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Abstract. We derive a set of new line-of-sight (LOS) integralshe measured intensity and apply it to the scattering of unpolar-
and phase functions for the resonance scattering of unpolarizastl Ly« light from neutral hydrogen. For the special case of
Lymane light in the optically thin medium limit. To explicitly broad band light and a hot scattering gas it is possible to obtain
show the approximations done, and to indicate the range of @eclosed form expression for the line-of-sight (LOS) integral, in
lidity of previously published formulas, we start by treating théhe optically thin medium limit. This special case is valid for the
general theory of resonance scattering. For broad bancgbgl important case for Ly from the sun, FWHM~ 1 A, scattering
a hot gas the resulting LOS integral can be evaluated analytem interstellar neutral hydrogen,~F 8000 K (values are from
cally. This is the case for Ly light from the sun scattering off Holzer 1977).
neutral interstellar hydrogen. The ground state populationsWe will give the scattered intensity for two different level struc-
the hydrogen atom will effect the value of the scattered intensityres of hydrogen; with and without hyperfine structure, and for
Two population distributions are considered: a thermal equilitwo sets of ground state populations; thermal and non-thermal
rium population and a population established by the atom-lighbpulations. The latter populations dominate close to the sun
interaction. where the induced photon absorption rate greatly exceeds the
atomic collision rate. Using the formula for the scattered inten-
Key words: atomic processes — scattering — ISM: general sity we will finally derive the degree of polarization and phase

polarization functions.
2. Theory
1. Introduction The rate of aresonance scattering process whegy@hotons of

R | dqL L liah id ) frequencywy and polarizatiorg,, are absorbed, while photons
esonantly scattere_ ym@n(_ yc_y) '9 tprovides an IMpor= ¢ frequencywy and polarizatiorgz are emitted, is given by
tant probe for studying the distribution and properties of the

neutral, atomic hydrogen in the local interstellar medium. The retw
. . S . . kWqllko
scattered light carries information about the column density aHd = o2V Z
velocity distribution of the hydrogen atoms. Indirectly, the scat- 0 f
tered light also gives information about the spatial and temporal ~ §(wx — wq), Q)
variations of the solar wind. To retrieve this information, how- re [i),[m) and |f) are the initial, intermediate, and fi-

ever, theoretical expressions for the scattered intensity are 5‘6 . . .
P y nal atomic states. Eqg. (1) is a special case of the Kramers-

a
essence. . . ) .
Although the quantum theory of resonant light scattering hgiselsenberg formula O.f d|sper§|on (Louisell 19.73)'.

For an atom moving relative to the emitting light source

been known since the early years of quantum mechanics (W%Sé center of masR. of the atom will become time-dependent.

skopf 1931; Breit 1933; Hamilton 19.47)’ expressions forthe_aB-e oting the velocity of the atom relative to the source and the
gular dependence of the scattered intensity (or phase functlo(g)s'i-l

) . . erver by, the effect of a moving center of mass position is
are not common in the literature (two exceptions are Brandte uivalent to making the following two substitutions in Eq. (1)
Chamberlain 1959 and Chamberlain 1990). The phase functi§i’s 9 9 9.
given by Brandt and Chamberlain are, however, presented withy — wy — v -k
out epr|C|tI_y showing the _connecﬂon Wlth theory a_nd Wltho%q — wq—V-q. )
clearly stating the approximations used in the derivation. It is o _ -
therefore the aim of this article to, starting from the quantufthese substitutions give the Doppler shift in the absorbed and

theory of resonance scattering, derive a general expressiong@titted light frequencies due to the relative motion of the atom.
The response of an atom to an incoherent light source, con-

Send offprint requests t. Braskéen taining a distribution of different photon frequencies, is obtained
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by summing Eg. (1) over all incoming frequencies. If we deno
the flux of photons in modko by ¢k, = nic/V then due to
the fact that the modes are very closely spaggd can be re-
placed by a continuous distributiaf{w) (¢ has the units m?
s~! Hz~1). Integrating over all incoming frequencies the tote
transition rate is

W, metw? (b(wq—v-q)
T2V \1- Y b

)3 (fléz-t[m) (m|é, - 1)

T
Wq = Wmi — V- q— i3>

>

f

®3)

m

In Eg. (3) we have only retained the Doppler shift in th
argument ofp and in the resonance profile, as there small shi Observer
in frequency can become critical. The finite frequency res
lution dwq of the photon detector that measures the scatterea
light, is taken into account by using the density of photon statddg. 1. Definition of the quantities used in deriving the LOS integral.
VdQqwidwg (2mc) 2. Eq. (3) then becomes

If we take the fraction of the atoms in the ground stat¢o be

20 dwqd
W, = L:qu ¢ (@q(V)) pii, then by multiplying Eq. (4) by N an8 (v, s) and integrating
¢ ) over all velocities and along the LOS, we obtain
ez -r|m){(m|éy -1t
Z Z <f| ‘ >< : | i> , (4) aQwérg n(s)
7| Wa T Wmi — V41 I (wq) = waqdﬂ dA d8r2(s) dv F(v,s)
. . 2
where we have introduced the fine structure constairgts - (fléw-T|m) (m|éy - t|i)
1/137) and denoted the shifted argumentdoby @ (v). Ex- do @a(v) DD PR v (7
pression (4) gives the probability per unit time that a photon if Lm T 2
hawnqafrequencgoq within Fhe intervaldwg is scattered into l(wq) gives the number of photons counted in a detector of
the solid anglei(2q surrounding. angular opening(2, areadA, and frequency resolutiaf,. It
isto be noted thatthe dipole matrix elementsin Eq. (7) containan
2.1. LOS integral implicit s dependence due to the orthogonality relation between

) ) the polarization vectors and the photon momentum. Eq. (7)is our
Eq. (4) refers to the scattering from a single atom. In any réghin result and one would in general have to resort to numerical
situation there is allways a large number of scattering ato@giculations to evaluate the integrals. In the next section we will,

present. In what follows we will assume that a photon is onjyowever, show that for an important special case an analytical
scattered once on its way to the observer (the thin mediy®|ution is possible.

approximation). Referring to Fig. 1 the number of atoms at a
distances from the observer within the solid angi#) equals o
N = n(s)s? ds d9, wheren(s) is the number density at point3- Broad band and hot gas limit

s. The dependence of the photon flux on the distarisgto the 14 eyajuate the scattered intensity we need the dipole matrix
light source is in the absence of absorptigng /r(s), where  glements, ground state populations, some idea about the velocity
¢o is the flux at the positiom, of the observer and where wey;isyibution, and the frequency profile of the incoming lightaly
assumed a point source. As the scattered intensity falls off @responds to the 1s-2p transition in hydrogen. If spin-orbit
572, the§2_ term in the expression fal will cancel. We take jneraction is included the 2p-state will split into a;2Pand a

the velocities of atoms af(s) to be distributed according to the2|33/2 state. A further splitting will occur if we also take into

normalized velocity distributiod’(v, s): account the hyperfine interaction (Fig. 2). We will restrict our
attention to a situation where the following two criteria hold:
F(v,s) = M , (5) 1.The 1§,-2P; ;; and 1§ /5-2P;, transitions receive the
Jdv f(v,s) same incoming light intensity, thus assuming that the intensity

wheref is the solution to the appropriate Boltzmann equatidﬁ constant overan 0.005 Wa"e'ength interval.

for the gas. Frony we can also obtain the densityas 2. The width of the Doppoler profile is much broader than the

' natural line widthl'(=~ 10~5 A). The Doppler width will, how-
ever, be assumed to be smaller than the width of the frequency

n(s) = /dV flv,s). (6)  distributiong(w).
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Fig. 2. The structure of the 1s-2p levels in hydrogen. Both spin-or
and hyperfine interaction will cause a splitting of levels. The degener,
sub-statesn r of the hyperfine levels F is shown together with the size

~ig. 4. The definition of the polarization vectors for the scattered light.
e scattered beam is taken to lie in the xz-plane.
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Fig. 5. Phase functions for the spin-orbit case (solid), respectively hy-

Fig. 3. The wavelength profile of the sun’s tyline at 1 AU from the perfine case with thermal (dash) and non-thermal (dot) populations.
sun (adapted from Lemaire 1978). The profile is centered around tfige difference between the latter two is too small to be discerned
wavelength 1215.67A. Inserted in the figure is the FWHM for  clearly in the graph.

a Doppler profile corresponding to a gas of temperature 8000 K. The

wavelength separation between the two P-states is R005

m -levels of the 2B/,-state. Squaring the term containing the

These two conditions hold true for the important case 80 SUMS we obtain two quadratic and two cross terms. The
Lya light from the sun scattered by interstellar hydrogen (s€§nominators can be removed outside the sum as the decay rate
Fig. 3). A direct consequence of criteria 1 and 2 is that the fidx» @nd frequency separatian,; will be independent of. By
$o(w) remains constant over the range in whi€v, s) and Criterion 2 the function of the parallel velocity component will

the Lorentzian line profile vary. The flux can thus be treated Bghave as delta functions in the integration. The cross terms will
a constant in the-integration. turn out to be smaller in magnitude by a factor

1

L (o)
To perform the integration over the velocity distribution we start

by separating into components parallel and perpendicular tas compared to the quadratic terms &ndn refer to the two

the incoming light directiony: F(v,s) = F(v,v1,s). Ne- different P-states). Becausg,; — wy,; = 3.46 - 10'°s~! and
glecting hyperfine interaction we can divide the sum over ifi- = 6.257-103s! the cross terms will be a factd®—* smaller.
termediate states: into two parts. The first sum will go over This approximation is equivalent to treating the different P-
the m ;-levels of the 2P ,-state and the second sum over thstates as non-interfering. Inserting the result of the integration

(8)

3.1. Spin-orbit interaction
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0’35_ T T T T T T T T whereR = (24/16)(2/3)%aq (ao being the Bohr radius) is
030 F TN ;f”t‘h‘;:’:al | theradial part of the dipole matrix element and the level index
- \\ ——nf.nonthermal { ¢ 1S chosen to coincide with the energy ordering of the levels
0.25 \ 1 (for degenerate levels the order is that given by the Zeeman
020'_ // \\ ] effect). The intensity gi_ven by Eqg. (12) contains information
g | | about the column density of hydrogen atoms. We also see that
= sl \\ 1 the parallel component of the velocity distribution is mapped
- / N 1 onto the frequency profile of the scattered light. This makes it
0101 Y N\ 1 possible to determine the parallel velocity component from the
I Vs ] spectrum. If measurements of the same scattering region could
0,05 Y \ T . . . . h .
I AN ] be done from different directions, the three dimensional velocity
0,00 N S — profile could in principle be reconstructed.
0 30 60 90 120 150 180
6 (deg.)

3.2. Hyperfine interaction
Fig. 6. Polarization functions for the spin-orbit case (solid), hyperfine

case, with thermal populations (dash), and for non-thermal populatidhgve include hyperfine interaction the sum over intermediate
(dot). Again the difference between the latter two is too small to lstates can be separated into four parts, where each sum goes
discerned. over them p-levels of one F-state (Fig. 2). Squaring we will ob-
tain cross terms containing dipole matrix elements representing
scattering via different P-states. These terms can, as before, be

into Eq. (7) the photon count rate becomes neglected. However, terms containing matrix elements repre-

21a2wd dor? n(s) senting the scattering via two adjacent hyperfine states must be
I (wq) = %dwqdﬂ dA/dST(S)2 /d L retained, a§ and the frequency separation between the F-states
) ) are of the same order of magnitude. With this in mind we retrace
, , the steps that lead to Eq. (12) and obtain
F(Aqvis) Y [ DoSHl + DS | pus ()
WAL " T (wq) = ZO G006 a0 an [as ) [ 4
(wq) = T Wq / S 7”(8)2 / vV

whereAqm = ¢((wqg — wmi)/wq), and by criteria 2 we set 1
F(Aqmu vy, S) = F(Aqm, vy, S) = F(Aq, vy, S) In order F (Aq7 Vi, S) — <22 + 3p33 + (6 — 9p33)C0829(8) +

to keep the notation compact we have denoted the dipole matrix 162
elements bysi/ andS:/. (4 + 4cos®0(s))(p22 + paa) (3 —9c0s?(s))pss (13)
Next we define the scattering geometry. We take the incoming 1+ (281)2 1+ (2282)2 ’

light to define the z-axis, the scattered light to define the xz-

plane, and the angle between the scattered light and the z-§4i§"€ A1 and A, are the frequency separation between the
to bed (see Fig. 4). A convenient choice for the two independeflyPerfine levels of theé P, /, and2P; , state, respectively.
polarization vectors of the incoming light are

3.3. Maxwellian velocity distribution

L ep gy
€+ = V2 Next we evaluate Egs. (12) and (13) for the important special
o (10) case of an Maxwellian velocity distribution. Assuming that the
6 — Sz 'y distribution does not depend on the position of the scattering
V2 atoms, we have
and for the scattered light 3/2 g2
’ W= (o) (14)
ér = —&y 2rnkpT
(11) wheremy is the mass of the hydrogen atom. Inserting Eq. (14)
ép=cosfé,—sinfé,. into Egs. (12) and (13) the velocity integral can be performed
] . . ] analytically, giving
Inserting the relevant dipole matrix elements (see for instance
Bethe & Salpeter ;977) and summing over all polarization d}—(w ) = V2rmy o R*wdgorg dondQ) dA 67%
rections, Eq. (9) gives a cTVEgT d
2ma® R* w3 gorg n(s) / ds n(s) p(6(s)) (15)
Hwy) = ———47 % dudQ) dA 2 ’
(wq) T dwqdQ d /dsr(s)2 r(s)

1 9 where the two different angular dependent terms have been de-
/dVLF (Mg, Vi) Q(M = 6sin”0(s)p22) , (12) noted byp(6) (this is the non-normalized phase function). To
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evalute the LOS integral we need to know the density variationile for the hyperfine case we get

n(s) as a function ofs. However, this density information is

usually one of the things we want to obtain from our measurg- _ 5= G P 6 —2G pas — 4 (19)
ments, so we need an initial guess for the distribution. As an 21 —5G ~ "7 21 -5G "’ 21 —5G”’
intensity measurement in one direction will only give the col- 9 ,
umn density of the hydrogen gas, we will repladg) by an whereG = 1/(1 + (2rA2/T)*) ~ 0.946 is a measure of the

average(n(s)) = n. We can then evaluate the LOS integra?verlap betyveen the F_:l and F=2 I?VGIS' . .
analytically by using (see Fig. 4) We can estimate the size of the region around the sun in which

these populations should dominate. Assuming the H-H collision

rate to be independent of the distance from the sun, while the

photon scattering rate and charge exchange collision rates varies
I 5 (16) asthe inverse distance squared, we obtain a spherical region of
rgsin®f + (rocosfy — s) radius< 10® AU in which the radiation is the dominating effect.

The numerical result of the integration will depend on the Ievg\g)) tt]r'ﬁgsﬁrcgr}sbfhg?'twjd gua:gtfg:snﬁgggnbvgg: Egli'u(lg?g;g(i-
structure and the relevant ground state populations. : Pop

suming the incoming light to be unpolarized. The generalization
to other polarization states is done by choosing an appropriate
3.4. Populations set of polarization vectors, replacing those given in Eq. (10).

. .. Yarshalovich (1967) treats this more general case, and also con-
We see from Egs. (12) and (13) that the scattered intensity filers the effects of 21-cm radiation on the populations. The

pends on the g.r.ou'nd state populations. If the h_ydrogen 93348 ond point is that Eq. (19) shows that we have a population
in thermal equilibrium all the ground states will be equall fhversion for the F=1my — +1 level. For the sun the region
populated even at very low temperatures (the separation e i

tween the F=0 and F=1 state corresponds to a temperatur(;- opulation inversion is too small to be of any significance in
L i lifying the 21-cm radiation, but for some O-type stars the
0.07 K). This implies thap;, = pss = 1/2 in Eq. (12), and ffying 'ation, bu yP

) region could be large enough to give a measurable maser effect.
P11 = p22 = psz = paa = 1/4in Eq. (13). The above result 9 9 9 9

applies to a gas in which the collision rate exceeds all radiative

induced transition rates. There are situations, however, whare. Phase and degree of polarization functions

this no longer is true. In the local interstellar medium, which h%s
t

a temperature of 8000 K and a density of 0.1 hydrogen ato e angular variation of the scattered intensity, or the phase func-

per cn¥, the H-H collision rate i90~%s~!. Other mechanisms _. : ) :
which could change the ground state population are charge té% (Brandt & Chamberlain 1959; Chamberlain 1990). The

s . : ﬁonnection between our results and these phase functions, is
change collisions with solar wind protons and electrons. To%tained by settin — §(s— s) in Eqgs. (12) and (13), and
rate of both these processes are of the otder’ — 10~8s~! y 8(s) = (s — s0) I Egs. ;

at 1 AU (all data are from Holzer 1977 ). These rates are to "9 the definition
compared to tt\e Ly induced transition rate which for a flux of 1(0)
310" ecm—2 A—! at 1 AU from the sun (Lemaire et al. 1978)p() = TN

is 1073 s ~!. We thus see that the ground state population for ey

the hydrogen atoms are determined by the lightfield. \where the brackets refer to an integration over all angles and
To determine the populations established by the radiatigviding with the total solid anglér. Another quantity of inter-

field we should consider the contribution made by all Lyman sgst is the degree of polarization caused by the scattering. This
ries transitions. However, Field (1958) and Varshalovich (196dMantity is defined by

have shown that for a constant spectrum the tnansition will

play the decisive role. This is even more so in the case of LE[?Q) _ L.(0) — 1,(0) 21)

sun as its Ly intensity is approximately 100 times greater tha L(O)+ 0(6)’

its Ly intensity (Lemaire et al. 1978). Thus the populations

established by the Ly light are the solutions to following setwhere the scattered intensity is divided into components along

r2(s) = r2sin®6g + (rocosfy — )2

(rocosfy — s)?

cos?0(s) =

iss customary in the literature on resonance scattering to give

(20)

of balance equations the two polarization vectors in Eq. (11).
Inserting the relevant populations we obtain for the spin-
Pii ZWHf = Z pffo_ﬂ« , (17) orbit case
f f 11 3

p(0) = — + —cos?0 = 0.917 + 0.25 cos®0 (22)
whereW,_, ; is obtained fromi¥; by integrating Eq. (4) over 12 12
all scattering angles. Assuming unpolarized, broad band lighkhd
the populations for the spin-orbit case equals . .

11(6) = sin“6 _ sin“6 23)

pr1=paz =1/2, (18) 4+ cos?0 3.667 4 cos26’
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| | | | | | |

Table 1. Phase functions and degree of polarization

10.4 .

Level structure Polarization Phase function 102 scan in ecliptic plane |

Spin-orbit i’ 11, 3 0% R
1, cos?e 12712 X 100+ B

thermal pop. ~

sin”¢ 0917+ 025 cos’® ]

2 ” - =
3.667 + cos“0 o 9.8 +

3 o

non-thermal same same é
Hyperfi s °° i

[yperfine

N sin’0 ) o

ermal pop. 3.197 + cos20 0.906 + 0.283 cos “6 94 L
a sin?@ 2
-thermal 0.905 + 0.284 cos O

non-th 3.191 + cos’@ 9.2 |

scan perpendicular to ecliptic plane

® Populations established by light-atom o0
interaction. - T T T T T T T
0 50 100 150 200 250 300 350
Scan angle

which is in agreement with the formulas given by Brandt &ig. 7. Therelative differenceX) in the simulated signals when the two
Chamberlain (1959). Similar calculations for the hyperfine cag#iase functionsin Egs. (22) and (26) are used. Two different geometries

using thermal populations, give are described in the text.
p(0) = 0.906 + 0.283 cos>d (24)
the spin-orbit case. Comparing the intensities for the thermal
and and non-thermal populations of the hyperfine case in a similar
sin%f way, we will get at difference less than 0.1 %. From the latter
T1(6) (25)

comparison we see that the non-thermal populations will not
B;’;lve an effect on the scattered intensity.

= 3197 + cos20

If instead of the thermal populations we use those given

Eq. (19), we get In order to see the changes in a more realistic case we use

p(6) = 0.905 + 0.284 cos®6 (26) one measurement location of the SOHO spacecraft. SOHO is
ESA-NASA spacecraft (launched in December 1995) which
and carries a Lyman alpha instrument named SWAN (Solar Wind
sin20 Anisotropies). SWA_N is capable to carry ogt a full sky mapping
11(0) = 3191 + 0020’ (27)  of Lyman alpha radiation. The data analysis of SWAN has only

recently started (see Bertaux et al. 1997 and¥yet al. 1997)
The above results are summarized in Table 1 and comparedyid therefore a full comparison between data and models is not
Figs. 5 and 6. possible in this work. In the following we use a realistic de-
Expressions (24) thru (27) have not previously been puéeription of the velocity distribution of the interstellar hydrogen
lished. Chamberlain (1990) gives a phase function for tieéud in the solar neigbourhood. The details of the model are
hyperfine case using thermal populations and assuming nefplained in Kybla et al. 1997 where it is called the isotropic

interfering levels which equals reference model (the details of the model will not be important
91 15 in the following analysis). The measurement day is on 5th of
p(0) = ge + %COSQG = 0.948 4 0.156 cos0 . (28) March, 1996. The SOHO location is (-0.9710, 0.2389, 0.0006)

in ecliptic coordinates and in AU-units. Using this position we
The validity of this formula is, however, questionable as thgsrform two simulations. The first simulation consists of a full
interference will introduce a Significant correction to the ﬁn@irde of line of S|ghts in the ec”ptic p|ane (exc]uding the solar
result. source). The second simulation is a full circle scan perpendicu-
lar to the SOHO-Sun line. Because SOHO is very accurately in
the ecliptic plane these lines of sights are in the plane perpendic-
4. Numerical simulations ular to the ecliptic plane. The two phase functions we compare
are the much used fine structure result of Eq. (22) and the hy-
To see what difference the level structure makes in the measuwsg@ine structure result of Eq. (26). In the simulation we have
intensity, we compare the spin-orbit case, Eq. (12), and t)geq the total scattered intensity, which is obtained from the

hyperfine case, Eq. (13). Taking for simplicity the homogg=qs. (12) and (13) by integrating over all measured frequencies.
neous case(s) = n, we can use the results of Sect. 3.3. Thene intensity thus obtained is

relative intensity difference thus obtained/is, /I,y = 0.92
(where we used, = 1 AU), implying that the hyperfine case 5 ds
will give an 8 % higher scattered intensity, as compared fo= 7?0A0 / r(s)? n(r(s))p((s)) - (29)
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The value of the cross sectienin Eq. (29) is different for the used the phase function of Brand and Chamberlain. On the ba-

spin-orbit and hyperfine case and is given by sis of our numerical simulations one would then expect a 10%
5o change in their integrated intensity when using our phase func-
Ooy = e"R” Ao (30) tions. Also the temperature inferred from the line width of the
6heg ¢ scattered light is effected due to the line broadening caused by
and the multiple scattering. Gamerais & Bertaux (1993) estimates
that temperature is off by about 30 %. Although our LOS in-
e2R? )\ tegrals are not accurate enough under these circumstances, the
Ohf = 0.180 - - (31)

heg ¢’ phase functions listed in Table 1 will still be useful, as they ap-
ply to the scattering from a single atom, and thus can be used

respectively. The relative error between these two results ;5 4 starting point in the numerical simulations.

A = Lso = Ins , (32) AcknowledgementsiVe would like to thank Markus Lindberg, at the
Iso Department of Physicg\bo Akademi University, for illuminating dis-

is shown in Fig. 7 for the two scanning geometries just dggssions.We also thank the referee for suggestions to improve this
scribed. It is seen that the error lies between 9.2-10% and thG8°"

is somewhat higher than in the constant density case considered
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We saw that in order to explicitly evaluate the scattered in-
tensity one needs the frequency profile of the incoming light
and the velocity distribution of the atoms. We have throughout
been assuming a flat frequency profile, but have not, except in
Sect. 3.3., specified the form of the velocity distribution. By
measuring the spectrum of the scattered light we can obtain
information about the parallel component of the velocity distri-
bution. In the case of a pure Maxwell-Boltzmann distribution
this would directly give us the temperature of the scattering gas.
For an asymmetric velocity distribution, the spectrum would be
smeared out by the LOS integration. In our calculations we have
also neglected the effects of multiple scattering. If multiple scat-
tering is of importance our LOS integrals are no longer valid.
Keller (1981) have estimated, by using Monte Carlo methods,
that the optically thin approximation underestimates the scat-
tered intensity from the nearby interstellar medium by 5 to 35%,
depending on the direction of the LOS. Scherer & Fahr (1996)
has used a more analytical approach to the multiple scattering
problem and taken into account an angle-dependent partial fre-
qguency redistribution. As input in their calculations they have



