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Abstract. One currently observes spicules in the khe, the 1000 I I I I I I I
underlying photospheric radiation being scattered by the matter =5 _— —H— —H z
of the spicules. In this paper we solve the equations of statisticalggo
equilibrium for a hydrogen atom having an ensemble velocity
and being illuminated by the photospheric radiation field. Thi§ 600
leads us to the determination of the Stokes paramét&psU B
of the radiation diffused by the spicule towards the observer
The calculations include fine structure effects, limb darkening
and depolarization by isotropic collisions. £
One obtains the linear polarization degree as well as the 200
rotation of the polarization plane as a function of the ascending | | | | | | |

velocity of matter in spicules. 654 654.5 655 655,5 656 656,5 657 657,5 658
wavelength A (nm)

rbit

observed profile
—H -best-fit profile

Key words: line: formation — polarization — Sun: photosphere . .
— Sun: chromosphere Fig. 1.Plot of the observed solar spectrum betwé®t0 A and6580 A

(full line). The continuum around &is arbitrarily set to 1000. Dotted
line: fit to the observed spectrum by means of a gaussian profile (see
text).

1. Introduction

the method to the particular multi-level case of the khe of
One can describe spicules as cylindrical structures appeatiygrogen.
at the boundaries of the supergranules of the solar atmosphere|n Sects[P2 and 2.1 we define the photospheric profile of the
Their diameters are abo@00 km, and the spicules mount inHy line used for our theoretical model, and also the density ma-
the corona conducted by the magnetic field. One can obsefijges of the incident and scattered radiation allowing for corre-
matter up to a height af5, 000 km with a mean inclination of |ations due to the Doppler effect. In Séctl2.1 and Appendix A:,
30° relative to the normal to the solar surface. This paper degfe give the equations of statistical equilibrium in tensorial no-
with the theory of the density matrix of photons resonantly scastion. We solve these equations and find an analytical approx-
tered by atoms having an ensemble velocity. The theory of tiigation for the tensors (Secis.[3.13.1 3.2). This enables us
multilevel atom scattering the incident photospheric radiationtis calculate the density matrix of the scattered photons opening
outlined by a quantum formalism (Bommier 1977; Bommier &e way to the expression of the Stokes paramelte@ U of
Sahal-Bechoi1978). We apply the theory to neutral H atoms e line (Sec{_3]3). Sedi._B.4 is devoted to the integration over
spicules. We illustrate our method by calculating the Stokes pRe velocity distribution accounting for the ensemble velocity
rameterd, Q, U of Ha, one of the lines mostly used to observef the matter in spicules. From the Stokes parameters one ob-
spicules. We obtain a non negligible degree of polarization aggins the polarization degree and the rotation of the polarization
rotation of the polarization direction due only to the effect qjlane_ We summarize our results in Sddts. 4, 4.Tand 4.2. Finally
the velocity field, that is, neglecting the effect of any magnetige consider the effect of collisions with protons and electrons
field on polarization. on the atomic radiator (Se€i. 5).

The method of calculation described hereafter is derived
from the theoretical method that has been developed for a tv&o
level atom by Sahal-Exchot et al.[(1998), as outlined in Sahal-"
Bréchot et al.[(1992) and in Sahaléhot & Choucg-Bruston The starting point of our theory is to model the photospheric in-
(1994). The present paper is concerned by the adaptatiorciofent radiation around theddine by a continuum from which

“The Ha absorption profile
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we substract a gaussian profile to fit the atlas data by Delbouiéemitted photons is specified in the observer’s fratdéY 7

etal. [1973). of Fig.[Z1.
Such a profile is written as (see Hig. 1) In order to obtain the frequency dependence of the total
) scattered radiation we take into account the contributions of all
) = I (1 L exp < Av ) ]) 1) atoms contained in a unit of volume of radiating matter. Due to
Iy Avp, ’ the Doppler effect, each frequeneyof the scattered radiation
corresponds to an atom having a veloaigysuch that
where the constants are fixed by the data available in the atlas n v
quoted (see Fid.]1). Vv =y (1 + > =1 (1 + l) (5)
The result of the fit brings to ¢
We need to perform the average of the density mdtf@(v)
L — 0.829 over the atomic distribution of velocities projected onto a plane
Io perpendicular to the line of sighte., overvy andvx , and to
and to multiply by the densityV of the H atoms (Sahal-Bchot et al.
1998). The distribution of the velocities is (SahakBnot et al.
Avp, =590 x 10" s, 1992, Sahal-Brchot et al”1998)
corresponding to a line width at half maximumiofi1 A F(v)d®v = ( b )3/2 [m (vx — Vx) }
ponding ' Vv = omr okT X T VX
2.1. The density matrices of the problem X exp [QkT (vy = V) } ©
Taking into account the particular form of the profile, we use Eq. X eXp {QkT (vz = Vz) } dvydvydvz ,

(1) of Sahal-Bechot et al.[(1992) to obtain the density mat”ﬁvherev (Vx, Vs Vi) or V (V, av, By)
of the incident photons.

We recall that an atom having an individual velocityab-
sorbs, in its atomic frame, at the frequencguch that

is the velocity vector
of the stream of radiating H atoms, and whetg andk are,
respectively, the atomic mass of Hydrogen and the Boltzmann
constant.

vn We write the velocity distributiorF'(vz)dvz in units of
v="ro (1 + T) ’ @) frequency using the following transformations

wheren is the unit vector of the ray of light whose directionvz = i(z/ - 1),

is specified by the angles () (see FiglZIl), and, is the 0

atomic frequency of the unperturbed transition correspondirgy, = £ , )
to an upper level and a lower level which are assumed to be Yo

infinitly sharp (coherent redistribution in the atomic frame). 2kTp,

The density matrix now reads Avp, = c my

« 1 [omax 27 also
= — 1 14
¢g (v) 477/ da f(a) sma/ dg Avy — ?OVZ ,

0 0

: ®3)
I, . 2 and thus
X MG (@, B) (1—IeXp [— (?Zyn) D 11
0 D; F = —
(Uz) dvy = dv/’ fAde
where f(«) is the limb darkening coefficient, and where the [ V' — vy — Avy 21

index K runs from0 to 2. MK(a, B) is a unitary matrix char-

acterizing the angular behaviour of an unpolarized radiation

beam propagating in the direction,(3) (see Eq. (43) of Sahal- A temperaturel,, ~ 10* K (corresponding to the value

Bréchot et al. 1986). Avp, = 1.97 x 101 s71 ) is a reasonable assumption for the
Let R be the distance of the atom to the center of the Sustomic radiators in the spicule.

andR, the solar radius; then the anglg,. is defined by the We define, as usual, the polarization degremd the angle

AI/Dd

equation (see Fi§. 4.1) of rotation~ of the polarization direction by the formulae
R 2 U2
Qmax = arcsin ?Q . 4 7= Q% ,
8

The scalar produat - n , depending ond,, 3), leads to the 2y = g
appearance of coherendds = 2, Q = +1, +2) in ¢Q( v).

As we shall see later on, the Stokes paramete¢s, U of where the positive) direction is defined as the tangent to the
the Hx line are obtained once the density maﬁig(fu) of the solar limb.
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Fig.2. Coordinates of the scattering atom
A located at the height; Oz is the pre-
ferred direction of incident radiationrAZ

is the line of sight;Az and AX are identi-
cal and perpendicular to the scattering plane
A Z MR 0 = (Az, AZ) is the scattering angle
d dEl ol t0-90° if (case of figure)d isin
thy of the sky, theAY = — Az and
Al Ay. The incident light comes from
L herical cap limited by the anglg,.«;
Bch pointP of the cap emits a ray? AC
whose coordinates are the angles 3) in
the frameAxyz. The atomA has the veloc-
ity v = (v, aw,3,) and the mean velocity
oftheensemble ¥ = (V, av, 3,/ );nand
n' are the unitary vectors of the directions
A¢ and AZ. The angley is the angle be-

! } ] R
center n .
scattering
' 550% atom
S
\(\0\“
o (scattering and the incident light direction at poirt’.

tween the normal to the surface of the Sun
0=-11/2

angle) The direction of the Stokes paramefgr> 0
andU = 0 is that of a totally polarized ra-
scattered radiation diation alongAzx or AX. The direction of
polarization is given by the anglewith AX
%« or Az. The angley lies in the plane of the
line of sight sky (@ Az).

9

Sun's

<A

2.2. The equations of statistical equilibrium Table 1.Values of the Einsteini coefficients.

We use the theory of atom-radiation interaction in the density

matrix formalism given by Bommier (1977), and in particularo‘l‘]1 — aztz .A(O“.‘t]l ?1(?82{21)

Eq. (111-39) of that paper (see also Eq. (36) of Bommier & Sahal- n units otto’s

Brécho{ 1978). 3ds/2 — 2psj2  0.646
Neglecting coherences between lavélanda.J’ (with J #  3ds/2 — 2psj  0.107

J') and neglecting the possible presence of a magnetic fieldds/2 — 2p1/2  0.539

the equations assume the form giverf Tn Appendix A:, whergPs/> = 2172 0.224

A(a1Jy — ass) is the Einstein coefficient for spontaneous >P1/2 — 2512 0.224

~ . . 381/2 — 2p1/2 0.021
de-excitation between the levele; J; — «s2J>) and where Ss1/s = 2pass 0042

¢4 is given by Eq.I(B). Sprre s 2517s 167
We set 3ps/s — 2515 1.67
arJi k1 _ 2p3/2 — 181/2 3.11

a p‘]l - 2p1/2 — 181/2 3.11

looking for solutions of a stationary system. In these equations
we take into account that the radiation field in thedand Ly3  Table 2. Values for thef quantities.
is isotropic, because these lines are opticaly thick in the solar
chromosphere, so that

Transition )\ 1, f
40 40 1 A erglcnt/s/st/Hz
oLya = PoLys — ) -
2V/3 (9 Ha 6562.80 4.049 x 10°°  0.288 x 10~
2 42 Lya 1215.67 0.179x 10°%®  0.179 x 10~°
L — L —_— 0 .
PoLya = GoLys Ly3 102572 0.119 x 10°®  0.118 x 1078

Our further assumption is to neglect any velocity effect on
the profile of the Lyv and Lyg lines for the radiating atom. If,
for instance, we consider a velocity 66 km/s for the atom, 3. The general solution
the shift in wavelength is of the order 62 A for both lines. The system described by EEJAL) is a linear, homogeneous sys-

At this distance from line center the profiles are nearly const 2}“ of equations. A normalization condition on the populations
(Gouttebroze et al. 1978). q - pop

We also neglect the central dip of the profiles that woulcz 20 1 p0 = Trp=1 (10)
affect the radiator for smaller velocities.

ayJy
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Table 3. Analytical expressions and numerical values of the populations of the levels involved in all transitions.

Population  Analytical approximation  Analytical result Exact numerical result

3v2

3ds /2 p0 = fualua o 0.138 x 107®  0.139 x 107®
3ds/2 0 ? fiye faa &9 0.113 x 1078 0.113 x 1078
33/2 0 % fivs 0.595 x 10 0.596 x 10~
3172 oo g frys 0.420 x 107° 0.421 x 107°
2p3/2 0 % fiya 0.895x 107 0.896 x 10~
2P1/2 pd g frya 0.632 x 1077 0.634 x 1077
3s1/2 p0 ? fiya faa &9 0.801 x 107° 0.811 x 107°
2517250 V2 fuvs = 0.332x 1077 0.336 x 1077
41\/3 fHa ¢y
Ls1/2 0 7 0.707 0.707

Table 4. Analytical expressions and numerical values of the higher tensorial components.

Tensorial component  Analytical approximation  Analytical result  Exact numerical result

37
8ds5/2 2 % fryafia 62 0.347 x 1071%  0.348 x 107*°
3ds/2 2 %6 frya fra 07 0.265 x 107'°  0.265 x 107 '°
2
3p3/2 2 a1§ fLys —& 0.236 x 10~'"  0.237 x 107!
0
2P3/2 2 0 0 0.343 x 107!
determines the solution. 3.1. The analytical solution fqmg

We now specify the model atom used for our calculation¥/€ introduce the following notations
This is composed by the levels having= 1,2, and3. The 3

allowed transitions and Einstein coefficients for this model atorfy,, = ¢ Z”*"; ,
are given in Tablgll. 8mhus,
3
_ C Uyyy 11)
As the tensorzsg contains only the multipolar componentstW T 8whud, (

K =0andK = 2, only pg’s with K even have to be consid- By
ered. We have to solve a linear systenggfequations plus an fi,3 = Y31

Y 8rhv3, ’

extra equation (the normalization condition).

wherevss, va1, v31 stand for the frequencies ofH Lya, Ly,

Solving numerically the system for the populations, Onrpespectively. The density of radiation is

finds that the population of the ground levél/2pJ is nearly
equal to/2/2. This is the value obtained in Eq.{10) setting Arxl,
all populations to zero except for the population of the grouritt = — . -

level.
Using the data available for the Sun, Delbouille etal. {1973) and

each value of the atomic velocity, a parameter on which &k9/8) for the Lyr and Lyj lines, we summarize the results in
average has to be performed. To circumvent this problem @blel2. Note thafua, fLya, fLys are dimensionless quantities

prefer to obtain an approximate analytical solution forgfie ~ Proportional to the number photons at frequencyhe values
of the intensited,, of the Ly and Ly3 lines are taken at the

center of the lines and at disk center, while the intengjtpf
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the Hx line is taken in the continuum surrounding the line at  Using the useful relations between Einstdircoefficients
disk center.
We will not write down explicitly the Kramer systesX — 4 (3d5/2 = 2ps/a) = 6A (3ds/> = 2py)2)

bwhereA is the 89, 39) matrix of coefficients. Butwhen all the g (3d3/2 — 2p1/2) —5A (3d3/2 — 2p3/2) ,
coefficients are calculated (which implies a heavy use of Racah (13)
algebra), it is readily seen that one can neglect some couplin‘§43p3/2 — 251/2) = A (3p1j2 = 251)2)
between the elements and thus reduce the whole system to a&@gsw N 2p3/2) =924 (331/2 N 2p1/2)
of subsystems of maximum dimensidrAnother simplification

9

is made by writing we find after some calculations
) RVO) DY = 2A (3ds/2 — 2p3)2) [3V2 3%/2p) 4 2¢/3 3372 pf)]
S1/2 — =
Po =
2

V3
. 5 A (3p1j2 = 2s172) [2972 08 + V2 52 ]
for the population of the ground level.
For the populations we get the results contained in Table St\/éA (381/2 - 2171/2) B0
where the last column is obtained by solving numerically the

Kramer system, for a zero velocity. 9 L )7 50,0 5
The results refer to the value 5 = 64 (3ds/2 = 2ps2) Va2 P
1 -
0
= —— (1 — cos apax) = 0.254 | 1 /2.,
¢0 2\/§ ( a ) _4A <3d3/2 s 2p3/2> 5\/; st/zp%]
. . L (14)
valid for an atom at a heighit = 5 x 10 km. The results for 1
the higher tensorial components are given in Table 4. +4A (3ds/2 — 2p12) | —= 3d3/ng]
The agreement between the analytical approximation and [2V6
the exact numerical results is very good. 1, 9
. S . . 4A (3 2 —— °P3/2
The quantitya; appearing in Tablgl4 is defined by T4 (3ps/2 = 25172) 126 Pol
o A (3]03/2 — 281/2) and, replacing theg with their analytical approximation,
1= .
A (3])3/2 — 281/2) + A (3]?3/2 — 151/2)
(1)8 = 3fHafLya¢g(v)
Moreover, 1
X |5A (Sdg/z — 2]?3/2) + 514 (381/2 — 2p1/2>:|
2 _ : 2 \/g
%0 g O S 5 oA (30172 = 25172)
=120x 1072,
2= @A (3d3/2 — 2p3/2) fita fLyadn (V)
We can observe that all the tensorial components of the @7 100 / / vere 15
d states’®/2pf§ and3%/2p§ are proportional to the product V3 ¢2Q(U) (15)

fia fLya. This is indeed a process of two step excitatibn;— ta Lyﬁfro(v) A (3p1y2 = 2s172)
2p — 3d from the ground level. 0

where thepg, (v) is defined in Eq.[(8).
3.2. The density matrix of the reemitted photons
The density matrix of the reemitted photons in i given by 3-3- The Stokes parameters of the lihe
the expression (Bommier 1977, Eq. (111-45); see also Bommigfe now have to transform the matis to the frameA XY Z

& Sahal-Bechot 1978, Eq. (38)) of the observer (see Fig—2.1), which is obtained after a rotation
of the frameAxyz by the Euler angles (Sahal-&thot et al.
1998)
O = > (21 +1)A(aidi = aydy) 12
a;J; (==,0,-).
af Jf 2 2
X (—1)TH K { K J; J; } aiti The general transformation of the tensors, under a rotation
Jp 11 Q characterized by the Euler angles 3, 7), is

where the sum has to be performed over all initial states w@g = Z 9 rl, (—5) €99 oK, (16)
n = 3 and all final states with = 2. Q'
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WhererQQ, are the rotation operators as defined in MeSS|aPU ) = —F(vz)dvy // F(vx)F(vy) doxdvy
(1959). For our particular rotation, we have

b s 7 3
o = Ze‘fQ rSo (—0) e729 0F, (17) i (Re @f) .

. We now substitute Eqd. (IL5), and, in order to simplify the
For the matrix®7)" expressed in the observer's frame we thygsulting formulae, we intoduce some notations. Putting
obtain (Sahal-Brchot et al. 1998)

1 I; Vg v-n 2
0 _ 50 = [
Py = o, P) s {1 o P <AuDi c ) ] } ’ (21)
PR = % (3cos?0 — 1) B2 the density matrix elements of thexHncoming radiation can
(18) be written as (Sahal-Bchot & Choucq-Bruston 1994, Sahal-
3 3
—\/;sin 20 Tm 7 — \/gsin2 0 Re®3 Bréchot et all 1338)

) = /amax f(a)sina da /27r dg P(v )7

0

P = \/gsin2 0 o3

Qmax 2
_%sinQO Im ®? + isin @ Re &7 e = / f(a)sina da/ dg
0 0
1 1
—&—5 (14 cos?6) Re®3 +icos6 Im®3 . XP(Z/)ﬁ (3cos’a—1) ,
The Stokes parameters of thexHine are then given by )
(Sahal-Béchot et al.1998) Reg? — _/ F(a)sina da a8
0 0
I(v)dv = F d F F dvxd
(v)dv (vz)dvg // (vx)F(vy) duxdoy xP(z/)isinQacosﬁ, (22)
3 1 1
_ 7(1)/0 7(1)/2
m(ﬁ P+ 750%) oo s
Re¢; = / fla)sina da/ dg
0 0
v)dr F(vz)dv // vx ) F(vy)dvxdo 1
QW) z)dvz x)F(vy )dvxdvy (19) XP(Z/)Z sin? acos 20 ,
><8—2 Re @7

Qmax 27
Im¢7 = / fla)sina da/ dg
Uw)dv = F(vz)dvz/ F(vx)F(vy) dvxdvuy 0 1 0

XP(V)Z sin 2asin 3,

X 32 Im @7 .
8m

Qmax 27
The distribution of velocities used here is the shifted Mastm ¢3 = —/ fla)sina da/ dg
wellian of Eq. [6), wherdV” (Vx, Vy, Vz) or V (V, av, By) 0 ) 0
is the velocity of the stream of particles in the spicule. xP(v ), sin? asin 23 .
We simplify the final expression by settidig= — /2, that
is by supposing the atom is in the plane of the sky. We thirgroducing the quantities (depending on frequencies and direc-

obtain tion)
1
1)y = F(og)dug / / (vx)F(vy) duxdoy Iz, = frafiyad <5A3d+ 2A35> P(v),
i i 0 2 3.99
X (\/3@0 2{ R @) . Iz, = ?ASdeafLya
3cosZa — 1) + 3sin2 26| P
Q(V)dV: —F(vz)dvz //F(UX)F(UY)dede X [( Ccos” o )+ sin“ « cos 5] (V) s

11.97

(20) Qg = Asqfaa fuya
xi \/§@3+1Re@§ , 8 ’ (23)
8 2 x [(3cos?a —1) —sin*acos2] P (v) ,
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11.97 . 11.97
Uz, = 1 AsqfaafLyasin2acos 8 P (V) , Qc (v)dv = Py F(vz)dvg
Cmax (26)
one obtains XfHafLyaAgd/ f(a)sina da (3 cos? v — 1) ,
0
1
I(v)dv = EF(UZ)d’UZ // F(vx)F(vy)dvxduy Uc(v)=0.
) {/amx fo)sina do /zrr 0 (Iz s 5§A3 > For part Il we shall not give here the details of the proof of the
0 0 ! YRR following formula, which will be published elsewhere for any

6 value (Sahal-Bechot et al. 1998). Introducing the quantities

o 1 lﬁAVDi Ii
T dnw Avp, 4rly

Qmax 27
—/ fla)sina da dﬂ]zz} ,

0 0

fHafLya )

1
Qw)dv = —F(Uz)dvz/ F(vx)F(vy)dvxdoy
4aT (24) 2 AVQDd ) .
s(a, B) = — |Vz + Wsmasmﬁ

Qmax 2m

></ f(a)sina da dB8 Qz, ,
0 0

x (Vysinacosf+ Vysinasinf + V, cosa) |

U)dv = %F(vz)dvz // F(vx)F(vy)dvxdvy

Qmax VO
></ f(a)sinada/ dB Uy, . d(o"ﬁ):?z
0 0
(Vasinacos f+ Vy sinasin 5+ V. cos a)2
HereAsq, As,, Asp stand, respectively, fot (3ds o — 2ps2), x A2+ AVY ’
A (381/2 — 2p1/2), A <3p1/2 — 251/2). Note that we ne-
glected the terms proportional to w(a, B) = Avp,
1/2
@ P, +1,42(V) Avd + Avd (1 —sin® asin® ) /
do(v) Avp, + Avp, ’
These terms are indeed negligible due to the fact that 1
E(O{7 ﬂ) = 2 2 . 9 . 9 1/2
ap =0.119, [AVDZ_ + AuDd (1 — sin” arsin ﬂ)]
2
and that X exp [_d(a7ﬁ)] exp{ — |:V — Vo — S(a?ﬁ):l ,
2 0 w(a, ﬁ)
oo < ¢y -

Cy = [(30082a — 1) + 3sin20z00826} ,

3.4. Integration over the velocity distribution ) )
and introducing the formal operator

From Egq. [(21) we see that we can split the calculation of the

integral into two parts: part | coming from the first term (the o 2T
continuum), and part Il coming from the the second term (co®R = C [ f(a)sina do / dg E(a, ) , (27)
taining the profile of the H line). Part | is easily evaluated since 0 0

the velocity distribution is normalized, so that .
we can write the Stokes parameters as

F F doxdvy =1. 25 1 3.99
// (vx)F(vy)dvx dvy @5 1 w=-p {3 (5A3d + 2A38> — 8A3d01}
We obtain
11.97
1 o=,
- 8
Ic (v)dv SWF(UZ)dUZ (28)

Qmax 2 _ ot 2
" {3fLy,[3A3p +fHafLya/ F(a)sina da x [(3cos? a — 1) — sin® acos 23] }
0

11.97

1 .
X {3 <5A3d + 2A35> — @Agd (3 cos? o — 1)} } , Up(v)= —D{

3 Az sin 2ac cos ﬁ}
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Integratingl;,(v), Qr(v), U,
tain the simpler formula

Is
Qs
Us

Amax
8 /
0

_LL
1/AI/D +AVD

f(a)sina da /27r

fHafLya

dg exp[—d(a (29)

0

B)]

3.99

1 .
A —As, | — —
{3<5 3d+2 &) 3

x [(3cos? a — 1) + 3sin® a cos 23] }

Asq
(30)

11.
ﬁAgd [(3cos? a — 1) — sin® a cos 23]

11.97
TAgd sin 2. cos 3

In particular, fortV = 0, we have

Is

Qs
Us

Gmax
8 /
0

and, forV — oo
Is

Qs
Us

1 Avp,

(" /AVD + Ade

Iy

QO )
Uo

fHafLya

(1)

f(a)sina da

=0.

4. Limits of the polarization degree

Neglecting limb darkeningi.g., setting f(«) 1), we can
integratel s, Qs, Ic, Q¢ over the anglev. For the polarization
degree we have, in the two limiting casés— co andV — 0

3A
T 00%7*7
V— 2B

(32)
where
A= ABdea fLya Sin2 Omax COS Omax

B =3 fuysAsp

1
+fHochya |:3 (5A3d + 2A35> (]- — COs amax)

1 .
- §A3d sin? Amax COS Omax | -

1137

1.(v) over frequencies, we ob- In particular, fora,,.x = 7/2 (the atom is at the limb), one gets

TV o0 = 0.

On the other hand,

11.97£’
8§ B’

where, setting

(33)

TV—=0 =

AVDi £
,/AUQDI_ + Au%d I |’

Al = ASde(foyaA Sin2 Omax COS Omax »

A=|1-

B' =3 frysAsp
1
+fHo¢fLyo¢A |:3 <5A3d + 2A35> (]- — COS amax)

3.99 ]

— ?Agd $in? Gimax COS Omax

Again, foramax = 7/2, one gets

Tv—o=0.

4.1. Limiting values of with limb darkening

It is well established that, as a first order approximation, limb
darkening can be described by a linear equation of the form

fx)=1—u-+ucosy, (34)
wherey is defined in Figi2Z]1 and wheteis a parameter given
by uc =~ 0.5 in the continuum surroundingdd(see for instance
Allen [1973).

From elementary geometry we find

sin? o

Cos Y = 1-— 5 > (35)
Sin“ oypax
sin? o
fla) =1—-u+u 1l————
Sin“ ipax
sin? o
= a; +az/1~— . 92 ) (36)
Sin“ imax
where
ap =1—u,
as = U.

We therefore must evaluate integrals of the form

/ f(@) (3cos®’a —1)sina da,
0
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i.e.,integrals such as 25 T .
Fmax 20 —— V=10 km/s
I= / sina da = (1 — cos Amax) » —& V=20 km/s
0 15 — & -V=30 km/s
Cmax T ox--V=40 km/s
_ 2 : C e -Ve=
Iy = /0 (3 cos® o — 1) sin o dav y (degrees) 19 * _ V=50 km/s §
= COS max SINZ Mmax (37) . ]
. 1/2 1
Gmax sin? o / . i
I = 1l ——— sina da 0 2‘”0 2‘.5 o
0 S Cmax d (Km/s)
. 1/2 . . L .
I Gmax 1 sin? o / cos? asina da Fig. 3. Plot of the angle of rotation of polarization as a function
2 = i . . . _ .
o Sin2 Qo of the line shiftd for vy = 30° andg,, varying from0 to 7 /2. The

plots are performed fd¥ values of the modulu¥’. Other parameters
The integrald; andI, can be found in Gradshteyn and Ryzhilare specified in the text. Note that the rotation angle goes to zero when
(1965). One gets the velocityV” goes to zero.

1 €082 max COS Qlmax
I = -+ — log, - , Cmaz
2 2sinomax 1+ sin oumax Q2 = asAsg / (3 cos? o — 1) sin o dov
0
1 . 9 1/2
I == {1 + sin? apax (38) (1 __sin"a ) (40)
8 sin? Qlmax
4
4 S8 Omax )og (Cos.amax )] = apA3q (31> — 1) .
Sin Qipax 1 + sin amax
. . . ettingu = 0.5 we obtain for
For the continuum, we use ER.{26), and we splitthe mtegraﬁs gu =05 g
relative toa; andas to obtain Qe
Qmax . T IC
J=a /o sin o dev _ 1197 JHa fLya (Q1 + Q2) (41)
3 3.99 8  3fLysAsp + fuafiya (J1 + J2)
X [15A3d + Az, — —Asq (30082a — 1)} _
2 8 For amax = 7/2 (atom at the limb), we have
1
X aq <15A3d + 3A3s> I— alEAngO N I=1,=0,
1
Cmax . 2 1/2 I =,
Jo & (12/ <1 — 512na> sin o da 2
0 SIN™ Omax 1
3 1 '[2 Z 9
X | 16A34 + - Ass + = Asq
2 2
so that
3 Gmax
—a2§A3d cos® asin o do o~ 3 A3qfHafLya
0 (39) 2 59
. 9 1/2 24 A3, frys + faafiye | —Asa + 3Ass
sin” « 2
X (1 - >
Sin” omax - 3
o 48 Ly A Asg
3 1 3 59 4 —2JLys “3p 3s
N ag (15A3d + 51435 + 2A3d) I - §a2A3d12 + fHafiye Asa  Asa
1 = 0.0413 .
= 5042 [Agd (31[1 - 3.[2) + 3A35I1] .
Also 4.2. The rotation of the plane of polarization
Q1 = a1 Asg / " (3 cos? o — 1) sina da To obtain the profiles of the Stokes parameters of the scattered
0 radiation, one has to go back to calculate the integrals appearing

= alAng() s in EqS m)
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- — h=10000 km ]
0,04 —&— h=5000 km ]

— & -h=0 km
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1] \6.“——0____0_‘
0 | | | | | | |

0 100 200 300 400 500 600 700 800
Vv (km/s)

Fig. 4. The polarization degree is plotted as a functioVofor three

Table 5.Inelastic transitioldd — 2p. Values of the inelastic collisional
coefficienta (3d — 2p) for various temperatures and densities.

(67 (3d d 2p) Te Ne
cmPs™? K cm™3

0.2327 x 107 9,300  0.189 x 10™*2
0.6684 x 1077 14,200 0.9 x 107!
0.875x 107 16,500 0.3 x 107°

U(v)=—-2Ky /Oémax f(a) sina da /27T ds D(a, B)

0 0

X exp {— [K1 (v —vo— 8(04,5))]2}

different altitudes. Collisional rates and limb darkening are neglected.

0.035 r T T T T T ]
0.03 F ——h=10000 km N =1.e+10 cm-3 7
O ~5-h=10000 km N =1.e+11 cm-3 |
0.025 | — 6 -h=10000 km N =1.e+12 cm-3
0.02 =
T :“\“ E
0.015 e ;
0.01 [/ H—n 8 5 ]
0.005 F ]
SR G i dl bl o il atiuiiin ol nillie

0 100 200 300 400 500 600 700 800

V (km/s)

Fig. 5.The polarization degree is plotted as a functiolrdér three val-
ues of the electron density. The atom is at an altitude-ef 10, 000 km
above the limb. Limb darkening is taken into account.

By setting

1 1 /7Avp, 11.97 I

Ky = ABdeafLyozT; ,

T 1673 Avp, 8

exp {—d(a, §)}
[Av +Avd (1- sin® asin® 8) ]

D(auﬂ): 1/2

(AV%i + AZ/QDL{)I/2

K =
1 Avp, [Av%i + Avg, (1- sin? o sin? B)]

1/2

one obtains
Q) =Qc (v)

Omax 2T
—Ko/ f(a) sina da ds D(a, 3)
0 0 (42)
X exp {— (K1 (v —vo— 5(0475))]2}

X [(30052a — 1) — sin? acosQﬁ] ,

X sin2a.cos 3 .

The integrals over the two variables can be performed
by using a numerical Gauss-Legendre integration procedure
with 32 points. The results of the integration dependpthe
height of the atom above the limb, the magnitude and direction
of the velocity flowV (V, ay, 5y,), the temperaturép, (and
thereforeAvp,) of the scattering region, and the law of limb
darkening specified by the functigi{«). Fig.[3, obtained for
Tp, ~ 10* K, h = 10,000 km, f(a) = 1, shows the rotation
angle versus the line shiftv ; for various directions and moduli
of the ensemble velocity (V, awy, 8y/). The Stokes parameter
profiles are integrated in frequency. The rotation angle goes to
zero when the modulus of the ensemble velocity goes to zero.
This diagram is useful for experimental purposes since both the
shift of the scattered profile and the rotation of the polarization
plane are observable quantities.

We show in Fig[# the polarization degree for two altitudes
above the limb, and for the atom at the limb. The degree of
polarization rises to a maximum value for ~ 70 km/s and
then decreases. When limb darkening is taken into account the
polarization degree is larger.

5. The effect of collisions

The presence of free electrons and protons in the plasma of the
spicule leads us to consider the effect of collisions between the
scatterer and the surrounding particles.

These implies that collisional rates have to be added in the
statistical equilibrium equations for5; (Eq. (A)). As an ex-
ample we give the equations for the evolution of the populations
3ds/2 50 and3P1/2 pQ

0 Po

Neo (3ds/5 — 3p3)2)
A (3ds/2 — 2p3)2)
Nec™ (0,3 — 3) a (3pg /2 — 3ds)2)
A (3ds/2 — 2p3)2)

3d5/2p8 1 +

3p3/2 p8

V2

32
+TfHafLya¢8 )
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Table 6. Values of the elastic collisional cefficients involved in the transitiongfoe= 10, 000 K and N, = 10'° cm~3.

with electrons and}; with protons.o; = af; + al;.

a; refersto collisions

Transition 90,1 = J2)  af ab, al
cmPs~! cmPs! cmPs~!
28172 = 2p3s0 V2/2 0.380 x 10~*  0.306 x 10> 0.344 x 1073
2p32 = 28172 V2 0.190 x 107*  0.153 x 1072  0.172 x 1073
28172 = 2p1a 1 0.231 x 107%  0.292 x 1072 0.315 x 1073
2pi/2 —> 2812 1 0.231 x 107*  0.292 x 1072  0.315 x 1072
38172 = 3p1ja 1 0.126 x 1073 0.171 x 1072 0.184 x 1072
3pij2 — 3512 1 0.126 x 1073 0.171 x 1072 0.184 x 1072
38170 = 3p3je V2/2 0.226 x 1073 0.177 x 1072 0.2 x 1072
3p3j2 — 3512 V2 0.113 x 107* 0.891 x 107 0.1 x 1072
3p1j2 —> 3dz;2 V2/2 0.143 x 1073 0.117 x 1072 0.131 x 1072
3d3so — 3pij2 V2 0.719 x 107*  0.587 x 1072  0.658 x 1073
3paj2 — 3dzj 1 0.178 x 107* 0.386 x 1072 0.4 x 1073
3d3jo — 3psjp 1 0.178 x 107%  0.386 x 1072 0.4 x 1073
3p3j2 — 3ds)2  0.8165 0.144 x 1073  0.161 x 1072 0.176 x 1072
3ds/2 — 3pss2 1.225 0.965 x 107*  0.108 x 1072 0.117 x 1072
3P1/2p8 1 3d3/2p% |;[
Nea (3p1/2 — 3d3/2) + Nea (3p1/2 — 351/2) N, [a (3d3/2 — 3p3/2) + « (3d3/2 — 3p1/2)]
A (3p1/2 — 281/2) + A (3}?1/2 — 181/2) A (3d3/2 — 2p3/2) + A (3d3/2 — 2p1/2)
\f

_ Nec® (0,5 = 5) o (3dz/2 — 3py2) 3ds 2 50 (43) = fHa¢2 2P1/2pf
A (3]?1/2 — 251/2) + A (3p1/2 — 181/2) 0

Nec® (0,8 ) (3512 — 3p1/0)

For electronic densities less thah = 10'* cm—2, one can

3s1/2 p0 just consider relaxation in the = 2 subsystem and write the
A (3prj2 = 25172) + A (3p1y2 = 1s12) populations as
V2
+ 1 s omujagf |14 Mo P2 2 2010) | _ L (46)
A (2])3/2 — 181/2) 2 yao

In these equations we have neglected the collisional rates due
to inelastic collisions, withAn = 1, since they are very small
compared to those due to the elastic ones, With= 0, (see 2P1/2p)
Tables[® andl6). The factef® (K, J; — J,) is defined by
Sahal et al.. (1996)

1+

Nea (2101/2 — 281/2) . V2
- 7fLyoz )
A (2])1/2 — 181/2) 4

For higher densities one has to consider efficient inelastic

K, J = Jy) = collisional rates from thés1/2 pJ level which is by far the most
K (44) populated. The relevant collisional rates, for a temperafure
(25 + 1) (—1)LF 7K { | jl jl } 10 K, are
2 J2

, _ a(ls —2p) =0.202x 1072 cmP 7!
In order to find the solution fopg , we solve symboli-

cally the equations in the = 3 subsystem with the collisional o (2p — 15) = 0.279 x 1077 cm? s!
rates taken into account. This is possible through Mathematica.

The Stokes parametefsandU are proportional to the tensors ~ One can show that:

3ds 2 g2 3ds)s n2 and for these tensors we are led to the following

i 63 7 7
approximate result 0% = Azafrafrya®d (25f191 + 5 f292 25f192> 7
3d5/2p£2) |j|. + Neo (3d5/2 — 3p3/2)‘|

A (3d5/2 — 2p3/2) with

—1
Noa (2])3/2 — 251/2)
2 = |1+ ,
\/7fHa¢ 2p5/2 fl [ A (2p3/2 — 181/2)
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N (2p1/2 N 231/2) 171 is to find a rotation of the polarization direction independent of
) collisions. Up to now, the radiation scattered by the matter in
A (2p1/2 — 181/2> . . . . .
g the spicule is used to determine the velocity of escape projected

fo= |1+

o1 onto the line of sight. The measurement of both the shift of the
o= |1+ Neo (3ds/2 — 3ps;2) profile and the angle gives information on the azimuth of the
6A34 ’ spicules, which provides a step forward towards the complete

determination of the angular geometry of spicules.
The theory we have built is very general and may be im-
g2 =1 proved by the introduction of a weak static magnetic field. This
will be done in future work.
-1
_|_Ne [ (332 — 3ps/2) + o (3ds/2 — 3piyo)] . AcknowledgementsThe author is grateful to the referee for the critical
6A34 reading of the manuscript and for numerous suggestions to improve the
text. The author is also grateful to S. Sahaé@&rot, V. Bommier and Z.
This expression reduces to the preceding on@@r(Eq_[E) Mouradian for helpful discussions along this work. He is particularly
whenN, = 0thatisf; = fo = g1 = go = 1. indebted to S. Sahal-Bchot for having provided him the framework
We can introducd/.o1, Qeo1 the Stokes parameters wher@nd the principles of the method used throughout this work, and to

collisions are considered. For the angle of rotation of the polé’r-BO”_"m:er fOTtthef ;EEX clon_ve;_smn ?trt:d L?r h_avtlrr:g prov'd?d .T'm
ization plane, we find numerical results o € polarization o evmne In the zero velocity

case.
tan 2y = col
Qcol Appendix A: statistical equilibrium equations
— // F(vx)F(vy)dvxdoy 43 Re ¢7 The statistical equilibrium equations for the atomic density ma-
™

trix from Bommier (1977, Eq. (111-39); see also Bommier &

3 3 1 (47) Sahal-Bechot 1978, Eq. (36)) and referred to in Séct] 2.2 are
F(vx)F(vy)dvydvy — | y/S®2 — = Re ®2 anak -y ' '
// (vx)F(vy)dvxdoy (\/; 05 he 2) given by (see Table Al).
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Table Al. Appendix A

d Ik J1 k
a ay 1pq11 — _ Z o1 1pq11 A(a1J1 — Ozgjg)

agJa<agJy

_ C¥1J1 k C Uy K 1 / 1 K 1 -1 k1—q1 K kl kll
> > Pet g 0 3v/(2k1 + 1) (2K, + 1) 2K + 1) (-1) 0 —a d

azJa<arJi kjqiKQ

1 ( 1)k1 kll Jl Jl kl k/ K
14 J1—Jotky LT K 1 K
X ( 1) _—_— 1 1 J2 Jl J1 Jl (2]1 + 1) A (a1J1 — OézJQ) ( 1)

3 /
- Yo et S gk 3@k 1 1) (2K + 1) (2K + 1) (~1)F K ko k
Pt Zrhid o 3\/( ki+1)(2k1 +1) 2K 4+ 1) (1) Q -q ¢,

asJo>aqJq k/lquQ

_ L (—DMRtE (g g K oK K
X (=1)1*1 J2+kl% T teR DA ar)

asds k I+ T+ Jo+k, ) k1 J1 N1
+ Z 2 2pq11 (1) 1+J2 1{ L, J2}(2J2+1)A(Oz2J2—>061J1)

agJo>ayJy

o Auy, _ K ki k
+ Z Z i Shi? b5 3v/(2k1 + 1) (2k2 + 1) 2K +1) (-1)" @ (Q 7;1 qi)

agJo>anJr k2q2KQ

1 Ji J2
X 1 J1 Jo (2J2 —‘rl)A(Oész —)041J1)(—1)K
K ki ko

« Auy _ K ki k
Y Y el S ol 3@k + D) Gl + DK 1) (- (Q n qj>

agJo<arJi k2q2KQ

1 Ji J2
X 1 J1 Jo (2]1 + 1) A(a1J1 — Clsz) .
K ki ke

(A1)
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