of star
parameters of the µ-th star. Pν is the parallax factor (in the
x-coordinate) for the ν-th frame.4

The Eqs. 1 and those derived from them merely reflect ge-
ometry and are therefore independent of any measurements. The
true values x =

(
xνµ
)

of the rectangular coordinates are inac-
cessible, their measured values x̂ =

(
x̂νµ
)

are related to them
by x̂ + εε = x, where εε is the matrix of corrections. The stan-
dard coordinates are related to the true values of the measured
coordinates and to the frame parameters by

ξξ = x + AΦ, (4)

4 It used to be safe to assume the parallax factor to be constant over
the whole frame. This assumption must be reconsidered in view of
recent improvements in measuring precision. One may estimate the
change in e.g. Pα over a field of width dα by considering that |dPα| =∣∣ ∂Pα
∂α

dα
∣∣ ≈ |−cos(α−�)dα| ≤ |dα|, thus we get |dPα| ≤ 0.003 for

|dα| = 10′; a parallax would therefore have to be 0′′.3 to be changed
by one milliarcsecond. A gain of another order of magnitude in the
precision of parallax measurements will, however, make it necessary
to reconsider the assumption of a constant parallax factor for a given
frame.

where A =
(
Aνκ

)
is the matrix of the “frame parameters,” ν

being the number of the frame and κ identifies the parameter in
the set pertaining to the ν-th frame.

We assume (without restricting generality) that the units in
which the coordinates x̂νµ were measured are approximately the
same as those in which the ξνµ are reckoned, that the x-axis is
(almost) parallel to the ξ-axis, that the elements of x and ξξ,
respectively, are for all practical purposes reckoned with respect
to the same origins and that the origin of the ξ-η-system is the
same on each frame. We then have ξξ ≈ x (and since ||ε|| � 1
also ξξ ≈ x̂) and analogously, ηη ≈ y.

The components of the matrixΦ =
(
ϕ1 . . . ϕm

)
determine

the frame reduction model and are known functions of (known)
characteristics of the stars, primarily their rectangular coordi-
nates on the frames and sometimes in addition other parameters
such as the stars’ magnitudes and colors. Under our assumption
that all terms of the frame parameter matrix A are very small
and that the elements of the matrix εε of the negative measuring
errors are also very small, we may use the stars’ measured co-
ordinates x̂νµ as good approximations to the rectangular ones
which are needed to set up Φ.

The measured x̂νµ (and of course, ŷνµ) are relative, leaving
the configuration of the measured images indeterminate with
respect to (a small correction to) the scale, a (small) rotation
and some zero-point that is unimportant in this context. (The
images of) all stars on the frame (not only that of the target star)
change their coordinates (on the frame, relative to each other)
very slowly as a consequence of their proper motions and paral-
laxes (and in the case of multiple stars, orbital motion), and for
this reason the system defined by the field stars (i.e. those whose
astrometric parameters are not the primary targets of the inves-
tigation) changes in time. The measurements must therefore be
reduced in such a way, that estimates of zero-epoch coordinates,
proper motion components and parallax are calculated for each
star within the frame.

In (Eichhorn, 1988) I have investigated in detail the rank de-
ficiency of the system derived from only Eqs. 1 and 4 from which
the star parameters and frame parameters can be estimated and
shown that unambiguous values for both these groups of param-
eters cannot be estimated without information in addition to that
provided by the measurements on the frames e.g., by subject-
ing either the star parameters or the frame parameters to any
set of k` independent constraints. There I have assumed these
constraints to be rigorous. Although doing so corrects the rank
deficiency of the system of normal equations for the estimation
of frame- and star parameters, this assumption cannot strictly be
true: While available general information suggests expectation
values of systematic proper-motion components and parallaxes
for the stars in the frames, these will differ from the true val-
ues (e.g. because of the stars’ peculiar motions) and one cannot
therefore expect that the true values will rigorously conform
to exactly those constraints to which the expected values of
the systematic proper motions and the parallaxes would subject
them (e.g. that they will be correlated in a certain definite way
with the coordinates of the images on the frames). Instead of
enforcing the constraint equations rigorously, one may let the
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constrained parallaxes and proper motions – together with their
covariance matrix – be regarded as observations and include
the appropriate equations in the set of condition equations. For-
tunately, the latter will correct the rank deficiency as well as
rigorous constraints would.

The simplest constraints would be linear:

ΓTA = K (5)

or

ΦXT = C. (6)

While any arbitrary matrices K and C will remedy the singu-
latity, their elements must be chosen such that they account
realistically for the kinematic and geometric facts of the situa-
tion.

We now derive a rigorous relationship between the con-
straint matrices K and C which allows us to calculate one of
them if the other one is given. By eliminating ξξ from Eqs. 1 and
4, we get

AΦ = ΓX− x. (7)

Leftmultiplication of this equation by ΓT and rightmultiplica-
tion by ΦT while considering Eqs. 5 and 6 results in

KΦΦT = ΓTΓCT − ΓTxΦT, (8)

a rigorous relationship between the constraint matrices K and C.
The matrices ΦΦT and ΓTΓ are (except in pathological cases)
nonsingular because generally k < m, n < m and ` < n, so
that Eq. 8 allows us to calculate K in terms of C and vice versa.

In (Eichhorn, 1988) I neither gave explicit instructions for
computing the terms of the constraint matrices K (or C, as the
case may be), nor did I specify models for the frame reduction
and for the dependence of the stars’ coordinates on time or give
a formula for actually calculating the parameter estimates. That
paper is furthermore strictly valid only for the case that all stars
are imaged on all frames. (Unfortunately, lifting the restriction
that the images of all stars must be measured on all frames
makes it impossible to use the compact and elegant notation
with Kronecker products.)

Since we allow that not all stars’ images were measured
on all frames, those elements of the matrices x, x̂ and εε which
correspond to pairs (ν, µ) in which the image of theµ-th star was
not measured on the ν-th frame will be empty, these positions in
the matrix generate no condition equations. The Eqs. 1 and those
derived from them are valid whether or not the image of the µ-th
star was measured on the the ν-th frame. If it was not, the reason
might have been that it was too faint, lay outside the frame or was
left out deliberately. Eqs. 4 is also valid regardless of whether the
µ-th star was measured on the ν-th frame; however, if there is no
corresponding measurement x̂νµ, the equation which would be
generated by this measurement does not exist. Eq. 7 is therefore
meaningful in the stated form only if each star’s image was
measured on each frame, and this is also necessary for Eq. 8 to
be valid.

This raises an additional caution: We will normally arrive
at a more accurate assessment of the constraints if we exercise
judgment as to which stars we will allow to influence the terms of
C. For this purpose, we will select stars whose parameters, while
they were not previously measured, can still be predicted with
reasonable accuracy and therefore, not all stars will be involved
in in setting up the constraint matrix C from Eqs. 6 to remove
the singularity. One may set up a “working” C and compute
its elements as long as a minimum of k stars are constrained
and still remove the singularity. This means that the columns
corresponding to stars with nonconstrained parameters were re-
placed by nullvectors in the matrices Φ and X; the products of
the corresponding elements of Φ and XTwill then not be added
when the corresponding element of C is accumulated. This does
not matter, if the calculated expectations of the elements of C
are used [through the Eqs. 6] to restrain the freedom of the pa-
rameters of only those stars that contributed to the estimation
of the values of the elements of C. Eq. 8 will, however, be valid
only if only those stars are used in the matrices Φ and x [as
they occur in Eq. 8] which were used for the estimation of the
elements of C.

In this paper, we adopt the “star model” in the form of Eq. 3
unless the star has been identified as multiple or has such a
large proper motion that the linear representation would falsify
the result. This model does not rigorously describe the motion
of the image of a star moving uniformly in space but is almost
always sufficient within the framework of currently achievable
measuring precision. We also specialize – without thereby com-
promising the generality of the principle – the “frame model”
to be of the form of Eq. 13, cf. Sect. 3.1 below; one may always
adopt a more complex model if the geometry (or physics) of
the imaging – within the framework of the currently achieved
accuracy and precision of the measurements – justifies it.

We therefore assume ` = 3 and k = 3. The set of constraint
Eqs. 5 then presumes that the correlations of like frame param-
eters (i.e. scale correction, rotation terms and zero points) with
time and parallax factors are previously known and that the sums
of like frame parameters are also known.

When extraneous reference data (estimates of star parame-
ters from an extraneous source) are not available, it is reason-
able to assume K to be a null matrix. This is so, because we
may regard the instrument (here and in what follows always to
be understood as the telescope and the recording medium e.g.
photographic plate or CCD) as stable and presume that its scale
will not drift in time, that we may rely on the instrument not ro-
tating on its optical axis as time progresses, and we may finally
assume that the direction in which the optical axis pointed dur-
ing the exposures has not drifted with respect to the sky. These
conditions may, however, not be satisfied in physical reality and
enforcing them rigorously will likely impose distortions on the
resulting star parameter estimates. The constraints could be re-
laxed i.e. the elements of the matrix K could be regarded as
quasi-observations. In this case, their covariance matrix would
have to be calculated, which is not overly simple.

In any case, the values of the elements of K characterize the
instrument as a whole and therefore cannot depend on which
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stars were imaged on the frame and on which images were
measured.

2. Establishing C and its covariance matrix

We include Eqs. 6 in the set of condition equations for making
the entire system of condition equations nonsingular by estab-
lishing the estimated values of the terms of C and their covari-
ance matrix and then using the Eqs. 6 themselves as equations of
condition rather than as constraints. The terms of C essentially
measure the covariances of the star parameters with (functions
of) the stars’ coordinates in the frame and can be estimated even
in the absence of reference material (positions, proper motions,
parallaxes); specific reference material, when available, will be
incorporated explicitly to set up yet additional equations of con-
dition, cf. Sect. 3.2.

To set up Eqs. 6 as condition equations, we need predicted
values for the parallaxes and the systematic proper motion com-
ponents of the field stars as well as estimates of the variances
of these quantities. These data are available as functions of the
stars’ (galactic) coordinates, apparent magnitudes, colors and/or
spectral characteristics, for a description of current practice cf.
e.g. Gatewood et al. (1993). Note that only the secular motions
(caused by the Sun’s motion toward the apex) depend on the
stars’ apparent magnitudes; the systematic parts of the proper
motions due to galactic shearing and galactic rotation are (for all
practical purposes) independent of the stars’ distances and thus
their apparent magnitudes. We obtain the expected magnitudes
of the peculiar motions, from which we calculate the variances
of the proper motion estimates, from the known dispersions of
the stars’ velocities which themselves also depend on position,
apparent magnitude and spectral type (or color). Note that the
variances of these data (predicted proper motion components
as well as parallaxes) decrease generally with increasing ap-
parent magnitude, meaning that the variances of the predicted
parallaxes will be the smaller, the smaller the parallaxes are
themselves.

Those components of C that fix the sum of the zero-point
corrections and the sums of the products of the zero-point cor-
rections and the coordinates on the frame can be set equal to
0; the variance of one zero point correction may be assumed
equal to the variance of a measured coordinate. In order to use
the components of C correctly as quasi-observations in condi-
tion equations of the type Eqs. 6, we need also their covariance
matrix ΣCC.

In (Eichhorn, 1988) I assumed that all measurements – co-
ordinates x and y – have unit variance.5 This means that the
variances of the estimates from which C is computed i.e. po-
sitions (in the form of standard coordinates), proper motions
and parallaxes, must be in the same units. We assume that we
know the variance of a measured coordinate in the frame and
since we know the scale value, we can convert the variances of
the reference coordinates to this unit. For the positions (i.e. the

5 This assumption will be abandoned for the definitive reduction, cf.
Sect. 6

ξνµ), we use the same variance as that of the measurements. The
units for the variances of the reference proper motions must be
chosen accordingly, meaning that the time must be reckoned in
the same unit for the variances of the reference proper motions
and the time in Eqs. 3. We have no choice but to assume (actu-
ally, wrongly) that the systematic part of the proper motions was
computed from the best available information on solar motion,
galactic rotation and galactic shearing without error. The vari-
ances to be used in the computation of the covariance matrix of
C2 [cf. Eq. 9 below] are then the squares of the predicted ran-
dom components of the proper motions, the so-called peculiar
motions. These also can be computed from data on the triaxial
velocity ellipsoid published in the literature.

The variances of the reference parallaxes are to be expressed
in the same units as those of the measured coordinates, since
the parallax estimates themselves will be computed in those
units. The predicted parallaxes of the field stars are found by the
same precepts as the parallaxes of the “reference” stars in the
traditional reduction from “relative” to “absolute” parallaxes.
As their variances, we may use those that would normally be
associated with the computation of “photometric” parallaxes.

We now write C in terms of its columns

C = (C1 C2 C3 ) , (9)

whence Eqs. 6 become(Φξ 0 0
0 Φµ 0
0 0 Φϖ

)(
ζ
µ
$

)
=

(
C1

C2

C3

)
. (10)

Φξ, Φµ and Φϖ are the matrix Φ, except that the columns corre-
sponding to stars whose appropriate parameters were not sub-
jected to restriction are replaced by 0. The dimensions of these
matrices are therefore the same as that of Φ. ζ, µ and $ are
the vectors of the star parameters defined below after Eq. 17.
We need not consider all stars for this nor do we have to use
data pertaining to the same stars for different columns of C;
when we expect a very discordant value of a parameter in a
particular case (e.g. the target star will often have been chosen
on the basis of its large proper motion and thus statistically be
an outlier, therefore typically have a much larger parallax and
larger total proper motion than a field star), and for this reason
we better leave this datum out. Once we hve calculatedC1,C2

and C3, Eqs. 10 become equations of conditions in which the
elements of C play the role of observations, and (a selection of
the) components of ζ, µ and $ are the adjustment parameters.

The quasi-observations in the form of elements of C are
correlated, and in order to perform a proper adjustment, we
need to use their covariance matrix. For this purpose we denote
the (diagonal) covariance matrix of the data used for setting up
the quasi-observations (i.e. the relaxed constraints) by

Σc =

(Σξξ 0 0
0 Σµµ 0
0 0 Σϖϖ

)
.

We may put in any values for the variances of the nonrestricted
data since these are going to be multiplied by zeros as we will
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see in Eq. 11 below. We have described above how we get these
variances. The covariance matrix of the vector components of
C is then the blockdiagonal matrix

ΣCC = diag ( ΦξΣξξΦξ
T ΦµΣµµΦµ

T ΦϖΣϖϖΦϖ
T ) , (11)

computed from the estimated variances of the predicted paral-
laxes and proper motions.

In addition to using the Eqs. 6 as condition equations after
having calculated the terms of the constraint matrix C, which
in turn was computed from the predicted values of the paral-
laxes and the proper motions, we also use whatever extraneous
specific reference data6 are available (i.e. previously measured
positions, proper motion components and parallaxes). If the ref-
erence data only were used as observations for removing the
rank deficiency from the system, we ignore the fact that the
constraints also hold, at least in their relaxed forms and thus
provide additional information beyond that furnished by the ref-
erence data, even though these would very often alone suffice
to render the resulting normal equations nonsingular. For this
reason, a complete reduction will utilize the related constraints
in addition to whatever reference data are available.

3. Formulating the condition equations

The condition equations are linear and solved with respect to
exactly one (albeit partially correlated) observation, so that we
have the (almost) simplest form of a least-squares problem
(there are up to 9 correlated quasi-observations at the end of
the vector x of the observables). If the condition equations are

F (a,x) = Ba + x = 0,

the adjustment parameters (unknowns), denoted by the vector
a, are the frame- and star-parameters

aT =
(
A1 B1 C1 A2 . . . Cn

ζ1 ζ2 . . . ζm µ1 . . . µm $1 . . . $m

)
.

Let Σ be the covariance matrix of the elements of x. The well
known expression for the least-squares estimate â of a is then

â = −(BTΣ−1B
)−1BTΣ−1F (0,x) (12)

There are in our problem three groups of condition equa-
tions according to the types of observations occurring in them,
those generated by measured coordinates on a frame (frame
measurements), those by reference parameters and those by the
relaxed parameter constraints. We shall now discuss each of
these groups in turn.

6 Of those stars imaged on the frames, the one whose parallax is the
main target of the investigation is the target star, the others are the field
stars. By reference stars we mean those field (and when appropriate,
even target) stars for which independent extraneous estimates of at
least one of their parameters (positions, proper motions, parallaxes)
are available and used in the computations.

3.1. The coordinate measurements on the frames

The measured coordinates of the stars’ images on the frames
produce the first set of condition equations. The standard coor-
dinates in the usual sense, but (as emphasized before) reckoned
in the same units as the measured coordinates are connected
to the plate parameters by the transformation Eq. 4 which we
specified, by putting k = 3, to be the “six constant model”

ξνµ = xνµ + Aνxµ + Bνyµ + Cν , (13)

and to the star parameters by the Eq. 3 which we modify, by
putting

ζµ = ξµ − xµ,

to read

ξνµ ≡ ξµ(tν) = xµ + ζµ + tνµµ + Pν$µ (14)

whence we get, after substituting

zνµ = xνµ − xµ

by eliminating ξνµ from Eqs. 13 and 14

Aνxµ + Bνyµ + Cν − ζµ − tνµµ − Pν$µ + zνµ = 0. (15)

In Eqs. 14 and 15, xµ are approximations to xνµ as well
as to ξνµ which we choose arbitrarily at the beginning of our
calculations e.g. by xµ = 1

nµ

∑
ν xνµ, where the sums go over

all ν which belong to frames on which the star numbered µ was
imaged. (yµ is defined analogously.)7 The appropriate starting
values of all the parameters are thus 0 (i.e. a0 = 0) and we
expect their estimates to be small. The part of F (0,x) that is
contributed by the coordinate measurements on the frames is
thus

F 0
T = ( z11 z12 . . . znm ) , (16)

All condition equations generated by coordinates measured
in a frame are of this form. Frame- and star parameters alike
occur in this equation. We take these equations in the order of
increasing frame number and within the same frame number, in
the order of increasing star number. Every measured coordinate
xνµ contributes one equation to the vector of equations. Note
that not all stars need have been measured on all frames; we
have, however, written Eq. 16 assuming that the m-th star was
measured on the n-th frame.

We set up Eqs. 15 sequentially for the frames i.e., first all
equations resulting from the measurements on the first frame
and so on. Each Eq. 15 is essentially one element of Eqs. 7. We
note that for the six-parameter-model, we have

ΦT =


ϕ1

T

ϕ2
T

...
ϕm

T

 =


x1 y1 1
x2 y2 1
...

...
...

xm ym 1


7 The introduction of xµ = 〈xνµ〉 facilitates the subsequent analyt-
ical developments somewhat. When these formulas are programmed,
it may actually turn out that retaining the original xνµ leads to less
complicated programs.
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[cf. Eqs. 4] and now write the equations generated by the mea-
surements on the ν-th frame in the form

Φν
TAν −


γν

Tζ1
γν

Tζ2
...

γν
Tζn

 + zν = 0

or rearranged

Φν
TAν − Sν(ζ + tνµ + Pν$) + zν = 0, (17)

where zνT = ( zν1 zν2 . . . zνm ), ζµ
T = ( ζµ µµ $µ )

which we call the alternate vector of star parameters of the µ-
th star, and γν

T = ( 1 tν Pν ); ζ = ( ζ1 ζ2 . . . ζm ),
µ = (µ1 µ2 . . . µm ) and $ = ($1 $2 . . . $m ).
The vector π of all star parameters, arranged in the order in
which they appear in our equations is thus

π =

(
ζ
µ
$

)
. (18)

We may add any number of statements to the effect that 0 ≡
0 to the set of condition equations without thereby influencing
the solution. This consideration allows us to have always exactly
m equations of the type Eq. 18 for each ν if we set zνµ = 0 for all
pairs (ν, µ) when the image of theµ-th star was not measured on
the ν-th frame. The matrix Φν is then the matrix Φ in which the
columns corresponding to stars numbered µν1 , µν2 . . . , µν`ν –
which are the ordinal numbers of the stars whose images were
not measured on the ν-th frame – are replaced by nullvectors,
and the matrix Sν is obtained by doing the same with the identity
matrix Im.

The submatrix Bi of the matrix B of the condition equations
generated by the measurementsxνµ on the frames thus has 3(m+
n) columns, because there must be 3n + 3m columns for the
n sets of 3 frame parameters each and the m sets of 3 star
parameters each. Since the frame parameters of the ν-th frame
occur only in the ν-th set of these condition equations, there
must be n− 1 nullmatrices of dimension m× 3 in this row of
submatrices, so that the n first submatrices (all of dimension
m× 3) in the rows generated by the ν-th frame will be

0 . . . 0 Φν
T 0 . . . 0.

Eqs. 17 allows us to read off the other coefficient matrices. Alto-
gether, we see that the upper part Bi of the matrix of the condition
equations looks like this8:

8 It is worth noting that Bi could have been written

Bi = ( In ⊗ΦT −Jn ⊗ Im − T n ⊗ Im − P n ⊗ Im ) ,

if an image of each star had been measured on each frame.
The symbol ⊗ indicates Kronecker matrix-multiplication and
Jn

T = ( 1 1 . . . 1 ), T nT = ( t1 t2 . . . tn ) and P n
T =

(P1 P2 . . . Pn ).

Bi =


Φ1

T 0 . . . 0 −S1 −t1S1 −P1S1

0 Φ2
T . . . 0 −S2 −t2S2 −P2S2

...
...

...
...

...
...

0 0 . . . Φn
T −Sn −tnSn −PnSn

.

3.2. The extraneous reference materials

We have repeatedly stated already that the matrix Bi
TBi, which

would be the matrix of the system of normal equations were
we to estimate the system parameters â from the frame mea-
surements only, is rank deficient. This rank deficiency can, in
principle, be compensated (so that an unambiguous solution for
the adjustment-parameter estimates is obtained) not only by pa-
rameter constraints, but also by including previously and inde-
pendently obtained extraneous estimates of the star parameters
(or both). In this subsection, we set up the procedures for the in-
clusion of such extraneous star-parameter estimates. These can
be estimates of positions, proper motions and parallaxes (and,
in principle, also orbital parameters, but we shall ignore these
here).

Position estimates for various epochs may be extracted from
existing star catalogues and will as a rule refer to epochs that
have no relation to the epochs of the frames. Catalogues list
position estimates as right ascensions and declinations. These
must therefore be converted to standard coordinates (with re-
spect to the tangential point of the frames) and expressed in the
same units as the xνµ before they can be used in the formulas
in this paper. [Alternatively, the xνµ may be expressed in the
units normally used for standard coordinates, namely the focal
length of the optical imaging device (i.e. the telescope) which
produces the frames.]

Any number of any of the types of extraneous estimates
(positions, proper motions, parallaxes) may be used in our cal-
culations for any star; if there is more than one position estimate
for a particular star for at least two different epochs, that star’s
proper motion is implicitly also estimated and the proper mo-
tion estimated from these data should not be introduced as an
independent estimate.

In practice, parallaxes of reference stars (cf. footnote 6) will
rarely have been estimated, although previous estimates of the
parallaxes of the target star(s) will occasionally exist.

Note that the procedure suggested in this paper will (ideally)
give absolute parallaxes directly; reference parallaxes, when uti-
lized, must therefore also be absolute.

Let the (diagonal) covariance matrix Σr of the reference
data be

Σr = diag ( Σrξξ Σrµµ Σrϖϖ ) .

When a reference parallax exists and has been incorporated in
our estimation process, the result of our computations will su-
persede it. Had we not used an existing extraneous parallax
estimate in our computations, they would yield an independent
estimate and some combination of the old and the new esti-
mate would then be an improvement over both. We state below
(cf.Sect. 5) the reasons why we obtain the optimum reestimation
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of a parallax by incorporating existing estimates in the calcu-
lation of the new estimate and not by making the new estimate
independently and taking the (weighted) mean of the existing
and the new results.

Let independent position estimates (as mentioned before, in
the form of standard coordinates in the appropriate units) exist
for the stars numbered p1, . . . , pk, and let there be `κ different
estimates (generally, but not necessarily for different epochs)
for the star numbered pκ, so that there will be (for all stars)
altogether Λ =

∑k
κ=1 `κ independent position estimates. `κ /= 0

only if the κ-th star is a reference star. There may be more of
these than there are stars, even though there may be none for
some stars, because the positions of some of the stars may have
been estimated several times, generally at different epochs.

Let Br be the submatrix consisting of those rows of the ma-
trix B that are generated by reference material (of all types).
Since none of this involves frame parameters, the first 3n
columns of Br will contain zeroes. Altogether, Λ rows will be
generated by reference positions. We write these in the form

0
Λ×3n

− T
Λ×m

− L
Λ×m

− M
Λ×m

,

where −T, −L and −M are the matrices whose elements are
the coefficients of ζ,µ and$. All these matrices have the same
dimensions and nonzero terms in the same positions. Columns
corresponding to stars for which no reference positions are avail-
able will be null vectors. The structure of the columns corre-
sponding to data for the stars numbered p1, . . . , pk depends on
the sequence of the reference positions in the vector of observa-
tions: we arrange them in the order of increasing star number,
and while the order of the position estimates of the same star
is irrelevant, we prefer to arrange them – within any group per-
taining to the same star – in the order of the epochs.

All nonzero elements of T will be 1. They will be in the
first `1 rows in column p1, the next `2 rows of column p2 and
so forth; the last will occupy the last `k rows of column pk, so
that exactly one element in each row is a 1, and none of these
1’s can stand in a column left to that in which the previous 1 is.

The nonzero elements of the matrices L and M are in
the same positions as those of T and are, in L, the epochs
at which the corresponding position estimates were obtained.
The nonzero elements in M are the appropriate parallax factors.
However, caution is indicated with these: The position estimates
listed in a particular catalogue are frequently the averages of es-
timates made at different epochs and thus with different parallax
factors so that strictly, the parallax factors in M would in each
case have to be the averages of the parallax factors at which the
individual estimates were made which were then averaged into
the catalogued estimate. In current practice, however, this is a
moot point because seldom are position estimates sufficiently
precise and are reference star parallaxes large enough to make
the use of accurate parallax factors in M a critical matter. In the
absence of specific detailed information, we might as well set
the parallax factors equal to 0.

The next rows are generated by reference proper motions.9

Suppose these are available for stars numbered m1, . . . ,mr.
More than one independent proper-motion estimate may be
available for any star; generally assume that `ρ independent
proper-motion estimates are available for the mρ-th star, so that
the total number P of available refererence proper motions is
P =

∑r
ρ=1 `ρ. Those rows of Ar generated by these reference

proper-motion estimates have the structure

0
P×3n

0
P×m

Lr
P×m

0
P×m

;

there are exactly P rows, as many as there are individual ref-
erence proper-motion estimates altogether. Obviously, the true
proper motions are – within the assumptions of our model – not
time dependent, so that we arrange the estimates in the order of
the ordinal numbers of the stars to which they belong, but there
is no preference in the order of those estimates that pertain to
the same star.

When there are reference positions of the same star for sev-
eral epochs, one might be tempted to calculate from them es-
timates of the proper motion and of the position at the central
epoch and use these data. This is, however, an unnecessary com-
plication and it would be more straightforward in this case to
use the reference positions only and let them have whatever in-
fluence they exert on the final estimate of the proper motion of
the star concerned.

In principle, the structure of Lr is – mutatis mutandis –
that of T, although different in detail because we must allow
for the fact that extraneous reference position estimates and
extraneous reference proper-motion estimates will generally not
be available for the identical subset of stars.

Finally, the last rows of Br are generated by whatever refer-
ence parallax-estimates are available and look like this:

0
Π×3n

0
Π×m

0
Π×m

Mr
Π×m

.

What we have just said about Lr holds – mutatis mutandis
– also for Mr, whose nonzero elements will also all be 1. Π is,
of course, the total number of available reference parallaxes.

Altogether, we get

Br =

( 0 −T −L −M
0 0 −Lr 0
0 0 0 −Mr

)
.

3.3. The relaxed constraints

I have shown in Sect. 2 how to implement the constraints by con-
structing quasi-observations and set up the required covariance
matrix of these quasi-observations. Note that the constraints will
“work” (also in their relaxed form) even when not all parame-
ters are subjected to them; it is not even necessary that different
kinds of parameters are constrained for the same sets of stars.

9 The idea that the incorporation of independently estimated proper
motions (especially of the target star) will improve the accuracy of the
parallaxes is due to W. J. Luyten.
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The (bottom) submatrix Bc of B, namely that arising from the
constraints on the star-parameters, will have a 9×3n null matrix
in its leftmost position and thus look like this:

Bc =

( 0 −Φξ 0 0
0 0 −Φµ 0
0 0 0 −Φϖ

)
(19)

The matrices Φξ, Φµ and Φϖ are, as defined above, the matrix
Φ in which those columns corresponding to stars whose param-
eters are not covered by these constraints are replaced by null
vectors. Eq. 19 is essentially a restatement of Eqs. 10.

4. The normal equations

The coefficient matrix B of the condition equations is thus

B =



Φ1
T 0 . . . 0 −S1 −t1S1 −P1S1

0 Φ2
T . . . 0 −S2 −t2S2 −P2S2

...
...

...
...

...
...

0 0 . . . Φn
T −Sn −tnSn −PnSn

0 0 . . . 0 −T −L −M
0 0 . . . 0 0 −Lr 0
0 0 . . . 0 0 0 −Mr

0 0 . . . 0 −Φξ 0 0
0 0 . . . 0 0 −Φµ 0
0 0 . . . 0 0 0 −Φϖ


.

According to Eq. 12, we need the so-called “weight ma-
trix,” which in our problem is the inverse Σ−1 of the covari-
ance matrix of the observations x in order to solve for the un-
knowns. This matrix is largely diagonal because we assume
the frame measurements (whose variance we regard initially as
the unit) and the reference data to be uncorrelated. Only that
part of the covariance matrix of the observations that belongs to
the quasi-observations, namely the constraint terms, consists of
three blocks of 3×3 dimensioned matrices on the main diagonal.
We need BTΣ−1 and BTΣ−1B. We have

BTΣ−1 =

(
S11 0 0
S21 S22 S23

)
,

where

S11 = diag
(
Φ1 Φ2 . . . Φn

)
,

S21 = −
( S1

T S2
T . . . SnT

t1S1
T t2S2

T . . . tnSnT

P1S1
T P2S2

T . . . PnSnT

)
,

S22 = −
( TTΣrξξ

−1 0 0
LTΣrξξ

−1 Lr
TΣrµµ

−1 0
MTΣrξξ

−1 0 Mr
TΣrϖϖ

−1

)
and

S23 = diag
(
sξ sµ sϖ

)
with

sξ = Φξ
T(ΦξΣξξΦξ

T)−1

sµ = Φµ
T(ΦµΣµµΦµ

T)−1

sϖ = Φϖ
T(ΦϖΣϖϖΦϖ

T)−1.

We now have the matrices we need to set up the matrix
N = BTΣ−1B of the normal equations. We write

N =

(
N11 N12

N12
T N22

)
(20)

and see that

N11 =


Φ1Φ1

T 0 . . . 0
0 Φ2Φ2

T . . . 0
...

...
...

0 0 . . . ΦnΦn
T

 (21)

and furthermore, that

N12 =


−Φ1S1 −t1Φ1S1 −P1Φ1S1

−Φ2S2 −t2Φ2S2 −P2Φ2S2
...

...
...

−ΦnSn −tnΦnSn −PnΦnSn



=


−Φ1 −t1Φ1 −P1Φ1

−Φ2 −t2Φ2 −P3Φ2
...

...
...

−Φn −tnΦn −PnΦn

 . (22)

In the normal equations, N12 is multiplied by π, cf. Eq. 18.
The (3ν − 2)-nd through 3ν-th line of the vector N12π are

−∑µ xµ(ζµ + tνµµ + Pν$µ)
−∑µ yµ(ζµ + tνµµ + Pν$µ)
−∑µ(ζµ + tνµµ + Pν$µ),

where the sums are taken over those µ that are the ordinal num-
bers of stars that occur on the ν-th frame. If we would regard the
star parameters as reference material, these 3-vectors would be
exactly the product sums which we expect on the right hand side
of the normal equations from which we compute the estimates
Aν , Bν and Cν .

Before we calculate the terms of N22, we point out some
properties of the matrices Sν , T, Lr, Mr, L and M. The product
of the transpose of any of these matrices with the original matrix
is always a diagonal matrix of dimension m × m. Except for
L and M, the nonzero terms of all these products are 1. The
diagonality of these matrices is preserved even if the product
has an additional diagonal factor matrix (such as Σrξξ) in the
middle.

The zero terms on the diagonal of SνTSν correspond to the
ordinal number of stars whose images were not measured on
the ν-th frame (i.e. ν1, . . . , ν`ν ).

The nonzero elements of TTΣrξξT occur at the positions
corresponding to those stars whose reference positions were
included in our calculations and are the sums of the reciprocals
of the corresponding variances, all of which are on the diagonal
of Σrξξ. If for example two reference positions with variances
σ1 and σ2 were incorporated for star 1, the (1,1) term of this
matrix would be 1

σ1
+ 1
σ2

. If no reference position was included
for star 2, the (2,2) term of this matrix would be 0.

Since the structure of the matrices L and M is the same as
that of T and that of the products TTΣrξξ

−1L and TTΣrξξ
−1M is
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the same as that of TTΣrξξ
−1T, except that the reciprocals of the

variances are multiplied by the appropriate t andP , respectively.
Note that these epochs t and parallax factors P have nothing to
do with epochs and parallax factors belonging to one of the
frames.

We write

N22 =

( n11 n12 n13

n12
T n22 n23

n13
T n23

T n33

)
and get

n11=
n∑
ν=1

SνTSν + TTΣrξξ
−1T

+ Φξ
T(ΦξΣξξΦξ

T)−1Φξ,

n12=
n∑
ν=1

tνSνTSν + TTΣrξξ
−1L,

n13=
n∑
ν=1

PνSνTSν + TTΣrξξ
−1M,

n22=
n∑
ν=1

t2
νSνTSν + LTΣrξξ

−1L + Lr
TΣrµµ

−1Lr

+ Φµ
T(ΦµΣµµ

−1Φµ
T)−1Φµ,

n23=
n∑
ν=1

tνPνSνTSν + LTΣrξξ
−1M,

n33=
n∑
ν=1

P 2
νSνTSν + MTΣrξξ

−1M + Mr
TΣrϖϖ

−1Mr

+ Φϖ
T(ΦϖΣϖϖ

−1Φϖ
T)−1Φϖ. (23)

These expressions are much less formidable than they look
if one remembers what we have said about the structures of
the matrices occurring in them.

∑n
ν=1 SνTSν , for instance is

the diagonal matrix whose terms are the numbers that show on
how many frames the ν-th star was imaged; none of the terms
can vanish because we assume that each star was imaged on at
least one frame. The second matrix term in n11 is also diagonal,
the terms are composed of the sums of the reciprocal variances
(relative weights) of the individual reference positions and the
third matrix term, unfortunately not diagonal, is related to the
covariance matrices of the position constraints. n12 and n13 are
again diagonal and contain the cross terms in the matrices of
the normal equations from which the star parameter estimates
are computed.

n22 is composed analogously. The first term consists of the
diagonal matrix whose terms are the sums of the tν2 of those
plates on which the star occurs, followed by the weighted sum
of the t2 of the reference positions, to which is added (for each
star) the sum of the weights of the reference proper motions, and
only the last term is nondiagonal and related to the covariance
matrix of the constrained proper motions. n23 is again a diagonal
matrix and contains the cross terms between proper motion and
parallax in the coefficient matrix of the normal equations.

n33 consists of the diagonal matrix of the sums of the squares
of the parallax factors of the plates on which the star was imaged,
followed by the weighted sums of the squared parallax factors
at the epochs of the reference positions used, which are in turn
followed by the weighted number of reference parallaxes and
finally, by the nondiagonal contribution to the coefficient matrix
from the correlated constraints on the parallaxes.

The following appears to be a workable strategy for solving
the problem. Start with solving N33π = ` (where π are the
star parameters and ` the appropriate right hand sides) to find
approximate values for the star parameters and use these in a
block Gauss-Seidel scheme. There is reason to believe that this
will converge rapidly. The matrix can also be inverted directly
by taking advantage of the ease with which N11 is inverted; one
never has to invert a matrix of dimensions larger than 3m×3m.

5. The simultaneous reduction of measurements
in both coordinates

For simplicity’s sake, we have set up the (matrix N of the) normal
Eqs. [Eqs. 20, 21, 22 and 23] as if they were independent in both
coordinates, i.e. as if positions, proper motions and parallaxes
were different in each coordinate. In physical reality, however,
the parallaxes are not direction-specific and they must therefore
have the same values regardless from which equations they were
estimated. We will now show how we can remove this handicap
in practice.

Suppose we have to solve a general adjustment problem in
which there are three sets of unknowns (adjusment parameters):
x1, x2 and y, and that the (linear and properly weighted) con-
dition equations for estimating their values are

( A1 0 B1 )

(
x1

x2

y

)
= `1

and ( 0 A2 B2 )

(
x1

x2

y

)
= `2, (24)

where the matrices A1, A2, B1 and B2 as well as the vectors `1

and `2 are given.
We see that x1 and x2 occur explicitly only in the first and

second, respectively, set of condition equations but thaty occurs
in both. If we were estimating x1 and y from the first, and
independently x2 and y from the second set of these equations
only, we would get

xν = (Aν
TAν)−1Aν(`ν − Bνy); ν ∈ {1, 2} (25)

and

{Bν
T[I − Aν(Aν

TAν)−1Aν
T]Bν}y

= [Bν
T − (Aν

TAν)−1Aν
T]`ν ; ν ∈ {1, 2}. (26)

This equation will yield (only slightly, one hopes) different es-
timates for y depending on whether ν = 1 or ν = 2.
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We can make sure that there will be only one unambiguous
estimate for y if we combine the two sets of condition Eqs. 24,
which then would look like this:(

A1 0 B1

0 A2 B2

)(x1

x2

y

)
=

(
`1

`2

)
,

whence

2∑
ν=1

{Bν
T[I − Aν(Aν

TAν)−1Aν
T]Bν}y

=
2∑
ν=1

[Bν
T − (Aν

TAν)−1Aν
T]`ν , (27)

while the Eqs. 25 for computing x1 and x2 (once y is known)
remain the same. Eqs. 27 are exactly the same equations we
would have obtained had we added Eqs. 26 for ν = 1 and ν = 2.
This means that we can set up the condition Eqs. 24 for the x-
and the y-direction separately and eliminate everything except
y, add the reduced equations and get the unambiguous estimates
by solving the sum of these equations for y. For calculating x1

andx2, we must use the y computed from Eqs. 27 and not those
obtained by solving the two sets of Eqs. 26.

This shows also the two reasons why one should not de-
termine separate and thus different “best” estimates for y from
each set of condition Eqs. 24 and then accept the weighted mean
as the definitive value: First, only if the coefficient matrix of y
in Eqs. 27 were diagonal would the weighted mean be identi-
cal with the solution of Eqs. 27 and second, because x1 and x2

must properly be computed with the unambiguous y obtained
by solving Eqs. 27 and not from the several different y obtained
by solving Eqs. 26.

Accordingly, we partition the matrices Nx and Ny (i.e. one
each in both coordinates) into four submatrices so, that the ma-
trices nx33 and ny33 are the lower right submatrices:

Nx =

(
Ax Cx

Cx
T nx33

)
and Ny =

(
Ay Cy

Cy
T ny33

)
(28)

and eliminate all but π, getting (analogously to Eq. 26

Qxπx = `x, Qyπy = `y. (29)

According to Eq. 27, we get the equation for the computation
of $ as

(Qx + Qy)π = `x + `y, (30)

and we must useπ as obtained from Eq. 30 when we resubstitute
into the equations whose matrices are given in Eqs. 28 to obtain
the rest of the adjustment parameters.

6. Star- and frame variances

It stands to reason [cf. (Eichhorn and Jefferys 1971)] that not
all frames will yield equally precise measurements and also,

that (for whatever reason) the coordinates of some of the stars
can consistently be measured more precisely than those of some
others. Therefore it makes sense to abandon – in the course of
a second iteration – the premise that all measurements on the
frames have the same variance. We still maintain, however, the
(probably not strictly correct) assumption that all measurements
are uncorrelated.

In the (prevailing) absence of a priori information, we cannot
but estimate the appropriate variances from the residuals after
a preliminary parameter estimation, carried out with undiffer-
entiated variances for the measurements on the frames. Since
the equations of condition are linear and solved with respect to
the observed quantities (and – though this is irrelevant in the
present context – linear in all variables), the adjustment resid-
uals are found very easily. Under the circumstances, one might
calculate the variance characteristic for a particular star (or a
particular frame) by simply taking the average of the squares
of the appropriate residuals. In this context we must remember,
however, that the estimated parameters are not the true ones but
those which minimize a particular quadratic form; the residu-
als calculated by using the estimated parameters must thus be
smaller than those which would have been found by using the
(alas, unavailable) true ones.

When quantities that are functions of the adjustment pa-
rameters are evaluated not with the true, but with the estimated
values of these parameters, the accidental errors of the latter are
propagated as systematic errors into these quantities. Eichhorn
and Williams (1963) have given formulas that estimate the vari-
ances of these systematic errors. It seems therefore reasonable
to assume that the actual variances would be estimated with-
out bias by the averages of the squared actual residuals plus
the appropriate parameter variances. Before the averages are
taken, the squares of the residuals should be augmented by the
appropriate parameter variances.

Eichhorn and Jefferys calculated the parallaxes according to
the precepts outlined in their paper, they did not add the param-
eter variances and at first, attempted to iterate i.e. find improved
values for the star- and the frame-variances during each iter-
ation. This led, however, to patently absurd results: It turned
out that three stars always emerged as the only ones whose
star-variances did not grow beyond all reasonable bounds. The
reason for this may be as follows. If a star, after the initial iter-
ation, is assigned a high variance, the information provided by
this star will have even less influence on the results of the second
iteration than it had on the first, and this will naturally tend to
increase the residuals of this material, because a low-weight star
will not – if figurative speech is permitted – pull the solutions
as strongly toward itself as a high-weight (i.e. low-variance)
star and so, it will eventually be eliminated in the course of the
iterations. Adding the parameter variances may reverse this pro-
cess, but only numerical calculation on the actual measurements
will clarify the appropriate procedure for estimating frame- and
star-variances from the adjustment residuals. Intuition on the
one hand (for what it is worth) suggests that one should be able
to obtain the best estimates for the star- and frame-variances
as the result of some iterative process; on the other hand, the
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just described train of reasoning suggests why iterations for the
variances will diverge. We need numbers and experiments with
actual measurements to arrive at a definitive answer.
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Appendix A: notation

Subscripts are symbols when upright, but are numbers when
they are slanted or italic

a : the vector of the adjustment parameters

A
n×k

=


A1

T

A2
T

...
An

T

 : the matrix of the frame parameters

Aν
T = (Aν Bν Cν ) : the frame parameters (for the x-
coordinate) on the ν-th frame, based on the model ξ =
x + Ax + By + C. (six constant model, three in each co-
ordinate)

B =

( Bi

Br

Bc

)
: the matrix of the condition equations

Bc : the lowest submatrix of B i.e. the coefficient matrix gener-
ated by the vector of the star-parameter constraints

Bi : the top submatrix of the coefficient matrix B of the condition
eqations, generated by the measurements of the star images’
coordinates on the frames

Br : the submatrix of B that consists of the rows generated by the
reference material (positions, proper motions, parallaxes)

C
k×`

=
(
C1 C2 C3

)
: the constraint matrix C (for ` = 3).

F (a,x) = 0 : the set of condition equations
F 0 : F (0,x)
Jn : an n-vector whose every component is 1
k : the number of independent frame parameters per frame (the

same for all frames) in one coordinate (The developments
in this paper were written for k = 3, k is therefore also used
as the total number of stars for which reference positions
are available)

K
`×k

: the constraint matrix K

` : the number of independent star parameters per star (the same
for all stars) in one coordinate

`ν : the number of stars whose images were not measured on
the ν-th frame

` : the vector on the right hand side of the reduced normal
equations Nπ = `

`κ : the number of independent extraneous reference positions
available for the star numbered pκ

`ρ : the number of independent extraneous reference proper
motions available for the star numbered pρ

L
Λ×m

: a matrix of the same structure as T, but where the 1’s are

replaced by the epoch of the reference positions with which
they are connected

Lr : a submatrix of Br whose nonzero terms are all 1 and which
is generated by the available reference proper-motions

m : the total number of stars involved in the adjustment
m1, . . . ,mr : the ordinal numbers of the stars for which refer-

ence proper motions are available
M

Λ×m
: a matrix of the same structure as T, but with the 1’s

replaced by the parallax factors at the epoch for which the
appropriate reference positions are valid

Mr : a submatrix of Br whose nonzero terms are all 1 and which
is generated by the reference parallaxes

n : the total number of frames involved in the adjustment
nµ : the number of frames on which an image of the µ-th star

was measured
nµν (µ, ν ∈ {1, 2, 3}) : submatrices of N22

N =

(
N11 N12

N12
T N22

)
: the coefficient matrix of the normal equa-

tions
Nx, Ny : the matrices N generated by the data in the x- and y

directions, respectively
p1, . . . , pk : The ordinal number of the stars for which there

are extraneous reference positions
P : the total number of available reference proper-motions
Pν : the parallax factor (in the x-direction) at the epoch tν at

which the ν-th frame was taken
P n : an n-vector whose components are the parallax factors of

the n frames
r : the number of stars for which reference proper-motions are

available
Sν : The matrix formed by replacing the rows ν1, . . . , ν`ν in

the identity matrix Im by nullvectors
Sµν : the submatrices of the matrix BΣ−1

tν : the epoch of the ν-th frame, reckoned from t0, the zero
mark adopted for reckoning time

T n : an n-vector whose components are the epochs of the n
frames

T
Λ×m

: a submatrix of Br, namely the matrix of coefficients (all

of which are 1) of the zero-epoch positions in the matrix of
the condition equations

x : the vector of observables
x

n×m =
(
xνµ
)

: the matrix of the true values of the rectangular

coordinates of the stars’ images on the frames
x̂

n×m =
(
x̂νµ
)

: the matrix of the measured values of the stars’

images rectangular x−coordinates on the frames
xνµ : the measured x-coordinate of the image of the µ-th star

on the ν-th frame
xµ, yµ : approximate coordinates of the µ-th star on all frames.

We may use them because (a) of the aforementioned stabil-
ity of the tangential point, which is the zero-point of the
coordinate system with respect to which x andf y are reck-
oned and (b) almost all stars move move so slowly that they
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change their coordinates only little during the time interval
over which the frames were taken

xν
T = (xν1 xν2 . . . xνm ) : the vector of x-coordinates
measured on the ν-th frame

X
`×m

= (Xλµ) : The matrix of the star parameters (i.e. zero epoch

position, proper motion in the x-direction, parallax &c. ) of
all stars

Γ
n×`

=
(
γνλ
)

: the matrix of coefficients of the star parameters in

the equations linking the the star parameters and the standard
coordinates [Eq. 2], such as 1, tν (the epoch of the ν-th
frame) &c

γν
T = ( 1 tν Pν ) : the vector formed by the ν-th line in the
matrix of the star model coefficients

εε
n×m

: the matrix of the corrections from the measured to the true

values of the stars’ rectangular coordinates on the frames
ζ : the m-vector (ζ1 ζ2 . . . ζm) of the zero-point corrections in

the star model; a vector of star parameters
ζµ

T = ( ζµ µµ $µ ) : the vector of the modified star param-
eters of the µ-th star

Λ : the total number of incorporated reference positions
µµ : the ξ- (or ratherx-) component of theµ-th star’s proper mo-

tion. Note that “µ” appears here in two different meanings:
as symbol for a quantity, but also (when it is a subscript)
as counter for the star number. This is not likely to cause
confusion.

µν1 , . . . , µν`ν : the ordinal numbers of the stars whose images
were not measured on the ν-th frame

µ : the m-vector (µ1 µ2 . . . µm)T of the stars’ proper motions
ν1, ν2. . . . ν`ν : see µν1 , . . . , µν`ν
ξ0µ : The standard coordinate ξ of the µ-th star for the epoch

t = 0 and parallax factor 0
ξνµ, ηνµ : the standard coordinates (in the same units as the

measurements xνµ) of the µ-th star on the ν-th frame with
respect to the tangential point on the ν-th frame. (Except
for corrections of the first order, the spherical coordinates
of the tangential point are the same on all frames. Also, we
assume that each frame covers the same field)

ξµ
T = ( ξµ µµ $µ ) : the vector of the star parameters of the
µ-th star

ξξ
n×m

=
(
ξνµ
)

: the matrix of the standard coordinates of the

stars’ images on the frames
$µ : the parallax of the µ-th star
$T : the vector ($1 $2 . . . $m) of the stars’ parallaxes

π =

(
ζ
µ
$

)
: the vector of the star parameters

Π : the total number of reference parallaxes available for all
stars

Σ : the covariance matrix of the observations, reference mate-
rial and parameter constraints, diagonal except for the part
that belongs to the parameter constraints, which is blockdi-
agonal

Σc
3m×3m

= diag ( Σξξ Σµµ Σϖϖ ) : the diagonal matrix of the

variances of the predicted values of the constrained star pa-

rameters, with arbitrary values for the variances of the non-
predicted parameters

Σr = diag ( Σrµµ Σrϖϖ Σrξξ ) : the diagonal covariance ma-
trix of the reference data

ΣCC
9×9

: the covariance matrix of the components of the constraint

matrix C (for ` = k = 3).
Σµµ
m×m

: the diagonal covariance matrix of the predicted proper-

motions
Σξξ
m×m

: the diagonal covariance matrix of the predicted positions

Σϖϖ
m×m

: the diagonal covariance matrix of the predicted paral-

laxes
Σrµµ : the diagonal covariance matrix of the reference proper-

motions
Σrϖϖ : the diagonal covariance matrix of the reference paral-

laxes
Σrξξ : the diagonal covariance matrix of the reference positions
Φ

3×m
= (ϕ1 ϕ2 . . . ϕm ) with ϕµ

T = (xµ yµ 1 ) : the

frame-model coefficient matrix (for k = 3)
Φµ

3×m
: the matrix Φ in which the columns corresponding to stars

whose proper motions are not subjected to the parameter
constraints are replaced by null vectors (for k = 3)

Φν
3×m

: produced by replacing in the matrix Φ by nullvectors

those colums corresponding to images not measured on the
ν-th frame (for k = 3)

Φϖ
3×m

: the matrix Φ in which the columns corresponding to

stars whose parallaxes are not subjected to the parameter
constraints are replaced by null vectors (for k = 3)

Φξ
3×m

: the matrix Φ in which the columns corresponding to

stars whose positions are not included in the parameter con-
straints are replaced by null vectors (for k = 3)
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