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Abstract. A numerical investigation of Wilson-Bappu relation-
ship for CaII H and K lines in a series of non-active late-type
main sequence stars is performed. Atmospheric models are con-
structed with given effective temperatures and surface gravities
using a time-dependent hydrodynamic code. Mechanical heat-
ing by acoustic waves is included in the simulations. Radiative
energy losses are treated by using tabulated Rosseland mean
opacities in the photosphere, solving the transfer equation for
the strongest lines in the chromosphere, and assuming optically
thin emissivities in the corona.

In the static (time-averaged) atmospheres, we find that the
calculated profiles of the CaII K line for different stars show
a Wilson-Bappu relationship which is in good agreement with
the empirical form. In different stars the lines are formed at an
atmospheric height where the column mass density, which is
related to the line opacity, is different, and the full width at half
maximum of the CaII line emission core broadens as a result of
increasing column mass density in the chromosphere. A correct
choice of turbulence velocity is important for the calculation of
line width in later dwarf stars.

It is well known that stellar atmospheres are dynamic. A
more realistic approach is therefore to average line profiles re-
sulting from dynamic atmospheres that represent different in-
stants (phases) of acoustic waves. We find that the time-averaged
line profiles in dynamic atmospheres are asymmetric with strong
emission on the violet side of the line center. With increasing
atmospheric heating the line intensity increases and the base
emission line width broadens, while the variation of peak width
is not significant.

Key words: hydrodynamics – lines: profiles – star: atmo-
spheres; chromospheres; late-type; fundamental parameters

1. Introduction

The H and K spectral lines of CaII at 3968.5 Å and 3933.7 Å
are the only resonance lines of a majority element formed at
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chromospheric heights which can be accessed by Earth-based
telescopes. These lines provide an important tool for the diag-
nostics of the chromospheres of late-type stars and for theoret-
ical studies of line formation.

The remarkable correlation which was discovered by Wilson
and Bappu (1957), shows that the full width at half maximum
(FWHM) W0 of the emission core of the chromospheric CaII H
and K lines in late-type stars (effective temperature equal to that
of the Sun and cooler) broadens systematically with increasing
absolute visual magnitude Mv . This relation is closely obeyed
by most cool stars ranging from dwarfs to super giants over 15
magnitudes (Wilson 1959), and for the CaII K line it can be
expressed by the empirical formula as (Wilson 1976, Elgarøy
et al. 1990):

Mv = A · log(W0) + B, (1)

where A and B are constants.
Analogous relations have also been found for the MgII h

& k lines and the hydrogen Lyα line (Dupree 1976; Weiler &
Oegerle 1979; Vladilo et al. 1987; Elgarøy et al. 1988; Elgarøy
et al. 1990).

The Wilson-Bappu relation gives a fundamental link be-
tween the total energy emitted by the star and the structure of
its chromosphere. The emitted total energy may be determined
by global parameters such as the effective temperature Teff , the
surface gravity g and the metal abundance (Lutz & Pagel 1982).
The resonance lines of CaII reflect the temperature structure
and the heating in the chromosphere. Thus, investigating the
central CaII H and K line profiles for various late-type stars do
not only provide information about the absolute stellar mag-
nitudes related to the Wilson-Bappu effect, but may also help
us to understand the heating and the structure of the chromo-
spheres. Such understanding is crucial for the explanation of
many physical phenomena in stellar atmospheres.

Interpretations of the width/luminosity relations fall into two
categories. The first is usually to relate the line width to chromo-
spheric velocity fields caused by turbulence, and subsequently
to relate these velocity fields to other fundamental stellar param-
eters such as luminosity (Hoyle & Wilson 1958; Wilson 1967;
Lutz and Pagel 1982). This explanation ignores the complexi-
ties of non-LTE line formation. The other approach is to assume
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that the chromospheric column mass density, by its relation to
the line opacity, is the dominant factor for the Wilson-Bappu ef-
fect (Ayres et al. 1973; Ayres & Linsky 1975; Engvold & Rygh
1978; Engvold and Elgarøy 1987). However, a satisfactory the-
oretical explanation of the Wilson-Bappu effect in detail has not
yet been produced.

The profiles and fluxes of chromospheric resonance lines
depend on the atmospheric temperature structure. In the calcu-
lations of model atmospheres a non-radiative heating is required
to balance the energy losses. The chromospheres of cool stars
are believed to be heated by two types of mechanisms (Ulm-
schneider et al. 1991; Schrijver 1995; Peterson and Schrijver
1997), a magnetic mechanism which is correlated with stellar
rotation, and an acoustic mechanism which does not depend on
rotation and is suspected to be responsible for the minimal emis-
sion fluxes observed in the cores of chromospheric strong lines.
The heating caused by energy dissipation of acoustic waves is
usually called “basal” heating, because theoretical examinations
of the fluxes of CaII and MgII emission lines for late-type main
sequence stars strongly suggest that the acoustic waves repre-
sent the basic heating mechanism (Rutten et al. 1991; Buchholz
& Ulmschneider 1994). Acoustic heating is expected to domi-
nate, or even to be the only heating mechanism, in non-active
cool stars where dynamo action is not at work (or is operating
on a very weak level).

Buchholz and Ulmschneider (1994) computed acoustic
wave models of the atmospheres of F, G, K and M main se-
quence stars, and they found that the CaII and MgII central
line emissions are in good agreement with observed values of
the chromospheric basal flux limit. Mullan and Cheng (1993,
1994a and 1994b) calculated model atmospheres for M dwarf
and F stars, and concluded that acoustic wave heating could be
the source of mechanical power for chromospheres and “cool”
coronae of the least active late-type stars. These successful nu-
merical simulations suggest that model atmospheres of non-
active late-type stars may be derived with acoustic waves as the
heating mechanism.

Our investigation is limited to the CaII H and K lines of the
least active (non-magnetic) late-type main sequence stars. We
first generate the model atmospheres for different stars by us-
ing a time-dependent hydrodynamic code, with acoustic wave
heating and radiative cooling taken into account. The profiles
and fluxes of the CaII emission lines are computed both for
time-averaged atmospheric structures and for snapshots of dy-
namic atmospheres. In the case of the time-averaged model at-
mospheres, we find a Wilson-Bappu relationship which agrees
well with the empirical Eq. (1). The presumed more realistic
approach, with instantaneous realizations of dynamic chromo-
spheres, on the other hand, does not give a similarly good agree-
ment with observations.

The paper is structured as follows: Sect. 2 describes the hy-
drodynamic methods, the computation of the spectral lines, and
the generation of modeling atmospheres. Sect. 3 gives the results
and discussions. Conclusions are presented in Sect. 4.

2. Methods

2.1. Hydrodynamic computation

In our time-dependent numerical simulations, the hydrodynam-
ics of acoustic wave propagation are followed in detail, and
the atmospheric response properties are investigated in order to
know the structure of the model atmospheres. A wave train is in-
jected at the lower boundary of the computational domain, and
the hydrodynamic equations are integrated to determine how
the atmospheric gas responds to the waves.

We solve the time-dependent hydrodynamic equations using
an implicit conservative method (Mulder & Van Leer 1985; Ko-
revaar & Van Leer 1988; Cheng 1992a; Mullan & Cheng 1993).
This method solves the equations of mass, momentum and en-
ergy in Euler and conservation form by dividing the space coor-
dinate into slabs and considering the integral values of quantities
of state within each slab rather than the values at the center of
the slab. The directions of the flow of hydrodynamic informa-
tion in the calculations are taken into account by flux–vector
splitting. Since the information about the variables after a time
step is used in the calculations of the solution, the method is
stable, large time steps are allowed if the solution approaches a
stationary solution, and very non-linear events such as shocks
can be treated reasonably well.

It is assumed that the atmosphere is plane parallel. At the
bottom of the atmosphere, we introduce acoustic waves gener-
ated by a piston. At the top of the atmosphere a transmitting
boundary is used in order to ensure that disturbances and/or hy-
drodynamic information can pass freely through the boundary
without reflection (Cheng 1991).

The equations and the numerical method have been de-
scribed in detail in previous papers (Cheng 1992a; Mullan &
Cheng 1993) and these therefore need not to be repeated. The
previous papers also outline how to calculate thermal conduc-
tion and ionization of hydrogen. The treatment of the radiative
loss and the mechanical heating are described below.

2.2. Radiative cooling and acoustic heating

Apparently, in order to understand the propagation and dissi-
pation properties of acoustic waves in the stellar atmospheres,
a proper treatment of radiative energy losses is required in the
calculations. In our code, radiation losses are treated by differ-
ent methods at different atmospheric regions (Mullan & Cheng
1993). In the photosphere, we use tables of Rosseland mean
opacity computed by Kurucz (1992) and solve the equation of
radiative transfer in the continuum to get the net radiative cool-
ing rate. In the chromosphere, the radiative transfer equation is
solved (using a core-saturation method) for the strongest lines
CaII, MgII and Lyα, to represent the total emissions (see also
Cheng 1992b). From the atmospheric model calculations for the
Sun (Vernazza et al. 1981), it has been shown that the Lyα line
loss rate is much larger than the other hydrogen contributions
there, and that of Hα and the Balmer continuum, one being a
cooling and the other a heating mechanism, cancel energetically.
Therefore, the net contribution of hydrogen to the radiative loss
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is roughly due only to the Lyα line. Ulmschneider et al. (1987)
have justified that a scaledMgII k line can be used to represent
the total radiative loss of the middle chromosphere since its cal-
culated net radiative cooling rate is a substantive fraction of the
total at this layer. In the corona, where the temperature is larger
than 50, 000K, the optically thin approximation (McWhirter et
al. 1975) is employed to compute the radiation losses.

In order to get a correct temperature structure of the atmo-
sphere, one needs to consider mechanical heating that balances
the radiation losses. Since the heating problem in stellar atmo-
spheres has not yet been solved, as discussed in Sect. 1, we
assume that energy deposition of acoustic waves is the heating
mechanism for the least active late-type main sequence stars,
where magnetic fields are weak or absent. The energy flux and
spectrum of acoustic waves generated in the convection zone of
stars can be computed theoretically. The most advanced theoret-
ical method to compute acoustic wave generation from the tur-
bulent motions in stellar convection zones has been developed
by Stein (1967, 1968). Based on this theory Bohn (1981, 1984)
calculated the acoustic wave generation for a series of late-type
stars. Stein’s theory was recently rediscussed by Musielak et
al. (1994) for the Sun. They found that the results by Bohn are
basically correct except that, due to somewhat unrealistic as-
sumptions about the spatial and temporal parts of the turbulent
energy spectrum, the magnitude of the acoustic wave generation
might be overestimated. However, as the extension of Musielak
et al.’s work to stars other than the Sun is presently unavailable,
and in particular Bohn’s basic results remain unchanged, we use
Bohn’s calculations of the fluxes and spectra of acoustic wave
generation and choose a mixing-length parameter α = 1 in our
numerical simulations.

Bohn’s work indicates that there is an important distinction
between the acoustic spectrum in a relatively hot main-sequence
star (such as F and G star) and the spectrum in a star as cool as
an M dwarf. In an F or G star, the acoustic spectrum peaks at a
period P∗ which is rather short compared to the acoustic cutoff
periodPA = 4πcs/γg of the atmosphere:PA/P∗ = 5−10. Here
cs is the sound speed, g the gravitational acceleration and γ =
5/3. However, in an M dwarf star, the acoustic spectrum peaks
at relatively longer periods: P∗ approaches the cutoff period
PA itself. Since the acoustic spectrum is not monochromatic,
but falls off from a maximum at P∗ toward smaller values at
shorter or longer periods in a star, we prefer not to represent
the acoustic spectrum by a monochromatic flux. Waves near the
shorter period are more likely to undergo radiative damping and
to deposit their energy in the lower part of the atmosphere, while
the long-period waves could carry energy to a larger distance and
are therefore believed to be more important in the heating of the
upper atmosphere. Therefore, based on the above arguments, we
will adopt two acoustic wave terms with periods ofPA andPA/5
for our time-dependent calculation of atmospheric models.

2.3. Computation of line profiles

Line profiles and FWHM of CaII are computed using the code
MULTI of Carlsson (1986; see also Scharmer & Carlsson 1985).

Fig. 1. a Temperature distributions as a function of column mass
density m (g cm−2) for the time-averaged atmospheric models. Solid
line: Teff = 5800K and g = 2.74 · 104 cm s−2; dashed line:
Teff = 4000K and g = 7.0 · 104 cm s−2; chain line: Teff = 3000K and
g = 8.66 · 104 cm s−2. b Schematic CaII K line profile for a typical
late-type star. The numbers 3, 2, 1 and 0 indicate the formation heights
(in a) of the line where the monochromatic optical depth τ (λ) = 1 for
the corresponding wavelength at line center, line peak, line minimum,
and half maximum where we measure the Wilson-Bappu width W0

(in b)

This program solves the equations of multi-level non-LTE ra-
diative transfer coupled with statistical equilibrium and particle
conservation for a plane-parallel geometry using the method
developed by Scharmer (1981). In our computation a complete
frequency redistribution (CRD) in the scattering process is as-
sumed and a 6-level atom model for single ionized calcium
is employed. Background continua are treated in LTE. Micro-
turbulence velocity is set to a constant 4 km s−1 throughout the
atmosphere except when a different value is specified. Since our
models deal only with main sequence stars, solar abundances
have been chosen.

2.4. Modeling procedure

In the present paper, we adopt a fully time-dependent hydrody-
namic approach where the acoustic waves are explicitly com-
puted. Starting with a given effective temperature Teff and grav-
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itational acceleration g at the surface of a star, we prescribe an
initial guess of the temperature distribution in all zones of the
atmosphere: this is typically close to a gray model in the lower
atmosphere and rises steeply to high values of the corona. Then,
the system of equations is integrated forward in time, with the
radiation, ionization, conduction and mechanical heating taken
into account. At the bottom boundary (the height x = 0) of our
computational domain, we assume a temperature T = Teff and
choose a pressure where the optical depth τ5000 = 1. To power
this initial profile, we inject acoustic waves with specified pe-
riods and velocities (fluxes) into the atmosphere at the lower
boundary. This velocity perturbation behaves like a “piston”
and continues to work for as long as the calculation runs. The
acoustic waves propagate upward through the atmosphere and
deposit heat as they evolve nonlinearly.

At first, large velocities upward and downward are induced
by the spuriously located temperature ramp, and these may per-
sist for long times (many sound crossing times) if the pres-
sure at the upper boundary is not chosen correctly. Iterating
on the choice of the pressure at the upper boundary, the tem-
perature structure adjusts itself such that, after typically about
ten thousands seconds, time-averaged local deposition of me-
chanical energy is (nearly) balanced by radiative and conduc-
tive losses in a physically consistent manner. When this occurs,
we then determine the atmospheric structure (such as the tem-
perature and pressure distributions) by averaging over the last
several wave periods of the simulation. Fig. 1a shows the time-
averaged temperature structure as a function of mass column
density (m) for three model atmospheres, with a solid line for
the star of effective temperature Teff = 5800K and gravity
g = 2.74 · 104 (cm s−2), dashed line Teff = 4000K and grav-
ity g = 7.0 · 104 (cm s−2), and chain line Teff = 3000K and
gravity g = 8.66 · 104 (cm s−2). Further explanations of this
Figure will be given below (Sect. 3.1). It should be noted that
our atmospheric models include a chromosphere-corona transi-
tion region, which may play a fundamental role for the dynamics
of the upper chromosphere and for the computation of emission
lines. The location of temperature minimum is also successfully
reproduced. In this paper, however, the coronal portion of the
models is of interest mainly as a supplier of heat conduction to
the transition region to provide a reasonable temperature struc-
ture.

Once a time-averaged atmosphere is obtained, one computes
the widths and profiles of the CaII H and K lines and studies
the relations between the stellar parameters and line widths.
For comparison and for explaining the line asymmetry of ob-
servations, the line profiles are also calculated with specified
instantaneous atmospheres, and then a time average of the line
profiles is made.

3. Results

In this Section the numerical results of model atmospheres and
CaII line profiles will be discussed. The related data concerning
stars, such as the effective temperatures (Teff ), surface gravities
(g) and absolute visual magnitudes (Mv) as well as the assumed

turbulence velocities (vturb), are listed in Table 1. Since we have
limited information about the turbulent velocity fields in stellar
atmospheres, for the computation of CaII lines, the turbulent
velocities in the line formation layers are assumed to be a con-
stant of vturb = 4 km s−1. In order to make a comparison we
also studied one case with vturb = 1 km s−1.

3.1. Time-averaged atmospheres

The time-averaged atmospheres (mean temperature and mass
density distributions) are used to compute line profiles and
widths. Fig. 2 shows the line profiles of the CaII K lines com-
puted with the three model atmospheres given in Fig. 1a. Where
I (erg cm−2 sec−1 Hz−1 ster−1) is the intensity and ∆λ (Å)
the wavelength displacement from line-center. The line profiles
at the right hand side of the Figure are the same as those at the
left side but show only the emission cores. It is clearly seen that
the line profiles are symmetric and that the line width becomes
narrower towards later type (smaller mass) of main sequence
stars. In the coolest star where Teff = 3000K, the separation
of wave length (λ) between blue peak and red peak becomes
too small to be recognized. It is also found that the brightest
emission lines (largest intensity) are associated with the largest
widths, which implies that the broadening is actually an effect
of opacity of the line.

Table 1 summarizes the result of the calculations.
W0 (km s−1) is the full width at half maximum of the emis-
sion lines, W ∗

0 is the expected result from the empirical form
Mv = −14.94 · log(W ∗

0 ) + 27.59 given by Wilson (1976) for
the K lines, and F (ergs cm−2 s−1) is the radiative energy flux.
T is the temperature and m the mass column density where
the monochromatic optical depth τ (λ) = 1 for the correspond-
ing wave length of the K line as shown in Fig. 1b (where the
number 3 indicates the line center, 2 the emission peak, 1 the
minimum point between core and wing, and 0 the position of
half maximum where we measure the Wilson-Bappu widthW0.
The objective for the calculation of the temperature and mass
density at τ (λ) = 1 is to make a comparison of atmospheric
structures where the line features supposedly originate.

For a comparison, the lines resulting from the VAL model
atmosphere C of the Sun given by Vernazza et al. (1981) are
also computed in Table 1. One finds that the difference between
the result for the VAL model and that for our acoustic heating
atmosphere with Teff = 5800K is small. For the calculation of
Teff = 4000K a small increase of gravity does not produce a
significant effect on the result. When the turbulent velocity is
kept at constant 4 km s−1 in the computation of lines, Table 1
shows a Wilson-Bappu relationship between the line width W0

and the absolute visual magnitudeMv . It is clearly seen that the
widths and fluxes of the CaII H and K lines both increase with
increasing absolute magnitude of stars. This is due to the fact
that the line opacity, being proportional to the column mass den-
sity, increases in the earlier type stars (more explanations will be
found below). However, comparing the calculated K line widths
with the expected widths W ∗

0 from the empirical form, we find
that the line widths are narrower than the expected value for the
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Fig. 2. Calculated K line profiles
for the time-averaged atmospheres
with Teff = 5800K (upper dia-
grams), Teff = 4000K (middle), and
Teff = 3000K (lower). Left side shows
the full view while right side only the
emission core

Table 1. Summarized results with time-averaged atmospheres

Stars H line K line

Teff log(g) Mv vturb Wo(H) W0(K) W ∗
0 (K) F (K) log(m3) log(m2) log(m0) T0

(K) (cm s−2) (km s−1) (km s−1) (km s−1) (km s−1) (erg cm−2 s−1) (g cm−2) (g cm−2) (g cm−2) (K)

Sun(VAL) 4.44 4.80 4.0 27.03 30.01 33.53 6.2 · 105 −5.0 −2.6 −1.7 4420
5800 4.44 4.80 4.0 27.86 30.59 33.53 8.8 · 105 −4.9 −2.7 −1.7 4800
4000 4.44 8.20 4.0 20.28 21.62 19.85 6.9 · 104 −4.9 −4.3 −3.2 4650
4000 4.85 8.20 4.0 20.39 21.34 19.85 5.6 · 104 −4.9 −4.3 −3.2 4600
3000 4.94 13.8 4.0 14.59 15.65 8.37 5.4 · 103 −5.1 −5.1 −4.3 4700
3000 4.94 13.8 1.0 7.19 7.77 8.37 4.4 · 103 −5.2 −5.2 −4.4 4700

star with Teff = 5800K, but somewhat larger for cooler stars,
especially with Teff = 3000K. There are several possibilities
which may be responsible for this deviation from the empiri-
cal slope of the Wilson-Bappu relation. First, a single value of
turbulent velocity has been used in the calculations for all the
stars. According to Scharmer (1976), the chromospheric turbu-
lent velocity may be proportional to the effective temperature
(Teff ). The turbulent velocity fields for stellar chromospheres

are supposed also to vary with height. Thus, a corresponding
turbulent velocity should be identified for different stars. For
example, when vturb is reduced to 1 km s−1 for the calculation
with Teff = 3000K, we found in fact that the K line width W0

decreases to 7.77 km s−1. This value is in good agreement with
the predicted width of 8.37 km s−1 by the empirical form. Sec-
ond, the CRD assumption for the scattering process may have an
effect on the computation of line profiles. The coherent nature of
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Fig. 3a and b. Temperature distributions as a function of column mass density (left diagram) and the corresponding CaII K line profiles (right
diagram) for the dynamic modeling atmosphere with Teff = 5800K. The display starts at an arbitrarily chosen time and is at 4 different times
with time interval of 12 seconds (plotted with solid, dashed, chain and point lines, respectively)

partial redistribution (PRD) reduces the net escape probability
of photons from the line core to the wings, and hence the line
width could be reduced. Including PRD is a task for future stud-
ies. Third, for the coolest stars, the chromospheres may contain
a larger fraction of neutral Calcium, and then the density of sin-
gle ionized Calcium could be effectively reduced. This leads to
an optically thinner case in which the line becomes narrower.

In order to examine the dependence of the line profiles on
the structure of stellar atmospheres, we have calculated the tem-
peratures and column mass densities at the heights where the
monochromatic optical depth of the K lines τ (λ) = 1 for speci-
fied wave length at line center (represented by number 3), peak
(number 2), minimum (number 1) and half maximum (number
0) (see Figure 1). Checking on the Table 1 and Fig. 1, we found
that the line centers are formed at the top of the chromospheres
where the column mass densities (m3) have almost the same
value for all the concerned stars. However, the line peaks are
formed at the upper layer of the chromospheres where the col-
umn mass density (m2) decreases quickly towards cooler stars.
It is interesting to see that the half maxima of the emission
cores, where we measure the FWHM W0, originate from the
chromospheric heights where the temperatures (T0) are around
4700K but the column mass densities m0 are very different,
with higher column mass density for earlier type stars. Notic-
ing the fact that the lines with larger width (W0) are formed at
higher column mass density in the chromospheres, a conclusion
can be drawn here that the line profile strongly depends on the
atmospheric structure in the line formation height: i.e. on the
variation of temperature with height, and on the line opacity
which increases with increasing column mass density. It is the
variation of column mass density of the atmospheres of stars
of different luminosity that causes the Wilson-Bappu effect, if
the turbulent velocity is assumed to have a constant value. Our
simulated result also shows that the stellar chromospheres are
thicker in stars with low gravity and high effective temperature,
which is consistent with the suggestion by Ayres (1979).

Fig. 4. Time average of the calculated K line profiles for the dynamic
atmosphere with Teff = 5800K

3.2. Instantaneous dynamic atmospheres

In a realistic situation, stellar atmospheres are dynamic and ma-
terial motions and shocks are present. Shocks produce a steep
velocity and temperature gradient, and may have a strong effect
on the generation of the lines. It is important to compare the
physics in the instantaneous dynamic situation with the con-
clusions we have drawn from the analysis of the time-averaged
atmospheres. In this Section we show the atmospheric structures
and the line profiles of a dynamic simulation with effective tem-
perature Teff = 5800K, and discuss the obtained results.

Fig. 3a (left diagram) displays the temperature distributions
as a function of column mass density in the instantaneous dy-
namic atmosphere. The plot shows the situation at 4 different
times with time intervals of 12 seconds, and starts at an arbi-
trarily chosen time (solid line). It is clearly seen that the waves
propagate upwards in the atmosphere and a large variation of
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Fig. 5. a CaII K line profiles from the dynamic atmosphere of
Teff = 4000K at 4 different times (solid, dashed, chain and point
lines, respectively), with time interval of 10 seconds and starting at an
arbitrarily chosen time. b Time average of the K line profiles from the
dynamic atmosphere of Teff = 4000K.

the temperature gradient is present. There are strong shocks in
the area where the emission cores of the CaII lines are formed.

The line profiles using the atmospheric structures given in
Fig. 3a (left diagram) have been computed. The corresponding
K line intensities, as a function of wavelength displacement ∆λ
from the line center, are shown in Fig. 3b (right diagram). Fig. 4
shows the time average of the K line profiles over a few acoustic
wave periods for the dynamic atmosphere. Comparing Fig. 3b
(right diagram) and Fig. 4 with Fig. 2 (upper diagram), we find
that the behavior of the line is now quite different from that
computed with the time-averaged atmosphere, although the line
width varies only slightly. The line profiles are now asymmetric
with strong emission on the violet side of the line center and
rarely any emission on the red side. This asymmetry is a hydro-
dynamic phenomenon that can be explained by the correlation
between velocity and temperature structure. Observations of so-
lar CaII H2v and K2v bright grains, which provide important
diagnostics of the dynamic interaction between the photosphere
and the chromosphere in the interiors of network cells, confirm
this asymmetric behaviour.

The reason for this asymmetry of the line profiles has
been attributed to the material motions within the stellar atmo-
spheres (Rutten & Uitenbroek 1991; Rammacher & Ulmschnei-
der 1992). In their recent theoretical study of the formation of
Solar CaII H and K bright grains, Carlsson and Stein (1992,
1997) gave a detailed explanation of the line asymmetry. They
found that the asymmetry of the line profiles is produced by the
large velocity gradients existing near the chromospheric height
of 1 Mm. Material motion Doppler shifts the frequency to the
blue side behind the shocks where the velocity is positive (up-
ward motion). Shocks propagate generally into downflowing
material, so there is little matter above to absorb the Doppler
shifted radiation. The corresponding red peak is absent because
of the small opacity at the source function maximum and the
large optical depth due to overlying material where the radia-
tion is absorbed. Downward motion of the layer where the line
center is formed at the top of the chromosphere Doppler shifts
the line center to the red side and may also cause absence of the
red peak emission (Rutten & Uitenbroek 1991).

Fig. 5a shows the instantaneous K line profiles at 4 different
times and Fig. 5b shows the time average of the line profiles
over 10 acoustic wave periods for the calculation of the dynamic
atmosphere with Teff = 4000K. It is found again that the line
profile varies with time and that it is asymmetric with much
stronger emission on the violet side.

In summary, the asymmetric property of the CaII line pro-
files is common in the realistic dynamic atmospheres. It may
indicate that there are more upward propagating shock waves in
the stellar chromospheres and that hydrodynamic phenomena
are important in the region where the emission originates.

3.3. Line profiles and atmospheric heating

It is of interest to examine the link between the line profiles
and chromospheric heating. From theoretical convection zone
calculations Bohn (1984) found that the acoustic energy fluxes
F (ergs/cm2/s) are quite sensitive to the choice of the mixing-
length parameter α, as they are directly proportional to α2.8.
Although the correct value to choose for α is not known, values
of α between 1 and 2 lead to an uncertainty in the predicted
mechanical energy fluxes by factors of up to 7. From Bohn’s
figures, we derive the mechanical energy fluxes F = 1.2 · 108

and 3.7 · 108 ergs cm−2 s−1 for the Sun using α = 1.0 and 1.5,
respectively. Moreover, the use of a Lighthill method to com-
pute acoustic fluxes as done by Bohn may not be reliable in the
presence of radiative losses: the latter can drive acoustic modes
overstable in the convection zone and may lead to significantly
larger acoustic fluxes than previously believed possible (Hos-
sain & Mullan 1993). Inclusion of molecules into the opacity
and equation of state may also lead to a change in the acoustic
energy flux generation in convection zone models. Because of
these uncertainties, we consider it worthwhile to explore cases
where different incident energy fluxes are used in the modeling
calculations.

In order to examine the dependence of calculated atmo-
spheric models and line profiles on the strength of incident
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Fig. 6. Same as in Fig. 4 but using three different values of the inci-
dent energy flux F (ergs cm−2 s−1) for mechanical heating. Solid line:
F = F0 = 1.0 · 108; dashed line: F = F0/3; and chain line: F = 3F0

energy for mechanical heating, we have performed three sim-
ulations for the model with Teff = 5800 (K) and g = 2.74 ·
104 (cm s−2), using incident energy fluxes of F0 (= 1.0 ·
108 erg cm−2 s−1), F0/3 and 3F0, respectively. A time aver-
age is made for the instantaneous K line profiles in a dynamic
atmosphere. The results are displayed in Fig. 6. It is found that
a larger heating in the atmosphere will lead to a stronger emis-
sion in the line core and an increased line width. However, it
should be noted that whereas the K1 minimum separation (W1)
broadens with increasing incident mechanical energy flux, the
K2 peak separation (W2) shows almost no changes. This occurs
because in a given star the chromospheric temperature increases
and the temperature inversion layer moves deeper into the pho-
tosphere if the chromospheric heating is increased. The effect
is apparent when chromospheric models for an average quiet
region on the Sun and for a very bright network element are
compared (Vernazza et al. 1981).

Increasing the chromospheric temperature leads to a rise of
the mean electron density and to an enhanced line emission.
According to Ayres et al. (1975), the K1 minima are formed
in the Lorentzian damping wing of the line. The width W1 in-
creases with heating because the chromospheric temperature
inversion layer moves deeper into the photosphere where the
column mass density and thus the opacity is larger. But the
width W2 should become smaller if the K2 maxima are also
formed in the damping wings (Ayres 1979). This occurs be-
cause the increased chromospheric electron density associated
with increased heating produces line peaks closer to the line
center since the line source function thermalizes in the chromo-
sphere at smaller optical depths of the line center. However, the
Doppler core feature of the line dominantly controls the behav-
ior of the line core, producing a broadening of the emission core
with increased heating in the layer of the chromosphere where
the emission width should be determined by spatially and tem-
porally averaged velocity fields. In consequence, the variation of
the width of the peak is insignificant. The Wilson-Bappu width

W0 is intermediate between that of the base emission width and
the peak width. Therefore, the widthW0 should show a behavior
that is between that of W1 and W2.

These predictions might eventually be tested by examining
high-resolution CaII H & K profiles from a large sample of
late-type stars having similar effective temperatures and surface
gravities but different total chromospheric heating. The line core
should become brighter and the base emission width should
broaden but the peak width should be no significant change
when the chromosphere of a star is more active.

This paper addresses only basal flux stars, but all stars ful-
fill the W-B relation. Activity in non-basal stars seems to be
associated with magnetic field. Increasing stellar activity level
will lead to an increase of the line emission strength. However,
the W-B line width W0 is insensitive to the emission strength
(see also Glebocki and Stawikowski 1978). Hammer (1987)
discussed the reason of this insensitivity and suggested that it
might be due to “the fact that increasing activity is caused by
an increasing number of similar flux tubes: the physics of each
tube, and in particular the associated nonthermal motions, are
constant for a given type of star (i.e., given Teff and g)”. Detailed
discussion on active stars is beyond the purpose of this Paper.

4. Conclusions

Using a time-dependent numerical method, we have constructed
atmospheric models for a number of non-active late-type main-
sequence stars, and investigated the Wilson-Bappu relationship
for CaII H and K lines.

In hydrodynamic calculations, the radiative energy losses
are treated by different methods at different regions, and the at-
mospheres are continuously being heated at all times by acous-
tic waves which are created in the convection zone and subse-
quently injected at the bottom boundary of our computational
domain. In order to extract the mean model atmospheres, av-
erages of physical parameters such as temperature and column
mass density over time were taken.

Based on time-averaged model atmospheres, we have com-
puted the line profiles and fluxes of CaII H and K lines and
studied their dependence on the atmospheric structures as well
as the fundamental parameters of stars. We found that brighter
emission lines (larger fluxes) are associated with larger widths,
and that the line width becomes narrower towards later type star.
Our results confirmed the Wilson-Bappu relation between the
full width at half maximum of the emission core of CaII lines
and the absolute visual magnitude of stars.

The Wilson-Bappu relationship appears to be a combined
effect of column mass density and turbulence velocity. In this
work, the column mass density of the chromospheres, which re-
lates to the line opacity, is the main cause of the Wilson-Bappu
effect. This is due to the fact that, because the temperature struc-
ture varies from one star to another star, the line peaks and half
maxima are formed at a chromospheric height corresponding
to different column mass density. When examining the calcu-
lated results in detail it is found that the line width broadens if
the column mass density increases in the chromospheres. It is
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noted that the chromospheres are thicker in low-gravity, high-
effective-temperature stars.

Stellar atmospheres are dynamic. CaII K line profiles have
been calculated with instantaneous dynamic atmospheres, and
the results show that a time average of line profiles becomes
asymmetric with strong emission on the violet side of the line
center. The present results indicate that upward-propagating
shock waves are existing in the atmospheres and hydrodynamic
phenomena are important in the region where the lines originate.

One notices that the time-averaged atmosphere model gives
very different results as compared to the line profile derived
from the dynamic atmosphere (average of many profiles). We
believe that the latter is more realistic and represents the correct
direction to compute line profiles, in spite of the fact that it
presently gives poor agreement with observations (calculated
asymmetry is much stronger than the observed).

It is stressed that only acoustic waves are used here to
heat the atmospheres and, the calculated chromospheric CaII
H and K lines represent the non-magnetic, “basal” radiation.
The strong asymmetric feature of the line profiles reflects the
fact that there are large hydrodynamic motions in the atmo-
sphere. Therefore, it is expected that simulations with magnetic
heating mechanism in addition taken into account, will weaken
the present strong asymmetry (blue peak relative to red peak)
and perhaps give better agreement with observations.

The theoretical study presented in this paper is part of an
ongoing program. More work needs to be done in the future for
active stars, for giants and super-giants, and for other lines such
as MgII. The computation of line profiles may also be improved
by including partially coherent scattering (PRD).
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