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Abstract. We study the effect of velocity shear on the spectrum
of MHD surface waves. A nonuniform intermediate region is
taken into account, so that the surface wave can be subject to
resonant absorption. In order to deal in a mathematically and
also physically consistent manner with the resonant wave ex-
citation, we analytically derive the dissipative solution around
the resonant surface in resistive MHD. Using these analytical
solutions in our eigenvalue code, the effect of the velocity shear
on the damping rate of the surface wave can easily be investi-
gated with limited numerical effort. The presence of the flow
can both increase and decrease the efficiency of resonant ab-
sorption. We also show how the resonance can lead to insta-
bility of the global surface mode for a certain range of values
for the velocity shear. The resonant flow instabilities, which are
physically distinct from the nonresonant Kelvin-Helmholz in-
stabilities can occur for velocity shears significantly below the
Kelvin-Helmholz threshold. Although resonant absorption as
dissipation mechanism is present, the amplitude of the surface
mode grows in time. The resonant flow instability can be ex-
plained in terms of negative energy waves : to get an unstable
negative energy wave, some dissipative process is required to
ensure energy dissipation.
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1. Introduction

The solar atmosphere, from the photosphere to the corona, is
a highly structured inhomogeneous medium, e.g. recent obser-
vations of X-ray emission from the solar corona by Yohkoh
(Shibata et al. 1992) have emphasized the complex, highly struc-
tured nature of the corona. Commonly observed features such
as the photospheric flux tubes, coronal holes, coronal loops,
magnetic arcades indicate the existence of pronounced local
nonuniformities at their boundaries. Another key observation
of the highly inhomogeneous solar atmosphere is the presence
of steady flows. Bulk motions are observed along or nearly along
the magnetic field lines which outline the magnetic structures
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(Doyle et al. 1997). The nonuniformities are often in the form
of transition layers that separate regions of larger extent with
different, comparatively uniform physical characteristics.

In particular, these sharply structured interfaces can support
magneto-acoustic surface waves, which may be classified as
either fast or slow modes (Roberts 1981).

An important property of MHD waves in an inhomogeneous
plasma is that a global wave motion can be in resonance with
local oscillations of a specific magnetic surface. The resonance
condition is that the frequency of the global motion should be
equal to either the local Alfvén or the local cusp frequency of
the magnetic surface. In this way energy is transferred from the
large scale motion to oscillations which are highly localized to
the neighbourhood of the Alfvén or cusp singular surface. In
dissipative MHD this behaviour is mathematically recovered
as eigenmodes which are exponentially damped in time. Due
to their global character (oscillating with the same frequency
throughout the plasma) these modes are called ’global modes’.
For ideal MHD such damped oscillations cannot be eigenmodes
of the system, and for this reason they are often called ’quasi-
modes’ (see Tirry & Goossens 1996 and references therein).
Since quasi-modes turn out to be global natural oscillations of
the magnetic structures they will probably be most easily ob-
served. It is therefore important to know how the frequencies of
the quasi-modes are related to the distribution of the physical
quantities and the geometry of the structure. For the same reason
the quasi-mode plays a central role in the resonant absorption
process as possible heating mechanism.

Since the work of Ionson (1978), resonant absorption of
MHD surface modes has been recognized as a suitably efficient
damping mechanism, and much recent work has been devoted to
this process (Rae & Roberts 1982; Lee & Roberts 1986; Davila
1987; Hollweg & Yang 1988; Hollweg et al. 1990; Sakurai,
Goossens & Hollweg 1991; Goossens, Ruderman & Hollweg
1995; Erdélyi & Goossens 1996). Except for the paper by Holl-
weg et al. (1990) and Erdélyi & Goossens (1996), these prior
studies and many others of resonant absorption have assumed
that there is no background velocity shear in the plasma. How-
ever in the paper by Hollweg et al., the authors introduced ve-
locity shear and investigated its effects on the rate of resonant
absorption of MHD waves supported by thin ”surfaces” in an
incompressible plasma. They found that the velocity shear can
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either increase or decrease the resonant absorption rate and that
for certain values of the velocity shear the absorption rate goes
to zero. In addition, they also found that there can be resonances
which do not absorb energy from the surface wave but rather
give energy back to it, leading to instabilities, even at velocity
shear, which are below the threshold for the Kelvin-Helmholz
instability (Chandrasekhar 1961).

Ryutova (1988) has considered a closely related problem.
She studied the propagation of kink waves along thin magnetic
flux tubes in the presence of a homogeneous parallel flow outside
of the tube. She was the first to introduce the concept of negative
energy waves to solar physics and suggested that the resonant
instability can be interpreted in terms of negative energy waves.
However, according to Hollweg et al. (1990), her work contains
an inconsistency.

Erdélyi & Goossens (1996) studied the p-mode resonant
interaction with steady inhomogeneous flux tubes (sunspots)
and found that for steady flows at around 10 percent of the local
Alfvén speed, sunspots emitted energy. This phenomenon was
again associated with negative energy waves.

Joarder et al. (1997) applied the concept of negative en-
ergy waves for simple homogeneous solar configurations. They
showed that backward propagating waves found in these mag-
netic structures of the solar atmosphere are negative energy
waves.

Ruderman & Goossens (1995) studied the stability of an
MHD tangential discontinuity in an incompressible plasma
where viscosity is taken into account at one side of the discon-
tinuity. The instability, which occurs for velocity shears smaller
than the threshold value for the onset of the Kelvin-Helmholz
instability, can be explained in terms of a negative energy wave
which becomes unstable because of the presence of a dissipation
mechanism (viscosity).

Since these instabilities may play a role in the development
of turbulence in regions of strong velocity shear such as in the
solar wind and the Earth’s magnetosheath, but also, for example,
in the interaction of p-modes with sunspots, the assumption of
incompressibility has to be dropped in the spectral study.

In addition, in order to deal in a mathematically but also
physically consistent manner with the resonant wave excita-
tion (the singularity in the ideal MHD equations) in solving
the eigenvalue problem for the MHD surface modes, we an-
alytically derive the dissipative solution close to the resonant
magnetic surface in resistive MHD.

Hence in this paper we consider the spectral problem of
the MHD surface mode on a transitional nonuniform layer that
separates two uniform regions, and in the presence of a velocity
shear (discontinuity) in the background flow. The mass flow is
assumed to be uniform in one of the uniform regions and in the
transitional layer whereas the other uniform region is static.

By deriving the solution in resistive MHD analytically
around the resonance, the effect of the velocity shear on the
damping rate can easily be investigated and it clearly shows
how and when the resonant instability occurs. In the presence
of a background flow it can be anticipated that the damping of
the MHD surface mode due to resonant wave transformation is
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Fig. 1. A cartoon of the single interface in Cartesian coordinates.

altered, since the flow does not only Doppler shift the continuum
frequencies but it also affects the energy of the eigenmodes. At
the resonance the flow could drain energy away from the surface
mode, which additionally increases the wave damping, but the
flow could also be an energy source so that the surface mode
gains energy and becomes unstable.

The paper is organized as follows. In Sect. 2 the stationary
equilibrium configuration is described while in Sect. 3 the lin-
earized MHD equations for small perturbations are discussed.
The analytical dissipative solutions around the resonant surfaces
are derived in Sect. 4. In Sect. 5 we shortly describe the numer-
ical procedure for solving the spectrum of the MHD surface
modes. The results are presented in Sect. 6 whereas the corre-
spondence between the overstabilities and the negative energy
waves is illustrated in Sect. 7. In Sect. 8 we give a summary.

2. The steady equilibrium state

We model a sharp interface by two semi-infinite homogeneous
regions separated by a nonuniform layer. In the Cartesian co-
ordinate system we use, the x-axis is along the direction of
inhomogeneity, i.e. the equilibrium quantities depend on the x-
coordinate only. The non-uniform layer extends from x = 0 to
x = L (see Fig. 1).

The magnetic fieldB0 = (0, 0, B0) is assumed to be homo-
geneous throughout the whole space whereas the plasma flow,
with velocityU0 = (0, 0, U0(x)) parallel to the magnetic field,
exists only for x < L. In particular :

U0(x) =
{
V, x < L
0, x ≥ L.

(1)

Thus the flow speed is discontinuous at x = L, while the other
physical quantities such as density ρ0(x) and temperatureT0(x)
are assumed to behave smoothly through the nonuniform layer.

In our treatment we ignore gravity, so that the magnetohy-
drostatic equation is simply given by

d

dx

(
p0 +

B2
0

2µ

)
= 0.
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This means that the thermal pressure p0 is uniform and the
plasma β parameter constant

β ≡ p0

pm
=

2v2
S

γv2
A

= const, (2)

where pm ≡ B2
0/(2µ0) while v2

A(x) ≡ B2
0/(µ0ρ0(x)) and

v2
S(x)≡ γp0/ρ0(x) are the squares of the Alfvén and the sound

speed respectively.
The Alfvén speed is assumed to have a linear profile through

the nonuniform layer and to be constant elsewhere :

vA(x) =




vA1, x < 0
vA1 − (vA1 − vA2)

x

L
, 0 ≤ x ≤ L

vA2, x > L.

(3)

Sinceβ is constant (2), the speed of sound is simply proportional
to vA(x) :

vS(x) =
(
γβ

2

) 1
2

vA(x).

We also introduce the cusp speed vC(x) which is defined as

vC(x) ≡ vAvS

(v2
A + v2

S)
1
2

=
(γβ)

1
2

(2 + γβ)
1
2
vA(x).

Besides the plasma β parameter, the configuration is also char-
acterized by the temperature ratio rT ≡ T2/T1, which can be
written in terms of the Alfvén speeds in the two homogeneous
regions as

rT =
v2
A2

v2
A1

. (4)

According to the definition of the Alfvén speed and from (3)
and (4) the density profile ρ0(x) in the nonuniform layer takes
the following form :

ρ0(x) =
(

1− 1−√rT
L

x

)−2

ρ0(0). (5)

For the rest of the paper, length, speed, density and mag-
netic field strength are non-dimensionalized with respect to

1/
√
k2
y + k2

z , vA2, ρ0(L) and B0 respectively. ky and kz are

the y- and z-component of the wave vector of the MHD surface
mode on the sharp interface.

The unperturbed plasma is taken to be ideal because the
dissipative effects can be neglected on the time scale of the
MHD wave propagation.

3. The linearized MHD equations

In the presence of linear perturbations it is not any longer true
that the plasma can be taken to be ideal everywhere. We shall
see that dissipation cannot be ignored near the possible resonant
points due to the local quasi-singular behaviour of the solutions.
In our model we shall include the Ohmic heating as the only
dissipation mechanism and exclude the effects of viscosity and
thermal conduction.

The standard set of linearized MHD equations for a resistive
plasma is

∂ρ1

∂t
+∇ · (ρ0v1 + ρ1v0) = 0,

ρ0

[
∂v1

∂t
+ (v0 · ∇)v1 + (v1 · ∇)v0

]
+ ρ1(v0 · ∇)v0 =

−∇p1 +
1
µ0

(∇×B1)×B0 +
1
µ0

(∇×B0)×B1, (6)

∂B1

∂t
= ∇× (v1 ×B0) +∇× (v0 ×B1) + η∇2B1,

ρ0

[
∂T 1

∂t
+ v0 · ∇T1

]
=

−ρ0v1 · ∇T0 − (γ − 1)ρ0T0∇ · v1,

p1

p0
=

ρ1

ρ0
+
T1

T0
.

As the equilibrium quantities depend on the x-coordinate only,
the perturbed quantities f1 are Fourier analyzed with respect to
y, z and t. The amplitudes of the corresponding Fourier com-
ponents remain x−dependent:

f1(x, y, z; t) = f(x, ky, kz;ω)expi(kyy+kzz−ωt).

Because of the very high values of the magnetic Reynolds num-
ber, e.g. for the solar coronal conditions, the dissipation due to
the finite electrical resistivity η can be ignored except in nar-
row layers of steep gradients (e.g. around resonances). Outside
these dissipative layers the Eqs. (6) reduce to the following two
coupled first order differential equations for the perturbations of
the normal component of the Lagrangian displacement ξx and
of the Eulerian perturbation of total pressure P :

D
dξx
dx

= −C1P,
dP

dx
= C2ξx (7)

where

D = ρ0(v2
S + v2

A)(Ω2 − ω2
C)(Ω2 − ω2

A),

C1 = (Ω2 − ω2
A)(Ω2 − ω2

S)− Ω2v2
Ak

2
y,

C2 = ρ0(Ω2 − ω2
A)

and

Ω = ω − kzV,

ωA = vAkz, ωS = vs
√
k2
y + k2

z , ωC = vCkz.

C1 can be rewritten as

C1 = (Ω2 − ω2
I )(Ω

2 − ω2
II)

where ωI and ωII are known as the cut-off frequencies.
The inclusion of the equilibrium flow V causes only a re-

placement of the frequency ω by the Doppler shifted frequency
Ω in the equations with respect to the static case. (see e.g.
Goossens, Sakurai & Hollweg 1992).
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The set of ordinary differential Eqs. (7) has mobile regular
singularities at the positions xA and/or xC where D(x) van-
ishes:

Ω = ±ωA(xA) and/or Ω = ±ωC(xC).

or

ω = kzV ± ωA(xA) and/or ω = kzV ± ωC(xC) (8)

As both ωA(x) and ωC(x) are functions of x, they define two
continuous ranges of frequencies referred to as the Alfvén con-
tinuum and the slow continuum respectively. These continua are
now Doppler shifted due to the presence of the flow as indicated
by Eqs. (8).

¿From a physical point of view, the conditions (8) mean that
the eigenmodes resonantly interact with one of the two continua
and also with the flow. The interaction with the continua in the
absence of the flow causes damping of the eigenmode due to
resonant wave transformation and we talk about quasi-modes
with complex eigenfrequency ω = ωr + iωi with ωi < 0 in
this case (Tirry & Goossens 1996 and references therein). If
however a flow is present then it not only Doppler shifts the
continuum frequencies but it can also affect the energy of the
eigenmodes. At the resonance, the flow can namely drain energy
away from the surface modes, which additionally increases the
wave damping, but the flow can also be an energy source in
which case the surface modes gain energy and become unstable,
i.e. ωi > 0.

4. The analytical solution around the resonance

In ideal MHD, the solutions diverge at the resonance points as
defined by (8). To remove the singularity from the ideal MHD
Eqs. (7) we include, for regions close to the resonances, the dis-
sipative terms into the equations. The overall solutions for ξx
and P are now obtained by solving the ideal Eqs. (7) outside the
dissipative layers and the dissipative Eqs. (6) inside the layers
with the requirement for continuous solutions at the boundaries
of the layers. In the close vicinity of the resonant points, we
can simplify the initial set of Eqs. (6) by reducing them first
to a form analogous to (7) and then express the coefficients as
linear functions of the distance s from the resonant point (see
e.g. Erdélyi, Goossens & Ruderman 1995). Due to the resonant
coupling in the presence of a background flow, the waves could
loose or gain energy as pointed out in the previous section and
therefore their eigenfrequencies are complex: ω = ωr + iωi.
In the case of the Alfvén resonance at s ≡ x − xA = 0
the Eqs. (6) can be approximated in some interval [−sA,+sA]
around the resonance, by the following set[

2iΩrωi + s∆A − iΩrη
d2

ds2

]
dξx
ds

= −
[
(2iΩrωi + s∆A)

ω2
A − ω2

S

ρ0v2
Aω

2
A

− k2
y

ρ0

]
P, (9)

dP

ds
= ρ0(2iΩrωi + s∆A)ξx,

where Ωr = ωr − kzV = ±ωA, ∆A ≡ (d/ds)(Ω2 − ω2
A)

and the coefficients are evaluated at s = 0. Also, |ωi| � |ωA|
is assumed but this has to be checked a posteriori when the
solutions are obtained. In the numerical code the resistivity η
is assumed to be important only inside the narrow dissipative
layer [−dηA,+dηA] whose half-thickness dηA is evaluated in
our calculations as dηA ≈ 5× δA where

δA =
(
ωAη

|∆A|
) 1

3

defines the length scale of the resonance layer as can be esti-
mated from the first equation in (9).

In the Eqs. (9) the highest derivative term is multiplied with
the electrical resistivity. Hence for very high Reynolds numbers,
the Eqs. (9) represents a singular perturbation problem. Now it
is convenient to introduce a new scaled variable τ = s/δA,
which is of the order 1 in the dissipative layer. With this new
variable the Eqs. (9) for ξx and P take the form:[

d2

dτ2 + i sign(∆AΩr)τ − ΛA

]
dξx
dτ

= −
{
−i sign(Ωr)k2

y

ρ0|∆A|

+δA[−ΛA + isign(∆AΩr)τ ]
ω2
A − ω2

S

ρ0v2
Aω

2
A

}
P, (10)

dP

dτ
= −iδ2

Aρ0|∆A|sign(Ωr)[−ΛA + i sign(∆AΩr)τ ]ξx,

where ΛA = 2ωAωi/(δA|∆A|). Hence, in the zeroth order, the
total pressure perturbation P is a conserved quantity across the
resonance layer. Hence the analytical solutions for ξx and P
inside the dissipative layer around the Alfvén resonance can be
found in the following form (Tirry & Goossens 1996):

ξx(τ) = −
[
δA(ω2

A − ω2
S)τ

ρ0v2
Aω

2
A

+
k2
yGA(τ)
ρ0∆A

]
CA +K1,

P (τ) = CA, (11)

where

GA(τ) =
∫ ∞

0

[
eiusign(∆AΩr)τ−ΛAu − 1

]
e−u

3/3 du

u
,

CA and K1 are constants of integration.
In the case of the cusp resonance, an analogous procedure

yields the following set of equations (see e.g. Erdélyi 1997)[
d2

dτ2 + i sign(∆CΩr)τ − ΛC

]
dξx
dτ

=
i sign(Ωr)k2

zv
4
S

ρ0|∆C |(v2
A + v2

S)2
P, (12)

dP

dτ
= −δCρ0

v2
Aω

2
A

v2
A + v2

S

ξx,

where now Ωr = ωr−kzV = ±ωC , ΛC = 2ωCωi/(δC |∆C |),
∆C ≡ (d/ds)(Ω2 − ω2

C) and

δC =
(
ηωC
|∆C |

) 1
3

.
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with all coefficients evaluated at x = xC . According to (12), the
total pressure perturbation P is a conserved quantity across the
cusp resonance layer in the zeroth order. Hence the analytical
solutions for ξx and P inside the dissipative layer embracing
the cusp resonance are given by :

ξx(τ) = − k2
zv

4
SGC(τ)

ρ0∆C(v2
S + v2

A)2
CC +K2,

P (τ) = CC , (13)

where

GC(τ) =
∫ ∞

0

[
eiusign(∆CΩ)τ−ΛCu − 1

]
e−u

3/3 du

u
,

CC and K2 are constants of integration.

5. The numerical procedure

In the two outer regions of the sharp interface model, i.e. the
two semi-infinite homogeneous regions, the solutions for ξx and
P can be found analytically. However in the nonuniform inter-
mediate region, the Eqs. (7) have to be integrated numerically.
Application of the continuity condition for ξx and P at x = 0
and x = L finally yields the dispersion relation.

Since we are primarily interested in localized surface type
eigenmodes, with evanescent amplitudes in both homogeneous
regions to the left and the right of the interface, the related
oscillation frequencies should lie in the intervals :

ωII(−∞) > Ωr > ωI(−∞) or ωC(−∞) > Ωr

and

ωII(+∞) > ωr > ωI(+∞) or ωC(+∞) > ωr.

The analytical evanescent solution of (7) valid for x < 0 is
simply

P (x) = Aeκ1x and ξx(x) = A
κ1

C2(−∞)
eκ1x (14)

where κ1 =
√−C1(−∞)C2(−∞)/D(−∞) and A is an ar-

bitrarily complex factor. Analogous, the analytical solution for
x > L is given by

P (x) = Be−κ2x and ξx(x) = B
−κ2

C2(∞)
e−κ2x (15)

where κ2 =
√−C1(+∞)C2(+∞)/D(+∞) and B is an arbi-

trarily complex factor.
Thus the procedure for solving the eigenvalue problem for

the MHD surface modes on the sharp interface is a shooting
method from x = 0 to x = L. Starting at x = 0 with the
evanescent analytical solution for the homogeneous region to
the left of the interface, we numerically integrate the ideal MHD
Eqs. (7). If a resonance is encountered during the calculations,
then the dissipative solutions (11) or (13) are applied continu-
ously between the endpoints xA,C±5δA,C of the corresponding
dissipative layer. After having passed through the dissipative
layer the computations return to the ideal Eqs. (7) until the final
point x = L is reached. Application of the continuity condition
for ξx and P at x = L yields thus the dispersion relation which
has to be solved for ω with prescribed ky , kz and V .

6. Results

In this section we present the spectrum of the MHD surface
waves on a single interface as a function of the velocity shear. We
resolve the spectrum for the plasma β parameter equal to zero
with and without a nonuniform transition layer. We restricted the
calculations toβ = 0. This simplifies the picture of the spectrum
of the surface modes as function of the velocity shear, since by
putting β = 0 the slow MHD surface mode is excluded from
the model. In the presentation of the results θ is defined as the
angle of propagation with respect to the magnetic field, i.e. kz =
kcos(θ) and ky = ksin(θ). The calculations are performed with
vA1 = 5 and vA2 = 1.

6.1. β = 0; L = 0

When β = 0, the slow surface mode is excluded from the con-
figuration, whereas the fast surface mode only exists for a prop-
agation angle θ different from 0o and 90o. Since the interface
is a true discontinuity, there is no Alfvén continuum so that
the surface mode cannot be subject to resonant absorption. Any
change in the eigenfrequency is due to the presence of the ve-
locity shear.

In Fig. 2 we have plotted the oscillation frequency of the
two fast surface modes for two different angles of propagation
θ = 25o, 75o (Fig. 2a, Fig. 2b) together with the imaginary part
of the eigenfrequency (Fig. 2c, Fig. 2d) as function of the ve-
locity shear V . The surface mode with positive frequency is a
”forward” propagating wave, while the mode with negative fre-
quency is a ”backward” propagating wave. The figures clearly
show that when the oscillation frequencies of the ”forward” and
”backward” propagating fast surface modes merge for increas-
ing velocity shear V , the interface becomes unstable. Hence
the merging point indicates the threshold for Kelvin-Helmholz
instability.

6.2. β = 0; L = 0.1

When we introduce a nonuniform layer, the surface modes with
oscillation frequency within the range of the Alfvén continuum
resonantly couple to localized Alfvén waves, and, in absence
of a velocity shear, they are damped due to the resonant wave
excitation.

In Fig. 3a and Fig. 3b we plotted again the oscillation fre-
quencies of the ”forward” and ”backward” propagating surface
modes as function of the velocity shear. In these figures we
also indicated the upper and lower bounds of the Alfvén con-
tinua [−ωA1 +kzV,−ωA2 +kzV ] and [ωA2 +kzV, ωA1 +kzV ]
which are Doppler shifted due to the presence of the mass flow
in the nonuniform layer.

In Fig. 3c and Fig. 3d the corresponding imaginary parts
of the eigenfrequencies are plotted as function of the velocity
shear V . For V = 0 both surface modes have their charac-
teristic frequency within the range of the Alfvén continuum
(see Figs. 3a and 3b) and hence are damped due to resonant
absorption. However when V is increased, the oscillation fre-
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Fig. 2. a the oscillation frequency of the fast surface modes as function of the velocity shear V for θ = 25o b the oscillation frequency of the fast
surface modes as function of the velocity shear V for θ = 75o —bf c the imaginary part of the frequency of the fast surface modes as function
of the velocity shear V for θ = 25o d the imaginary part of the frequency of the fast surface modes as a function of the velocity shear V for
θ = 75o (L = 0).

quency of the ”forward” propagating surface mode shifts out
of the Doppler shifted upper Alfvén continuum and the mode
becomes undamped, whereas the oscillation frequency of the
”backward” propagating surface mode remains for a larger in-
terval for V in the Doppler shifted continuum of ”backward”
propagating Alfvén modes. In first instance the damping rate in-
creases, reaching a maximum damping rate and then decreases
again towards zero at the velocity shear for which the oscil-
lation frequency shifts also out of the Doppler shifted Alfvén
continuum.

The most interesting feature in the spectrum appears when
the oscillation frequency of the ”forward” propagating surface
mode shifts into the Doppler shifted continuum of the ”back-
ward” propagating Alfvén modes : as long as the oscillation fre-
quency of the ”forward” propagating surface mode lies within
the range of the Doppler shifted continuum of ”backward” prop-
agating Alfvén modes, the surface mode is unstable, i.e.ωi > 0.

Physically this means that the flow acts at the resonant layer
as a source of energy from which the surface mode gains energy.
From a mathematical point of view, the reason lies in the fact
that sign(Ω) < 0, which causes the jump in the Poynting flux
across the resonant surface to be negative. The x-component of
the modal energy flux, averaged over the oscillation period, as

seen by an observer fixed relative to some constant flow (which
may be taken as the plasma flow V ) is given by (see e.g. Adam
1978)

Sx(x, ky, kz;ω) ≈ 1
2
Re(P ∗

∂ξx
∂t

)e2ωit

≈ 1
2
Re(−iωrP ∗ξx)e2ωit,

where the asterisk denotes the complex conjugate. Note that the
modal energy flux, averaged over the oscillation period, expo-
nentially increases or decreases depending on the overstability
or damping of the mode. With the analytical solution (11) inside
the dissipative resonance layer, we can calculate the jump in the
energy flux across the dissipative layer as :

[Sx] = Sx(xA − 5δA)− Sx(xA + 5δA)

≈ ωrC
2
Ak

2
y

2ρ∆
Re[iGA(−5)− iGA(5)]e2ωit.

Using the asymptotic expansion of the function GA(τ) as τ →
±∞ (see e.g. Goossens, Ruderman, & Hollweg 1995),

Im(GA(τ)) ∼ ±sign(∆Ωr)
π

2
as τ → ±∞,
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Fig. 3. a the oscillation frequency of the fast surface modes as a function of the velocity shear V for θ = 25o b the oscillation frequency of
the fast surface modes as a function of the velocity shear V for θ = 75o c the imaginary part of the frequency of the fast surface modes as a
function of the velocity shear V for θ = 25o d the imaginary part of the frequency of the fast surface modes as a function of the velocity shear
V for θ = 75o (L = 0.1). The gray lines indicate the upper and lower boundaries of the Doppler shifted Alfvén continua. The full black line
stands for ωr = kzV .

we can reduce the jump in the modal energy flux across the
dissipative resonance layer approximately to

[Sx] ≈ sign(Ωr)
ωC2

Ak
2
y

2ρ|∆| πe
2ωit. (16)

When this jump in energy flux is positive, there is an energy
transfer from the fast surface mode in the Alfvén resonance
layer and hence the surface mode is damped. However when the
jump in energy flux across the resonance layer is negative, this
means that there is an energy flow from the resonance layer to-
wards the fast surface mode, which is unstable in this case. This
happens only when the oscillation frequency of the ”forward”
propagating surface mode lies in the Doppler shifted continuum
of ”backward” propagating Alfvén modes. It is easy to check
that the formula (16) is consistent with the Fig. 3c and Fig. 3d.

When the oscillation frequencies of both the ”forward”
and ”backward” propagating surface modes shift out of the
lower Doppler shifted Alfvén continuum, they merge leading
to Kelvin-Helmholz instability.

7. Negative energy waves

To illustrate the correspondence between the overstabilities
found here and the negative energy waves, we replace the in-
homogeneous transition layer in our model, as described by

Fig. 1, by a tangential discontinuity. For the present discussion,
it is also instructive to redraw Fig. 2b (e.g. θ = 75o) in the ref-
erence frame in which the region at the left of the discontinuity
is static and the region at the right has a mass flow −V . For
β = 0, the dispersion relation in this reference frame is for the
two surface modes

F (ω, ky, kz) =
λ1

ρ1(Ω2
1 − ω2

A1)
+

λ2

ρ2(Ω2
2 − ω2

A2)
= 0, (17)

where

λi =

√
−Ω2

i − ω2
Ai − v2

Aik
2
y

v2
Ai

, i = 1, 2,

Ω1 = ω,

Ω2 = ω + kzV.

Following Cairns (1979), a wave mode is a negative energy wave
when

σω
∂F

∂ω
< 0. (18)

The coefficient σ has to be taken either 1 or -1 so that in the case
of absence of a flow the energy of the modes is positive. After



W.J. Tirry et al.: Resonant flow instability of MHD surface waves 793

0 2 4 6 8 10
-2.5

-2

-1.5

-1

-0.5

0

0.5

1

V

ω r

Fig. 4. The redraw of Fig. 2b in the reference frame in which the region
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and lower boundaries of the Alfvén continua.
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Fig. 5. −ω∂F/∂ω as function of velocity shear for the eigenfrequen-
cies of the surface modes corresponding to the upper branch and lower
branch of Fig. 4. The vertical black line indicates the critical velocity
Vc whereas the vertical gray line indicates the velocity shear for which
the eigenfrequency of the negative energy wave enters the lower Alfvén
continuum.

some algebra, we obtain for the inequality (18)

−σω[
ω − kzV

λ1((ω − kzV )2 − ω2
A1)

+
2λ1(ω − kzV )

ρ1(ω − kzV )2 − ω2
A1)

+
ω

λ2(ω2 − ω2
A2)

+
2λ2ω

ρ2(ω2 − ω2
A2)2

] < 0. (19)

Using the values of the eigenfrequencies of the two surface
modes in Fig. 4 in absence of a velocity shear, we conclude that
σ has to be −1.

In Fig. 5 we plot−ω∂F/∂ω as function of velocity shear for
the eigenfrequencies of the surface modes corresponding to the
upper branch and lower branch of Fig. 4. In this figure we also
indicate the critical velocity Vc, for which the forward propagat-
ing surface mode becomes a backward propagating one, with a
vertical black line. The velocity shear for which the eigenfre-
quency corresponding to the upper branch enters the interval
[−ωA1,−ωA2], is indicated with a vertical gray line. Hence in
case of a thin nonuniform transition layer the surface mode cor-
responding to the upper branch, which resonantly couples to a

localized Alfvén continuum mode, is a negative energy wave
for V > Vc and thus becomes unstable due to the presence of
dissipation by resonant absorption.

8. Summary and discussion

In this paper we investigated how a velocity shear alters the
spectrum of the MHD surface modes on a single interface. The
single interface is modeled by two semi-infinite uniform re-
gions separated by a nonuniform layer. Due to the presence
of nonuniformity a surface mode with characteristic frequency
within the range of one of the continuous spectra (associated
with the nonuniform layer) may resonantly couple to localized
Alfvén and/or slow continuum modes.

To illustrate the combined effect of the velocity shear and the
resonant absorption process on the spectrum of the MHD surface
modes, we considered in a first step a cold plasma (β = 0), so
that the slow waves are absent. This simplifies the picture of the
spectrum of the surface modes as function of the velocity shear.

In the case of a true discontinuity or the single interface,
we showed that Kelvin-Helmholz instability occurs when the
oscillation frequencies of the ”forward” and ”backward” prop-
agating surface modes merge for increasing velocity shear. The
merging point then indicates the threshold of Kelvin-Helmholz
instability for the single interface.

In the case of a nonuniform layer, the continuous spectra
of ”forward” and ”backward” propagating Alfvén modes are
Doppler shifted due to the presence of the mass flow. When
the oscillation frequency of the ”forward” (”backward”) prop-
agating surface mode lies in the continuum of the ”forward”
(”backward”) propagating Alfvén modes, the surface modes are
damped due to the resonant wave excitation. However, when the
oscillation frequency of the ”forward” propagating fast surface
mode lies in the frequency range of the ”backward” propagat-
ing Alfvén waves, which is only possible due to the presence of
the velocity shear, the surface mode is unstable, i.e. the surface
mode gains energy from the flow at the resonance layer.

In a reference frame moving with the mass flow, it can clearly
be seen that whereas the ”backward” propagating surface mode
is accelerated, the ”forward” propagating surface mode is re-
tarded. Hence a sufficiently large flow changes the sign of prop-
agation. In this case this surface mode becomes a negative en-
ergy wave when the shear velocity is larger than a certain critical
velocity Vc (determined by the condition kzV = ωr in Figs. 3a
and 3b) which turns out to be much smaller than the threshold
for Kelvin-Helmholz instability. Note that Vc < min(vA). With
the negative energy, we mean the ”linear” part that is associated
with the linearized equations and that is of course not the total
energy (see Ostrovskii et al. 1986).

Ostrovskii et al. (1986) have shown in hydrodynamics that
negative energy waves are unstable when dissipation is present.
Later on Ryutova (1988), Hollweg et al. (1990) and Ruderman
& Goossens (1995) found the same instabilities of negative en-
ergy waves in different dissipative systems. The introduction
of wave energy dissipation due to either sound-wave radiation,
resonant absorption or viscosity makes negative energy waves
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unstable. Hence a presence of any dissipation in the system
leads to amplification of the wave. The conservation of energy,
however, is not violated, because energy moves from the flow
into the waves.

The interpretation in terms of negative energy waves can
be worked further out analytically when the thickness of the
nonuniform transition layer is assumed to be small compared to
the wave length of the surface mode (Erdélyi et al. 1998).

The most important feature of this instability is that its
threshold velocity is smaller than the threshold velocity for the
onset of the Kelvin-Helmholz instability. In this paper we re-
stricted the calculations to the β = 0 case in order to give a clear
picture of the nature of the resonant flow instability. In contrast,
the analysis of the solutions inside the dissipative (Alfvén and
cusp) resonance layer is performed in a general way, so that ex-
tension to parametric studies of more complicated configuration
is straightforward.
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