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Abstract. We present a new method to analyze the structureagsumptions on the 3-dim structure, they imply that the 3-
observed molecular cloud images which is the generalizationdifnensional structure is very much broken up, with the surface
theAllan-variancemethod traditionally used in the stability andgrowing proportional to the volume. Clearly, additional infor-
driftanalysis of instrumentation and electronic devices. Appliedation on the velocity structure, and in particular its physical
to integrated intensity maps of two molecular cloud data selisik to the assumetBm-density structure, is needed to describe
the method shows, together with an analysis of the phases ofitiee relevant properties of molecular cloud line shapes and line
cloud images, the observed structures to be well characterizadiative transfer.

by what is called dractional Brownian motion (fBm$tructure ThefBmstructure model allows an estimate on the observ-
in the context of fractal images. ABm-structure results from a ability of molecular cloud structure down to much smaller an-
power law power spectrum of the image and a completely ragular scales than presently reachable, e.g. with interferometric
dom distribution of the image phases. The power law in@lek observations. It turns out that, due to the steepness of the image
the power spectrum derived for two sample clouds turns outgower spectrum, these will be extremely difficult. Only the next
be close to 2.8. For @Bm-structure, the power spectral indéx generation large mm-wave array will bring such observations
determines other fractal measures such as the traditionally uiged the regime of the feasible.

box-counting dimension and the fractal dimension describing

iso-intensity contours via their area-perimeter relation. We ukgy words: ISM: structure — ISM: clouds — ISM: general

a large data set covering observations at both large and smatt

angular scales available for the Polaris Flare (Heithausen et al. .

1998) as the sample cloud to test these concepts. The aﬂeéﬂtrOdUCt'on

perimeter dimension independently measured for this cloudd$servations of molecular clouds have shown that with each
consistent with3 = 2.8. ThefBm-concept allows easy generastep in increasing spatial resolution we see the structure to break
tion of realistic density representations for model clouds, to b into substructure down to the new resolution limit. This holds
used in radiative transfer and other cloud simulations. down to the highest linear resolution achievable (Langer et al.
In a second step, we show that an ensemble of randormi§95, Falgarone & Phillips 1996). The presence of such clumpy
positioned clumps with a power law mass specttli¥ydM o structure has been inferred indirectly since early times of molec-
M~—= gives anfBmimage. The power spectral indek the ular cloud observations (see Stutzki (1993) for a review) from
mass spectral index, and the power law index of the massthe small area filling factors of typically 10-20% (NHHo &
size relationM o L” turn out to be relatedS = (3 — «). Townes 1983; CS: Snell et al. 1984), or from the similarity of
The value ofy derived via this relation and the independently2CO and'3CO line profiles despite of their large difference in
determined values far and 3 is consistent with the value di- optical depth (Martin et al. 1984).
rectly determined for the sample cloud. Our analysis confirms The study of photo dissociation regions (PDRs) has
the recent suggestion by EImegreen & Falgarone (1996) that¢fien independent evidence for the clumpy structure
mass distribution in molecular clouds is closely connected wigh molecular clouds: only clumpiness with a clump-
their fractal structure, although the detailed form of the relationterclump density contrast of several factors of 10, allowing
depends on the fractal structure model used. FUV penetration through the much less opaque interclump ma-
We discuss the implications of these results, obtained figrial much deeper into the cloud, can explain the large spatial
the 2-dimensional observed images, for the underlying &xtent and coexistence of several PDR tracers. (Stutzki et al.
dimensional cloud density structure. With some extrapolatid®88; Howe et al. 1991). The low-J CO lines very commonly
show line ratios in conflict with the emission originating in a
Send offprint requests 1d. Stutzki homogeneous density and temperature structure: PDR models
* Present address: Radioastronomisches Institut der Uniwers@f UV illuminated clumps give a natural explanation of the ob-
Bonn, Auf dem Higel 71, D-53121 Bonn, Germany served line ratios over a large range of UV intensities and clump
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densities (Castets et al. 1990; Gierens et al. 199kt et al. analysis of sensitive equipment, e.g. atomic clocks (Allan 1966;
1994; Sbrzer et al. 1996; and &tzer et al. 1997). Barnes et al. 1971) or radio astronomy receivers (Schieder et al.

The observed line widths of molecular clouds are high#989). This analysis applied to observed molecular cloud im-
supra-thermal and the internal cloud motions would lead to veages shows that the power spectrum of their images is a power
fast energy dissipation unless cushioned by coupled magndaio with the spectral index in a narrow range. Moreover, the
fields. Again, this scenario implies the presence of substructypbases in the Fourier-transformed image are distributed ran-
i.e. higher density clumps with intrinsically narrow lines movdomly. Molecular cloud structure thus may well be described
ing around with a larger interclump velocity dispersion. Thas having a power law power spectrum and completely random
smoothness of the observed, close to Gaussian, line profileplases, a structure that is callgdctional Brownian motion
lower spatial resolution allows to infer a very large number structure in the theory of fractal images. In Sect. 3 we discuss
very small clumps (Tauber et al. 1991; Tauber 1996). Observhe connection between the various methods commonly used
tions of the nearest molecular cloud L1457 (Zimmermann 1998y structure analysis of molecular clouds and show that they
show that the line profiles indeed break up into many individuahn be viewed in an unique way, connecting the various indices
components at high spatial resolution. measured, like the fractal dimension from area-perimeter rela-

Molecular cloud structure is obviously closely related to théons or from box coverage methods, power spectrum power law
star formation process, likely controlling the overall star foindex or drift behavior. We show in Sect. 4 that artificial cloud
mation efficiency and possibly the mass spectrum of the nevilgages generated &sactional Brownian motiorimages give
formed stars (Zinnecker 1989; Larson 1992). Also, the clumpydeed a good simulation of real molecular cloud images. On
structure drastically enhances the back reaction of newly formi#és background, we derive in Sect. 5 thatan ensemble of clumps
stars with the molecular material of their parent cloud, thus afith a given power law mass spectrum also givdsaational
fecting the overall cloud evolution (Bertoldi & McKee 1996)Brownian motiorimage in its 2-dimensional projection, where
The importance of molecular cloud structure has resultedtie power spectrum spectral index is determined by the mass
many attempts over the last few years to characterize the strsjeectral index and the power law index in the mass-size relation
ture observed in a quantitative way, e.g. by means of autocor@éthe clumps. In Sect. 6 we critically review the connection of
lation analysis (Dickman & Kleiner 1985; Kleiner & Dickmanthe various fractal indices presented in the literature and derived
1987; Perault et al. 1986), measuring the area-perimeter relaiiothe present paper, with particular emphasis on the connection
for iso-intensity contours of 100m dust emission maps, dustoetween the clump mass and size spectra, the mass-size relation
extinction maps, and HI or CO integrated line intensity mad the fractal dimension of the cloud. The discussion in Sect. 7
(Bazell & Desert 1988; Scalo 1990; Dickman et al. 1990; Fakddresses the implications of the observed structural parameters
garone et al. 1991; Zimmermann & Stutzki 1993; Vogelaar &f the 2-dimensional observed cloud images for the intrinsic 3-
Wakker 1994), wavelet analysis (Langer et al. 1993), structutgnensional cloud structure, the implications of the results for
tree methods (Houlahan & Scalo 1992) or by clump decompigither observations down to yet higher angular resolution, and
sition and the determination of clump mass spectra (StutzkitBe limitation of the present analysis within the framework of
Gusten 1990; Williams et al. 1994; Kramer et al. 1998). In a rgaore complex models for the cloud structure. The results are
cent paper Elmegreen & Falgarone (1996) suggest that the mgigemarized in Sect. 8.
distribution is the result of the fractal structure of the molecu-
lar cloud gas, and that th? power law index of the clump Ma3Sbower spectrum and phase distribution of molecular
spectrum and the fractal dimension of the cloud are thus related., )

: . . ¢loud images

In this paper we investigate the structure of molecular cloud
images, i.e. the spatial distribution of the line integrated iBeing generated predominantly by the turbulent internal cloud
tensity of a particular molecular transition used as a tracer foiotion, the internal structure of molecular clouds is likely to be
the molecular cloud material. In the optically thin limit and forandom to a large degree. All the information on the structural
uniform, thermalized excitation conditions the line integratearoperties of a random function is contained ingitaver spec-
intensity basically measures the clouds column density, i.e. tihem, the phase distribution being completely random. Thus, it
2-dimensional projection of the clouds density structure oni®obviously important to study th@ower spectrurnof observed
the plane of the sky. Obvious extensions of the present wodkoud images. This has been done for HI clouds (Green 1993),
which will be presented in follow up papers, are for one to studleriving the azimuthally averaggabwer spectralirectly from
the structure of individual velocity channel maps and the vaiiterferometer observations; he finds fhawer spectrao be
ation between those (Bensch et &b. prep), and secondly to smooth and well characterized by a power law with a spectral
investigate the influence of optical depth effects on the strundex around 2.6 to 2.8 for individual velocity channel maps.
ture of the observed integrated intensity image resulting from
a given 3-dimensional density distribution (Ossenkopf efral.
prep).

We discuss in Sec® a newmethod for analyzing molecu-
lar cloud structure which is basically a 2-dimensional genera-very powerful tool to study the drift characteristics of a ran-
ization of theAllan variancemethod used in the time stabilitydom time series has been introduced by Allan (1966), within

'2.1. TheA-variance analysis: a generalized Allan-variance
method



100

pixels

o0

left), showing a power law behavior with an index of 0.8, which, for the 2-dimensional image corresponutsiteraspectrumvith a spectral
index 3 = 2.8 (bottom left). The turnover into the white noise behavior at small angular scales as well as the influence of the finite image size
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Fig. 1. A-varianceanalysis of an observed image of the Polaris Flare {CO© 1 — 0, 8 arcmin per pixel; Heithausen & Thaddeus (1990), top
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at large scales are weakly visible (compare Fig. 3). The right hand panels show a 92 by 128 pixel subsection of a s\iBiinésizge (see
Sect. 4) with the samgower spectrunspectral index (top) and its correspondifigvariancebehavior (bottom).

the context of characterizing the stability of atomic clocks. #caleT is basically the variance of the differences of subsequent
has been successfully applied more recently in the analysisagérages over timg. The definition can easily be carried overto
the drift contributions on the resulting signal-to-noise ratio fromRourier space, where the full information on the statistical prop-

radio astronomy receivers and backends (Schieder et al. 198®lies of the random function is contained ingtsver spectrum

For a random time series, ti#dlan varianceon a given time The Allan variancethen turns out to be the filtered average of
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thepower spectrunof the noise function, weighted with the fil- Polaris/small scale
R b USSR SR ELL N

ter functionsin® (7 fT) /(= fT)?. This filtering function peaks

at a frequency ~ 1/(nT) (see Appendix A). Varying” thus
allows to trace the average behavior of fmsver spectrunwith
frequency, which determines the drift characteristics of the sig-
nal. TheAllan variance representing an integral information
over thepower spectrumhowever, gives much better statis-
tical significance for the drift behavior than a single point in?z
the power spectrumin addition, it allows easy discrimination &
between different contributions to the random signal, such as
purely white noise, flicker noise and the global drift character- 20
istics. These properties make it useful in the analysis of drift
behavior of instrumentation.

60

40

These same properties motivated us to develop a new pro-
cedure to characterize the observed 2-dimensional structure of 10 20 20 20
molecular cloud images, based on thitan varianceconcept. pixels
It is of particular importance that such a procedure should give N

L . - . - 2—dim image
a good discrimination between the white noise noise contribu-
tion resulting from the limited signal to noise ratio achievable I
for the observations and the information on the cloud structure 0.5
contained in the data set. = I

2
g(o," (L

As the literature on théllan varianceis rather sparse, Ap- &
pendix A summarizes the definition of tAlan-variancefor 1- 2
dimensional random functions, discusses its relation to Fourier-
analysis and in particular to thpwer spectrunin a consistent
notation, and lists its characteristic properties with various types
of drift behavior. With this background, extension to higher di- 0.5 '-———1 |
mensions is rather straightforward. For the analysis of a 2-dim 1.5 F————————
spatial structure, such as a molecular cloud image, we have to | 1—dim projection
analyze the variance between differences of averages over ad-
jacent areas with a typical spatial separation of gizé/ith no
azimuthal direction preferred, this is naturally done in cylindri-
cal symmetry, i.e. using a spatial filter function with a constant
positive value of e.g+1 on a circle of diametef,, enclosed by @

a ring of thicknesd. with a negative value of-1/8 (for equal "z 05
weight of the two areas). In Fourier-space this corresponds
calculating the 2-dim variance as the average of the 2ptiwer
spectrumweighted with the correspondimgpwer spectrunof

the 2-dim filter function.

Thisis the concept behind the newly introducedrariance
derived as a generalization of the 1-difilan variancein 1
Appendix A, and defined for the analysis of random func- *0-50 ‘ ‘0‘5‘ E— ‘1 s
tions in higher dimensions in Appendix B. Corresponding to log(L/[pixels]) '
the 1/T-behavior of the 1-dimension&lllan-variance the 2-
dimensionalA-variancegoess% o L~2 for an image dom-

f=2.68

Fig. 2. A-varianceanalysis of a subsection of the Polaris Flare (top)

inated by purelv white noise. In general. if the image hasobserved at higher angular resolution with the IRAM 30m-telescope
y P y ’ 9 ’ 9 (80 J = 2 — 1; Falgarone et al. 1998). This map covers 48 by 64

povyer Sp_ectrumx |f‘7'8 W'th fin the rangé) < 3 < 6, the_ pixels, each of 7.5” extent. The image is thus zoomed in by a factor of
2-dimensional\-variancevaries agx oc L7~ (see Appendix g4 from the image in Fig. 1. The 2-dimension&ivarianceanalysis
B). shows the same slope as the large scale image (Fig. 1), so thattke

For an observed image, the highest spatial frequency, Feectrumwith 5 = 2.8 continues to these higher spatial frequencies
shortest lag probed, will be close to the finite resolution, e_@r}iddle). TheA-varianceof the 1-dimensional _projection of the same
given by the Gaussian beam with a certain FWHM and a (clog?éage (bottom) shows a slope by about 1 higher than that of the 2-
to) fully sampled spatial raster. The lowest spatial frequenci érpens'onal image, as expected theoretically.
i.e. largest lags, will be limited by the finite size of the cloud or
of the area observed. In practice the useful limits fall at about
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subset of the "FCRAO CO survey of the Outer Galaxy”
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Fig. 3. A-varianceanalysis of a subset of the FCRAO outer galaxy surveég@Q J = 1 — 0; Heyer et al. 1997). This very large scale data set

(384 by 128 pixels; 50" per pixel) with its relatively higher noise than the examples in Figs. 1 and 2 shows a clear turnover into the white noise
behavior at the smallest angular scales, and a turnover at about a 30 pixel length scale due to the influence of the typical size of main structures
in the image.

a quarter of the image size, giving at least two independehe limitations of deriving proper variance plots from observed
difference measures in each spatial coordinate. data sets will be presented in a separate paper (Benschiet al.,

prep).

2.2. Application to observed cloud images

2.3. Phase distribution of observed cloud images
The result of such a\-varianceanalysis is shown in Fig. 1,
which shows the\-varianceas defined above for an integratedrig. 4 shows that the phases of the observed image are indeed
intensity image of the Polaris Flare to closely follow a power lavandomly distributed. For one, they are uniformly distributed
corresponding to a power law spectral indeycef 2.8. Asmall over the interval from O ter (due to the image being real val-
subsection of the cloud observed at higher angular resolutioed, itsFourier transformis hermitian and the phases are odd,
(observed as part of the IRAM key project "small scale structuse that the phase distribution at negative values is symmetric to
of pre-star-forming molecular clouds”, Falgarone et al. 1998&)at at positive values). Secondly, thevarianceof the phases
shows a very similar power law slope in thevariance(Fig. has a slope close te2 as expected for a completely uncor-
2). A second example is given in Fig. 3 for a subset of thelated, white noise distribution (see Appendix C). Deviations
FCRAO survey of the outer galaxy (Heyer et al. 1997), aldoom the white noise behavior may actually be significant with
giving § = 2.7. The value ofg = 2.8 is remarkably close to regard to a multifractal characteristic of the cloud image; how-
the one measured by Green 1993, for HI clouds directly froever, they may also result from the fact that the observed image
interferometer data. Similar results can be obtained for othmrssibly has some correlation due to a (though small) extended
observed images, although the analysis often does not giveasr beam pickup. Our numerical simulations (see Sect. 4) also
straightforward an answer as in the three examples shown. Tidicate, that the finite size of the observed image may result in
application of theA-varianceanalysis to several data sets andeviations from the pure white noise behavior.
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2.4. Discussion other systematic effects, as we will discuss in detail in Bensch

. . _ o etal. (n prep).
The way the A-variance is defined, it implicitly aver-

ages over the angular variation in thmower spectrum
This is due to the circular symmetry of the 2-dimension
filter function. The A-variance is thus sensitive only to |t is well established within the work that has been done in ana-
the circular symmetric part of theower spectrumof lyzing and synthesizing fractal images (e.qg. in order to generate
the cloud image. TheA-variance analysis shows over artificial landscapes for computer animations etc.), that such
which range in spatial frequencies the azimuthally averagegluctures can easily be generated as so ctetional Brow-
power spectruns consistent with a power law (by the straightnian motion(fBm)-images (see e.g. Peitgen & Saupe 1988).
ness of theA-varianceplot); and it allows, over this range, toThese are generated by specifying a powergawer spectrum
directly derive the numerical value of the power law spectral igvith a given index3 = E + 2H, whereE is the Euclidean
dex with high signal to noise, as it implicitly averages over thgimension of the image anH, the drift exponenisee below;
directional variation. It does not provide a measure of the degrgsmetimes also callgdurst exponentranges between 0 and 1,
of deviation of thepower spectrunfrom spherical symmetry. and completely random phases of the imagBuch structures
Direct analysis of the azimuthally averageower spectrunin  have awo point correlation function
rinciple gives the same result but makes the discrimination
ggainzt thge white noise contribution and finite size effects Gr(#) = Gs(lp) = ((s(r + p) = s(r))?) oc p! = p7=*
observed images much less obvious. as derived in Appendix B, whergr) is the signal, i.e. image
One should emphasize, however, that this does notimply tigensity. The drift behavior (mean variation over distance) is
the observed image has to have circular symmetry: the phasesespondinglyAs(p) = \/Gs(p) o p. Note that the range
are arbitrary (and to a large degree random) and will thus caliee5 = E + 2H with H between 0 and 1 spans exactly the
a non circular symmetric image (the simulations presentedriggime fromg = E'to 8 = E + 2 for which theE-dimensional
Figs. 1 and 3 show nice examples for this). One should keephivp point correlation functiorfollows the p”~¥ behavior (see
mind, however, that thé-variancemethod should be applied Appendix B). Outside th8BBmrange, it turns, for higher values
with care to images which obviously are dominated by syste®f 3, over into a behavios p?, independent of the value of
atic large scale structure, e.g. showing a preferred direction, Ifker smaller values g, thetwo point correlation functiomoes
a large scale filament broken up into a series of clumps on pret have a simple power law behavior for small
ferred length scales, or a sharp cloud boundary resulting from The drift behavior of afBmstructure As(p) o p*, implies
e.g. shock interaction. a fractal dimension of thé&'-dimensional "mountain surface”

Instead of analyzing the 2-dimensional image, one can i#7") of du = E +1 — H, e.g. measured as a box coverage
vestigate its 1-dimensional projection. The projection resufi§nension (see Voss 1988): at a linear sgatesinglef + 1-
from the integration along a given direction, e.g. along#he dimensional box of volumé’(p) = As(p) p” is needed to
axis. TheFourier transformof the projected 1-dimensional stripenclose the "mountain surface”. Atsatimes smaller scalép
is the value of the 2-dimensiorfedurier transformat thef, = 0 €ach enclosing box has avoluméafs p) = As(d p) (6 p)* =
axis. For a power laypower spectrurP(f) oc (f2 + f2)=F/2 ST+YEV(p), and1/6F such boxes are needed to enclose the
in 2 dimensions, the 1-dimensional projection thus hpswer "Mountain surface” over the original extent. These boxes thus
spectrumP(f,) o« (f2+ fy2)—/a’/2|f = f,7%. The power coveratotal volume of”” V(p). In units of scaled down original

i +1 -
law index of thepower spectrunof the 1-dimensional projec- PX€s, each having a volume &f ' V(p), one thus requires

. . . . . _ E+1—H » H
tion is thus the same as that of the 2-dimensional image. THEO) = 1/ of such boxes to enclose the "mountain

result holds equally well for higher dimensional images: tH&n9€"- According to the de;iHnition of the box-coverage fractal
(E — 1)-dimensional projection of ai-dimensional structure dimensionds;, N(4) oc 1/6%, so that comparison with the

with a power lawpower spectrurhas again a power lapower 00Ve results shows thay = £ +1 — 1.

spectrumwith the same spectral index. With the general rela- NSerting the above relation betwegrmnd 1, namely( =
tion between theower spectrunindex 3 and the power law £ 121, We getly = (3E+2-p)/2astherelation between the
index of theE-dimensionalA-variances? « L°~F as given fractal dimension of théractional Brownian motiorstructure

in Appendix C, we thus expect the projection of a 2-dimension@d the power law index of iggower spectrumAs expected,

image with power spectrurindex 3, i.e. 2-dimensionalA- 4 thus varies betweed + 1 and £ for /3 varying between
varianceindex3—2, to have a 1-dimensional-varianceindex E and E + 2. Outside this rangefy settles at these extreme

6 — 1. Fig. 2 (bottom) shows as an example the result for tp@lues according to the settling of the drift beha}’io'?%‘t: 0

high angular resolution data set of the Polaris Flare obser H+1 for.too small _and too 'afge power !aw indicgs

with the IRAM 30m telescope. We note, however, that other AS Was discussed in the previous section, (fie— 1)-
clouds analyzed in the same way shawarianceresults for dimensional projection of af’-dimensional structure with a
the 1-dimensional projections that are not ?OnSiS_tem With the note the slightly different definition gf used here in comparison to
values expected from the analysis of the 2-dimensional imagesitgen & Saupe (1988), where ours includes the Euclidean dimension
this is likely due to real data sets being limited by finite size andwithin 3.

éﬁ. Connection with the theory of fractal images
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trast to the commonly formulated, though never proven, hy-
pothesis, that the fractal dimension of the projection of a frac-
tal structure is lower by 1 than that of the original structure.
With the relations between the various parameters dBam
structure as discussed above, we explicitly show that this does
not hold for afractional Brownian motiorfractal structure. The
fact that thepower spectrunspectral index3 = E + 2Hg
stays constant on projection implies that the drift indéx

100

< changes: from3 = E + 2Hp = (E — 1) + 2Hg_; we
Ra conclude thatiy_1 = Hg + 1/2. The fractal dimension as
A so e defined above then changes fraty, = E + 1 — Hg to

dHE_1 = (E — 1) +1—Hg_, = dHE — 3/2, that is by
1.5, and not by 1.

This implies that aractional Brownian motiorstructure
becomes smoother, i.e. gets closer to the limit of a regular Eu-
clidean structuredy = E, H = 1), on each projection. Even
e L - =3 if it starts out inE dimensions close to being very broken up,
200 “ - with H close ta0, i.e. H = 0 + ¢, the first projection, that is the

E E — 1-dimensional structure has alreally= 0.5+ ¢; and after
the second projection the resultifg— 2-dimensional structure
formally has already? = 1 + ¢ > 1. Its power law index thus
falls outside the range whet&(p) o p~F; the drift behavior

AN(

50 rather settles af/(p) o p?, i.e. H = 1. A fractional Brown-
‘ ‘ ‘ ‘ ian motionstructure can thus be projected at maximum once
0 50 100 150 before.becoming smooth enqugh to be indistinguishable from
s ¢ [Degree] a Euclidean structure: on projection, the small scale structure
-1.5 —— e ——] ‘

overlaps to form larger, smoother structures.

Another measure of the fractal dimension of e.g. a 2-
dimensional image is given by the area-perimeter relation of its
iso-intensity contours, which scale psrimeter « area®?.
Forthese 1-dimensional structures the fractal dimengiamies
between! = 1inthe Euclidean limitgerimeter o y/area) up
to the maximum value of = 2, where the perimeter increases
linearly with the area enclosed. Similarly for a 3-dimensional
structure: consider a 3-dimensional fractal density distribution;
the area of its iso-density 2-dimensional surfaces scales with
their enclosed volume asur face area volume®/3, with d

=0 ranging between 2 and 3.
S I N R B S B Voss (1988), p. 65, states that in general, givenin
0.2 0.4 0.6 0.8 1 dimensionafractional Brownian motiordensity structure with
log(L/[pixels]) B = E + 2H and correspondingly a box coverage fractal di-

mensiondg = £ + 1 — H, its £ — 1-dimensional iso-density
éurfaces, being effectively "zero-cuts” of the-dimensional
structure, have an area-perimeter (resp. volume-surface) fractal
dimensiond = dy — 1 by exactly 1 lower than the box coverage
fractal dimension of the structure they result from. Vogelaar &
Wakker (1994) checked this numerically over a limited range of
power lawpower spectruninas again a power lapower spec- [ by analyzingBm-structures generated to calibrate their area-
trum with the same spectral index (note that in the case of iperimeter relation code. We developed a similar code (Zielinsky
finitely extended images, this is even independent of whettedral.,in prep) and also compared various numerical methods
the phases are randomly distributed or not). The randomnéssletermine the area and perimeter of contour lines. Within
of the phases for thé&-dimensional image implies random-the systematic errors associated with each method, the area-
ness of the phases of the projecigd — 1)-dimensional im- perimeter fractal dimension of the Polaris Flare image shown in
age, as is obvious from the fact that the phases irkthe 0- Fig. 1 isd ~ 1.6 or slightly higher, consistent with the fractal
plane of theE-dimensional Fourier image are randomly disparameters determined by the other methods discussed above.
tributed. The fact thaf stays constant on projection is in conNote that this value for the fractal dimension is higher than that

Fig. 4. The phases (top) of the Polaris Flare image shown in Fig.
the distribution of the phases is uniform (center); thevarianceof
the phases shows a close to white noise behavior, i.e. a slopg,of
corresponding t@ = 0 (bottom).
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determined for several other clouds in various tracers, whittie Fourier-domain. For aiBmimage, squaring preserves the
typically gives values in the range 1.3 to 1.5. power law shape of theower spectrunand its spectral index,

At this place a cautioning remark seems appropriate, ¢hough only on average: considering the fact that the phases
couraging careful distinction between the differémaictal di- are completely random, it is plausible that the convolution pro-
mensiondn use. To illustrate this, consider a 3-dimensidBah  cess, i.e. the coherent adding up of the image amplitudes for all
density structure with a certain value @f= 3 + 2Hj3. Its box possible spatial lags, leads to close cancellation for all spatial
coverage dimensions as defined above is then= 4 — H3, lags except for th@-lag point (and the points with appropriate
the (volume-surface) dimension of its 2-dimensional iso-densgymmetry). The amplitudes are reproduced, but with a random
surfaces is correspondingly by 1 lower, ie= dy — 1 = fluctuation due to the near cancellation of the random phases.
3 — Hs. Due to the constancy af on projection, the cor- We verified this by analyzing synthesized images generated this
responding 2-dimensional column density image has, as #ey. A proper proof would be highly desirable, but has to await
rived above,H, = Hjs + 1/2; its box coverage dimension isfuture work.
dy = 3—H,,andis 3/2lessthanthat of the 3-dimensional struc- The resultcrucially depends onthe randomness of the phases
ture. The (area-perimeter) dimension of the (1-dimensional) iSnthe original image. Due to the self-convolution in the Fourier-
column-density contours is again by 1 lower than the box costemain, this procedure is sensitive to possible aliasing effects.
erage dimension of the 2-dimensional column density structufiéyis complication results from the unavoidable periodic repe-
d=dyg —1=2-— H,,and thus also 3/2 less than the (volumeition of the Fourier transform due to the discrete sampling of
surface) dimension of the (2-dimensional) iso-density surfacasnumerical realization of an image. The effect is the weaker,

Table 1 summarizes the connection between the differeéhe steeper thpower spectrumi.e. the higher the value d¢f.
parameters. It also includes the range of parameters deriid@d magnitude of thgower spectrunin the overlap region
from observations of the Polaris Flare in the present paper. Tighen correspondingly lower. Large pixel numbers also help,
values for the Polaris Flare are in very good agreement with tag they increase the dynamic range over which the power law
relations derived for afBmstructure and a value éf near 0.4. power spectrungets sampled. In our numerical simulations,
pixel numbers of at least 64 in each dimension turned out to
be sufficient fofBmrimages not too close to the ones with the
most shallowpower spectrunpossible, i.e3 = E. For pixel
The concept ofractional Brownian motiorstructures allows numbers of 256 in each dimension, still easy to handle even
easy generation of synthetic images. Various methods are d®-3-dimensional images, these aliasing effects turned out to
cussed in Peitgen & Saupe (1988). We generated synthesikeclearly confined to only the lowest spatial frequencies. The
images in the following way: specify the power law indéx A-variancesof the images generated still show a wide range
of the power spectrumfor an image withn x n pixels calcu- in spatial lags which follow the theoretical power law behavior
late the Fourier amplitudes at the spatial frequency points derived in Appendix C.
in the Fourier domainx 1/f5/2 (according to the / f° power Other methods for generating artificial fractal structures
spectrumpower law), and select completely random phasesyjch as creating log-normal random distributions of density fluc-
i.e. uniformly distributed over the intervd), 27) with a ran- tuations, e.g. applied when synthesizing multifractals or often
dom number generator. As the image should be real valuedgd in simulating primordial cosmological density fluctuations,
the Fourier amplitudes and phases have to match the appromight be used, but would have to be carefully checked with re-
ate symmetry conditions of hermiticity( f) = 5*(— f). With  gard to the randomness of the phases of the resulting images,
the circular symmetry of theower spectrumand hence the crucial in order for them to represent triractional Brownian
Fourier amplitudes, this results in the condition for the phasg®tionstructures.
to be odd:p(f) = —p(—f). This is most easily realized ina  Fig. 1 (right side) shows an example of #m-structure
numerical simulation by first generating an unconditioned sg¢nerated this way, where we chogse= 2.8, close to the
of phasesy/(f), from which the odd phases are generated &alue derived from the observed image of the Polaris Flare. In
o(f) = x(f) — x(—f). Fourier transform(or fast Fourier addition, we varied the seed value of the random number gen-
transform, FFT, in case the number of points in each dimensierator used for generating the random phases until we obtained
matche®") then generates tHBmimage. an image whose large scale structure accidentally resembles the

A slight complication arises when we deal with intensity imPolaris Flare section displayed in Fig. 1 (left). The comparison
ages, like those of molecular line maps. In this case the imagfows that such a structure actually gives a good representation
values have to be positive definite at all points. As there is wbthe structure observed for molecular cloud images.
prescription on how to select Fourier amplitudes and phases in Fig. 5 shows a series of synthesiZBchimages covering the
order to get a positive definite image, this condition is not easyftdl range of H = 0...1,i.e.5 = 2...4. Considering the pixel
match. One possibility is to simply add an offset to the resultirgjze of these synthesized images as the resolution of the maps,
image, so that its minimum value is equal to 0. This approashmple eye inspection of this series shows them to be most simi-
is, however, rather arbitrary. A second approach is based onldrgto real molecular cloud images f@tin the range.8 . . . 3.2,
fact that the square of a real valued image is always positivegood agreement with the value derived above fromAhe
definite. Squaring the image corresponds to self-convolutionvariance analysis. This test, though admittedly not a quanti-

4. Generating artificial molecular cloud images
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Synthesized Fractal Cloud Images
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Fig. 5. A series of synthesize2b6 x 256 pixel fBmimages, varying the power law spectral index betwger
random number series generating the phases has been kept constant between the images.
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Table 1. Fractal parameters characterizing Molecular Clouds

defining relation allowed range Polaris Flare
relation withH for fBmstructure cloudk = 2)
power spectrum i _ . N
spectral index P(f) < | f] B=FE+2H B=E...E+2 ~ 2.8
drift behavior H  As(p) x p? H=0...1 H~04
box coverage dn _ _
dimension dg  N(6) x1/8 duy=E+1-H dy=E+1...E
area-perimeter
relation E = 2) p x a?/?
d=FE—-H d=F...F—-1 d~1.6
volume-surface a o v/?
relation E = 3)
clump-mass B=73-a) B2 a~18

dAN/dM < M~

spectral index whereM o« r”

tative analysis, has been performed successfully with sevata structure in terms of fractal dimension mower spectra

experienced molecular cloud observers. we will now show that the two concepts are actually closely
connected, and that the clump mass spectral indexd the
power spectrunpower spectral inde@ of the 2-dimensional

5. Power spectrum of the image of an ensemble of projected image are connected.

randomly positioned clumps with a power low mass
spectrum

ot fBm-structure of a clump ensemble with a power law

The complex structure of molecular clouds is often describ@
mass spectrum

as clumpy. This phrasing assumes that the structure is actu-

ally composed of discrete entities, i.e. clumps, making up the . . .
cloud. In projection, the many individual clumps along the "nlao order to establish a link between the clumps mass distribution

of sight overlap and it would be difficult to identify individ- 21d the spatial structure of the image of the clump ensemble, one
ual clumps in projected, integrated intensity maps. Due to tngs to assume in addition a relation between the clump mass and

interclump velocity dispersion the observed molecular cloud iﬁ'—ze'M oc 17, Wherey = 3 represents clumps with on average
tensity distribution can, however, be decomposed into clum Qnstant clump volume density, and= 2 reprgsents clumps
i.e. substructures coherent in their spatial and velocity distrib ith on average constant cIump columgldensn.y. The latter case
tion. As long as the observation is done in an optically thin |in89rresponds to a clump der’lsmyoc _Ar and is commonly
the integrated intensity of the thus identified clumps is direCtWferreol to as one of Larson's relations (Larson 1992).
proportional to the clumps mass. In this way, one can measureWe assume the clumps to have Gaussian shape.
the clump mass distribution of a molecular cloud. Though actual clumps are likely to have more complex shapes,
The two methods to identify clumps via automatethe assumption of Gaussian clumps is convenient for the mathe-
procedures that have been published in the literaturetical derivation in the following, and is not critical for the con-
(Stutzki & Glsten 1990; Williams et al. 1994) differ in how theynection between the clump mass spectral index angder
define clumps. They nevertheless agree, together with sevegactrumpower law index to be derived, as will be discussed
other results on clump mass spectra based on eye inspectiobabdw.

molecular line maps, in that the observed C'OU‘?'S haYe a clump We consider an ensemble of randomly positioned, Gaussian
mass spectrum of the shap®/’/dM o~ M~%, with « in the shaped clumps with a mass spectrdM/dM = AM~, with

range 1.6 to 1.8 for most clouds (Kramer et al. 1998). There1|s< a < 2, a high mass cutofi/,,, and a low mass cutoff;

a tendency that the higher quality data sets tend to give SteepRL restrictiom < 2 guarantees the mass to be dominated by

mass spectra, i.e.closer to 1.8. This is expected as with Iowe{he high mass clumps. Assumitdy, > M, the total mass is
signal to noise ratio the decomposition has more difficulty i < qetermined by the high mass cutoff ’

separating smaller clumps that almost merge with larger ones
(see Krameretal. (1998) for a detailed comparison of the various
methods for clump decomposition described in the literature). -
Although the concept of dividing the observed structure in% _ i]\/jﬂ—a 1— (Ml> ~ A M2
discrete subentities seems to be almost orthogonal to analysinté’t 2—a " Mj, 2—a I
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The restrictiom > 1 implies the total number of clumps to beDue to the randomness of the clump positions, i.e. the random-
dominated by the low mass clumps, so that the total numbemafss of the phases in tieurier transform the mixed terms,

clumps is determined by the low mass cutoff, i.e. those withi # j in this sum average out to zero. This ap-
o proximation is the better, the more clumps we average over. It
Ny = A _ (Mh> ~ A only holds for sufficiently largef, a condition guaranteed any-
(a—1)Mp! M, (= 1)M™'  way by the limitations forf given below. Only the terms with

(note thatn should not be too close to eitheor 2 in order for L=J: L€ those with the square of theurier transfqrmof an
individual clump, have zero phase and thus remain. To a good

these approximations to be valid). L
. , . .approximation, we can then replace the square of the sums by
A Gaussian shaped clump, i.e. a clump with a Gaussi .
e sum of the squares:

density distribution, has as well a Gaussian column density dis-
tribution in projection, and hence, for an optically thin line angf( r)2 ~ ;2 Z M? exp(—2f25M12/7).
uniform excitation conditions, a Gaussian intensity distribution Z ’

on the sky. The intensity for a single clump, centereg@ivith

peak intensityl, and sizeAr (FWHM) is thus given by The sum can now be approximated by an integral over

clump masses by introducing the mass distribution of the clumps
41n2(r — r0)2] AN/dM = (2 — o) Z=ts M. This gives
Ar? "

My,
and leads to a Gaussian shapedrier transformof the inten- |I(f)|? = / P2 M? exp(—2 f2 6 M?/7) j—ﬂj\;dM
sity, M,

~ = 41n2f?
xp | — NG

where the peak amplitude in Fourier space is the integral@ bstitutingz — f M'/7 gives an expression, where tffe
the image domain, i.e. is proportional to the spatiallyintegrat%él endence is completely outside the integrr;ll, except for the
clump intensity, and hence the clump mass (as long as the CI“E’%‘Eendence through the lower and upper mass cutoff:

density is above the critical densityl; = ;M. The constant

of proportionality . depends on the details of the moleculald ( f)
species and transition observed as well as on its abundance. Thg _,) .2 .,
width of the clump in Fourier space is inversely proportional ™ a2==
to its FWHM in the image domainAf = 42_L The non

zero center position of the clump results in the phase fac . . :
exp(2mif - T(S P P tion boundaries can be neglected for spatial frequentigsl|

Using the above relation between clump mass and Si%)ove the shortest, and well below the largest spatial frequen-

My = e, Ar7, we can then substitute the clump size by thes, corresponding to the high and low mass cutoff respec-

. . : 1/
clump mass and obtain for tifeurier transformof an individ- tively. At the upper integration boundary, = f M,"", the

I(r) = Iyexp [

Mot M
= (2-a) ;ﬁ'/ M*“exp(—2 f26 M?/7)dM.

:| exp(?m’f ’ TO) MZ_O‘ M,

2=

1/~
f-(3=a)y f;;\]jfﬁ 2B 1 exp(—2622)dz.
L

8pe can easily see that thfedependence through the integra-

ual clump error made in moving the boundary towardsapproaches zero
as long as the argument of the exponential function in the in-
I (f) = pMe exp {—f25M3/7} exp(2mif - ro), tegrand is much larger than unity, i2f26M2/" > 1, thus
> —2L=Af(M,). In the range ofr < 3 the integral rapidly
. . w2 V81n2
where we have introduced the abbreviatior ——. converges toward a constant value at the lower boundary as long

The total image is then the sum of the images of the indivi@s the argument of the exponential function in the integrand is
ual clumps. As théourier transformis linear, the same holdssmall there, i.ef < —~—Af(M;). Extending the integration

for the Fourier transformof the clumpy cloud image: boundaries to 0 and infinity is thus a good approximation as
1 1 H
) = Y huaf) !ong asZ=AF(M) > > A= Af(My). The_ resulting
_ Tebe integral converges and can actually be evaluated in closed form.
! y The complete frequency-dependence offibever spectrunis
= 1Y Miexp(—f6M;" Y )exp(2mif - vo;)- in the trailing term:
1 . . _ )2 M T (23— a
The power spectrunof the clumpy cloud image is the squarel(f)|? ~ (2 O;)i Miot T (5 1(322 fB=e)y,
of the Fourier transform M, 2 (20)2
F(f)2 = We see that thepower spectrunis indeed of power law shape.
I = Th tral tis= (3
) ) 2/ 2/~ e spectral exponent = (3 — a) . .
1% ZMiMj exp {—f o (Mi + M; )} Whereas we have assumed an exact relation between
i,j clump mass and size in the above derivation, one can eas-

xcos(2mf - (ro; —7To,5)) - ily see that it holds as well for a distribution of clumps



708 J. Stutzki et al.: On the fractal structure of molecular clouds

which satisfy the mass-size relation only on average: tharge set of data from different sources in the recent analysis by
individual clump properties simply have to be replaced Hylmegreen & Falgarone (1996). The values determined from
their average properties in each mass hin. Also, thougtdividual data sets are thus systematically larger than the ones
we derived the result for spherical clumps, it extendsom data sets combining observations with different angular
straightforwardly to randomly oriented elliptical clumps. Weesolution and source distances. This indicates that the larger
should also note that, although we assumed Gaussi@tues obtained forthe individual surveys are likely to be biased
shaped clumps, the relation will hold as well for other shapdsy resolution effects and other systematic errors of the clump
as long as theower spectrunof an individual clump image size determination in the clump identifying procedure.
drops with a power law exponent higher thae= (3 — «)~, so The relation derived above between the mass spectral index
that the upper integration boundary can be extended to infinity. the fBmrindex 3 and the mass-size relation indexcan be
Repeating the derivation above for the 3-dimensional deused to determing from the measured values @fandg, inde-
sity distribution shows that ifgower spectrurpower law index, pendently and without relying on the actual values of the sizes
rather than that of the 2-dimensional projection derived abowkgrived for individual clumps. For the Polaris Flare, used as the
also turns out to bg; = (3 — a)~. This result is immediately prime example within this paper, we then get= 331 = 2.3,
obvious considering the fact derived in Sect. 3 that the powarmerfect agreement with the value derived by Heithausen et al.
law spectral index of theower spectrundoes not change on (1998) from the combination of small and large scale observa-
projection. tions.

) ) ) To summarize, there is good support for the concept, that
5.2. Comparison with observations the different methods of analyzing molecular cloud structure,

Let us now compare and discuss the numerical values deri\'/'%ql"dmg_ the det_ermlnatlon 9f clu_mp mass spectra and their
for the various parameters from observational data and theRectral index, simply describe different aspects of the same
agreement with the relation derived. For the case 2, i.e. underlying physical structure, which is characterized by a power

assuming on average constant clump column density, we obt'é‘l‘N power spectrunof otherwise random density fluctuations.

5 = 6 — 2a; for the casey — 3, i.e. assuming on averageThe derived relation between mass spectral indendfBm-

constant volume density, the relation would®e- 9 — 3«. For index 3, v = % can be used tp mdepgndently determine the

the typical range ofr between 1.6 to 1.8 observed in moleculd?OWer law indexy of the mass-size relation.

clouds (as discussed above), we obtain a range of valugs for

between 3.8t0 2.4 for the case= 2, and between 4.2t0 3.6 f0r6_ The relation between mass spectrum, size spectrum,

the casey = 3. The former is in accordance with the observed mass-size relation and fractal dimension

value ofg3 arounc2.8, the latter is clearly too high, thus favoring

a value ofy closer to 2. The relations established in the preceding sections link the in-
The value ofy is usually determined observationally by a fiflices of the clump mass spectrum and the clump size spectrum,

to the mass and size values of the clumps identified in a gid9gether with the power law index of the mass-size relation

data set. Clump sizes are difficult to determine and the act@4ithe clumps, with the fractal dimension of the image of the

values will depend on the method used to identify clumps. ThisG&/mP ensemble. These relations will be discussed in the next

different from the determination of clump masses, which, beifyf© Subsections, together with a critical analysis of similar re-

derived as the integral over the spatial and velocity coordindgdions discussed in the literature, that are based on a different

of the observed intensity distribution are a much more rob&gctal cloud model.

quantity and in particular independent of the resolution of the

observations (Kramer et al. 1998). In addition the relatively,1. The clump mass spectrum and the fractal dimension

small coverage of linear spatial scales even for relatively large ] )

molecular cloud maps and the systematic effects coming in clo¥gh the relation between the power law mass spectral index

to the resolution limit make the determination of the mass-sigk@n ensemble of clumps and the power spectral intlekits

index marginal for each single set of observations. Values fgidimensional projection as derived aboyes (3 — a), we

~ determined from individual data sets typically range frof@@" Now connect the mass spectral indewith the drift index

2.5 up to 3.3 (Elmegreen & Falgarone 1996) and the madé-and the fractal dimensiody; of the projected image:

size plots often s_how systematic curvatures beyond a sirr_1p|e 3 2+ 2H 8 — 2dy

power law behavior. A smaller value and a better correlation=3 — — =3 — =3-—"

is obtained when combining various observations covering a K 7

larger range of angular scales for a particular source. This Nds recall from Sect. 3 that for arfBm-structure with

been done for the Polaris Flare data (Heithausen et al. 1998)wer law index3 = FE + 2H to have drift behavior

which givesy = 2.3 (anda = 1.8 for the clump mass spectral((s(r + D) — s(r))?) « D?H or a fractal dimensionly =

index), presumably providing the most consistent determinatiéh+ 1 — H, the value ofH is limited to the rang®...1. g8

up to date of these parameters within a single molecular clotidis has to be in the rande. .. £+ 2. TherangeH =0...1

complex. An identical value of is obtained by combining a corresponds tex ranging from3 — % 3 - %. For the case
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v =2, ranges fron?... 1. Fory = 3 the proper range would numberN of self-similar substructures on a scalgreater than
bea = 2% e 1%. Reversely, for the case of on average constahtthen scales a&' (A > L) oc L=L.

columndensityy = 2, the suitablerange af = 1. .. 2, defined The crucial point thus is, whether tiﬁ x [~—1+D) re-
above in order to guarantee the total mass to be dominateddtjon can be applied to fractal structures other tharkibeh-

the high mass clumps and the total number of clumps by the I@stand structures it has been derived for. We claim that this is
mass clumps, thus agrees with the fullrang8ef £... E+2, notthe case. ThlBBmstructure discussed above, generated as a
guaranteeing the cloud image to be@mstructure. For clumps clump ensemble with given mass spectrum and mass-size rela-
with on average constant volume densitys= 3, this is not the tion, gives a good counter example.

case. In this case, for mass spectra shallower than 1.666

the structure hag > 4, i.e. a smooth projected image with a )

fractal dimension identical to the Euclidean dimensior- 2. 6-3: fBm-model versus Koch-island model structures

Atthe steepest spectral index= 2 it only reachesi = 3, 1.e. | this context it is important to note that a fractal structure
H = 0.5 or afractal dimension of 2.5. It would reach the exgjith a given fractal dimension does not necessarily have a well
treme value of; = 2 only at the extreme value = 2.333, i.e. gefined size spectrum. Though this is clearly the case for the
for a structure whose mass is already dominated by the smallgsth-isiandstructures analyzed by Mandelbrot and other hi-
clumps. The most likely case,~ 2.3, is in between these two grarchically nested fractal structures, being generated by self
extremes. _ similar replication of the basic structure at subsequently smaller

The relation between power law mass spectral indexd  gcajes, it is not the case in general. Again, ftaetional Brow-
fractal dimensioniy; of the cloud,a = 3 — =242 is strictly pjan motionstructures give a good counter example: the fractal
valid for the assumed model of the cloud, i.e. an ensemblegfhension is fixed once theower spectrunspectral index3 is
clumps with a power law mass spectrum and a power law maggzen. But arfBmstructure as such has no size spectrum defined.
size relation. We arrived at it by combining the relation betwegthe fact that thevower spectrunhas a certain amplitude at a
cvand thepower spectrurmdex 3 derived in Sect. 4, the relation given spatial frequency, i.e. that the image has a certain power
betweens and the drift index? derived in the Appendix, and on, the corresponding length scale, still leaves open, whether
the relation betweett! and the fractal dimensiod; defined this power is due to a few bright substructures of that size, or
as box coverage dimension of thet 1 = 3-dimensionafrac- \ynether it is contributed by many weak substructures. The size
tional Brownian motiorsurface, discussed in Sect. 3. Only thgjstribution thus has to be specified separately, either directly
connection to the area-perimeter fractal dimension has not b%@rby a clump mass spectrum and a mass size relation, as was
derived explicitly but has been assumed to be valid foIIowinégctua”y done with the ensemble of clumps which we showed to
Voss (1988). havefractional Brownian motiorstructure and a well defined

A different relation between the fractal dimensiég of a  factal dimension.
moleculaz cloud and its clump mass spectral indexamely In reverse, specifying a size spectrum of an ensemble of self
a =1+ 2% in the notation adopted in the present paper, hagnijarly nested building blocks (such as the Gaussian clump
been derived by Elmegreen & Falgarone (1996). This is cleagisempe discussed above) is not sufficient to fully characterize
in conflict with the relation derived above. The discrepancy Ce fractal properties of its image. One needs, in addition, a
be traced back to the different concepts used in deriving thgRl perween the intensity resulting from a particular structure

and will be discussed together with the clumps size spectrumyifys given size scale. In the case of the molecular cloud clump

the following subsection. ensemble studied above, this is given by the mass-size relation
forthe clumpsM « r7, and the fact that the mass, resp. column

6.2. The clump size spectrum and the fractal dimension ~ density, determines the emitted intensity for an optically thin

. species.

A clump ensemble with power law mass spectrtg% x Also, it is not at all obvious how to relate the hypothetical

— _Qj H Y H
Mmex and mass-size relatiohf oc L7 has a size SpEmtrumKoch-islandstructure, i.e. the set of boundary lines, for which

AN _ AN dM . [A(1—on)-1- the | i _ ; .
ar = ant ar, <L *77; the index of the size SPeCtruMy o dN 7 ~(1+D) relation has been derived, to a physical

defined _by% oc L7k, is thusar, = y(an — 1) + 1 (this molé%ularcloud structure, i.e. a density or rather column density
connection was actually already noted by Henriksen 1991). {fizripytion. Elmegreen & Falgarone (1996) implicitly assume
serting the relation between and its fractal dimension from y,t the fractal dimension of théoch-islandstructure is related
above, the size spectral indexdig = 2y +2dy —7. to e.g. the fractal dimension defined via the area-perimeter re-
In contrast, Mandelbrot states that the power law index pfiion of the iso-intensity contours of molecular clouds. The

the clump size spectrum is given simply by the thus definggy;ments given illustrate that this does not apply, at least for

fractal dimensionD, 4¥ « L~(+D) (Mandelbrot 1983, page

118). This is clearly different from the above relation and thez ; ,1ations of molecular clouds wiffactional Brownian motion

difference is due to the different concepts used. Mandelbggnsity and velocity structures show that the shape gbtieer spec-
derives this relation foKoch-islandsgenerated the usual wayirum indeed depends on whether the molecular transition used as a
via a generator that creates smaller islands in front of each islafa@er is assumed to be optically thick or thin (Ossenkopf etiral.,
border line and counting the substructures thus generated. piep).
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the fBmstructure generated as a clump ensemble with given the arguments presented in the preceding paragraphs, we
mass spectrum and mass-size relation. prefer thefBm:structure concept to describe molecular clouds.
The important new idea in the Elmegreen & Falgarone
(1996) paper is the suggestion thithe mass distribution in 7. Discussion
molecular clouds is the results of fractal gas structufbiey
derive the relationy;; = 1 + %, which is essentially the ba-
sic connection between the mass spectral indgx size spec- The result from Sect. 5, namely that an ensemble of randomly
tral indexa, and mass-size relation indexas derived above, positioned clumps with a given power law mass spectrum and
ay =1+ %=1, plus the additional assumption, that the sizg given mass-size relation hasfractional Brownian motion
spectral indexv, is related to the fractal dimensiadn via the projected image, brings up the question whether the reverse
Koch-islandrelationa;, = 1+ D. Our cloud structure analysis,conclusion can also be drawn: i.e. does the decomposition of an
based on &ractional Brownian motiorloud model, also shows fBm-structure (power laypower spectrunand random phases)
that the mass distribution is determined by the fractal structurgto (Gaussian) clumps give the corresponding power law mass
and we derive a similar, butdifferent, relatieny, = 3— %- spectrum? Trying to answer this question clearly touches on two
It is, of course, of interest to check how well the observethportant issues: the first one concerns the connection between
values agree with either model. In this context, it is importattie underlying 3-dim structure corresponding to the observed
to note, that the agreement betweBriy and a5, both for 2-dim projection, the second one concerns the velocity struc-
the individual cloud surveys and for the ensemble distributiaore related to théBm-density distribution. It is obvious, that
(Elmegreen & Falgarone 1996) cannot be taken to support #hsth issues are not independent: only the velocity structure in
Koch-island model. This is, becaugkwas actually not deter- observed molecular cloud spectra allows the identification of
mined independently. It rather is derived from the size spectiatiividual clumps, which otherwise would merge into indistin-
indexay, = 1+ D. The fact that the fitted values agree with thguishable larger structures due to the overlap along the line of
trivial apr = 1 4+ 2L=1 relation simply confirms that the ob-sight.
served clump masses and sizes are derived in a consistent wayNevertheless we can derive certain constraints for the 3-dim
This is true both for the individual cloud data sets with thegtructure from the fact that the observed 2-dimensional projec-
larger scatter of the particular values for, (respectivelyD in  tion hasfBm-structure. The following always assumes that the
the context of that paper),, anda,,, as well as for the total observations are in an optically thin line, so that the observed
ensemble of the data sets. It has nothing to do with the cloimdage directly corresponds to the column density, i.e. the den-
structure or its fractal characteristics. sity structure integrated along the line of sight. From the fact that
The close numerical agreement between the average vaheeprojection of the 3-dimensional structure, i.e. the integration
of dg = 2.35 derived from the various fits to the clump sizealong the line of sight direction, in Fourier space corresponds
spectra by Elmegreen & Falgarone, and the range of valuesakingthe:, = 0-cut of the 3-dimension&ourier transform
expected from fractal analysis via area-perimeter studies, giving can infer that the 3-dimensiorf@urier transformmust be
d = 1.3 — 1.5 for the fractal dimension of the iso-intensitysuch, that itg., = 0-cut has a power laywower spectrumvith
contours, and hence 2.3-2.5 for the fractal dimension of tliee same spectral index as its 2-dimensional projection, i.e. the
2-dimensional image, thus has to be regarded as coinciderdékerved image. From the Copernican principle that the line
In fact, the detailed case study of the Polaris Flare presente@frsight direction cannot be a preferred direction for the cloud
Sects. 2 and 4 shows that the area-perimeter fractal dimensiostimcture, we can then conclude that the 3-dimensional cloud
this case isl = dy — 1 = 1.6, well consistent with the value of density structure must be such, that in Fourier space any 2-
8 = 2.8 derived independently, and hence also consistent wdimensional cut through its origin must give a power [gawer
the relationar = 3 — =241 and the fitted values af = 1.8 spectrum This shows that the full 3-dimensionabwer spec-

Y . .
andy = -2 = 2.3. The size spectral index derived with thdrumalso follows a power law, with the same spectral index as

memodé[gL = y(aar — 1) + 1 = 2.84, of course has to and that of the 2-dimensional projected image. It does tell nothing,
does agrees with the value fitted to the observed size spectfipever, about the 3-dimensional phase distribution, although
(Heithausen et al. 1998). In contrast, the relation: 1 + 4% th_e assumption seems r_easonable that they are as randomly dis-
(according to Elmegreen & Falgarone 1996) together with tifdbuted as the 2-dimensional phases. This is an ad hoc assump-
measured values of and/3 (and hencey) for the Polaris Flare tion, however, and one should keep in mind that the phases of the
would resultind;; = 1.8 < 2, i.e. formallyd = d;; — 1 = 0.8, 3-dimensional Fourierimage might well have some special cor-
even outside the range of allowed valugs= 1 to 2) for the relation thatis not visible in the 2-dimensional projection. One
area-perimeter fractal dimension of the contour lines. should remember that, as was discussed in Sect. 3, the reverse
conclusion is always true: théZ — 1)-dimensional projection of

Our analysis supports the Elmegreen & Falgaroram E-dimensional structure with a power lgyower spectrum
(1996) result that the mass distribution of moleculdras again a power lapower spectrumvith the same spectral
clouds is closely connected to the fractal structure. Clearly, timelex.
different concepts used to describe the cloud structure result in Along this line of reasoning, the 3-dimensional structure
different relations between the various indices involved. Bas#uis also has a power lapower spectrumwvhose spectral in-

7.1. Implications for the underlying 3-dimensional structure
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dex is, according to the analysis of the observed 2-dimensiot@bngular scales below the diffraction limit of the large single
projection, close to 2.8. If the 3-dimensional phase distributialish telescopes will only be possible with interferometric tech-
is in fact also completely random, this has very important coniques.
sequences. It implies that the 3-dimensional structure is com- It is thus of particular importance to estimate the observing
pletely dominated by surface. A 3-dimensiofinstructure is time needed for extension of a cloud map to higher angular reso-
limited to the ranges = 5. .. 3, corresponding tdf = 0...1. lutionwith aninterferometer array. Let us thus consider for sim-
The corresponding volume-surface relation for the fractal stryglicity and consistency the situation, where we wantto observe a
ture of the iso- density surface (the 3-dimensional analogongimgle resolution element of a large scale cloud map with higher
the perimeter/area relation of the iso-intensity contours), thangular resolution using an interferometer of antennas identi-
has a fractal dimensionintherange = F+1—H =3...2, calto the single dish used for the low angular resolution map.
i.e. A oc V@u/3, At the minimum value o] = 0, i.e.dy = 3, The effective system temperature (including receiver sensitivity,
this already corresponds to the surface increasing proportioteéscope efficiency and atmospheric losses) for each interfer-
to the volume. The value gf = 2.8 for a 3-dim structure de- ometer element and the single dish telescope are assumed to be
rived above, would nominally implyf = (5 — E)/2 = —0.1, identical. The noise level reachable in a given integration time
i.e. an even faster increase of surface with volume. and resolution bandwidth with the interferometer scales as (see
For afull understanding of the 3-dim cloud structure a link townes 1989)
the velocity structure is crucial. The velocity structure is impor- 12
tant not only as a tool to tell overlapping 3-dim spatial structurgr, , = —— AT},
apart, and to keep the emission of individual clumps from mu- D2/N

tual shielding in the radiative transfer. Physically, the Ve|°CiWhereAng is the noise achieved with the single dish telescope
structure must be linked to the density structure via the magneiome same given integration timajs the length of the longest
hydrodynamic equations describing the turbulentinternal cloydsejine p is the diameter of each interferometer antenna, and
motions. Ultimately, a proper description of this magneto hyy _ n(n—1)/2 ~ n?/2is the number of baselines for a num-

drodynamic turbulence should describe the cloud structures g, of interferometer elements. The resolution achieved with

served. We are obviously far from reaching this goal. A sSimpjfq interferometer scales %Ey — D The noise per resolution
g iatrib gt sa L

approach, assuming independfBrrdistributions both for the gjement then scales as

density and the velocity structure, results in surprisingly realistic

looking molecular cloud spectra which even satisfy some sczl— Osd 1 Visd,pizel
ing relations such as the size-line width relatidn; oc Ar®-°, Oint ) VN Tint
over a limited range of scales. Future work will have to investi-

. . . 2
gate these aspects in detail. Observationally we can get furthe interferometer observes e("eesd ) resolution elements
int

Sgﬂzt;?;n;;nsfgﬁnrggﬁg dsgggsjerenst' %nkljy tiaﬂgliﬁemraat v(\éithin its field of view simultaneously. The single dish telescope
. ceanaly y Integ as to observe each resolution element separately for a time
intensity image of the molecular cloud, but also to individu

. : L . izels TH I ingle dish map with th me number
velocity channel maps. These investigations will be presentétﬂ’?ml ©sca ed up single dish map with the sa € nu be
. ) ) : of pixels as the interferometer map thus takes a total tigne-

in a future paper together with th&-variance analysis of a

2
broader selection of observed molecular clouds (Bensch et Ig%‘i) tsd,pizel- FOT the interferometer map to be a true scaled
in prep). down version of the larger map, the signal to noise ratio per
resolution element has to be the same as for the single dish
map. The scaling of the signal level with resolution is given by
the assumettactional Brownian motiorstructure, which says
The fact that detailed observations of molecular cloud strutyat the structure in the signal at a scélscalesx 9 with
ture, covering a significant dynamic range in spatial scales aHd= (3 — 2)/2 (see Sect. 3). The signal structure expected at
also in the signal to noise ratio within a reasonable integraeth resolutions thus scales as
tion time, have become possible only within the last decade is 8/2—1
linked to rapid progress in technology. The high sensitivity of g, =~ — (91’7“5) AS.qy.
large mm-wave telescopes and the excellent low noise perfor- Osd

mance of SIS-heterodyne receivers available atthe]@afbon. Combining the above relations and solving for equal signal to

. . M{Sise at the resolution of both maps gives the scaling of the total
of order several days for a decent size cloud mapping proje}ﬁ'i‘egration times:

However, higher sensitivity receivers are not to be expected as

the present day receivers already reach close to quantum lim- 0 ]

. . sd

ited performance; also, telescopes substantially larger than the = < > N tsa
IRAM 30m-telescope or the planned 50m LMT project are be-

yond technical feasibility. Mapping speed will profit from future  The same equation can be derived by considering the in-
array receiver systems. Extension of the structure analysis dawease in integration time with higher resolution according to

7.2. Observational limits

eint
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(6-2) H ; ior, measured by thé-variance is linked to the shape of the
02 .du? o t.heO( 0 decrea_se of t_he signal IeV(.aI for owerspectrum)f/the cloudimage. Application to thepobserved
gﬂcc:geémggr:ien;'fcgglb;telsgirii;g?}!grgﬁgttsrle;(:?hpee ’sg]rﬁ O-maps of the Polaris Flare and the subset of the FCRAO outer
total size (and gence angular resolution) due to only a fracti %Iaxy survey shows, that at least for these wo examplies, the
X 9 ower spectrunimas power law shape and the power law index
€ = ”LD2 =n (g—;) of the aperture being filled, this effi-is close to3 = 2.8 in both cases. Analysis of the phase dis-
ciency entering squared into the ratio of integration times; affgbution of the images shows them to be completely random.
The application of these concepts to a more complete sample of

2
the qutlal muIt|pIeX|r?g advantage of'.[he.z mterfe_rome(tég,) ' observed cloud images will be studied in a future paper (Bensch
observing all resolution elements within the field of view sigt g1 in prep).

multaneously. Combining these factors and usifg2 ~ N We have shown that other parameters derived via indepen-
reproduces the above relation. dent ways to measure and characterize fractal cloud structure,
We see that the total integration time rapidly increases Widlych as the traditional area-perimeter relation, are related to
increasing resolutiort, oc 6=, This increase is compensateghe drift behavior measured via thevariancemethod, or the
by the decrease of integration time in proportion to the numbggwer law index of theower spectruniThis also includes other,
of interferometer baselines. With the valuetbt= 2.8 derived gzt first sight independent, properties such as the mass spectral
above, and assuming a 5-element interferometer such asiifax derived from clump decomposition of observed cloud im-
IRAM Plateau-de-Bure instrument, i.8] = 10, a submap of zges. We have shown that an ensemble of randomly positioned
a single resolution element of the large scale single dish M@3mps with a given power law index of the clump mass spec-
with the interferometer at a 10 times higher resolution wouledm and a given power law mass-size relation hfiactional
thus take about 60 times as long as the total large scale Magywnian motionstructure of its projected image. The clump
This is unrealistically long to persue, considering the alrea@yass spectral index of molecular clouds, derived by clump de-
very long observing times needed for decent size single dighmposition of the observed intensity and velocity distribution,
maps with adequate signal to noise ratio. Extending studiesygfis, together with the derived index of the mass-size relation,
cloud structures to higher angular resolution will thus be feasitd@termines the power law index of the imggmwver spectrum
only with very large ¢ ~ 30 — 60) future interferometer arrays. 3 — (3 — a)y. The observed values for the mass spectral index
« and the mass-size indexof the Polaris Flare, both derived
7.3. Beyond fractional Brownian motion structure from a clump decomposition of the observed cloud image over a
large range of spatial scales, as well as the power law index of the
The present paper discusses molecular cloud structurepiver spectrum3, independently derived via thi-variance
the framework of what is commonly called "monofracanalysis agree with each other along this relation.
tal structure”. The actual cloud structure is certainly more These results show that, similar to the result by Elmegreen &
complex and many different structures with the samgaigarone (1996), the mass spectrum of molecular cloud clumps
mono-fractal characteristics are possible. A few recent papgygiosely linked to the fractal structure of the gas. The relation
have attempted to characterise observed clouds with multifrgetween clump mass and clump size spectrum and the fractal
tal methods. They show that the cloud structure indeed shaygension of the cloud image derived within tfigém concept
multifractal properties, both in the velocity distribution (MiescRygrees with the observed values, but is in conflict with their
& Bally 1994) and in the column density distribution (Chappefig|ation based on th€och-islandmodel for the fractal structure.
& Scalo 1997). However, they also seem to indicate that these The above results suggest that the basic characteristics of
multifractal properties vary from cloud to cloud. Whether this i glecular cloud structure might well be described in a unified
due to the limited data base available and possible systematiq,@dy as afractional Brownian motiorstructure, characterized
rors inthe analysis, or whether observed molecularcloudsinf@g}ta single parameter, e.g. the power law index ofgibever
fall into a single "universality class” is not clear at the momen&pectrumWe show that images synthesized along these rules
Molecular clouds clearly need more than one single parametgffactional Brownian motioimages indeed look very much
e.g. asingle fractal dimension, a singlaver spectrurspectral jike observed molecular cloud maps. Such synthesis thus pro-
index, or a single power law index of their clump mass disti;iges a potentially very useful tool to generate artificial struc-
bution, to fully characterise their structure. In the present papgjyes well representing real molecular clouds, e.g. for radiative
we explicitely excluded multifractal aspects from the preseginsfer modeling (Ossenkopf et d@h, prep). Also, hydrody-

discussion and rather concentrate on a comparison of and §8gic modeling of molecular clouds has to meet the structural
possibility to unify the various monofractal measures of cloutharacteristics of sud@nrstructures.

structure obtained with the different methods commonly used. one should not forget, however, that molecular cloud struc-

01

ture is likely to be much more complex than the simple concept
of fractional Brownian motionwhich nevertheless applies well

to the basic characteristics of observed, 2-dimensional projected
We have introduced a new method, thevarianceanalysis, to cloud images. The clouds themselves are 3-dimensional and it
study the structure of molecular cloud images. The drift behawnight well be that the 3-dimensional structure is much more

8. Summary
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complex than a simplé&m structure, which only emerges inscale. In the following we assunse= 0. This is no essential
projection. Also, the turbulent velocity fields within molecurestriction as any random function with non zero average can be
lar clouds (providing pseudo 3-dimensional information frorohanged into one with zero average by subtracting the constant
molecular line maps which only makes such analysis as clumyerage valuey/ (t) = s(t) —swith 3 = 0. Theautocorrelation
decomposition methods possible) are an important ingrediémctionis defined asA;(7) = (s(¢)s(t + 7)) and the variance
and have to be included into a full treatment and understanslo? = ((s(t) — 5)2) = (s*(¢)) = As(7=0).

ing of molecular cloud structure. Nevertheless, the character- The Fourier transform of s(t) is defined as3(f) =

istics derived for the 2-dimensional projected images alreag;o s(t) exp(—2mift) dt. Due tos(t) being real valued, the
give certain constraints on the 3-dimensional structure. If thgyrier transformis hermitian:s(—f) = *(f). For thecon-
3-dimensional phases are essentially as randomly distributeg@gtion of two functionsg(z) and (), we use the notation

is the case for the phases of the 2-dimension image, the r% L) * k()Y (2) = f+oo g(a') h(z—a') da’. Though some-

. i . X R oo
sured power law index of the 2-dimensional image implies thgi, 4t more cumbersome than the common notagion * h(z),

the surface grows proportional to volume for the 3-dim cloygl,,gigs inconsistencies inherent in the latter. These arise from
structure, and that hence most of the material is surface Makes fact that

rial. This is in accordance with the well established fact that

even!2CO, though being a completely optically thick tracer, _
measures cloud mass, as well as the recently emerging vié\%,"') # ()} (az) = a{g(a..) x ha..)} (@),

that most line emission from molecular cloud tracers is large\}yhereas the common notation suggests the incorrect igsult
dominated by surface effects. h(azx) = g(az) * h(az)

Examining the applicability of the concepts presented to L . .
: : . The above definition of th€ourier transformis not fully
larger sample of rved molecular im i rtainly one.. . o\ . X
a larger sample of observed molecular images is certainly %ICIent as itis not clear that the integral exists. In order to en-

important goal of future work. Another one will be, to extendth%ur averaen f the Fourier intearals of random function
observations to much larger spatial coverage and higher sig?]%le convergence ot Ine Fourer integrals ot rando ut ctions,
rather defines a truncated functien(t) = s(t) - M(%),

to noise. The discussion shows that, due to the steep power AW T
decrease observed in thewer spectrunof cloud images, this using therectangle functiorm(z) = { 1, |zl <1/2 . It ap-
will be very difficult observationally even with large focal plane ) o 0, |z > 1/2

single dish arrays and large size future interferometers. ipsroacheszs(t) in the limit of infinite T'. Its Fourier transform
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Appendix A: statistical properties of 1-dimensional where the last equality is due to the convolution theorem and
random functions: average, variance, autocorrelation uses the fact that thBourier transformof M(¢) is the sinc

function, power spectrum, Allan-variance andA-variance  function, sinc(z) = sin(rz) It is, of course, only valid if the

T
We shortly summarize the definitions and basic relations Hg2urier transforms(f) exists. Theourier transformof the ran-

tween the quantities commonly used to describe the statistif@M functions(t) can then be defined "in the limit” (Bracewell

properties of random, or noise, functions. We closely follow t 86) as
notion used in standard textbooks on the topic, e.g. Davenport

& Root (1987) or Bracewell (1986). We also introduce a new(f) = lim sr(f) = {5(~--) * lim [Tsine(T -~-)}} (f)
quantity, theA-variance which turns out to be very useful in — (50 %8I ()

characterizing the drift behavior armbwer spectrunalso in '

higher dimensions. The second equality again assumes that Rharier trans-

We consider a 1-dimensional, real valued functh), e.g. ¢, 5(f) exists. The last equality uses the fact that

a time series, like the output voltage of a detector device, t@ast'nc(fT) approaches thampulse functions(f) in the limit

varies ran_dqmly but ha_s a well defined average, varance i finjte T; this relation confirms the consistency of the nota-
other statistical properties. Its average over a time intefvaly; | io case th&ourier transformexists

T
centered attimeis 5(¢,T) = f:fi s(t')dt’. ltsmeanvalue  \we can now define theormalized autocorrelation function
is then
+oo
s = <S(t>> = lim .§(t7T), as (T) _ f—oo ST(t)sT(t + T) dt
T— 00 ST fj_;o 8%«(15) dt
and is assumed to be independent.dfo be more precise, the 1 (oo
T | 2 sr(t)sp(t+ 1) dt

time averag@ equals the statistical averaggt)) provided that _
s(t) is a stationary random function with afinite time-correlation T ff;o s2.(t)dt
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The denominator approaches the variaméén the limit of in-  we can write for the difference between subsequent averages
finite T', the nominator approaches thetocorrelation function

A(T). Thus, d(t’ T) — §(t _ %,T) _ §(t+ %,T)
2
= —<¢5(..,T) % = = t
as(7) = lm ay. (1) = %AS(T). { () TTJ‘(T)}()
Due to s(t) being real valued, using the convolution theorem = - {3(-~-) * TLF(%)} (t),

andRayleigh’s theorem
o e WhereTJ-(x) = 1[5(x—3) —6(z+ )] is the notation for
/ s ()| dt = / 570 (F)2 df, theodd impulse paifunction, and we introduced the notation

— 00 — 00
-1/2, -1<z<0
the Fourier transformof the normalized autocorrelation func- |_|_|(1;) = {n(,.,) * TL(._.)} () ={ +1/2, 0<2<1

tion of s is 0, elsewhere
G (f) = 57(f)I? for the down-up-rectangldunction. TheAllan varianceis the
T fjoooC 50(f)|2df’ variance of these differences? (T') = 1(d*(t,T)),, where

the factor; is introduced to match the original definition. In the
so that we can define thgwer spectrun® (f) as theFourier  time domainy? (T') can be calculated from theitocorrelation

transformof the autocorrelation function functiona(t) (Barnes et al. 1971; Schiedar,prep), i.e.
PAf) = Af) = 0% Jim () = Jim lsr(f) sy~ 2 [
{) = A = i () = i O gy = T [ @ =) ) —at + 7)) ar

As s(t) is real valued, th@ower spectrunis an even func-
tion, P(—f) = P(f).Itiscommon practice to define, instead o
P(f), thepower spectrunP( f) for positive frequencies only, ,
and to fold the power at negative frequencies into the positi%‘( ) = 7‘44( )(7=0) / Pac....)(f) df

frequency domain: - (n
/ P s fT) af,
P(f)=P(f)+P(=f)=2P(f), f =2 0. (xfT)?

We can then write thautocorrelation functioras where we have used the fact that thewer spectrunof the
convoluted functiori(t, T') is the product of th@ower spectra

of the functions being convoluted, and theurier transform

+00 o0
A(r) = [mp(f) exp(2mifT) df :/0 P(f)cos@nfr)df, int)is “?TE;Z{;)T), the Fourier transformof 2 TL

(2/1) sin(mfT).
The statistical properties of the random functign), such
PUf) =4 /00 as variance andllan variance are thus completely determined
0

]fn the Fourier domain it can be expressed as

and its back transform

A(7) cos(2m fr) dr by its power spectrumor the Fourier transformthereof, its
autocorrelation functionTheAllan variancein particular is the
For the variance we get’ = fo filtered average of thpower spectrunthe filter function being
In order to describe the drlft behawor ofthe randomfunctlogw This filter function has successive maxima at the
s(t) one often uses thisvo point correlation function roots of the algebraic equatioan(z) = 2z, with o = 7 fT.

Go(7) = ((s(t +7) — s(£)?) The first peak, aff = 1.166/(wT) ~ 1/(nT) is the highgst
with a peak value of 1.05 , independentiafThe width of this
= 2((s*( )> (s(t)s(t+7))) peak isx 1/7. Further peaks at higher frequencies are damped
= 2[0® — Ay(1)] =20%[1 — a,(7)]. o 1/f2. UsingRayleigh's theoreiyits integral can be seen to

give 2 [ ““ﬂ“}sz)df 5= The filter function, including

e addltlonal fact0I2T thus gives another representation of
ed-function in the limit of largerl’,

Another useful quantity, now commonly callédlan vari-
ance was introduced by Allan (1966) in order to characteriz
the drift behavior. It is the variance of the difference betwed
subsequent averages over a time intefvaWith the average . sin*(n 1)
over timeT" as defined above, which we also can write as tq}s_lgo QTW

convolution with the appropriately scalesctangle function
In the same sense, tlagitocorrelation functiorcan be re-

_ 1% N 1 .. garded as the filtered average of gmaver spectrurwith a filter
¢T) = f/t s(t)dt’ = {5("') T H(T)} ®), functioncos (27 7).

=6(f)-

T
2
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As this paper largely deals with random functions with & < 3,and asI™ for 3 > 3. However, due to the fact that the
power lawpower spectrumve now summarize the results forintegral over the filter functioaﬂigp’;f) exists and is finite,
this special case. For a 1-dimensional random function (eife Allan variancehas a regular behavior fat = 0 even for
a time series) with a power lapower spectrumP(f) o |arge f,, whereas thautocorrelation functiorhas as-function
f=7.8 > 0 over a range of frequencigls < f < f, between irregularity. Similarly, the logarithmic divergence fér= 1 has

a properly defined low and high frequency cutoff as defined jfpen removed due to the filter function startingf? for small
Appendix C, an analytic expression has been derived both Sotsee Appendix C).

the autocorrelation functiorand theAllan variancefor times Note that the validity of the expression above is limited to

s, < 1 < 5.7 (Barnes et al. 1971; Schieddn prep). 7 < 1/(2x /) for 3 + 0. For very large integration tim# the
We only quote their result here and refer to the original pajjan variancealways dropsc 71, i.e. like in the case of white
pers and our more extensive discussion, including also 2- Wse,ﬁ — 0, independent of the spectral index of thewer
3-dimensional random functions, in Appendix C for the deta"§pectrum and in fact independent on the shape of ploaver
Note that = 0 is the well known case of purely white noisegpectrunin general, as long as tpewer spectrurapproaches
f = 1is so calledflicker nois¢ 5 = 2 corresponds to the j finjte positive value in the low frequency limB(0+) > 0.
well studiedrandom walk For thenormalized autocorrelation This pehavior results because of théunction like behavior of

functionone obtains the filter function in the limit of largd’, so that
a(r) = 2 [t sin® (7 fT)
2
_ T = — 2T ————*d
1— 18k (nfir)?, s<p, TAM) = op f, PO e ¥
1= 3 —+inge) (20fim)?, p=3, T<5ag 1 [t PO df P(0)
R S B-1 ~ — =7
1 T(B+1) sinc(Z51) @7 fir)?™7, 1<p<s, 2T | 2T
e (1—yn ) g=1 e . N
In(fn/fr) 2rfit ’ 2rfn (more preciselyP(0) above should be replaced by its limiting
7/2T(2—B) sine(2) (210 fr7) ") o<p<t T : i
; 2 h ’ ’ 27 fi valueP(0+) > 0). Foradifference measurementwith very long
sinc(2fx7), g=0, } alr integration timel” the noise level reached is thus always larger

wherey = 0.577 .. . is Euler's constantThus,a(7) decreases than the V‘z’hite noise value’/(2/,,T), as can be seen from the
from its value of unity at~ = 0 in a power law fashionx (et thato® = A(7=0) = [ P(f)df < P(0) f» aslong as

78=1for 0 < 3 < 3. For the rangd < 3 < 1 this power 73.(0) > P(f)andP(f) = O,f > frn. These cqndltlpns are met
law behavior only holds for sufficiently large values ofs with thepower spectrunand its cutoffs as defined in Appendix

1/(27 f) and with an additional logarithmic term &t = 1

andj3 = 3 (see also Appendix C). For larger valuesifi.e. The definition of theAllan variancevia the average differ-
3> 3, a(r) dropsx —r2 independent of.. Note that the high enced(t, T') as above is, of course, ad hoc. Other definitions are

possible and equally adequate. One could, for example, use a

frequency cutoff matters only far < 8 < 1. For = 0 and , ) ;
"before and after” difference, respectivalpuble difference

very large high frequency cutoff thénc-function approaches

thed-function and we get the well known result for white noiseA LT — ST 1. t T Ty 5t T.T
a(T):ﬁ(S(T),/BZO. (7 )_8(7 >_§[S(_ ’ )+S(+ ’ )]
Thetwo point correlation function 1
- {sto- pdlc o,
G(1) =20%[1 — a(1)]

. . where we have introduced tbewn-up-down rectangfeinction
correspondingly shows a power law behavior for smadinly

aslongas? > 1. Forl < 3 < 3, one gets&(7) oc 7771, 1, lz| < 1/2
turning over intoG(7) o< 72 at3 = 3. @) = { —=1/2, 1/2 < |z| < 3/2
A similar expression gives th&llan variance 0, elsewhere
1 1
Ao = -Jerp-Je-p=—=2{r}@
Bl (2n fiT)? 3<p
B—3 l ) ) - { }
/ = —2 M * * X
%(%—vﬂn%) (2n fiT)?, B=3, T<<ﬁ TJ_ TJ_ (=)
W rAT),  1<p<s, for the convolving function. From its definition it is obvious
sSInc( —s— .6
2 In(2) ’ 51 1 that thepower spectrunof | [ ] (¢) is 451&;’;;[). We define the
s h/4fi)2a+1 (2 fpT)~(=9) . } 27;f<’< A-variancein analogy to theillan varianceas the variance of
r(A+2) psine(55) Tk » 0<B<t, | 2T this double difference, i.exA (T) = 3(A%(¢,T)),. Expressed
2fnT)~, B=0, } g T via thepower spectrunit is then obviously given by

The behavior of thé\llan varianceis thus very similar to that o sin® (7w fT)
of thetwo point correlation functionvarying asT?—! for 0 < oa(T) = 2/0 Ps(f) (nfT)? df.
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For a power lawpower spectrur®( f) oc £~ one obtains (see Appendix B: the definition of the A-varianceas the

Appendix C) analogue of theAllan Variancein higher dimensions
gi(T)/Cr? = The definition of thevariance of the double differenes given
4 in the preceding appendix can be straightforwardly extended to
(:>4(27TflT) s 5<3, . . . X
) 1 4 1 higher dimension. Before we do so, we shortly repeat the defi-
C4(C4+1Hm) (27TflT) , B=5, T<<W o .. . .
(2rf T)Lf%l . ) t nition of the statistical properties of random functions, such as
cLs\ LTl ’ <B<, . power spectrunandautocorrelation functiorin higher dimen-
Ci, _(1_6) ﬁ:17 } 27{.th <<1 S|0ns
03<1(27Tff?) ’ 0<B<L, 1T<< 27 fi Consider a scalar functiot{r) in E-dimensional space. Its
s(fnT), p=0, } onpn <T average over an E-dimensional sphere with diamétecen-

where thez; can be determined by comparison with the higheée[re.d atr,_ Is defined as.th(.a convolution with thermalized
. . : . -dimensional ball functiori.e.
order terms in the corresponding expressionXdrr) in Ap-
pendix C. Note that thé\-variancehas no special behavior at 1 .|
3 = 3,in contrast to the standadlan variance It rather shows $(7, D) = ¢ s(...) * W'—‘(j) (r),
2
2 7'(%

a logarithmic divergence and turns over intg-dndependent

power law slopeT*, at3 > 5. As explained in Appendix C, . . . .

this is due to the fact that thgouble differencdilter function WN€réVe = gy zy is the volume of the E-dimensional unit

startsoc f4 for small f. sphere. Note that this definition is fully consistent with the defi-
The down-up-down rectanglfinction can also be written nition for the 1-dimensional case given in Appendix A. Its mean

as the difference of eectangle functiorwith width 7"and a 3 Vvalue

times wider negativeectangle function §=(s(r)) = lim s(r,D)

D—oo

1 T t. 3[1_ .t 1t _ _ _ _

U UGG =5 |77(G5) = 557(G55) | - is assumed to be independentro{homogeneity) and is as-
sumed to vanishs = 0. The autocorrelation functionand

This form readily lends itself to further generalization and carariance are defined in analogy to the 1-dimensional case:

easily be extended to define thevariancealso in higher di- A (p) = (s(r)s(r + p)), 02 = (s%(r)) = A;(p=0).

mensions (see Appendix B). There is no need to define the The E-dimensionaFourier transformis

average with equal weighting, as we have done above. Of ] .

particular interest might be a Gaussian weighting functiof(f) = Jps(r)exp(=2mif-r)d°r,

G(z) = exp(—m?), thus defining the average as the corresponding back transform
56(t,T) = {s(...) * ;G(%)} (t). s(r) = [;3(f) exp(+2rif-r) d°f.

As s(r) is real valueds(f) is hermitian:s(— f) = 5*(f).

To ensure convergence of the Fourier integrals for a ran-
dom function, we define the truncated functigf(r) = s(r) -
1 t 31 ¢ 1 t I‘I(%‘). In complete analogy to the 1-dimensional case we can
T'vﬂv'(f) D) [ (7) = 3T (3@)} ’ then define th&ourier transform thenormalized autocorrela-

T
) ) ) tion functionand thepower spectrunin the limit of D — oo.
and theGaussian weighted average double differena@ be | particular, we get

written as
AG(t,T) = {s(...) e

As the Gaussian weighting function is its owfourier
transform the Fourier transform of %LﬂJ(%) is
3 [exp(—7f2T?) — exp(—97 f2T?)]. The variance of
the Gaussian weighted average double difference. the
GaussianA-variance is then given by

The correspondingsaussian down-up-dowiunction, replac-
ing thedown-up-down rectanghenction, is then

T

N 1
P.(f) = A(f) = lim 5 2,
)} ). (f) (f) =15p(f)|

Due tos(r) being real valuedP(f) is even.

If we assume in addition, that the statistical properties of
s(r) are isotropic, theautocorrelation functiorwill depend
on the magnitude op only, i.e. A(p) = A(|p|). The power
spectrum as itsFourier transform is then also only depen-
denton| f|, as the angular dependence in¢he(—27if-r) =

1 [ 9/ a2 g 222 exp(—2mi fr cos §)-term can be integrated out. The relation be-
UZG(T) = 5/0 Ps(f) 1 (6 J eIt ) df. tween the two radial functions is then given by (Bracewell 1986,
p. 254)

According to the results of Appendix C it has, for a power law

power spectrum, the same behavior with delay tifhas the Alp) — S OOP F(%)Jgﬂ@ﬂfﬂ) E-1,
A-varianceo? (T). (p) =Sk 0 (f) (nfp) 51 f f
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and the identical back transform obtained by exchandifg Correspondingly, thé’-dimensionatwo point correlation
with P(f) and p with f. Here, Sy — QWE% _ EVpis functionG(p) = 202 [1 — a(p)] increases in a power law
NG fashion for smallp only as long as3 > FE. In the range

the surface of the unit sphere in E dimensions. The kerneIEn 5-E . .

) B E_1 ;B < B < E + 2 we haveG(p) o« p”~*, turning over into
the mtegra_l,l“(g) J%fl(%fp)/(ﬂfp) f _ redu_ces 10 5 g-independent behaviat(p) x p? for 3 > E + 2, with an
cos(2mfp) in the 1-dimensional case. In 2 dimensions it igygitional logarithmic term a8 = E + 2. Note that the sim-

Jo(27 fp) f, giving theHankel transformin 3 dimensions it pje gimensional argument given in Voss (1988), pp. 91-92, to
issin(27 fp) /(27 fp). We can now define the analogueR0f)  gerive the relation between tiwer spectrunpower law in-

in the E-dimensional case, by incorporating the E-dimensiongly and the drift behavior power law index does give neither the

solid angle into the definition of thgower spectrumP(f) = t,roverto thex p%-behavior for3 > E+2 nor the logarithmic
Sg P(f);s0 that divergences af = E and$ = E + 2.
oo F(%) Je_ (21 fp) We can now define th&'-dimensionadown-up-down ball
Alp) = / ( —F E=1gf. functionas the analogue to ttdown-up-down rectangle func-
0 (mfp)> tion used in the 1-dimensional case (note thatvn-up-down
The back transform then reads describes the variation along the diameter of the spherically
o0 T(EYTe ,(2n symmetric function):
P(f) = SE2/ Alp) &) T;(_ I0) o1 dp. .
0 (mfp)=z—" 3 1 _r
) . JbL () = =E T ['—‘(T) - E‘_'()}
Before we proceed, we will shortly discuss some prop- (3F —1) 3= 3
erties of thenormalized E-dimensional ball functicand its 1, r<1/2
Fourier transform Straightforward algebra, using the fact that = -1/(38-1), 1/2<r<3/2 .
a” J,_1(z) = L [z” J,(z)], gives for theFourier transform 0, elsewhere
of thenormalized E-dimensional ball function .
1 r. D(E+1)Je(xfD) With the abbreviatior® , ;;(r) = m UL (%), the
F.T. of Vi (%)E (D N (ﬂfD/z)g ' E-dimensionabifference of averages atzaverage distarizés

Inthe limitof D — oo, M(4) is constantand equals unity everyEhen obtained by convolution efr) and®, 5, (r):

where. ltsFourier transformis the E-dimensionaly-function.

We thus obtain the useful result A(r,D,E) = { s(...) * @(‘_“D (r),
NE+1)Je(nfD D.E
tim ve(2)p I8Py . - .
D—o0 2 (rfD/2)= which is the analogue to the 1-dimensiodaluble difference

defined in Appendix AA(t, T) = A(t, T, 1).

For a power lavpower spectrun B.B3>0,f < . . . .
power lappower spectruP(f) o /. 5 = 0, /i The corresponding analogue of thevariancein £ dimen-

f < fn, we derive in Appendix C the following behavior of the .

normalized autocorrelation function sions is then
1
a(p) = UQA,E(D) = gAA(r,D,E)(pZO)
1_C>E+2(27Tflp)2v E+2<p4, oo ~ 5 B
L—cosa(catingzrs) (2mfip)?, p=p+2, b o<y = /0 PO IO 2 df,
1—cp (21 fip)P~F, E<B<E+2, D,E
, 1 1 i ) .
cp(cpin 27rfm()]:J 5 B=E, } 3f» <  where we have introduced the fac%g as the E-dimensional
C;’E(%fhp) ’ O<p<E; I generalization of the historical factgrin the 1-dimAllan vari-
(D 7g 2nfne) } 1 ance
- E B=0, all p
(7fnp)2 With theFourier transfornofthenormalized E-dimensional

In analogy to the 1-dimensional case discussed in Appendixi#gll functiongiven above, the filter function in th&-variance
a(p) thus drops from its value of unity at = 0 in a power can be written as

law fashion, i.ecc p°~F, as long ag? < E + 2. For the range -

of 0 < 8 < E this is only true once gets sufficiently large, |()(£)I> =

i.e. (<<ﬁh). For s = FE, itis thus approximately independent D, £ , ,

of p, except for the additional logarithmic term also present at <3E T(Z + 1)> [ Te (mfD) Je (37 fD)

B = E+2.For3 > E+2itturns over into an decrease —p?, = = — =

i.e. aB-independent behaviour. Fgr= 0, we obtain, similar 37 -1 (nfD/2)=  (3nfD/2)>

to the 1-dimensional case, in the limit of largie Series expansion of thBesseffunctions shows that the filter
1 function startsx f* at smallf. As in the 1-dimensional case,

: _ B _
fjlinoo a(p) = Ve fE 9(p),for §=0. it has a first peak af ~ 1/(xD), which narrows down in
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width asD grows largerRayleigh’s theoremhows that itd-
dimensional integral
3E

Se [ 10, 5 = V(D)

For largeD, the filter function thus approaches

(3E’ —

3F 1

3F 1y, (0ye )

As in the 1-dimensional case, this implies that for lafg¢he
A-variancegoes as

2 SE

o2 p(D) PO

T Sp(3F —1) v (2)F

similar to the white noise behavior (see below).
For a power lavpower spectrumP(f) oc f=5,8 >0, f; <
f < fn, one obtains (see Appendix C)

oA,p(D)/0? =
esmra(2mfiD)4, E+4<p,
crta(Cippa +1n2gﬁ)(2wﬁD)4, B=E+4, D<grr
crmra(2m D)7, E<fB<E+4,
cep(2mfr D)~ (E=F) 0<p<E, } D<<ﬁ
ﬁ";,mﬁz(fwﬂ)‘? =0, } s <D

Note that theA-variancevaries asD”~ ¥ for the full range of

0 < 8 < E + 4. It shows a logarithmic divergence and turn

over into ag-independent power law slop&?, at3 = E + 4.

As explained in Appendix C, this is due to the fact that t

corresponding filter function starts f* for small f.

For white noise,P(f) = (1)3(0)7 ;E}CZ

, the A-vari-

ancedrops inversely proportional to the averaging volume, i
o Vg (D/2)~¥, consistent with Gaussian statistics. The fact
in front corresponds to the volume average squared weight:

the inner ball and the outer shell, and the ad hoc fagigr
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guantities are in general defined as integrals overptheer
spectrumweighted with some scaled filter functiar(7 f). We
thus consider in the generdi-dimensional case a quantity

ge o)

X(r) = SE/

0

P(f)w(rf) fE~df.

As the filter function is the squared modulus of thaurier
transformof the corresponding convolving function in the spa-
tial domain, defining the appropriate differences of averages
characterizing the statistical quanti¥(r) under question, we
know thatw(u) is evenw(u) = w(—u). Its series expansion
for small frequencies thus contains only even power law terms.
Moreover, as the convolving function in the spatial domain is
square integrable, the same is true folFsirier transform so
that the integral;™ w(u) fZ~* df exists.

Only in the special case of theutocorrelation function
where the expression for thg-dimensionaFourier transform
gives for the filter function

D) Ty 2ra) () 0,

w(u) = 5

the situation is slightly more subtle, and will be discussed sep-
arately below.

We now assume a power lgvower spectrumi.e. P(f) «
f~8,8 > 0. This shape cannot be valid for gl At low fre-
quencies, we have to introduce a cutgffwhere P(f) turns
over towards a constant, finite vali¥0). The requirement of
a finite valueP(0) is, due to theFourier transformrelation
Between thepower spectrunand theautocorrelation function
mathematically equivalent to the requirement ty‘h%‘f a(T)dt

h@xists, i.e. is finite. This is always the case(f-) drops faster

than1/7 for large 7. We also assume thd(f) = 0 for all
frequencies higher than the high frequency cufgffThe high
frequency cutoff ensures, for a power law index shallower than

5 = F, afinite total "energy”, respectively a finitariance i.e.

ugrantees that> = S [, P(f)fF~'df exists and is finite.
195 irrelevant for a steepgrower spectrum
Similar to the definition used by Schiedarmprep, we thus

Comparison with the general behavior for lalBgsee above) 5s5ume @ower spectrum
shows that thé\-varianceat large drift scales, although it drops
o« D~F as in the white noise case, is always larger than the 1, F<f

white noise value; this is due to the fact thet = A(p =
0) = ffP(f)dEf < P(0) Vg fF as long as?(0) > P(f) and

Appendix C: relation between the power law index of the
power spectrum and the drift behavior

In this Appendix we will derive the general connection betwe
the power law index of th@ower spectrunand the drift be-

P(f) = R} Lo
= Iy f_@_fh_ﬁa fi<f<fn
0, fn<f

This definition formally includes the cage = 0 if we addi-
tionally setf; = fj for 3 = 0. With the normalization condi-
tion o? = Sg [;° P(f)fF~1df, a straightforward calculation

ectpows that

1
. . . . =, =0
havior, as e.g. given by theutocorrelation functionthe Allan Ve 17 " ’
variancefor 1-dimensional time series, or in general forthe p, = 52 VEle + 1;1((’}’h/f]’;l)) , B=E
varianceof an E-dimensional random function whose statisti- L V= (fi /)"

cal properties are isotropic and homogeneous, i.e. spherically

B=E
Ve fE 8 lf(fl/fh)ﬁ—E7ﬁ#0,E

symmetric. As shown in Appendix A and B, these statistical
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We can then calculate the expression ¥o¢r) and obtain, is true forWg_s_1(z), 3 > 0 as the additional factar—* in

after rearranging terms appropriately

X(r)/o* =
We_1(7fi))—Wg-1(0)
(tf)¥
(fh)E 8 Wea(Tfn)—We-1(0)
71 (Tfn)¥ ( )
Weg_g_1(1 w 1 (7
Kg E-p 1(({]}3)}275 g—1(7fi 440
We_1(7fn)—Wg-1(0) _
(Tfn)® ’ p=0
where
E, B8=0
1
kg =4 U =
E(B-E)

1
¢ 1-(fn/f)E=-5> A#0.E

Here we have introduced the abbreviation

W, (2) = /:w(x) % dr.

the integrand can only improve the convergence of the already
integrable functionv(z) 2! at largex.

Only in the special case tha€(7) is the autocorrelation
function, i.ew(u) = I'(£) J§_1(27Tu)/(7ru) ~1, the behav-
ior at largez is different. The integral can be evaluate analyti-
cally and gives

pWeo1(rfn) = We-a(0) _
(Tfn)F
L3+ 1) J52m7fu) o0 1 "o(T)
(WTfh)% B VE fhE .

In this special caséWg_1(z) — Wg_1(0)] /2 thus does not
approach a definite value for largebut keeps oscillating with
decreasing amplitude. In the 1-dimensional case, this is exactly
thesinc-function with its corresponding behavior, approaching
the §-function in the limit of large high frequency cutoff.

At the low frequency cutoffr f; < 1, we can use the series
expansion ofv(u) = Y7, wax u** to obtain

We—p- 1()=

Due to the properties of the filter functiar{«) discussed above,
these integrals exist and have finite values for any finite valu
of z.

We now consider the limit of a large high frequency cutoff
and a small low frequency cutoff, i.¢; < f,. We can then
write

1— 62k+E B8
§ :w% kT E—

120k m)
2 :ka “2(k—m) +

k=0,#m

B#E+2m, m=0,1,...

Wam, ln(%), B=E+2m, m=0,1,...

E, 5s A=0 With ws,,, n> 1 being the first non zero coefficient in the
E(Eﬁ*ﬁ) (%) . B<E series expansion af(x), i.e.wa,, = 0, 1< m < n; way, #0,
kg = 1 " 5. we then get to leading order in
EYINE A=
X(1)/o?
E(B-E) 5o Z 1
WE 1 + EwQSk (+f, B {
Only certain terms survive in leading order in the expression fof I <t
X(7):
E(E-p)
~ Wg—pg—1(c0)+
X))o ERCR f o
piEnlllspenl), p=0 D> wisl ASAST
k=n
~ E(E-p) [_ WE—l(‘th)*gVE—l(O)_i_
~ B (Tfn) ~ 1 wo 1
WE_/3—1(?£;}i;K§—/3_1(sz)} 7 0<p<E ~ ln(%) [W71(oo)+§_: e two(F+ lanl % <rel s
o We_1(0)-Wg_1(0)]]7/" ~ wot BB [y (eo)+
- 1n(%') [W’l(u)_ e } u=rf,’ =r i P {E<ﬁ<E+2n
PO = [t iaSh
~ EB-E) [WE—l(TfL)*WE—l(O) k=n
R < R
E—B—1\TJh)=WE—p-1(T]1
(tTh)E-R ]’ p>E - Wok
] ) ) N wot+Eia- E+2n [W (2n+1)(00)+ Z 20k )+ B=E+2n,
Considering now values af well in between the low and ke n+1 r<t
high frequency cutoff, i.el/f, < ™ <« 1/f;, we have to wzn(EHn Tf ) f1)?m, I
worry about the behavior dfVg_s_1(z) for large and small
z. As discussed abové&l/z_1(z) approaches a finite value for E(3—FE) . E+2n<
largez: Wg_1(z) & Wg_1(o0) + O(1),2 — co. The same ¥ wotwan (Fran) (- E—2m) (M) r<$
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Thus, X () /o basically goesx 7(3~F) for 3 < E + 2n, and Dickman R.L., Horvath M.A., Margulis M., 1990, ApJ 365, 586.

turns over intox 72" behavior for larger values df. Downes D., 1989Radio Astronomy Techniqueisi: Appenzeller .,
In detail, one notes that fg@ > E only the low frequency Habing H_.J., Len_a P. (edsE)vquti_on of Galaxies, Astronomical
cutoff is relevant, i.e. the expressions stay valid fer— oo, ObservationsSpringer Verlag:Heidelberg.

Elmegreen B.G., Falgarone E., 1996, ApJ 471, 816.

independent of. For3 = E, X (1) shows a logarithmic diver- o
Falgarone E., Phillips T.G., 1996, ApJ 472, 191.

gﬁ/’;‘;ggggzr?;i“m”;ﬁsm‘én ﬁoitgl"ia%’ 2 Sihsv‘;st ?hlggij:gg\rgf Falgarone E., Phillips T.G., Walker C., 1991, ApJ 378, 186.
) . o Falgarone E., Panis J.-F., Heithausen A. et al., 1998, A&A 331, 669.
from theoc 77~ "—behavior ofX(7) for < E' +2n to the  gierens K., Stutzki J., Winnewisser G., 1991, AGA 259, 271.
oc 7"—behavior af > E + 2n. Green D.A., 1993, MNRAS 262, 327.
From this general expression we can derive the special caggfhausen A., Thaddeus P., 1990, ApJ 353, L49.
given in Appendix A and B. Let us consider as an exampkgeithausen A., Bensch F., Stutzki J., Falgarone E., Panis J.F., 1998,
the 1-dimensionahutocorrelation functionWith £ = 1 and A&A Letters 331, L65.
w(u) = cos(2ru) we havewy = 1, wy = —272,i.e.n = 1in Henriksen R.N., 1991, ApJ 377, 500.
the above definition. As the reader can verify, this immediatefjeyer M., Brunt Ch., Howe, J. etal., 1997, FCRAQ newsletter, vol. 8,
leads to the approximation fgt > 3 as given in Appendix A. p. 6.

The integralsiVs(z) can in this case be calculated in closeff© P-T-P-, Townes, C.H., 1983, ARA&A 21, 239.
Houlahan M.P., Scalo J., 1992, ApJ 393, 172.

form: Howe J.E., Jaffe D.T., Genzel R., Stacey G.J., 1991, ApJ 373, 158.
W_s(2) Kleiner S.C., Dickman R.L., 1987, ApJ 312, 837.
oz Koster B., Sbrzer H., Stutzki J., Sternberg A., 1994, A&A 284, 545.
— 1 / 278 cos T dx Kramer, C., Stutzki, J., &rig, R., and Corneliussen, U., 1998, A&A
2m)1F Jor 329, 249.
1 27z ’ Langer W.D., Wilson R.W., Anderson C.H., 1993, ApJ 408, L45.
= @ni7 R U 2P exp(iz) dx Langer W.D., Velusamy T., Kuiper T.B.H. et al., 1995, ApJ 453, 293.
2m s Larson R., 1992, MNRAS 256, 641.
ﬁ R [u'=FM(1-3,2-8,2miu)] ’u:l , B#2m+1 Mandelbrot B.B., 1983, The Fractal Geometry of Nature, Freeman,
= , San Francisco.
R [_U—Z'm E2m+1(—27riu)] ‘uiz B=2m+1 Martin H.M., Sanders D.B., Hills R.E., 1984, MNRAS 208, 35.
u=1 Miesch M.S., Bally J., 1994, ApJ 429, 645.
where M (a,b,u) is a Confluent Hypergeometric FunctionPeitgen H.O., Saupe D., 1988, The Science of Fractal Images, Springer,
(Kummer’s Function), and?, (u) is the nth-order Exponen-  New York.

tial Integral (see Abramovitz & Stegun 1972). The expreg-€raultM., Falgarone E., Puget J.L., 1986, A&A 157, 139.

sion in Appendix A then results from the asymptotic form op¢@© J-M., 1990, In: Capuzzo-Doletta R. et al. (edshysical Pro-
cesses in Fragmentation and Star FormatiBeidel:Dordrecht, p.

M(1-8,2-3,2riu) and Ey,, 41 (2miw) for largewu, and their 151

Series e?<pan3|ons far = 1 after a straightforward, b,Ut tedlousSchieder R., Tolls V., Winnewisser G., 1989, Experimental Astronomy,

calculation. The calculation for the standaiian varianceor vol.1, 1.

for thel-dimensionalA-varianceproceeds very similar. This is gpejl R.L., Mundy L.G., Goldsmith P.F., Evans N.J., Erickson N.R.,

also the case for the corresponding 3-dimensional expressions.1984, ApJ 276, 625.

In the 2-dimensional case, the corresponding integrals invoBtrzer H., Stutzki J., Sternberg A., 1996, A&A 310, 592.

inginteger order Bessel functiond® not allow a straightforward Storzer H., Stutzki J., Sternberg A., 1997, A&A submitted.

manipulation into a closed form. Stutzki, J., 1993The Small Scale Structure of Molecular Cloutis
Klare G. (ed.Reviews of Modern Astronon¥yol. 6, Astronomis-
che Gesellschaft, pp.209-231.
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