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Abstract. We derive a set of new line-of-sight (LOS) integrals
and phase functions for the resonance scattering of unpolarized
Lymanα light in the optically thin medium limit. To explicitly
show the approximations done, and to indicate the range of va-
lidity of previously published formulas, we start by treating the
general theory of resonance scattering. For broad band Lyα and
a hot gas the resulting LOS integral can be evaluated analyti-
cally. This is the case for Lyα light from the sun scattering off
neutral interstellar hydrogen. The ground state populations of
the hydrogen atom will effect the value of the scattered intensity.
Two population distributions are considered: a thermal equilib-
rium population and a population established by the atom-light
interaction.

Key words: atomic processes – scattering – ISM: general –
polarization

1. Introduction

Resonantly scattered Lymanα (Lyα) light provides an impor-
tant probe for studying the distribution and properties of the
neutral, atomic hydrogen in the local interstellar medium. The
scattered light carries information about the column density and
velocity distribution of the hydrogen atoms. Indirectly, the scat-
tered light also gives information about the spatial and temporal
variations of the solar wind. To retrieve this information, how-
ever, theoretical expressions for the scattered intensity are of
essence.
Although the quantum theory of resonant light scattering has
been known since the early years of quantum mechanics (Weis-
skopf 1931; Breit 1933; Hamilton 1947), expressions for the an-
gular dependence of the scattered intensity (or phase functions)
are not common in the literature (two exceptions are Brandt &
Chamberlain 1959 and Chamberlain 1990). The phase functions
given by Brandt and Chamberlain are, however, presented with-
out explicitly showing the connection with theory and without
clearly stating the approximations used in the derivation. It is
therefore the aim of this article to, starting from the quantum
theory of resonance scattering, derive a general expression for
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the measured intensity and apply it to the scattering of unpolar-
ized Lyα light from neutral hydrogen. For the special case of
broad band light and a hot scattering gas it is possible to obtain
a closed form expression for the line-of-sight (LOS) integral, in
the optically thin medium limit. This special case is valid for the
important case for Lyα from the sun, FWHM∼ 1 Å, scattering
from interstellar neutral hydrogen, T∼ 8000 K (values are from
Holzer 1977).
We will give the scattered intensity for two different level struc-
tures of hydrogen; with and without hyperfine structure, and for
two sets of ground state populations; thermal and non-thermal
populations. The latter populations dominate close to the sun
where the induced photon absorption rate greatly exceeds the
atomic collision rate. Using the formula for the scattered inten-
sity we will finally derive the degree of polarization and phase
functions.

2. Theory

The rate of a resonance scattering process wherenkσ photons of
frequencyωk and polarization̂eσ are absorbed, while photons
of frequencyωq and polarization̂eσ are emitted, is given by

W =
πe4ωkωqnkσ
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〈f | ê σ · r̂ |m〉 〈m| êσ · r̂ |i〉
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where |i〉 , |m〉 and |f〉 are the initial, intermediate, and fi-
nal atomic states. Eq. (1) is a special case of the Kramers-
Heisenberg formula of dispersion (Louisell 1973).

For an atom moving relative to the emitting light source
the center of massR of the atom will become time-dependent.
Denoting the velocity of the atom relative to the source and the
observer byv, the effect of a moving center of mass position is
equivalent to making the following two substitutions in Eq. (1)

ωk −→ ωk − v · k
ωq −→ ωq − v · q. (2)

These substitutions give the Doppler shift in the absorbed and
emitted light frequencies due to the relative motion of the atom.

The response of an atom to an incoherent light source, con-
taining a distribution of different photon frequencies, is obtained
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by summing Eq. (1) over all incoming frequencies. If we denote
the flux of photons in modekσ by φkσ ≡ nkc/V then due to
the fact that the modes are very closely spacedφkσ can be re-
placed by a continuous distributionφ(ω) (φ has the units m−2

s−1 Hz−1). Integrating over all incoming frequencies the total
transition rate is

Wt =
πe4ω2

q
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In Eq. (3) we have only retained the Doppler shift in the
argument ofφ and in the resonance profile, as there small shifts
in frequency can become critical. The finite frequency reso-
lution dωq of the photon detector that measures the scattered
light, is taken into account by using the density of photon states:
V dΩqω2

qdωq (2πc)−3. Eq. (3) then becomes

Wt =
α2ω4

qdωqdΩq
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〈f | ê σ · r̂ |m〉 〈m| êσ · r̂ |i〉
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where we have introduced the fine structure constantα (≈
1/137) and denoted the shifted argument ofφ by ωq(v). Ex-
pression (4) gives the probability per unit time that a photon
having a frequencyωq within the intervaldωq is scattered into
the solid angledΩq surroundingq.

2.1. LOS integral

Eq. (4) refers to the scattering from a single atom. In any real
situation there is allways a large number of scattering atoms
present. In what follows we will assume that a photon is only
scattered once on its way to the observer (the thin medium
approximation). Referring to Fig. 1 the number of atoms at a
distances from the observer within the solid angledΩ equals
N = n(s)s2 ds dΩ, wheren(s) is the number density at point
s. The dependence of the photon flux on the distancer(s) to the
light source is in the absence of absorptionφ0r

2
0/r2(s), where

φ0 is the flux at the positionr0 of the observer and where we
assumed a point source. As the scattered intensity falls off as
s−2, thes2 term in the expression forN will cancel. We take
the velocities of atoms atr(s) to be distributed according to the
normalized velocity distributionF (v, s):

F (v, s) =
f(v, s)∫
dv f(v, s)

, (5)

wheref is the solution to the appropriate Boltzmann equation
for the gas. Fromf we can also obtain the densityn as

n(s) =
∫

dv f(v, s) . (6)
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Fig. 1. Definition of the quantities used in deriving the LOS integral.

If we take the fraction of the atoms in the ground state|i〉 to be
ρii, then by multiplying Eq. (4) by N andF (v, s) and integrating
over all velocities and along the LOS, we obtain

I (ωq) =
α2ω4
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I(ωq) gives the number of photons counted in a detector of
angular openingdΩ, areadA, and frequency resolutiondωq. It
is to be noted that the dipole matrix elements in Eq. (7) contain an
implicit s dependence due to the orthogonality relation between
the polarization vectors and the photon momentum. Eq. (7) is our
main result and one would in general have to resort to numerical
calculations to evaluate the integrals. In the next section we will,
however, show that for an important special case an analytical
solution is possible.

3. Broad band and hot gas limit

To evaluate the scattered intensity we need the dipole matrix
elements, ground state populations, some idea about the velocity
distribution, and the frequency profile of the incoming light. Lyα
corresponds to the 1s-2p transition in hydrogen. If spin-orbit
interaction is included the 2p-state will split into a 2P1/2 and a
2P3/2 state. A further splitting will occur if we also take into
account the hyperfine interaction (Fig. 2). We will restrict our
attention to a situation where the following two criteria hold:

1. The 1S1/2-2P1/2 and 1S1/2-2P3/2 transitions receive the
same incoming light intensity, thus assuming that the intensity
is constant over an 0.005̊A wavelength interval.

2. The width of the Doppler profile is much broader than the
natural line widthΓ(≈ 10−5 Å). The Doppler width will, how-
ever, be assumed to be smaller than the width of the frequency
distributionφ0(ω).
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and hyperfine interaction will cause a splitting of levels. The degenerate
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Fig. 3. The wavelength profile of the sun’s Lyα line at 1 AU from the
sun (adapted from Lemaire 1978). The profile is centered around the
wavelength 1215.67̊A. Inserted in the figure is the FWHM∆λ for
a Doppler profile corresponding to a gas of temperature 8000 K. The
wavelength separation between the two P-states is 0.005Å.

These two conditions hold true for the important case of
Lyα light from the sun scattered by interstellar hydrogen (see
Fig. 3). A direct consequence of criteria 1 and 2 is that the flux
φ0(ω) remains constant over the range in whichF (v, s) and
the Lorentzian line profile vary. The flux can thus be treated as
a constant in thev-integration.

3.1. Spin-orbit interaction

To perform the integration over the velocity distribution we start
by separatingv into components parallel and perpendicular to
the incoming light directionq: F (v, s) = F (v‖,v⊥, s). Ne-
glecting hyperfine interaction we can divide the sum over in-
termediate statesm into two parts. The first sum will go over
the mJ -levels of the 2P1/2-state and the second sum over the
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Fig. 4.The definition of the polarization vectors for the scattered light.
The scattered beam is taken to lie in the xz-plane.
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Fig. 5. Phase functions for the spin-orbit case (solid), respectively hy-
perfine case with thermal (dash) and non-thermal (dot) populations.
The difference between the latter two is too small to be discerned
clearly in the graph.

mJ -levels of the 2P3/2-state. Squaring the term containing the
two sums we obtain two quadratic and two cross terms. The
denominators can be removed outside the sum as the decay rate
Γm and frequency separationωmi will be independent ofm. By
criterion 2 the function of the parallel velocity component will
behave as delta functions in the integration. The cross terms will
turn out to be smaller in magnitude by a factor

1

1 +
(

ωmi−ωni

Γ

)2 , (8)

as compared to the quadratic terms (m andn refer to the two
different P-states). Becauseωni − ωmi = 3.46 · 1010s−1 and
Γ = 6.257·108s−1 the cross terms will be a factor10−4 smaller.
This approximation is equivalent to treating the different P-
states as non-interfering. Inserting the result of the integration
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Fig. 6. Polarization functions for the spin-orbit case (solid), hyperfine
case, with thermal populations (dash), and for non-thermal populations
(dot). Again the difference between the latter two is too small to be
discerned.

into Eq. (7) the photon count rate becomes
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whereΛq,m = c((ωq − ωmi)/ωq), and by criteria 2 we set
F (Λq,m,v⊥, s) = F (Λq,n,v⊥, s) ≡ F (Λq,v⊥, s). In order
to keep the notation compact we have denoted the dipole matrix
elements bySif

m andSif
n .

Next we define the scattering geometry. We take the incoming
light to define the z-axis, the scattered light to define the xz-
plane, and the angle between the scattered light and the z-axis
to beθ (see Fig. 4). A convenient choice for the two independent
polarization vectors of the incoming light are

ê+ =
êx + iêy√

2

ê− =
êx − iêy√

2

(10)

and for the scattered light

êr = −êy

êl = cos θ êx − sin θ êz .

(11)

Inserting the relevant dipole matrix elements (see for instance
Bethe & Salpeter 1977) and summing over all polarization di-
rections, Eq. (9) gives

I(ωq) =
2πα2R4ω3

qφ0r
2
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1
81

(14 − 6sin2θ(s)ρ22) , (12)

whereR = (24/
√

6)(2/3)5a0 (a0 being the Bohr radius) is
the radial part of the dipole matrix element and the level index
i is chosen to coincide with the energy ordering of the levels
(for degenerate levels the order is that given by the Zeeman
effect). The intensity given by Eq. (12) contains information
about the column density of hydrogen atoms. We also see that
the parallel component of the velocity distribution is mapped
onto the frequency profile of the scattered light. This makes it
possible to determine the parallel velocity component from the
spectrum. If measurements of the same scattering region could
be done from different directions, the three dimensional velocity
profile could in principle be reconstructed.

3.2. Hyperfine interaction

If we include hyperfine interaction the sum over intermediate
states can be separated into four parts, where each sum goes
over themF -levels of one F-state (Fig. 2). Squaring we will ob-
tain cross terms containing dipole matrix elements representing
scattering via different P-states. These terms can, as before, be
neglected. However, terms containing matrix elements repre-
senting the scattering via two adjacent hyperfine states must be
retained, asΓ and the frequency separation between the F-states
are of the same order of magnitude. With this in mind we retrace
the steps that lead to Eq. (12) and obtain

I (ωq) =
2πα2R4ω3

qφ0r
2
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∫
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(
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(4 + 4cos2θ(s))(ρ22 + ρ44)
1 + ( 2π∆1

Γ )2
− (3 − 9cos2θ(s))ρ33

1 + ( 2π∆2
Γ )2

)
,(13)

where∆1 and ∆2 are the frequency separation between the
hyperfine levels of the2P1/2 and2P3/2 state, respectively.

3.3. Maxwellian velocity distribution

Next we evaluate Eqs. (12) and (13) for the important special
case of an Maxwellian velocity distribution. Assuming that the
distribution does not depend on the position of the scattering
atoms, we have

F (v) =
(

mH

2πkBT

)3/2

e
− mH v2

2kBT , (14)

wheremH is the mass of the hydrogen atom. Inserting Eq. (14)
into Eqs. (12) and (13) the velocity integral can be performed
analytically, giving

I(ωq) =

√
2πmH α2R4ω3
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− mHΛ2
q
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n(s)
r(s)2

p(θ(s)) , (15)

where the two different angular dependent terms have been de-
noted byp(θ) (this is the non-normalized phase function). To
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evalute the LOS integral we need to know the density variations
n(s) as a function ofs. However, this density information is
usually one of the things we want to obtain from our measure-
ments, so we need an initial guess for the distribution. As an
intensity measurement in one direction will only give the col-
umn density of the hydrogen gas, we will replacen(s) by an
average〈n(s)〉 = n. We can then evaluate the LOS integral
analytically by using (see Fig. 4)

r2(s) = r2
0sin

2θ0 + (r0cosθ0 − s)2

cos2θ(s) =
(r0cosθ0 − s)2

r2
0sin

2θ0 + (r0cosθ0 − s)2
. (16)

The numerical result of the integration will depend on the level
structure and the relevant ground state populations.

3.4. Populations

We see from Eqs. (12) and (13) that the scattered intensity de-
pends on the ground state populations. If the hydrogen gas is
in thermal equilibrium all the ground states will be equally
populated even at very low temperatures (the separation be-
tween the F=0 and F=1 state corresponds to a temperature of
0.07 K). This implies thatρ11 = ρ22 = 1/2 in Eq. (12), and
ρ11 = ρ22 = ρ33 = ρ44 = 1/4 in Eq. (13). The above result
applies to a gas in which the collision rate exceeds all radiative
induced transition rates. There are situations, however, where
this no longer is true. In the local interstellar medium, which has
a temperature of 8000 K and a density of 0.1 hydrogen atoms
per cm3, the H-H collision rate is10−9s−1. Other mechanisms
which could change the ground state population are charge ex-
change collisions with solar wind protons and electrons. The
rate of both these processes are of the order10−7 − 10−8s−1

at 1 AU ( all data are from Holzer 1977 ). These rates are to be
compared to the Lyα induced transition rate which for a flux of
3 · 1011 cm −2 Å−1 at 1 AU from the sun (Lemaire et al. 1978)
is 10−3 s −1. We thus see that the ground state population for
the hydrogen atoms are determined by the light field.

To determine the populations established by the radiation
field we should consider the contribution made by all Lyman se-
ries transitions. However, Field (1958) and Varshalovich (1967)
have shown that for a constant spectrum the Lyα transition will
play the decisive role. This is even more so in the case of the
sun as its Lyα intensity is approximately 100 times greater than
its Lyβ intensity (Lemaire et al. 1978). Thus the populations
established by the Lyα light are the solutions to following set
of balance equations

ρii

∑
f

W i→f =
∑

f

ρffW f→i , (17)

whereW i→f is obtained fromWt by integrating Eq. (4) over
all scattering angles. Assuming unpolarized, broad band light,
the populations for the spin-orbit case equals

ρ11 = ρ22 = 1/2 , (18)

while for the hyperfine case we get

ρ11 =
5 − G

21 − 5G
, ρ22,44 =

6 − 2G

21 − 5G
, ρ33 =

4
21 − 5G

, (19)

whereG = 1/(1 + (2π∆2/Γ)2) ≈ 0.946 is a measure of the
overlap between the F=1 and F=2 levels.
We can estimate the size of the region around the sun in which
these populations should dominate. Assuming the H-H collision
rate to be independent of the distance from the sun, while the
photon scattering rate and charge exchange collision rates varies
as the inverse distance squared, we obtain a spherical region of
radius≤ 103 AU in which the radiation is the dominating effect.
Two things can be pointed out in connection with Eqs. (18) and
(19). The first is that the populations have been calculated as-
suming the incoming light to be unpolarized. The generalization
to other polarization states is done by choosing an appropriate
set of polarization vectors, replacing those given in Eq. (10).
Varshalovich (1967) treats this more general case, and also con-
siders the effects of 21-cm radiation on the populations. The
second point is that Eq. (19) shows that we have a population
inversion for the F=1,mF = ±1 level. For the sun the region
of population inversion is too small to be of any significance in
amplifying the 21-cm radiation, but for some O-type stars the
region could be large enough to give a measurable maser effect.

3.5. Phase and degree of polarization functions

It is customary in the literature on resonance scattering to give
the angular variation of the scattered intensity, or the phase func-
tion (Brandt & Chamberlain 1959; Chamberlain 1990). The
connection between our results and these phase functions, is
obtained by settingn(s) = δ(s− s0) in Eqs. (12) and (13), and
using the definition

p(θ) =
I(θ)

〈I(θ)〉 , (20)

where the brackets refer to an integration over all angles and
dividing with the total solid angle4π. Another quantity of inter-
est is the degree of polarization caused by the scattering. This
quantity is defined by

Π(θ) =
Ir(θ) − Il(θ)
Ir(θ) + Il(θ)

, (21)

where the scattered intensity is divided into components along
the two polarization vectors in Eq. (11).

Inserting the relevant populations we obtain for the spin-
orbit case

p(θ) =
11
12

+
3
12

cos2θ = 0.917 + 0.25 cos2θ (22)

and

Π(θ) =
sin2θ

11
3 + cos2θ

=
sin2θ

3.667 + cos2θ
, (23)
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which is in agreement with the formulas given by Brandt &
Chamberlain (1959). Similar calculations for the hyperfine case,
using thermal populations, give

p(θ) = 0.906 + 0.283 cos2θ (24)

and

Π(θ) =
sin2θ

3.197 + cos2θ
. (25)

If instead of the thermal populations we use those given by
Eq. (19), we get

p(θ) = 0.905 + 0.284 cos2θ (26)

and

Π(θ) =
sin2θ

3.191 + cos2θ
, (27)

The above results are summarized in Table 1 and compared in
Figs. 5 and 6.

Expressions (24) thru (27) have not previously been pub-
lished. Chamberlain (1990) gives a phase function for the
hyperfine case using thermal populations and assuming non-
interfering levels which equals

p(θ) =
91
96

+
15
96

cos2θ = 0.948 + 0.156 cos2θ . (28)

The validity of this formula is, however, questionable as the
interference will introduce a significant correction to the final
result.

4. Numerical simulations

To see what difference the level structure makes in the measured
intensity, we compare the spin-orbit case, Eq. (12), and the
hyperfine case, Eq. (13). Taking for simplicity the homoge-
neous casen(s) = n, we can use the results of Sect. 3.3. The
relative intensity difference thus obtained isIso/Ihf = 0.92
(where we usedr0 = 1 AU), implying that the hyperfine case
will give an 8 % higher scattered intensity, as compared to
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Fig. 7.The relative difference (∆) in the simulated signals when the two
phase functions in Eqs. (22) and (26) are used. Two different geometries
are described in the text.

the spin-orbit case. Comparing the intensities for the thermal
and non-thermal populations of the hyperfine case in a similar
way, we will get at difference less than 0.1 %. From the latter
comparison we see that the non-thermal populations will not
have an effect on the scattered intensity.

In order to see the changes in a more realistic case we use
one measurement location of the SOHO spacecraft. SOHO is
ESA-NASA spacecraft (launched in December 1995) which
carries a Lyman alpha instrument named SWAN (Solar Wind
Anisotropies). SWAN is capable to carry out a full sky mapping
of Lyman alpha radiation. The data analysis of SWAN has only
recently started (see Bertaux et al. 1997 and Kyrölä et al. 1997)
and therefore a full comparison between data and models is not
possible in this work. In the following we use a realistic de-
scription of the velocity distribution of the interstellar hydrogen
cloud in the solar neigbourhood. The details of the model are
explained in Kyr̈olä et al. 1997 where it is called the isotropic
reference model (the details of the model will not be important
in the following analysis). The measurement day is on 5th of
March, 1996. The SOHO location is (-0.9710, 0.2389, 0.0006)
in ecliptic coordinates and in AU-units. Using this position we
perform two simulations. The first simulation consists of a full
circle of line of sights in the ecliptic plane (excluding the solar
source). The second simulation is a full circle scan perpendicu-
lar to the SOHO-Sun line. Because SOHO is very accurately in
the ecliptic plane these lines of sights are in the plane perpendic-
ular to the ecliptic plane. The two phase functions we compare
are the much used fine structure result of Eq. (22) and the hy-
perfine structure result of Eq. (26). In the simulation we have
used the total scattered intensity, which is obtained from the
Eqs. (12) and (13) by integrating over all measured frequencies.
The intensity thus obtained is

I = σφ0λr2
0

∫
ds

r(s)2
n(r(s))p(θ(s)) . (29)
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The value of the cross sectionσ in Eq. (29) is different for the
spin-orbit and hyperfine case and is given by

σso =
e2R2

6h̄ε0

λ0

c
(30)

and

σhf = 0.180 · e2R2

h̄ε0

λ0

c
, (31)

respectively. The relative error between these two results

∆ =
Iso − Ihf

Iso
, (32)

is shown in Fig. 7 for the two scanning geometries just de-
scribed. It is seen that the error lies between 9.2-10% and thus
is somewhat higher than in the constant density case considered
first.

5. Conclusions

In this work we have carried out a full quantum mechanical
calculation for the Lyα scattering phase and polarization
functions. The hyperfine level structure of the hydrogen atom
and the populations established by the Lyα light are taken into
account. The resulting phase functions, and thus measured
intensities, differ in the case of a realistic model for the
densityn(s) from the widely used fine structure phase function
by 10%. This difference is quite large and should thus be
detectable in the data. The Lyα mapper SWAN on the SOHO
satellite will probably provide data good enough to make a
comparisons between the different phase functions possible.
However, as many other factors (like multiple scattering and
the density distribution used) are also of importance in in-
terpreting the data, this comparison may not be straightforward.

We saw that in order to explicitly evaluate the scattered in-
tensity one needs the frequency profile of the incoming light
and the velocity distribution of the atoms. We have throughout
been assuming a flat frequency profile, but have not, except in
Sect. 3.3., specified the form of the velocity distribution. By
measuring the spectrum of the scattered light we can obtain
information about the parallel component of the velocity distri-
bution. In the case of a pure Maxwell-Boltzmann distribution
this would directly give us the temperature of the scattering gas.
For an asymmetric velocity distribution, the spectrum would be
smeared out by the LOS integration. In our calculations we have
also neglected the effects of multiple scattering. If multiple scat-
tering is of importance our LOS integrals are no longer valid.
Keller (1981) have estimated, by using Monte Carlo methods,
that the optically thin approximation underestimates the scat-
tered intensity from the nearby interstellar medium by 5 to 35%,
depending on the direction of the LOS. Scherer & Fahr (1996)
has used a more analytical approach to the multiple scattering
problem and taken into account an angle-dependent partial fre-
quency redistribution. As input in their calculations they have

used the phase function of Brand and Chamberlain. On the ba-
sis of our numerical simulations one would then expect a 10%
change in their integrated intensity when using our phase func-
tions. Also the temperature inferred from the line width of the
scattered light is effected due to the line broadening caused by
the multiple scattering. Quémerais & Bertaux (1993) estimates
that temperature is off by about 30 %. Although our LOS in-
tegrals are not accurate enough under these circumstances, the
phase functions listed in Table 1 will still be useful, as they ap-
ply to the scattering from a single atom, and thus can be used
as a starting point in the numerical simulations.
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