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Abstract. The asymptotic representation of low-frequency, lin-
ear, isentropic dynamic tides in components of close binaries de-
rived by Smeyers (1997) is reconsidered. The constructions of
the second-order boundary-layer solutions for the divergence
and the radial component of the tidal displacement are made
more transparent. Moreover, the determination of the constants
involved in the second-order boundary-layer solution for the ra-
dial component of the tidal displacement valid near the star’s
surface is modified. As a result, a corrected expression for the
second-order Eulerian perturbation of the gravitational potential
at the star’s surface caused by the tidal distortion is obtained.
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1. Introduction

In a recent investigation, an asymptotic representation of low-
frequency, linear, isentropic dynamic tides in components of
close binaries has been derived (Smeyers 1997, hereafter re-
ferred to as Paper I). The dynamic tide is assumed not to be in
resonance with any free oscillation mode of the star. For the sake
of simplification, the square of the Brunt-Väis̈alä frequency is
considered to be positive everywhere in the star.

For the construction of the second-order asymptotic solu-
tions for the divergence and the radial component of the tidal
displacement, we adopted a method described by Kevorkian and
Cole (1981, Sect. 3.3.3; 1996, Sect. 4.3.3). A distinction be-
tween various regions in the star is made. At sufficiently large
distances from the star’s centre and surface, the asymptotic so-
lutions are constructed in terms of the usual radial coordinate,
considered as a slow coordinate, and a fast radial coordinate. The
regions near the star’s centre and the star’s surface are treated as
boundary layers because of the singularities appearing at these
end points.

In the present investigation, we reconsider the constructions
of the second-order boundary-layer solutions in order to make
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them more transparent by the use of a single coordinate in the
boundary layer. Moreover, we modify the determination of the
constants involved in the boundary-layer solution for the radial
component of the tidal displacement that is valid near the sur-
face. As a result of this modification, we arrive at a corrected
expression for the second-order Eulerian perturbation of the
gravitational potential at the star’s surface.

The plan of the paper is as follows. In Sect. 2, we reconsider
the construction of the asymptotic expansions that are uniformly
valid from the singular point atr = 0. Sect. 3 is devoted to
the construction of the second-order boundary-layer solutions
near the singular point atr = 1. In Sect. 4, the continuity of
the gravitational potential and its gradient at the star’s surface
is imposed. The matching of the second-order boundary-layer
solutions valid nearr = 1 is performed in Sect. 5. Sect. 6,
finally, is devoted to concluding remarks.

2. Asymptotic expansions uniformly valid to orderε2 from
the singular point at r = 0

The construction of the boundary-layer solutions of orderε2

near the singular point atr = 0 starts as before. In this boundary
layer, we use the stretched coordinate

τ(r) =
1
ε

∫ r

0
K

1/2
1 (r′) dr′ (1)

[see Paper I, Definition (42)] as the single independent variable.
This coordinate is identical with the fast coordinate used at larger
distances fromr = 0 and r = 1. We now write dominant
boundary-layer Eq. (81) of Paper I as

d2v
(c)
2

dτ2 +
[
1 − `(` + 1)

τ2

]
v
(c)
2 = g

(c)
2 (τ). (2)

The functiong(c)
2 (τ) is a rapidly varying function defined as

g
(c)
2 (τ) = ε−(`+1) f [r(τ)]. (3)

It is of orderε0 and behaves asτ `+1 asτ → 0. For illustration,
the functionf(r), which is a main function in the construction
of the asymptotic representation, is represented in Fig. 1 for a
polytropic model with indexne = 3 and for` = 2.
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Fig. 1. Variation of the functionf(r)/(εT c`,m,k) for a polytropic
model with indexne = 3 and for` = 2.

The solution of the equation satisfying the requirement that
the divergence of the tidal displacement be finite atr = 0 now
takes a more convenient form than Solution (82) in Paper I:

v
(c)
2 (τ) = A′

2,c τ1/2 J`+1/2(τ) −
(π

2

)1/2
τ1/2

[
I
(c)
Y (τ) J`+1/2(τ) − I

(c)
J (τ) Y`+1/2(τ)

]
, (4)

where the functionsI(c)
J (τ) andI

(c)
Y (τ) are redefined as

I
(c)
J (τ) =

(π

2

)1/2
∫ τ

0
g
(c)
2 (τ ′) τ ′1/2J`+1/2 (τ ′) dτ ′,

I
(c)
Y (τ) =

(π

2

)1/2
∫ τ

0
g
(c)
2 (τ ′) τ ′1/2Y`+1/2 (τ ′) dτ ′.


 (5)

As may be noted, we pass over Equality (84) of Paper I and
directly introduce the appropriate constantA′

2,c.
Similarly, dominant boundary-layer Eq. (87) of Paper I is

now written as

d2w
(c)
2

dτ2 − `(` + 1)
τ2 w

(c)
2 = g

(c)
2 (τ) − v

(c)
2 (τ). (6)

The solution of the equation corresponds to Solution (89) of
Paper I.

Asymptotic Expansions (90) determined in Paper I for the
divergence and the radial component of the tidal displacement
in the boundary layer near the singular point atr = 0 remain
valid.

Forτ ≥ τM , the Bessel functions appearing in the function
v
(c)
2 (τ) are determined by Hankel’s first asymptotic approxima-

tions. It follows that

v
(c)
2 (τ) = A′

2,c

(
2
π

)1/2

sin
(
τ − `

π

2

)

−I
(c)
Y (τM ) sin

(
τ − `

π

2

)
− I

(c)
J (τM ) cos

(
τ − `

π

2

)
+

[∫ τ

τM

g
(c)
2 (τ ′) cos

(
τ ′ − `

π

2

)
dτ ′

]
sin

(
τ − `

π

2

)

−
[∫ τ

τM

g
(c)
2 (τ ′) sin

(
τ ′ − `

π

2

)
dτ ′

]
cos

(
τ − `

π

2

)
. (7)

A partial integration in the last two terms yields, at the same
degree of approximation in the powers ofτ ,

v
(c)
2 (τ) = A′

2,c

(
2
π

)1/2

sin
(
τ − `

π

2

)
−I

(c)
Y (τM ) sin

(
τ − `

π

2

)
− I

(c)
J (τM ) cos

(
τ − `

π

2

)
−g

(c)
2 (τM ) cos (τ − τM ) + g

(c)
2 (τ). (8)

Matching Condition (96) of Paper I is then satisfied to order
γ

(c)
1 (ε) = ε2 by the relations

A∗
2 = −ε`+1

{[
A′

2,c

(
2
π

)1/2

− I
(c)
Y (τM )

]
sin

(
`

π

2

)

+I
(c)
J (τM ) cos

(
`

π

2

)
+ g

(c)
2 (τM ) cos τM

}
,

B∗
2 = ε`+1

{[
A′

2,c

(
2
π

)1/2

− I
(c)
Y (τM )

]
cos

(
`

π

2

)

−I
(c)
J (τM ) sin

(
`

π

2

)
− g

(c)
2 (τM ) sin τM

}
.




(9)

These relations replace Relations (97) of Paper I.
Furthermore, matching Condition (98) of Paper I is still sat-

isfied to orderγ(c)
2 (ε) = ε2 by Relations (103) and (104) pre-

sented there.
Consequently, the asymptotic expansions of the divergence

and the radial component of the tidal displacement that are uni-
formly valid to orderε2, from r = 0 to a sufficiently large dis-
tance fromr = 1, remain given by Expansions (105) of Paper
I:

α(c,u)(r; ε) = ε`+3 K5(r) v
(c)
2 (τ),

ξ(c,u)(r; ε) = ξ0(r) + ε2 K6(r)[
ε`+1 v

(c)
2 (τ) +

G
(o)
2 (r)

K6(r)
− f(r)

]
.




(10)

3. Boundary-layer solutions of orderε2 near the singular
point at r = 1

Proceeding as for the boundary layer nearr = 0, we use the
stretched coordinate

τs(r) =
1
ε

∫ 1

r

K
1/2
1 (r′) dr′ (11)



P. Smeyers & B. Willems: The asymptotic representation of dynamic tides 541

as the single independent coordinate and write dominant
boundary-layer Eq. (122) of Paper I as

d2v
(s)
2

dτ2
s

+

[
1 − (ne + 1)2 − 1/4

τ2
s

]
v
(s)
2 = g

(s)
2 (τs) . (12)

The functiong(s)
2 (τs) is a rapidly varying function defined as

g
(s)
2 (τs) = ε−(ne+3/2) f [r(τs)] . (13)

It is of orderε0 and behaves asτne+3/2
s asτs → 0.

The solution of the equation satisfying the requirement that
the divergence of the tidal displacement be finite atr = 1 takes
the form

v
(s)
2 (τs) = A′

2,s τ1/2
s Jne+1 (τs) −

(π

2

)1/2
τ1/2
s[

I
(s)
Y (τs) Jne+1 (τs) − I

(s)
J (τs) Yne+1 (τs)

]
, (14)

where the functionsI(s)
J (τs) andI

(s)
Y (τs) are redefined as

I
(s)
J (τs)

=
(π

2

)1/2
∫ τs

0
g
(s)
2 (τ ′

s) τ ′1/2
s Jne+1 (τ ′

s) dτ ′
s,

I
(s)
Y (τs)

=
(π

2

)1/2
∫ τs

0
g
(s)
2 (τ ′

s) τ ′1/2
s Yne+1 (τ ′

s) dτ ′
s.




(15)

Here too, we directly introduce the appropriate constantA′
2,s.

Similarly, dominant boundary-layer Eq. (129) of Paper I
takes the form

d2w
(s)
2

dτ2
s

− 2 ne

τs

dw
(s)
2

dτs
+

(ne + 1/2)1/2 − 1
τ2
s

w
(s)
2

= g
(s)
2 (τs) −

[
v
(s)
2 (τs) + 2

(
c2
s

)−1
h

(s)
2 (τs)

]
. (16)

The function

w∗
2 (τs) ≡ w

(s)
2 (τs) − v

(s)
2 (τs) (17)

is still determined by Solution (132) of Paper I. This solution is
transformed into Solution (133) by integration by parts. Subse-
quently, by application of recurrence Relation (134) for Bessel
functions, integration by parts, and use of Equality (135), one
brings the solution to the form

w∗
2 (τs) = C2,s τne+3/2

s + D2,s τne−1/2
s

+2N 2
s

{
−A′

2,s τ−1/2
s Jne (τs)

+
(π

2

)1/2
τ−1/2
s

[
I
(s)
Y (τs) Jne

(τs) − I
(s)
J (τs) Yne

(τs)
]

+τne−1/2
s

∫ τs

0
τ ′−(ne+1/2)
s g

(s)
2 (τ ′

s) dτ ′
s

}
. (18)

A main difference with the procedure followed in Paper I is that
we no longer rescale the constantD2,s.

The asymptotic expansions of the divergence and the radial
component of the tidal displacement that are valid to orderε2

in the boundary layer near the singular point atr = 1 are still
given by Expansions (139) of Paper I:

α(s)(r; ε) = εne+7/2 K5(r) v
(s)
2 (τs) ,

ξ(s)(r; ε) = ξ0(r) + εne+7/2 K6(r)[
v
(s)
2 (τs) + w∗

2 (τs)
]
.




(19)

4. Continuity of the gravitational potential and its gradient
at r = 1

In contrast to the procedure followed in Paper I, we impose the
continuity of the gravitational potential and its gradient atr = 1
before performing the matching of the second-order asymptotic
solutions valid in the boundary layer nearr = 1.

From asymptotic Expansions (19), it follows that

αR1 = ε2 A′
2,s

2ne+1 Γ (ne + 2)
(
c2
s

)−1

(
2 K

1/2
1,s

)ne+3/2
K6,s, (20)

ξR1 = (ξ0)R1
− ε4

[
A′

2,s

N 2
s

2ne−1 Γ (ne + 1)
− D2,s

]
(
2 K

1/2
1,s

)ne−1/2
K6,s, (21)(

dξ

dr

)
R1

=
(

dξ0

dr

)
R1

−ε2
[
A′

2,s

1 + N 2
s

2ne+1Γ (ne + 2)
+ C2,s

](
2 K

1/2
1,s

)ne+3/2
K6,s

+ε4
[
A′

2,s

N 2
s

2ne−1 Γ (ne + 1)
− D2,s

]
(

ne − 1/2
6

K1,1

K1,s
+

K6,1

K6,s

) (
2 K

1/2
1,s

)ne−1/2
K6,s. (22)

Hence, atr = 1, the divergence of the tidal displacement is of
orderε2, while the radial component of the tidal displacement
is of orderε0 and contains no term of orderε2.

Expressions (159)-(161) of Paper I remain valid. By means
of Expressions (156) and (157) of Paper I forΨ anddΨ/dr, one
derives to orderε2 that

ΨR1 = − (ξ0)R1
+

ε2

`(` + 1)

[(
dξ0

dr

)
R1

+ 2 (ξ0)R1

]
, (23)

(
dΨ
dr

)
R1

= 2 (ξ0)R1
−

(
dξ0

dr

)
R1

+ε2
[
(ξ0)R1

+ C2,s

(
2 K

1/2
1,s

)ne+3/2
K6,s

]
. (24)

Substitution of these expressions into boundary Condition
(33) of Paper I leads to the following equation for the constant
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C2,s:

C2,s

(
2 K

1/2
1,s

)ne+3/2
K6,s

= −1
`

[(
dξ0

dr

)
R1

+ (` + 2) (ξ0)R1

]
. (25)

Hence, the constantC2,s is determined by the condition ensuring
the continuity of the gravitational potential and its gradient at
r = 1. The constantD2,s does not appear in the boundary
condition to orderε2, since it is involved in terms of orderε4 at
r = 1, as it is seen from Equalities (20)–(22).

5. Matching of the second-order boundary-layer solutions
valid near r = 1

In view of the matching, the Bessel functions are again deter-
mined by Hankel’s first asymptotic approximations for suffi-
ciently large values of their argument. On the analogy of Solu-
tion (8) for v

(c)
2 (τ), Solution (14) forv(s)

2 (τs) can be approxi-
mated, forτs ≥ τN , as

v
(s)
2 (τs) = A′

2,s

(
2
π

)1/2

sin (τs − ϕ)

−I
(s)
Y (τN ) sin (τs − ϕ) − I

(s)
J (τN ) cos (τs − ϕ)

−g
(s)
2 (τN ) cos (τs − τN ) + g

(s)
2 (τs) (26)

with ϕ = (ne + 1/2)π/2.
Similarly, Solution (18) forw∗

2 (τs) can be approximated as

w∗
2 (τs) = C2,s τne+3/2

s + D2,sτ
ne−1/2
s

+
2 N 2

s

τs

[
−A′

2,s

(
2
π

)1/2

cos (τs − ϕ)

+I
(s)
Y (τN ) cos (τs − ϕ) − I

(s)
J (τN ) sin (τs − ϕ)

−g
(s)
2 (τN ) sin (τs − τN )

]

+2 N 2
s τne−1/2

s

∫ τs

0
τ ′−(ne+1/2)
s g

(s)
2 (τ ′

s) dτ ′
s. (27)

Matching Condition (145) of Paper I is satisfied to order
γ

(s)
1 (ε) = ε2 by the relations

A∗
2 = εne+3/2

{[
A′

2,s

(
2
π

)1/2

− I
(s)
Y (τN )

]

sin (τR1 − ϕ) − I
(s)
J (τN ) cos (τR1 − ϕ)

−g
(s)
2 (τN ) cos (τR1 − τN )

}
,

B∗
2 = −εne+3/2

{[
A′

2,s

(
2
π

)1/2

− I
(s)
Y (τN )

]

cos (τR1 − ϕ) + I
(s)
J (τN ) sin (τR1 − ϕ)

+g
(s)
2 (τN ) sin (τR1 − τN )

}
.




(28)

These relations replace Relations (146) of Paper I.
Elimination of the constantsA∗

2 andB∗
2 between Relations

(9) and (28) leads to a system of two linear, inhomogeneous
algebraic equations in the constantsA′

2,c andA′
2,s whose deter-

minant is given by

∆ = ε`+ne+5/2 sin γ (29)

with

γ = τR1 −
(

` + ne +
1
2

)
π

2
. (30)

Whensin γ /= 0, the constantsA′
2,c andA′

2,s are given by

A′
2,c =

1
sin γ

(π

2

)1/2

{
I
(c)
Y (τM ) sin γ + I

(c)
J (τM ) cos γ

+g
(c)
2 (τM ) cos (τR1 − τM − ϕ)

−εne−`+1/2
[
I
(s)
J (τN )

+g
(s)
2 (τN ) cos (τN − ϕ)

]}
,

A′
2,s =

1
sin γ

(π

2

)1/2

{
I
(s)
Y (τN ) sin γ + I

(s)
J (τN ) cos γ

+g
(s)
2 (τN ) cos

(
τR1 − τN − `

π

2

)
−ε−(ne−`+1/2)

[
I
(c)
J (τM )

+g
(c)
2 (τM ) cos

(
τM − `

π

2

)]}
.




(31)

As a second matching condition, we impose, to some order
γ

(s)
2 (ε),

lim
ε → 0
τηfixed

ε2

γ
(s)
2 (ε)

1
z(ne−1/2)/2

[
G

(o)
2 (r)

K6(r)
− f(r) − εne+3/2 w∗

2 (τs)

]
= 0. (32)

In terms of the intermediate variableτη, one has

1
z(ne−1/2)/2

G
(0)
2 (r)

K6(r)
=

G
(0)
2 (1)
K6,s

, (33)

1
z(ne−1/2)/2 f(r) = −ε2η 1

4 K2
1,s

K4,s

K5,s

(
dξ0

dr

)
R1

τ2
η , (34)

εne+3/2 C2,s
τ

ne+3/2
s

z(ne−1/2)/2

= ε2η C2,s

(
2 K

1/2
1,s

)ne−1/2
τ2
η , (35)
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εne+3/2 D2,s
τ

ne−1/2
s

z(ne−1/2)/2 = ε2 D2,s

(
2 K

1/2
1,s

)ne−1/2
. (36)

In the last term of Solution (27), the integral with respect to
τs can be transformed into an integral with respect toz. In view
of the matching of the boundary-layer solution for the radial
component of the tidal displacement, it suffices to perform the
integration to the lowest order ofz. It then follows that∫ τs

0
τ ′−(ne+1/2)
s g

(s)
2 (τ ′

s) dτ ′
s = −ε−2 A z + O

(
z2) , (37)

whereA is a constant defined as

A =
1

K
1/2
1,s

K4,s

K5,s

(
2 K

1/2
1,s

)−(ne+1/2)
(

dξ0

dr

)
R1

. (38)

In terms of the intermediate variableτη, one then has

εne+3/2 τ
ne−1/2
s

z(ne−1/2)/2

∫ τs

0
τ ′−(ne+1/2)
s g

(s)
2 (τ ′

s) dτ ′
s

= −ε2η A
(
2 K

1/2
1,s

)ne−5/2
τ2
η . (39)

Matching condition (32) is satisfied to orderγ
(s)
2 (ε) = ε2,

if

G
(o)
2 (1) = 0. (40)

This condition allows one to fix the yet unknown constantC
(0)
2

appearing in Solution (66) of Paper I for the functionG
(o)
2 (r).

Subsequently, the constantC2,c appearing in Solution (89) of

Paper I for the functionw(c)
2 (τ) is fixed by means of Eq. (104)

of that paper.
The term

εne+7/2 D2,s τne−1/2
s

of the functionεne+7/2 w∗
2 (τs) plays not any more role in the

matching condition than it does in boundary Condition (25),
and remains undetermined. It may be left out of consideration
at the degree of approximation considered.

6. Concluding remarks

Asymptotic Expansions (23) and (24) forΨR1 and(dΨ/dr)R1

differ from the corresponding asymptotic expansions (164) and
(165) in Paper I. Moreover, boundary Condition (25) and match-
ing Conditions (40) stand for Conditions (154), (155), and (166)
of Paper I.

We have verified the validity of asymptotic Expansion (23)
for the polytropic models with indicesne = 2, 3, 4 in the range
of values ofε2 from 0.01 to 0.001. The relative errors of the
values ofΨR1 found in comparison to the exact values are pre-
sented in Fig. 2. For the three models, the relative errors are
smaller than1% from ε2 = 0.01 on and decrease below0.1%
asε2 becomes smaller than0.001.

A main motivation for the construction of the asymptotic
representation of low-frequency, non-resonant dynamic tides

0.002 0.004 0.006 0.008 0.01

0.002

0.004

0.006

0.008

0.01

Fig. 2. Relative errors of the valuesΨR1 in comparison to the exact
values determined by integration of the full fourth-order system of
equations governing forced oscillations.

has been the derivation of an asymptotic expansion for the Eu-
lerian perturbation of the gravitational potential that is generated
at the star’s surface by the tidal distortion. This asymptotic ex-
pansion is useful for studies of dynamic effects of tides in close
binaries as the apsidal motion.

The asymptotic expansion for the Eulerian perturbation of
the gravitational potential at the star’s surface can be derived by
means of Expression (32) of Paper I and Expression (23) of this
paper. It follows that, to orderε2,

Φ′
R1

= εT c`,m,k − (ξ0)R1

+
ε2

`(` + 1)

[(
dξ0

dr

)
R1

+ 2 (ξ0)R1

]
. (41)

The Eulerian perturbation of the gravitational potential of order
ε2 that is generated at the star’s surface by a low-frequency,
non-resonant dynamic tide turns out to be determined simply
by the values of the functionξ0(r) and its gradient at the star’s
surface.

From the asymptotic representation of low-frequency, non-
resonant dynamic tides to orderε2, one passes on to the first
asymptotic representation of low-frequencyfree oscillation
modesg+ in the star by setting the massM2 of the compan-
ion equal to zero. According to Definition (2) of Paper I, the
small parameterεT then becomes equal to zero. Consequently,
boundary Condition (40) of Paper I, which relates the function
ξ0(r) and its first derivative at the star’s surface, becomes ho-
mogeneous and can generally no more be satisfied by a solution
ξ0(r) different from zero. The fact that the solution forξ0(r) is
identically zero greatly simplifies the asymptotic representation
in the various regions of the star.
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First, from Condition (25) it now results that

C2,s = 0. (42)

Secondly, matching Condition (40) remains valid and is
equivalent with Condition (129) of Smeyers et al. (1995). From
the matching condition, it follows that

C
(o)
2 = 0, (43)

so that the functionG(o)
2 (r) too is identically zero, and

C2,c = 0. (44)

Hence, the asymptotic solutions for the divergence and the
radial component of the Lagrangian displacement are purely
oscillatory. Fromr = 0 to a sufficiently large distance from
r = 1, they take the form

α(c,u)(r; ε) = ε`+3 A′
2,c K5(r) τ1/2 J`+1/2(τ),

ξ(c,u)(r; ε) =
c2

g
α(c,u)(r; ε),


 (45)

and, in the boundary layer nearr = 1, the form

α(s)(r; ε) = εne+7/2 A′
2,s K5(r) τ1/2

s Jne+1 (τs) ,

ξ(s)(r; ε) =
c2

g
α(s)(r; ε)

−εne+7/2 A′
2,s 2 N 2

s K6(r) τ
−1/2
s Jne

(τs) .




(46)

From asymptotic Expansion (41), it follows that the Eulerian
perturbation of the gravitational potential at the star’s surface is
equal to zero at the order of asymptotic approximation consid-
ered, as was observed by Smeyers et al. (1995).

The same authors also noted that asymptotic Solutions (45)
and (46) even apply to theg−-modes of the equilibrium sphere
with uniform mass density when one replaces the frequencyσ2

by −σ2 andN2 by −N2 from the starting equations on. The
asymptotic solutions can then be compared with the knownan-
alytical solutions (see Ledoux and Walraven 1958, Sect. 76).
From their analysis, Smeyers et al. concluded that the asymp-
totic approximation is excellent.

One point may be stressed here. From the analytical solution
for the radial component of the Lagrangian displacement, the
following approximation of the lowest order inε can be derived:

ξ(r) =
Γ1

2
1 − r2

r
α(r). (47)

Hence, in the lowest-order approximation, the radial component
of the Lagrangian displacement is equal to zero atr = 1, while
the divergence of the Lagrangian displacement is different from
zero at that point. This is reproduced by our asymptotic Solu-
tions (20) and (21) at the same point. The lowest-order solution
for a freeg−-mode of the equilibrium sphere with uniform mass
density is given by the terms of orderε2. At that order, it is seen
that indeedαR1 /= 0 andξR1 = 0.
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