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Abstract. The asymptotic representation of low-frequency, linthem more transparent by the use of a single coordinate in the
ear, isentropic dynamic tides in components of close binaries eundary layer. Moreover, we modify the determination of the
rived by Smeyers (1997) is reconsidered. The constructionscohstants involved in the boundary-layer solution for the radial
the second-order boundary-layer solutions for the divergerm@mponent of the tidal displacement that is valid near the sur-
and the radial component of the tidal displacement are mddee. As a result of this modification, we arrive at a corrected
more transparent. Moreover, the determination of the constaexpression for the second-order Eulerian perturbation of the
involved in the second-order boundary-layer solution for the rgravitational potential at the star’s surface.
dial component of the tidal displacement valid near the star’'s The plan of the paper is as follows. In Sect. 2, we reconsider
surface is modified. As a result, a corrected expression for the construction of the asymptotic expansions that are uniformly
second-order Eulerian perturbation of the gravitational potentigllid from the singular point at = 0. Sect. 3 is devoted to
at the star’s surface caused by the tidal distortion is obtainedhe construction of the second-order boundary-layer solutions
near the singular point at = 1. In Sect. 4, the continuity of
Key words: stars: binaries: close — methods: analytical — celethe gravitational potential and its gradient at the star’s surface
tial mechanics, stellar dynamics is imposed. The matching of the second-order boundary-layer
solutions valid near = 1 is performed in Sect. 5. Sect. 6,
finally, is devoted to concluding remarks.

1. Introduction

In a recent investigation, an asymptotic representation of log-ASymptotic expansions uniformly valid to ordere® from
frequency, linear, isentropic dynamic tides in components of e singular pointat r = 0

close binaries has been derived (Smeyers 1997, hereafteryigs construction of the boundary-layer solutions of orefer

ferred to as Paper I). The dynamic tide is assumed not to bé&ilr the singular point at= 0 starts as before. In this boundary
resonance with any free oscillation mode of the star. For the Sf?é?er we use the stretched coordinate

of simplification, the square of the Bruntadi&la frequency is
considered to be positive everywhere in the star. R Y SV N
For the construction of the second-order asymptotic solﬁ@ T e /O Ky () dr (1)

tions for the divergence and the radial component of the tidal

displacement, we adopted a method described by Kevorkian &€ Paper |, Definition (42)] as the single independent variable.
Cole (1981, Sect. 3.3.3; 1996, Sect. 4.3.3). A distinction p&his coordinate is identical with the fast coordinate used at larger

tween various regions in the star is made. At sufficiently |arﬁtances from- = 0 andr = 1. We now write dominant
distances from the star's centre and surface, the asymptotic ¥gundary-layer Eq. (81) of Paper I as

lutions are constructed in terms of the usual radial coordinatg, (. 001

considered as a slow coordinate, and afast radial coordinate. %BZ 41— ae+n 40— g(c) (7). )
: , , 2 2 2 2

regions near the star’s centre and the star’s surface are treatedds

boundary layers because of the singularities appearing at these , 9\ . ) i i
The functiong, ’ (7) is a rapidly varying function defined as

end points.
In the present investigation, we recons_idert.he constructior}g)(T) — () flr ()] (3)
of the second-order boundary-layer solutions in order to make ’
Send offprint requests t&. Smeyers It is of order<? and behaves ag*! ast — 0. For illustration,
* Research Assistant of the Fund for Scientific Research - Fland##€ functionf (), which is a main function in the construction
(Belgium) (F.W.0.) of the asymptotic representation, is represented infig. 1 for a

Correspondence tdaul. Smeyers@ster.kuleuven.ac.be polytropic model with index.. = 3 and for¢ = 2.
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Ll e e ] %c)(s):eQbytherelations

r/R 9\ 1/2
Ay = "1 AL () - Ix(f) (Tar) | sin (Z z)
Fig. 1. Variation of the functionf(r)/(er c¢,m,x) for a polytropic AT 2
model with indexn. = 3 and for¢ = 2.

+I(C) (Tas1) cos (E g) + gg ) (Tar) cos Tas
The solution of the equation satisfying the requirement that 1/2 9
the divergence of the_ tidal displacement _be finite _a@t Onow  px _ _t+1 - (2> _ I(yc) (1) | cos (g 7)
takes a more convenient form than Solution (82) in Paper I: AT
1/2 c . ™ c
o) = Ay o2 g alr) - (5) 2 ~1 () sin (€3) = 6 () s ”}
190 g ~ 1Yy, , 4 _ _
[ v (1) Jerya(r) = 1;7(7) “1/2(T)} @ hese relations replace Relations (97) of Paper I.
where the function§§c) (r) andlx(f) (r) are redefined as Furthermore, matching Condition (98) of Paper | is still sat-
e g isfied to ordery(”>( ) = &2 by Relations (103) and (104) pre-
(& Q (&3
1) = (5) / 0 () 72 Ty 3 () dr, sented there. | | |
2 0 (5) Consequently, the asymptotic expansions of the divergence
c V2 [ d the radial component of the tidal displacement that are uni-
I() _ (T / () (1 /2y N dr'. an p p
(7) (2) 0 g2 (T)7 er1y2 (7)) dT formly valid to orders2, from r = 0 to a sufficiently large dis-

As may be noted, we pass over Equality (84) of Paper | aFﬁpce fromr = 1, remain given by Expansions (105) of Paper

directly introduce the appropriate constatit ..
Similarly, dominant boundary-layer Eq (87) of Paper | is

now written as ale) (rie) = &3 K5 (r) vs? (1),
2wl l+1) (. o .
- oy = g7 () - (). ®)  elm(rie) = &(r) + 22 Ko(r) (10)
The solution of the equation corresponds to Solution (89) of 41 (o) Gg") (r)
Paper |. vy (T) + Kolr) — f(r)

Asymptotic Expansions (90) determined in Paper | for the
divergence and the radial component of the tidal displacement
in the boundary layer near the singular point-at 0 remain 3. Boundary-layer solutions of ordere2 near the singular

valid. pointat r = 1
Forr > 7, the Bessel functions appearing in the function

¥ (1) are determined by Hanke's first asymptotic approxim&.roceeding as for the boundary layer nea 0, we use the
tions. It follows that stretched coordinate

(c) 2\ /2 ™ e 1/2
o§ (1) = Ab, (W) sin(r—¢3) m(r) = < / K2 (') dr! (12)
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as the single independent coordinate and write dominant The asymptotic expansions of the divergence and the radial

boundary-layer Eq. (122) of Paper | as component of the tidal displacement that are valid to order
” (8) ) in the boundary layer near the singular pointat 1 are still
ddv22 cho (ne + 1)2 — 1/4] o = 6 (7). (12) 9iven by Expansions (139) of Paper I:
7_9 7—S

(S) . — ne+7/2 (S)
The functiongés) (75) is a rapidly varying function defined as o (rie) = ¢ Ks(r)va™ (7)),

s (n () (p:g) = ne+7/2 (29)
95 (75) = e (e t3/D) £ [p(7,)]. 13) ¢ (rie) = &o(r)+e Ke(r)
Itis of orders? and behaves ag“ /% asr, — 0. o8 (1) + w3 (1) -

The solution of the equation satisfying the requirement that

the divergence of the tidal displacement be finite at 1 takes o L ) ) )
4. Continuity of the gravitational potential and its gradient

the form
atr =1
(s) Al 1/2 \ 1/2 12 . .
Uy (Ts) = Ag s 77 o1 (75) — (§> Ts In contrast to the procedure followed in Paper |, we impose the
(s) (s) continuity of the gravitational potential and its gradient at 1
[IY (76) Ino 1 (7s) = 157 (7) Yoo (TS)} ’ (14)  pefore performing the matching of the second-order asymptotic
() 5) . solutions valid in the boundary layer neas 1.
where the functiong;”’ (7,) andI,.’ (7,) are redefined as From asymptotic Expansiors (19), it follows that
Al _
76 _ 2 2.8 2y~1
g (7s) e YR = 50T (4 2) (cs)
_ ”) / T (s) oy )2 "N net3/2
—\9 92 (Ts) Ts Jnc+1 (Ts) de’ ( 1/2) ¢
2 o as) (2K Kes, (20)
I(S) ; N52
v (1) Er, = (So)p, —€° [Alz,s s D2
(7T)1/2/TS (8)( /) /2y ( /) dr’ 2ne=iT (e +1)
=\ = [ Tg) Tg ne+1 (Tg Ts- ne—1/2
2 0 (2 Kl{/j) Ke.s. (1)

Here too, we directly introduce the appropriate consrﬁm. d¢ déo
Similarly, dominant boundary-layer Eq. (129) of Paper <dr> = <d7‘>
takes the form Ry Ry

1+ N2 1 /o Met3/2
X s 2 / s /2
d2w§ ) B % dwé ) N (ne + 1/2)1/2 -1 w(S) 9 |: 2,5 one+1T (ne T 2) + C2,s:| (2 Kl,s ) 6,s
dr? T dTs 72 2 0 A2
s S - S +e s —_—— — -D s:|
=08 () = [ () +2 ()7 1S ()] (16) { 20T (e +1)
ne—1/2 K K. ne—1/2
The function ( 6 / K?l + KZ'1> (2K11fs2) Kss. (22)
) — (8 (5) 7 7
w3 (7s) = w37 (7s) = 37 (7) 17 Hence, at- = 1, the divergence of the tidal displacement is of

is still determined by Solution (132) of Paper |. This solution igrder52, while the radial component of the tidal displacement
transformed into Solution (133) by integration by parts. Subgg-Of ordere” and contains no term of ordef.

quently, by application of recurrence Relation (134) for Bessel Expressions (159)-(161) of Paper | remain valid. By means
functions, integration by parts, and use of Equality (135), o Expressions (156) and (157) of Paper oandd¥ /dr, one

brings the solution to the form derives to ordet? that
* 5) = C s ne+3/2 D s ne—1/2 52 p
w3 (75) = Ca,s 7 + Dy 7} Up, = —(o)g, + WD % +2 (Eo)p, |, (23)
TN { =y 7 0, () N
dv déo
1/2 . av _o _(d&
+ (g) 2 [I}(fs) (75) In, (T5) — I((j) (75) Yo, (Ts)] (dr )Rl (o), < ar >R1
h ne+3/2
g 5_1/2/ et o) (71 ar . 18  +e {(50)31 +Co (20777 Ka,s} : (24)
0

A main difference with the procedure followed in Paper lis that Substitution of these expressions into boundary Condition
we no longer rescale the constdpy ;. (33) of Paper | leads to the following equation for the constant
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Cos: These relations replace Relations (146) of Paper |.
net3/2 Elimination of the constantd; and B3 between Relations
Cs,s (2 Ki{f) K s (@) and [[28) leads to a system of two linear, inhomogeneous
LT/ algebraic equations in the constarts,. andA; , whose deter-
=—7 [(j:) + (0 42) (50)31] ) (25) Minantis given by
fa A = lHnets/2 gy (29)

Hence, the constant, ; is determined by the condition ensuring

the continuity of the gravitational potential and its gradient &\ith

r = 1. The constantD, , does not appear in the boundary

condition to ordee?, since it is involved in terms of ordef at ¥ = Tr, — (

1
z+ne+> T (30)
r = 1, as it is seen from Equalities (20)={22).

2/) 2

Whensin v # 0, the constantsl; . and A5 ; are given by
5. Matching of the second-order boundary-layer solutions

valid nearr = 1 A = 1 (f)m
¢ sin 2
In view of the matching, the Bessel functions are again deter- © 7 ©
mined by Hankel's first asymptotic approximations for suffi- 1y~ (7ar) siny + I;7 (Tar) cosy
ciently large values of their argument. On the analogy of Solu- o
tion (8) for v\ (7), Solution [13) foru{*” (,) can be approxi- +95° (Tar) cos (TR, — T — )

mated, forr, > 7, as

_gne—t+1/2 [ISS) (7n)

) 9 1/2
g s) — A/ - i s
v (m) 2 <7T> sin (7 = ¢) +9£s) (7nv) cos (T — @)} }’

s . s 31
—I)(,)(TN)sm(Ts—cp)—Iﬁ)(TN)Cos(TS—w) o 1 (77)1/2 (31)
s s 2,8 T a5
95" () cos (s = 7x) + 57 (72) (26) siny 12
with o = (n. + 1/2) /2. {I}(,S) (Tn) siny + Igs) (Tn) cos7y
Similarly, Solution[[IB) forw3 (7,) can be approximated as (®) -
) +957 (tv) cos (Tp, — TN — £ =
wy (75) = Cas T:e+d/2 + DQ,sTfﬁil/2 g2 () ( f N 2)
9 2 9 1/2 767(n67€+1/2) I(C) T
+ i\/s —A5 (w) cos (15 — ) { s (at)
s c ™
, ‘ —l—gé ) (Tar) cos (TM —/ 7)} }
1) (1) cos (75 — ) — I8 (1) sin (14 — ) 2
As a second matching condition, we impose, to some order
_gés) (Tn) sin (75 — TN)] ’yéS)(E)-
s ) g2 1
+2N?2 7_571@—1/2/ 7/ (net1/2) gés) (12)dr.. (27) Elglo () () 2(ne=1/)/2
) 0_ ) ) o Tyfixed T2
Matching Condition (145) of Paper | is satisfied to order (0)
7{3)(5) = &2 by the relations C;? ((:)) — f(r) — emet3/2 3 (Ts)] -0. (32)
6
) 9 1/2
* _ _me+3/2 ! = _ (s) . . .
d3=¢ { Aas (77> Iy (TN)] In terms of the intermediate variabtg, one has
. s (0) (0)
sin (T, — ¢) — Ig) (Tn) cos (Tr, — ¢) 1 Gy (r) _ Gy (1) (33)
2(ne—1/2)/2 KG(T) KG,s )
(s)
—95 " (Tn) cos (TR, —7N) ¢,
1 1 Ky, (dé
1/2 28) Gl =—" e & <d> T, (34
* ne+3/2 ’ 2 (s) Z 1,5 “*5,8 "/ Ry
By = —e™ Ay s P - I (1n) ’
s . ne+3/2
cos (t, = ¢) + 1§ () sin (7, — ) s T
28~ (ne—1/2)/2
(s) i _ ne—1/2
+957 (7v) sin (7R, TN)}' =20y, (2 Kll,/f) Tg, (35)
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+3/2 7‘”61‘_1/2 2 1/2 ne—1/2 0.0 o S S S S
Ne S _ 01 o
c Das o—i7ays = < D (2 KLS) . (36) 7 | e
In the last term of Solution (27), the integral with respect to
Ts can be transformed into an integral with respect.tim view i i
of the matching of the boundary-layer solution for the radiagﬁ: 0008
component of the tidal displacement, it suffices to perform tl‘l;me
integration to the lowest order of It then follows that z
Ts () T: 0.006 [~ *
/ TR g (ydr = e P Az 10 (), @D F
0 S
. ) |
whereA is a constant defined as -
1 K _(’ +1/2) dg %/ 0.004 - *
A= s (2 Kll/f) ‘ <°> . (38) =
Kll’/SQ K575 ’ dr R1
In terms of the intermediate variabig, one then has 0.002 :
Jne=1/2 . " I
eneres m/ 7—s/_(ne—i_l/z) 923 (T;)de/ L1 Ll Ll L L
0 5/2 0.002 0.004 0.006 0.008 0.01
— A2 2) T (39) &

Fig. 2. Relative errors of the value® g, in comparison to the exact

Matching condition[{3R) is satisfied to ord@f)(s) — g2 values determined by integration of the full fourth-order system of
if ’ equations governing forced oscillations.

(0) (1) —
Gy (1) =0. (40) has been the derivation of an asymptotic expansion for the Eu-

: - . lerian perturbation of the gravitational potential that is generated
This condition allows one to fix the yet unknown const@é‘p . . . : :
y at the star’s surface by the tidal distortion. This asymptotic ex-

. . . . (0)

appearing in Solution (66) of Paper | for t.he funcp@é (7). pansion is useful for studies of dynamic effects of tides in close

Subsequently, the constafit . appearing in Solution (89) of binaries as the apsidal motion

Paper | for the functiomu” (r) is fixed by means of Eq. (104)  The asymptotic expansion for the Eulerian perturbation of

of that paper. the gravitational potential at the star’s surface can be derived by
The term means of Expression (32) of Paper | and Expres§ian (23) of this

GnetT/2 ) pne=1/2 paper. It follows that, to ordes?,

=er cemk — (€0)g,

(ﬁ)m +2 (50)311 . (41)

The Eulerian perturbation of the gravitational potential of order
€2 that is generated at the star's surface by a low-frequency,
non-resonant dynamic tide turns out to be determined simply
Asymptotic Expansion$ (23) arld {24) férz, and(dV /dr), by the values of the functiogy(r) and its gradient at the star’s
differ from the corresponding asymptotic expansions (164) asdrface.
(165) in Paper I. Moreover, boundary Conditipnl(25) and match- From the asymptotic representation of low-frequency, non-
ing Conditions[{4D) stand for Conditions (154), (155), and (166¢sonant dynamic tides to ordet, one passes on to the first
of Paper I. asymptotic representation of low-frequenfrge oscillation

We have verified the validity of asymptotic Expansibn] (23nodesg™ in the star by setting the madd, of the compan-
for the polytropic models with indices. = 2, 3,4 in the range ion equal to zero. According to Definition (2) of Paper I, the
of values ofs? from 0.01 to 0.001. The relative errors of thesmall parameter, then becomes equal to zero. Consequently,
values ofl' p, found in comparison to the exact values are pré&oundary Condition (40) of Paper |, which relates the function
sented in Fig[R. For the three models, the relative errors gpé¢r) and its first derivative at the star's surface, becomes ho-
smaller thanl% from £2 = 0.01 on and decrease belawl% mogeneous and can generally no more be satisfied by a solution
ase? becomes smaller than001. &o(r) different from zero. The fact that the solution fi(r) is

A main motivation for the construction of the asymptotiadentically zero greatly simplifies the asymptotic representation
representation of low-frequency, non-resonant dynamic tideshe various regions of the star.

!/
of the functione™*+7/2 w} (7,) plays not any more role in the P,
matching condition than it does in boundary Conditipnl (25), e?
and remains undetermined. It may be left out of consideration™ (7 1 1)
at the degree of approximation considered.

6. Concluding remarks
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First, from Condition[(2b) it now results that References

Cs.s = 0. (42) Kevorkian, J., Cole, J.D. 1981, Perturbation Methods in Applied Math-
' ematics, Springer-Verlag, New York
Secondly, matching Conditiofi {#0) remains valid and Kevorkian, J., Cole, J.D. 1996, Multiple Scale and Singular Perturba-
equivalent with Condition (129) of Smeyers et al. (1995). From tion Methods, Springer-Verlag, New York

the matching condition, it follows that Ledoux, P., Walraven, Th. 1958, Variable Stars, in: Handbuch der
Physik 51, Springer, Berlin
C’éo) -0, (43) Smeyers, P., 1997, A&A 318, 140
Smeyers, P., De Boeck, I., Van Hoolst, T., Decock, L., 1995, A&A 301,
so that the functio\”) (r) too is identically zero, and 105
Oy =0. (44)

Hence, the asymptotic solutions for the divergence and the
radial component of the Lagrangian displacement are purely
oscillatory. Fromr = 0 to a sufficiently large distance from
r = 1, they take the form

aleW(rie) = 3 AL (Ks(r) 2 T (1),

2 (45)
gew(re) = — a(c’")(r; €),
g
and, in the boundary layer near= 1, the form
a(rie) = "t Ay K (r) 1) T (73) 4
2
€9(rie) = = a®(re) (46)
g

—enetT/2 AL AN Ko(r) s 2 T, (7).

From asymptotic Expansidn{41), it follows that the Eulerian
perturbation of the gravitational potential at the star’s surface is
equal to zero at the order of asymptotic approximation consid-
ered, as was observed by Smeyers et al. (1995).

The same authors also noted that asymptotic Solutiohs (45)
and [[46) even apply to thg~-modes of the equilibrium sphere
with uniform mass density when one replaces the frequeficy
by —o2 and N2 by —N?2 from the starting equations on. The
asymptotic solutions can then be compared with the knamvn
alytical solutions (see Ledoux and Walraven 1958, Sect. 76).
From their analysis, Smeyers et al. concluded that the asymp-
totic approximation is excellent.

One point may be stressed here. From the analytical solution
for the radial component of the Lagrangian displacement, the
following approximation of the lowest orderdrcan be derived:

r 2
() =2t

Hence, in the lowest-order approximation, the radial component
of the Lagrangian displacement is equal to zeroat1, while

the divergence of the Lagrangian displacement is different from
zero at that point. This is reproduced by our asymptotic Solu-
tions [20) and{21) at the same point. The lowest-order solution
for afreeg—-mode of the equilibrium sphere with uniform mass
density is given by the terms of ordet. At that order, it is seen
that indeedvy, #+ 0 andég, = 0.

a(r). (47)

r
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