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Abstract. Inthis paperwe propose animproved method for cad: Price 1965; Markellos 1974; Markellos & Zagouras 1977), as
culating Henon’s stability parameter, which is based on the difvell as to obtain the Lyapunov exponents (Benettin et al., 1976,
ferential of the Poinc&map using the first variational equation1980; Contopoulos et al., 1978; Udry & Pfenniger 1988). In this
We show that this method is very accurate and give some exgraper the variational equation will allow us to obtain the differ-
ples where it gives correct results, while the previous methedtial of the Poincamap exactly. In Sedil 2 we give a very brief
could not cope. mathematical justification of this method, which is well known

from other applications, and then we apply it to the particular
Key words: methods: analytical — methods: numerical — cesase of a two-dimensional system which is stationary in a ro-
lestial mechanics, stellar dynamics — galaxies: kinematics aating frame of reference, a case often encountered in galactic
dynamics dynamics problems. SeEt. 3 gives an example demonstrating the
accuracy of the method we propose and $éct. 4 another example
for which this new method gives accurate results, while finite
1. Introduction differences can not cope. We conclude in Sé¢t. 5.

Over 30 years ago, in a now seminal papénbin (1965) intro-

duced the stability parameter which distinguished whether a2. Method
given periodic orbit is stable or not. This distinction is essential .
since the properties of the two types of orbits differ consi 1. Notation

erably. Indeed stable periodic orbits trap regular orbits aroupgt us consider an autonomous dynamical system, expressed by

them, while unstable ones trigger chaos. The use&@idt’s the ordinary differential equation (hereafter ODE)= F(x)
stability parameter is, however, not limited to that. By allowing,ith » ¢ IR™ and where: = dr By a solution of this ODE
us to find precisely the value of the energy for which a givege will mean a mapy : U ¢ R x R" — IR" such that
family changes from stable to unstable, or vice-versa, it allow$; ») = F(¢(t, z)).

us to find the point from which new families bifurcate, since for Using the precepts of Poinéa(1892) we can reduce the
a periodic orbit a transition from stability to instability result%tudy of a continuous time system (ODE) to the study of an
in a bifurcation of a new stable family, while a transition fromygsgciated discrete time system (map) called the Pdimaap,
instability to stability introduces a new unstable family. P:VCY — Y2+ 7= ¢(r(z),z), whereX is a hyper-

To calculate stability, Bnon (1965) approached the differsyface perpendicular to the flow, which we will hereafter
ential of the Poinc_zér map by finit_e differe_nces. Thi_s techniqu@eter to as sectiorl/ is an open set i, andr(z) is the time
has been so far widely followed in galactic dynamics (e.9. CORacessary for the pointto return for the first time to the section
topoulos & Gibsbgl 1989 and references therein). Neverthelggsin the same sense of transversatofith this technique the
it suffers from a number of disadvantages. We have foundyffoblem of calculating the stability of a periodic solution of a
quite adequate in regular regions, but found it could not copghE is reduced to the problem of calculating the stability of a
with difficult chaotic regions. For this reason we present here e point of a map. For this we must check if solutions starting
alternative approach, based on the differential of the Ponc@{oseto a fixed point at a given time remattoseto it for all later
map using the first variational equation. We will hereafter refgfeg (Lyapunov stability). We thus compute the Taylor series
to it as variational equation method. The variational equati‘é&pansion and we study the linear term of such an expansion.
technique is used in other domains that need very accurate re-| ot ;. he a fixed point of? andz = a + Ao a point in

sults, like the study of the three-body problem, th@Ster prob- ;4 neighbourhood. The Taylor expansionzefz) is
lem or a few others problems in celestial mechanics (e.g. Deprit

Send offprint requests 1€. Barbea P(x) = P(z0) + DP(x)Axg + O(A?) (1)



C. Barbea & E. Athanassoula: (RN) On the calculation of the linear stability parameter of periodic orbits 783

If we denoteP(z) = o + Az, we have the linear relation  This can also be expressed in vectorial form: F(z) with
Azy = DP(xz¢)Ax. The eigenvalues oD P will determine z = (z, X,y,Y) and since below we will need the individual
the stability. In two dimensions, # is an area preserving map,components of’, we will denote them ag}; with j = 1 to 4.
the periodic orbitp(¢, o) is stable ifla| < 1, wherea is the Hereafter, numbers as subindex indicate a component.
stability parameter introduced byéron (1965) and defined as  Since on the Poincéarsectiony = 0 and since the energy

o = L(a11 + azz) whereDP = (a;;). in a rotating frameE; (z, X, y,Y), is an integral of motion, we
can expresy” as a function ofr and X, i.e. Y = Y (z, X).
2.2 Calculation ofD P This restricts the Poincarmap to the two-dimensional space

(z, X). since, however, the system of first order ODEs has four
Heénon (1965) approximated the elements of the Jacobi matsiuations, the variational equation and the method to calculate
DP(x) using finite differences, i.e. the differential of the Poincarmap hold in a four-dimensional
Pi(z; + Az;) — Pi(xy) space. We must therefore express the Poaozap in four di-
N J 2+ 0(4A) (2) mensionsin order to calculate the differential and finally project
Az; in the two-dimensional spade:, X) as shown schematically

As will be shown below, the above approximation gives suff2elow
cient accuracy in regular regions, but not in regions dominated

by chaotic dynamics. (#,X,0,Y) % (z,X,0,Y)
We can calculaté P exactly, as: i1 m =>P=moWoi (8)
. P _ —
DP(x) = §(7(x),2)Dr(z) + D(r(x), ) @ @ = @X

The matrixD¢ can be obtained as a solution of the first Va”aWherez includes

X) in IR* using the section equation and
tional equation with initial conditioD¢(0, z) = Id. (z X) g .

the integral of motion¥ is the Poinca map inIR* and =
projects the two first coordinates iR*. We can therefore write
5 D¢t ) = DF(¢(t,2)) De(t, ) (4)  the differential of the Poincarmap as)P — D o DV o Di.

To computeD7(z) we use the fact that we are on the hyper- Let us now proceed as in the general case, taking the deriva-

surface. Defining the hyper-surfate= g(x) = 0 and differ- tive of ¥(2)
entiating we obtain after some algebra:

. D¥(z) = ¢((2), 2)D7(2) + Do(7(2), 2) )
Dr(x) = *WDQ(%)DQZS(T@)@) () nge qS(T(z),z) = F((b(q—(z)’z)), ng(T(z),z) .iS the so-
wherez; — 6(r(x), z) and where the symbdl , ) repre- lution of the first variational equation with initial condition

¢(0 z) = Id. To obtainD7(z) we use the section equation

= 0, which in IR* is equivalent tal';(z) = 0. We differenti-
ate it and we obtain that the third vector of the matrix equation
(9) should be equal to zero, i.@V¥3(z) = 0, from which it

sents the dot product. The denominator is dlﬁerent from zer
since the hyper-surface is perpendicular to the flow'.

2.2.1. Particular case follows that

We will now apply the above general technique to a two di- D

mensional system which is stationary in a rotating frame @jr(z) = _M (10)
reference. Let us consider an autonomous dynamical system, F3(0(7(2),2))

expressed by the following ODE

&= —®, + 20y + Qix
i =—®, — 203 + Q2y

Now we can expresB P in matrix form
(6)
835\1’1 8)(\111 0 8}/‘1’1 1 0
0, ¥y OxWUsy 0 Oy ¥y 0 1
0 0 0 0 0 0
0z ¥y OxWy 0 Oy ¥y Y, Yx

where®(x,y) is the potential(2, is the pattern speed of theop = ( 8 8
coordinate system in which the dynamical system is stationary,

and ¢, and ®, denote the partial derivatives of the potential

with re_s_pect ta andy respectively. WhereY is, as discussed above, considered as a function of

. writing the above sepond order ODE as a. system of fogndX We see that in order to obtail P we need to apply

];tsi qrdengOVIvDE, atnd using the momenta = & — £, and DV only to Di, that is, we need to appl®¢ only to Di. Then,
=ytihwege instead of solving the variational equation with initial condition

=X+ Ny D¢(0, z) = Id, which gives ud¢(, z), we solve it applied to
X=-&,+O0Y the vectors inDi, which means solving = D F'(v) with initial
=Y — Wz ) conditionv® = (1, 0,0, Yw)T andw® = (0, 1,0, YX)T. We will

Y = —®, — WX now show how it can be computed in practice.
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We integrate simultaneously the orbit and the variational 0 I
equation for the two vectors ibi.
=X+ My T I
X=—0,+0Y . Xy
= -5
J=Y — O with  ¢(0, zp) 0 (12) 7
Y=-¢, - X Yy -
=1
U1 0 1 Qb 0 V1 - r
vy | | =Ppe 0 =Py Vo ~10 - i
v | | Q% 0 0 1 U3 (13) 0
’Lj4 7(1)3,37 7Qb 7(pyy 0 V4
il
with v = v° and withv = w° ‘ ! ‘ oo
Finally with those vectors we writ® P as e -2 —1.5 -1 ~0.5
E
o Fio o By J
S e N Fig. 1. Value of thelog | D — 1| as a function of the Jacobi energy
DP = (14) for the axisymmetric logarithmic potential. The values obtained with
o o o 2y finite differences are given by an open circle and those obtained with
V2 ~ FS% w2 — waﬁ the variational equation method by a star.

Remember that; indicates the first return to the section - in

the same sense of traversal - after the pointThis method Thus the variational equation method gives, in most cases, an
involves the integration of a system of 12 rather than 4 equatioagcuracy of at least0'® better than that obtained with finite
because we don’t move only the point, but also two vectorifferences.

This of course takes more computational time, but it gives US The improvement in accuracy depends on the case consid-
an accurate value fdb P, since the error irD P is of the same ered and is more important in more chaotic regions.

order as that of the section points.

L , ) , 4. Potential of a barred galaxy
3. Application to an axisymmetric potential

) ) ) ) . Inthe previous section we discussed an example where the vari-
As afirst example let us take the axisymmetric logarithmic ptional equation method gives quantitatively more accurate re-
tential sults. In other cases, however, the differences between the two
&; = 0.502 In(R? + R?) (15) methods can be even qualitative._

For our second example we will use the model 1 of Athanas-
wherev, andR,. are constants taken, in our example, to be equadula (1992, hereafter A92). For most principal families the re-
to1.and0.1 respectively (Binney & Tremaine 1987). The orbitsults of the two methods are in rough agreement, although the
of the main, circular family present no difficulty, so both finiteiccuracy of the variational equation method is always better
differences and the variational equation method give roughly at least as much as what we saw in the previous example.
the same results. We can, however, compare the accuracy ofHlogvever, for families whose characteristic curve approaches
two methods by calculating the determinantZa®P, which we the curve of zero velocity asymptotically, the differences can
will hereafter refer to a. Its elements for finite differencesbe much more important and there can be disagreement even
are given by Eq[{2), while for the variational equation methaab to whether a given orbit is stable or unstable. As an example
by Eq. (13). let us take a Lagrangian family, the second one from the right

A perfectly accurate calculation would of course give=  in the lower panel of Fig. 2 of A92. We calculated its stability
1, and for less accurate calculations the determinant will deusing finite differences as well as using the variational equation
ate more from unity than for more accurate ones. We calculategthod and compare the results in [Fi. 2.
finite differences fonz = 1072,1074,10~° and10~% and we Using the variational equation method we were able to show
found that10—3 gives the most accurate results. They are corthat this family is stable for as long as we could follow it. On
pared with those of the variational equation method in Hig. the other hand finite differences withz = 103 find that the
which shows for both the value bfg | D — 1|. The difference in orbits are unstable iZ; > —126283, while for Az = 1074,
accuracy between the two methods is striking! The finite diffesz = 107> and Az = 10~° the values of the Jacobi con-
ence method gives an accuracy betwg@n® and10~!, while stant for which the family changes from stable to unstable are
the accuracy of the variational equation method is bound only 426150, -126000 and -126500 respectively. Thus finite differ-
the accuracy of the orbit calculation. It is this limiting accuracgnces give results that are qualitatively different from those of
that results also in the “quantisation” of the resulting valuethe variational equation method and that depend heavily on the
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by the fact that it needs only one trial. Its assets are that it in-
volves no tunable parameter, needsarosteriorichecking of

the results and its accuracy is only limited by the method used
] to find the periodic orbits. In regular regions the two methods
give similar results, although the variational equation method
is always more accurate. In chaotic or “difficult” regions, how-

. ever, e.g. regions involving small stable islands in a chaotic sea,
using the variational equation method may prove essential for
obtaining the correct value of the stability parameter. Further-
1 more, a study of such regions may be very time consuming and
the fact that with the variational equation method one can find
precisely the bifurcation points of new families can be a big
help. We thus recommend it for all calculations such as the ones
71A26‘6><105 ‘ —126‘4x105 ‘ —126‘2x105 ‘ —1.2éx105 ‘ 71A25‘8><105 presented here.
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The new method here calculates the Jacobian matrix accu-
rately and doesn’t depend on afy. It may involve some extra
computing time because it involves the integration of more dif-
ferential equations, but this is, more often than not, compensated
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