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Abstract. We study qualitatively the effect of the galactic dislksimulation based on modelling the Oort cloud with Monte Carlo
potential on the comets from the Oort cloud. The problem is exiethod and numerical integration of equations of cometary mo-
amined in the Hamiltonian formalism. A simple pre-selectiotion over the time comparable even with the age of the Solar
criterion for calculating the minimal heliocentric distance of thBystem (Duncan et al., 1987; Dybéwski and Préka, 1996).
Oort cloud cometsis found. We can use this criterion in a simul@ne of the main purposes of these studies is to determine the
tion to select a sub-population of potentially observable comettstribution of observable comets coming from the Oort cloud.
The proposed criterion is very effective—it rejects about 90%assive Monte Carlo simulations with long time integration
of orbits randomly chosen from the initial population of cometsre time consuming. To study the problem more efficiently, it
was proposed to use averaged equations of motion (Matese and
Key words: celestial mechanics, stellar dynamics — cometévhitman, 1992; Breiter et al., 1996). This approach is not al-
general ways well justified. It is especially the case when we study the
motion of comets from the outer Oort cloud with semi-major
axes of ordet0* AU. In this case the galactic disk tidal force is
dominant and the averaged equations do not properly describe
1. Introduction the evolution of a cometary orbit.
_The aim of this paper is to present a new approach to this
oblem. In order to improve the efficiency of Monte Carlo sim-

Long-period comets and some of Halley-type comets are be
lieved now to have come from a nearly spherical cloud of comét" . .
tions we analyze the problem qualitatively. In most studies

(the so called Oort cloud, Oort 1950) extending over tens g X _ . .
thousands astronomical units around the planetary system. ‘??re interested in comets thaF can appearin the neighborhood
comets from the Oort cloud, moving in very long-period o2t the planetary system. Thus, it is important to select from the

: iginal population of comets in the Oort cloud a sub-population

bits, are affected by cumulative perturbations of passin stat . )
y b D g those comets that can potentially pass through the prescribed

molecular clouds and the galactic tide. Both random and 52 initv of the Sun. We find imole criteri f selecti
tematical action of all these forces change angular momenta genity of the sun. YVe find a very Simplie criterion of sefection.
it will be shown, the criterion is very efficient—it reduces

such comets and may direct them into orbits with periheliasm ber of orbit h 0 int i icallv to |

enough to make these comets observable. The tidal influenc i migl/erfothort Its lwe ?)Ve c:( n S.?ra\;ev nu:nenca y ? hess

the galactic disk is considered the most important one, do an o Of the fotal numbuer of Orbits. YWe aiso present Now
use the criterion to establish initial conditions for computer

nating over perturbations coming from the remaining effects o lati fthe ob bl t lati
the galactic centre, stellar and molecular clouds (Heisler ang'uiations ot the observable comet popuiation.

Tremaine, 1986; Bailey et al., 1990). A simple model of galac- _ _
tic perturbations approximated by the gravitational force of% Equation of motion

flat infinite disk with smooth matter distribution, proposed byyhen the tidal force of the galactic disk is taken into account,

Heisler and Tremaine (1986), is used in many studies of crugighyton’s equation of motion of a comet from the Oort cloud
problems such as the origin of comets, formation and evolis,, pe written in the following form

tion of the Oort cloud or evolution of comets from the Oort y -

cloud to near parabolic observable orbits or to short-period or= ——, ¥y = 5 Z= 3 + a’z, (1)

bits. This model or its generalizations are also applied to study

other and more general problems such as the distributionvdierer = /x> +y* + 2> and(z, y, z) are the Cartesian co-
dark matter in the solar neighborhood, the origin of the man@tdinates in the reference frame with the center in the Sun
tary system or cometary showers and mass extinctions on @il z-axis perpendicular to the galactic disk (see Heisler and

Earth. In many cases the problem is investigated by a computggmaine, 1986, for a detailed derivation). As a unit of distance
we choosd 0000 AU and such a unit of time that the Sun Grav-

Send offprint requests tél. Preka itational constant is one. IfJ(1) parametéris proportional to
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5.0

the mean density of stars in the galactic diskand is given

by a? = 47Gp. We assume that = 0.185Mpc—3 (Bahcall P, !

1984b) and for this value we fing? = 0.00026. \
Instead of systeni {1) itis more convenient to put the problem 30N |

into the frame of Hamiltonian formalism. In spherical coordi-

nates the Hamiltonian function for the model considered can be 10

written in the following form

= 1 o 1 P Lol oo o
H_Q(pr+7“2+T2COSZ(9 —;+§ar sin” 6, (2)
where(r, 6, ¢) € R, x (—m/2,7/2) x $! are spherical coor-
dinates andp,,py, p,) € IR? are the corresponding momenta
(IR, $* denote the positive real axis and the unit circle, respec-
tively). Coordinatep is cyclic, and thugp,, is the first integral of

the system. Using this fact, we can reduce by one the number of ~ 0.0 1.0 2.0 3.0 4.0 5.0
degrees of freedom consideripg a parameter of the problem. r [10 000 AU]
Thus, we will st.udy a Ham'ltion'an system with tWF) degrees @(ig. 1. Poincaé cross-section for regular orbits with eneigy= —0.5
freedom and with the following Hamiltonian function and+2 = 0.05

1 s o8 11 . 6.0
H _ - 2 re - - 2,2 2 0 3 .

2<pr+7“2)+7“260520 r+2ar Sy 3) b,
wherey = p,, is a fixed value of integral,,. 40 ¢ :

From Egs.[(1) it follows that every plane passing through the
z-axis is invariant with respect to this system. For orbits lying
in such a plane we have = 0. For such orbits, it is natural to
assume that in Hamiltoniahl(3) andlés the polar angle, i.e.,
oes.

The dynamics described by Hamiltoniamh (3) is complicated.
‘Typical’ Poincagé cross-sections for regular and chaotic orbits _
are shown in Fig. 11 and Figl 2 respectively.

In this work we investigate only the galactic disk perturba-
tion on the motion of comets. We neglect the effects of stellar-4.0 - ]
and giant molecular clouds passages as well as the influence of
more realistic, not only vertical, potential of the Galaxy. Inafew _ ‘ ‘ ‘
papers (Heisler and Tremaine, 1986; Morris and Muller, 1985; 0.0 10.0 20.0 30.0 40.0
Preka, 1998) it was shown that the galactic disk influence dom- r{10 000 AU]
inates over the galactic centre and stellar perturbations whenpg 2. poincaé cross-section for chaotic orbits with energy =
consider the evolution of comets from the Oort cloud. However(.02 and~? = 0.09
it is necessary to remember that the Galaxy acts continuously
on comets while close passing stars and interstellar clouds are
randomizing the effects which may produce intense cometaiie ask how close a comet can approach the Sun when moving
showers in the planetary system (Morris and Muller, 1985) afitione of these orbits. Our question can be stated formally in
fill up regions of the outer part of the Oort cloud emptied du&e following way. We look for,,i,, defined as follows
to galactic tides. Those stochastic effects should be included )
in more realistic studies to obtain a complete characteristic’ef» =, , ", 9(r,0, prspo), )
perturbations on the Oort cloud comets.

20 [ 1

whereg(r, 8, p,.,ps) = r. Thus, our problem is equivalent to
searching a global minimum of functiarir, 6, p,., py) in a do-
mainM (v, E). Letus notice that the last problem can be formu-
Let us consider all orbits with a prescribed enefgynd with lated also as searching the global constrained minimum of func-
a given value of the third component of the angular mome#en g(r, 0, p.,pg) With F(r,0,p,,ps) = H(r,0,p,,ps) — E

tum . In the phase space of our problem they fill out a thre&s a constraint. To solve the last problem, we introduce the fol-
dimensional region defined by lowing Lagrange function

M(v,E) = {(r,0,pr,p0) | H(1,0,pr, po) = E}. (4) L=1L(r,0,p,po, \) = g(r,0,pr,p0) + A\ (r,0,p,,pg). (6)

3. Criterion for minimal distance
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Fig. 4. Functionf (e, 7).

Fig. 3. Functionrmin (v, E).

180

Now, the necessary conditions for a constrained extremum of
g are equivalent to the necessary conditions for an ordinary
extremum ofL, i.e., they have the form

135
oL OL OL OL OL
oo, Z=o, =0, ——=0, —=0.(7)
or a0 Ipy Ipe o))
In an explicit form Eqs[{7) read ig
A [P v 1 2,2 i 2 90
017"{7“2+r200529rar8m0’ (8)
A2
0=2A + a?r? cos 6| sin 6, 9)
r2 cos? 6 45
0=Jp. 0=AZ.  H(n0p.p)=E.  (10)

From Eq. [) it follows that the Lagrange multipligris nec-
essarily different from zero. Thus, we haye = py = 0. In
Eq. (9) the term in the square bracket cannot be equal zero, thus

0 0.5 1 1.5 2

sin @ = 0. This means that = 0. Now, the last equation ifi{lL0)
has the form €

2 1 Fig.5. Constant value contours gfcorresponding tof = 5 - 1074,
E:ﬁ—;. (11) f=10"*andf =5-1075.

This is equivalent to the following quadratic equation Instead of doing this, it is more instructive to analyze the topol-

h(r) = 2Er® 4+ 2r — 4% = 0. (12) ogy of the constant energy manifol (v, M). Depending
) _ _ on values ofy and £ this manifold can be bound or unbound

If we assume thah = 4(1+2E+*) > 0, we find two solutions or it can be an empty set. To analyze this, we write equation
of this equation-... We can suspect that the smallest positiver (. 9. ... py) = E in the following form
solution of Eq.[(IR), i.e.,

2 2E7r? 4 2r — 4% = r2p? 4 p2 + 7* tan? 0 + o*rsin” 6. (14)
Tmin = ——F———» 13 : .

1+ /11 2E2 (13) Now, we make the following change of variables

gives the desired minimal distance. To show formally that it fs * B+ % [=00,0o] X R x IR — IRy x [ x IR x IR,

true one has to demonstrate that the Hessiah f positive . (

7",9, T — Taé7 ATa )
defined at poinfruyi,, 0, 0,0, \,), where PriPo) (7,0, pr.po)

3 defined by the following relations
re.
A* —— min

72— i 62 = 42 tan? +a’r* sin? 6, Sgné =sgnd; p, = rp,.(15)
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decides what this cut looks like. We have three possibilities: (i)
if h(r.) < 0 then this cut is empty, (ii) ifb(r.) = 0 then it
is one point(r,, 0, 0,0), (iii) when h(r,) > 0 then itis a two

L ) dimensional spher§”. Using these simple considerations we
In our definition of transformationC we take: 6y € an describe manifoldA (v, E).

(—m/2,7/2) for a case wher # 0 or 6y = 7 /2 wheny = 0,
and we defind = C([—6,, 6]). It can be shown that transfor- 1. If E > 0thenA = 4(1+2E~?) > 0and equatiofh(r) = 0

Fig. 7. Magnification of Fig[5.

mationC' is a diffeomorphism (or homomorphism wher= 0) has one non-negative rogt,;, given by [I3); every cut of

of respective domains. Thus, we can study the problem in new M (~, E) by hypersurface = r, with r, < ry;, is empty,

variables. thusry,i, is the minimal value of in M(~, E). In this case
In terms of the new variables Ef.{14) has the form M(~, E)is diffeomorphic witiR*\ {0} (wheny = E = 0)

or is diffeomorphic withIR® (wheny # 0 andE > 0).
2. If E < 0then eithe’A < 0 andM (v, E) =0 orA > 0.In
Now, to describeM (v, E) we cut it by a hypersurface= r, > the last case equatidr(r) has two positive roots,,;, and
0. From [16) it follows that functiorh(r) = 2Er? + 2r — 4?2 Tmax- BECause a cut oM (~, F) by a hypersurface = r.,

2812 +2r — 2 =p2 +pi + 6. (16)
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Fig. 10a—f. Initial distributions ofa, e and
0.01 | 1 cos i for comets from the Oort cloud (pan-

r 1 elsa, b, ¢, respectively,) and distributions of
these elements after rejecting comets which
do not satisfy the criterionmin (v, E) < 5
AU (panelsd, g, f, respectively).
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With 7, & [rmin, Tmax) IS €mMpty, thus the minimal value of As it is easy to verify it happens when= 0, i.e., when the
rin M(~, E) isrmin defined by[(IB). In this case, manifoldenergy of the comet E is equal to its Keplerian enefgy.
M(~, E) is diffeomorphic with a three dimensional spher&hus, in formula[(IB) defining,,;, instead ofE we can take
3. Ex. Because of this it is convenient to introduce the following

. . . . function
Thus, formulal(IB) gives the desired minimal distance from

the Sun for comets moving in orbits with the prescribed ener%;yi Tmin
E and the value of-th component of the angular momentym * — \ [a| /_.

Fig.[d shows-,,;,, as a function of and~. It is more informa-
tive to express i, in terms of osculating Keplerian elements = sgn(1 —e) {1 - \/1 — (1 —¢?) cos® Z} . (18)
{a,e,iq,wa,Qq, T} (angular elements are taken with respect

to the galactic reference frame). However, the total energy oftés shown in Figl . A typical value of for long-period comets
comet is a sum of its Keplerian energy and the potential of tf@M the Oort cloud is from0* AU to 10° AU. Taking rmin

disk. This potential depends on the position in the orbit. Thugdual to5 AU we obtain5 - 10-°, 107, 5 - 10~* as the corre-

in general the criterion for minimal distance expressed in kK&Ponding values of. In Fig [3 we show the contours of constant
plerian elements will be complicated. However, it is possiblMlues off corresponding tg5-10~°,107%,5-107*}. As one

to obtain a very simple criterion involving only three Kepleria§an see only comets with the initial inclination very close(
elements{a, e, i¢; } if we make a reasonable assumption corfan approach the Sun. A magnification of this figure around the
cerning the initial distribution of comets. In fact, let us assuni€ ¢ = 90° is shown in Fig. 4. In Fig. 5 we show a magnifica-
that for a given shape of a randomly chosen orbit we can fiign of a very close neighborhood of liee= 1. Itis remarkable
comets from the total population with an arbitrary position if1at, potentially, a comet with an arbitrary inclination can ap-
the chosen orbit. Let us note additionally that the value of Proach the Sun, but its initial eccentricity must be very close
does note depend en Thus, we can ask which of comets witH© 1.

the fixed value ofy anda approach the Sun the closest. Thisis Finally, letus make one remark concerning the case of polar

equivalent to asking about the minimum of the function orbits. For such orbits we always hawg;,, = 0 independently
of E (seel(1B)). The reason for this is the fact that for an arbitrary

energy E there exists a collisional orbit passing through the
origin, e.g. a straight line orbit along theaxis.

k(z) = , Wwhere
14+ /142E(2)y?

1 1
E(z) = % +-a?z? . a7
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Fig. 11a—f. Resulting initial distributions of
a, e andcos ¢ for observable comets from
the Oort cloud obtained from simulations
started with elements chosen from Fig. 10a,
b and c (panels, b andc respectively) and
from Fig. 10d,e,f (panels, e, f, respec-
tively).
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4. Tests
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Fig. 12a—d. Resulting final distributions of
cos 7 and argument of perihelion for observ-
able comets from the Oort cloud obtained
from simulations started with elements cho-
sen from Fig. 10a,b and ¢ (panelsb) and
from Fig. 10d,e,f (panels, d).
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In such simulations most of the computer time is devoted for
integrating the motion of comets which are not observable.

The results from the previous section can be easily appliedTihe application of our criterion allows to separate the sub-
many Monte Carlo simulations. In many works (Matese artppulation of potentially observable comets from the rest of
Whitman, 1989; Heisler, 1990; Delsemme, 1987; Dylisky the non-observable Oort cloud population.

and Préka, 1997) a big effort was made to determine the distri- Below we present an example how to obtain, with the help of
bution of elements of observable comets from the Oort clouslr criterion, such an observable sub-population of comets from
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any initial distribution of comets in the Oort cloud. Because waf each comet until it entered the observability region defined
want to show only the applicability of our criterion, we neglecs a sphere with the radius equal to 5 AU. If a comet does not
in simulations all stochastic effects (as stars or giant molecudgproach the Sun during the time span of 500 My (which is
clouds passing in the vicinity of the Sun) and concentrate on tbemparable with the period of long-term galactic perturbations
tidal influence of the galactic disk. for comets from the outer part of the Oort cloud), we consider
First we estimated the efficiency of our criterion. For thig a non-observable comet. The difference between these sim-
purpose we randomly chosel0® comets with semi-major axesulations was in initial distributions o, e and cosi. For the
and eccentricities from distributions based on Duncan et dirst simulation we used the distributions from Fig. 10a, b and
(1987); the distribution of inclinations is uniform, see Fig. 10&, for the second we applied distributions depicted in Fig. 10d,
b, c. For each comet we calculatEéndy. For a given visibility e, f. The rest of elements in both simulation was chosen from
radiusd, we calculated the number of comets which do nemiform distributions.
satisfy condition,;n (v, F) < d. The results are presented in  The results are presented as the distribution of chosen oscu-
Fig.[8. The criterion is very efficient—fai < 10 AU more than lating elements of observable comets. The initial distributions,
87% of comets do not satisfy the criterion. kb= 5 AU (a i.e., when the osculating epoch is the initial time of integration,
reasonable value, in many simulations taken as the observabitg shown in Fig. 11; the final distribution, i.e., when the oscu-
limit for comets) it lets us reject from the simulation more thalating epoch is the time of the close encounter with the Sun, are
90% of comets and, in this way, significantly reduce the time shown in Fig. 12. For both distributions results of two simula-
integration. tions are in perfect agreement, but, the time of calculation was
Then we checked how the efficiency of the criterion dden times shorter for the second simulation.
pends on the value of the local matter density in the galactic ) _
disk we use in calculations. The problem of determining th%cfh'?g"r‘)’fsgremﬁg;ﬂi"%‘;‘:ﬂ'g‘ﬁ;%g‘grr‘nke':?snzﬁcfgaz :ge'r;e;i:e: "
H : H . . . | , W W u | ve IL.
\(g?ltl;leeatjnndngrllej;?I:[ ar‘rl]r:;%{; :f?ﬁ:?;g{;g; llj:l;?f?g\rlgncilztgsg:ls% tis work was partially supported by KBN grant no 2.PO3D.001.11.
ranges from 0.05 to even 2.4 depending on a galactic model
and the set of observational data (Bahcall et al., 1992; Matdseferences
et al., 1995) while the latest value based on Hipparcos datas;%ca” J.N., 1984, ApJ 276, 169.

p= 0'07_6 + 0'015M®pc_3_ (Créz et al., 1998). We rEpe"f‘tEdBaiIey M. E., Clube S. V. M., and Napier W. M., 1990, Tie origin
the previous test, calculating the number of comets which do of cometsOxford, England and Eimsford, NY, Pergamon Press.
not satisfy condition i, (v, £) < 5 AU for values of matter Breiter S., Dybcziiski P. A., and Elipe A., 1996, A& A 315, 618.
density in the solar neighbourhood from 0 to 2.5 using formul@gl J., 1986, Earth, Moon and Planets 36, 263.

from Eq. [IB). Fig(® shows that it is a constant close to 91%rtéz M., Chereul E., BienaytO. and Pichon C., 1998, A& A, in
This precisely confirms our observation that for a large class of press.

cometary elements distributions our criterion does not deppélsemme A. H., 1987, A& A 187, 913.

on the value op of the model. Duncan M., Quinn T., and Tremaine S., 1987, AJ, 94, 1330.

Now, we determine the distribution of the sub-population &fYP¢2¥1ski P- A. and Prika, H. 1996, Earth, Moon and Planets 72,

comets from the Oort cloud which are potentially observabIsybczg/hSki P. A. and Pria H., 1997, inProceedings of the Confer-

"e_" which Sa“$f¥ _CO”‘?"“‘?“mip (v, E) <5AU.To th'_s end, we ence 'Dynamics and Astrometry of Natural and Atrtificial Celestial
rejected from initial distributions of, e andcosi (Fig. 10a,b Bodies'(I. Wytrzyszczak et al., Eds), Pozmal49.

and c respectively) comets which do not satisfy the criterigqeisier J., 1990, Icarus88, 104.

rmin (7, E) < 5 AU. As the result we obtained distributions ofHeisler J. and Tremaine S., 1986, Icarus 65, 13.

these elements shown in Fig. 10 panels d, e and f respectivlgtese J. J. and Whitman P. G., 198%rus 82, 389.

Fig. 10e and f confirm the previous conclusions that from thdatese J. J. and Whitman P. G., 1992, Celest. Mech. 54, 13.

whole Oort cloud mainly comets with initial inclination close tdViatese J. J., Whitman P. G., Innanen K. A. and Valtonen M. J., 1995,
90° orinitial eccentricity very close to one may approach the Sun carus, 116, 255.

to be observable. Comparing original and resulting distributioff"s D- E. and Muller R. A., 1985, Icarus 65, 1.

we may conclude that the sub-population of comets from t@"t - H-» 1950, Bull. astr. Insts Neth. 11, 91.

Oort cloud which may be observed due to the galactic dile’etkal H., 1998, in press.
action is very small.

The obtained distributions can be used as initial ones in fur-
ther simulations of the observable population of the Oort cloud.
To check practical applications of our criterion for statistical
investigations we made two following simulations. For both
of them, as initial conditions, we randomly chose six orbital
elements (semi-major axis, eccentricity, inclination, argument
of perihelion, longitude of the ascending node and the mean
anomaly) and then integrated numerically equations of motion
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