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Abstract. Classical mechanics is compatible with Schroejuantized inl/N, and indeed it was found that they were in
dinger’s equation without any approximation of the standandverse proportion to simple integral numbers, while the peri-
WKB semiclassical quantum type. In order to illustrate thisds of the planets were proportional to the cubes of the same
property, we propose an exact Schroedinger theory for Nattegers (Malisoff, 1929). Moreover it was suggested that the
tale’s macro-quantization of the solar system in which neithemermost hypothetical planstlcanusexpected to orbit at the
semiclassical approximations nor the probabilistic Born postdistance3 107 km from the sun, between the sun and Mercury,
late are assumed. We point out the existence and propertiestuduld rankV = 2 (Barnothy, 1946). Bagby (1979), in his ex-
radial-velocity proto-planetary solitons that describe the swatensive comparison of the Titius-Bode law with the Bohr atomic
of chaotic orbits supposed to dominate at the later stageoubitals, even suggested that the Earth’s moon might have been
the solar system formation, in accordance with Nottale’s scathis intramercurial planet, since the capture possibility for the
relativity theory. Moon was envisaged (Gerstenkorn, 1970).

Once the so-called ‘inner solar system’ (telluric planets) was
Key words: relativity — gravitation — chaos — quantization  quite reasonably given the increasing series of ‘quantum Bohr
numbers3 < N < 6, which raises the problem of the existence
of Vulcanus atV = 2, two questions remain unanswered: i)
does anything correspond f§ = 1 in the solar system? ii)
why is the ‘outer solar system’ (i.e. J, S, N & P) described

The Titius-Bode law is the most famous of the remarkable refdy Bohr numbers that are no more in sequence? The present
tionships among planetary and satellite parameters concerr@ger provides a definite negative answer to the first question.
the solar system. This simple geometric progression descrifé¥icerning the second question, one immediately notices that
with good precision the distances of most, but not all, of tiBe mean quantum number interval between the planets of the
planets from the sun. Known for over two centuries, this la@uter solar system is 5. Therefore if a ‘renormalized’ quantum
still lacks an explanation based upon physical laws. AlthougHigmberN’ = N/5 and a ‘renormalized’ Bohr radius; =

has recently been shown that simply respecting both scale dAés are defined, it seems that there is a two-stage quantization
rotational invariance can yield an endless collection of theor@ocess according to the Bohr law writteniag = apN? =

ical models predicting a Titius-Bode law, irrespective to thefts V'? = 7n- for N > 11. Hence Jupiter would now rank
physical content (Dubrulle& Graner, 1994), early comparisods = N/5 = 11/5 ~ 2, and then SaturnX’ = 3), Uranus

of the Titius-Bode law with the predictions of the Bohr theor{N' = 4), Neptune (V' = 5) and Pluto atV’ = 6 (note that,

for atoms immediately raised the question of the applicabili@ain, theV = 1 planet does not exist). Nottale (1993, 1996a,b,
of (some, at least) principles of Quantum Mechan@#j to 1997) has proposed such a two-stage quantization in order to
orbital systems in astronomy (Corliss, 1986). About fifty yeafdiggest a convincing explanation of the mass distribution in the
ago, or even more, the following ranking of the planets of tif@lar system by a cascade mechanism for the planetesimals and
solar system according to Bohr's quantum numbeand its their final accretion into planets.

related lawi = ap N2 became known with a weak percent-  But Nottale did more. He proposed an explanation for the
age deviation for the observed mean distancé®m sun if a@mazingly good Bohr account of the main solar system param-
adopting the values = 0.0425 A.U. for the Bohr radiusiz  €ters, which is indeed the great mystery of the problem (in fact,
(Caswell, 1929; Penniston, 1930; Barnothy, 1946): Mercufje situation concerning the ‘macro-quantization’ of the solar
(N = 3), Venus (V = 4), Earth (V = 5), Mars (V = 6), System right now is not far from what existed at the onset of
Planetoids V' = 8), Jupiter (v = 11), Saturn ( = 15), the quantum description of the atomic world, where people had
Uranus (V = 21), Neptune (V = 27). Bagby (1979) added the Balmer et als very precise formulas about the spectral lines
planet Pluto atV = 31. Then from Kepler's third law and the Of, say, hydrogen, but lacked any convincing explanation for
distance relation, the planet velocities were also expected to3h good fits...). By applying his ‘Scale Relativity’ principle

1. Introduction
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to the chaotic — and hence fractal — matter flow which is believédtem the orbit and/or energy quantization formulas, to dynami-
to have dominated the later stage of the solar system formateat systems, the dimensions, energy and action of which lie far
(Laskar, 1989) and by borrowing some technical tools from Ndtom those of the microscopical world. Schroedinger’s equation
son’s Stochastic Quantum Mechanics (Nelson, 1966; Kyprias-no longer restricted to atoms. It may concern much larger dy-
idis, 1992), Nottale was able to derive a macroscopic Schrasmical systems, such as astronomical systems in the present
dinger equation for the description of the Chaotic Proto-Solarase.
System, hereafter refered as tABSYNottale 1993, 1996a,b, Note that, recently, this link between the Schroedinger equa-
1997). Therefore a convincing link was proposed for the firdbn and fractal trajectories has been strengthened, although the
time betweenthe CPSS and the Schroedinger equation, althotwgthwere not equated (Hermann, 1997).
the main scaling parameters of this latter (actually the Bohr ra-
diusap) had of course to be adapted to its macroscopic dim
sions (hence the terminologpacro-quantizatiorused in the
present paper). The question we wish to address in the present paper is the fol-
Actually, a highly non-conventional approach to planetatpwing: once we have the CPSS Schroedinger equation, what
dynamics that yields an equation very much like Schroedingetfses it mean? How does the key-concept of quantum probability
one for the stationary states ofparticles, with the same basicenter macroscopic quantization? Nottale’s Scale-Relativity the-
interpretation, was proposed as early as 1944 by Liebowitey proposes that matter concentrates where the infinite set of
The corresponding theory drastically changes certain standgedesics of the fractal space-time get denser. Quantitatively,
guantum mechanical ideas by constructing a “probabilitye relates this statement to the so-called Madelung-Bohm-
of presence” from first mechanical principles (LiebowitzZDeBroglie equation of continuity (Madelung, 1926; Bohm,
1944). It is therefore amazing that one seems to get a mukdb2a,b, 1953; DeBroglie, 1956; Nelson, 1966; Nottale, 1993,
larger domain of relevance of the Schroedinger equati@@96a,b, 1997) which is but the imaginary part of the Schroe-
with respect to its reference atomic world as soon as odimger equation:
envisages new foundation principles for the correspondi 1
guantum theory that remains otherwise (i.e. in all its full furth +-=V.(pVS)=0 , Q)
technical developments) unchanged. Could it be a comple
round-turn with respect to the early quantum theory wheeace its wavefunction solution is assumed complex-valued:
people tried to fit the classical laws of celestial mechanics i
at atomic scales? Could the Schroedinger equation actuall —S(x,t)
yield some underlying physical principles to (part of) CIassicg‘f{X’ t) = Volxt)eh (@)

Mechanics (CM) itself, in particular when chaos dominateghe quantityp = UU* is Nottale’s geodesics density, while

and classical determinism disappears? We note with grgathe (reduced, in the case of a central-field problem) particle
interest the discovery, in the quite recent literature devotgghss. Making use of the continuity equation Eq. (1) in order
to these questions, of deterministic chaos in the frame of teconfirm the identification of with a probability density, as
causal interpretation of QM (Parmenter & Valentine, 199%ottale does, is indeed very attractive and has been proposed by
Konkel & Makowski, 1998). Delivering definite answersyymerous authors (see Holland, 1993 for an extensive review).
to these fundamental questions is far too ambitious at thfie pioneering works originate from Bohm et al.’s classical
present state of the art, but the present paper intends(dgusal) statistical interpretation of QM that has the dual sense
participate in this stimulating debate by pointing outindeed th the probability distribution of the initial conditions charac-
existence of a macroscopic context for Schroedinger’s equatigdtizing anensemblef particle trajectories in the configuration
space, as well as of a real ‘quantum-potential’ field present in
a single experiment (Bohm, 1952a,b, 1953; Bohm & Vigier,
1954; DeBroglie, 1956, Holland, 1993). However this statis-
tical interpretation was criticized by Keller (1953) and Pauli
Nottale’s major statement is that the CPSS trajectories becofh®53) amongst others, who showed that Eq. (1) is indeed a
nondifferentiable (and hence fractal) after their very short imecessary condition fgr to be a quantum probability density
verse Lyapounov exponent of about 5 Myr, thus forcing oref the classical statistical type, but not a sufficient one.

to jump to a probabilistic descriptioai-la-Born/Schroedinger
(Nottale, 1993). This link between nondifferentiable particle tr
jectories (explicitely involving, or not, fractal space-time) an
the Schroedinger equation, first pioneered by Feynman (Feyimere is another serious difficulty related to the identification of
man & Hibbs, 1965), and shortly after followed by (amongstwith a probability density, and itis the following. In the case of
others) Nelson (1966), Abbot & Wise (1981), Ord (1983), Not stationary and separable quantum state, the quantityp U*

tale (1989), Sornette (1990), is indeed a crucial progress in thibereV is defined by Eq. (2) an&¥ S # 0 is notintegrable. It
conceptual frame of the Schroedinger equation, for it opens tlieerges to infinity at the boundaries of the system (Reinisch,
possibility of applying the basic quantum rules, and amonds®94; 1997). This divergence emphasizes the ambiguity of the

€1 Continuity equation

2. Quantum probability and complex wavefunctions

.2. Divergence of for stationary states
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probabilistic Born postulate of QM which has given rise to mar®.4. Schroedinger equation’s Hamilton-Jacobi dynamics

of the conceptual difficulties associated with the subject (Raieherefore the present theory makes an extensive use of this ir-
1992). Indeed, while on the one hand this postulate yields as P y

a general statement thatl* is the density of probability to 'regular Schroedinger solutiany that is completely discarded

find the particle at a given position (Born, 1926), on the othmthe ‘standard’ (i.e. Schroedinger-Born) interpretation of QM.

hand, the Born probability density is rath@&w¥]? than® ¥* in ﬂoyveverthere |sa§trong tendencyln_the very rgcent_llterat_ure to
eu—,_ntroduce these irregular Schroedinger solutions in the inves-

the case of stationary and separable quantum systems thai%ation of the properties of the discrete (Richter & Wuensche,

timately reduce to 1-dimensional Schroedinger eigenproble .
X N o .1996; Leonhardt & Raymer, 1996) as well as of the continuum
precisely for the sake of normalization of the probability dens'%ﬁeonhardt & Schneider, 1997) energy spectrum.

Reinisch, 1994; 1997). S "
( eTaiElir;ggtghié srgokzlem actually amounts to recoverin The technical interest of taking into account the fundamental
get of solutions to the Schroedinger equation is that one can build

Einstein’s definition of areal understanding of quantum . . -
physics, namely that the probabilistic description of thtge general wavefunction solution of the type Eq. (2)as =

. . . . _ 1
whole quantum process should naturally (self-consistently :ﬁ; :?;ig;{:&igﬁgiﬂﬁ;ﬁﬁi;ﬁﬁff n< ffllp_l gm:nv éz[Nb/y “ljvs >e

f he * lete’ ical ipti f th . : ; ;
emerge from the ‘complete’ dynamical description of t e{ the classical Hamilton-Jacobi equation. Therefore, to each

system itself (Pais, 1982). In our opinion, there is no douf ; : . . -

. i . - lue( in the configuration space that parametrizes the ‘trajec-
that, whereas this point of view opened sophisticated deba{f%s, of the svstem in th lane. there exists
in quantum microphysics by the endless controversy betwet olar an >|' e ' 5 tﬁ:lj\l’,l (nggr’ngfv EJCO)&ST def’ines the ):ctual
the Copenhagen interpretation of QM and its causal alternatiyg " glen (¢)/ Iguously .
momentum fieldp . And the classical (i.e. causal) dynamics

(Einstein & Born, 1969), it is the clue to any convincin : . . i N
macro-Schroedinger model of chaos. Hence the credo of %ﬁar‘t 'S derlved_from th'.s r.“ome”t“r_”f'e'd QHOWS us to give
itS local classical statistical meaning which, thus, extrapolates

present approaciif.it is macro-Schroedinger, then it should b ) . .
possible to tell it in classical terms. eBorn s postulate to the case whegre= UU* is not integrable.

2.5. Schroedinger equation’s new parameter

2.3. Schroedinger equation’s irregular eigenmode The constant Wronskiad of the fundamental set of solutions

The goal of the present paper is to tentatively resolve the confl ~(¢), v (C)} appears to be tiandamental new parameter

between the Schroedinger equation and CM on the scale of he present theory. Itisdependent of the energy eigenvalue

Solar System. The argument is that the Schroedinger spect ug[’]uzrlld Essﬁggllc dei;naesnii:)nrﬂs Zo:]ztsg: ﬁLTtiggzgogéésnf;ehe&cﬁ
is also the spectrum of the nonlinear Madelung system tha@ Py '

obtained from the Schroedinger equation by choosing an an i%'mSCh’ 1994; 1997) that standard microphysics amounts to

solution of the type Eq. (2) and then separating the real andimgﬂ-mgA ~ 05 A # 0.0n the other hand, the present paper

inary parts (Madelung, 1926). The corresponding system of O N that the valud ~ 1 (in appropnate reduced units) cor-
coupled Ordinary Differential Equations (ODE’s) yields a Sinr_esponds t.o the macro-Schroedinger CM. .

gle nonlinear second-order ODE, known as the Ermakov-Milne- One might wonder whether the present theory IS notamere
Pinney (EMP) equation (Ermakov, 1880; Milne, 1930; Pinner?make of the several Madelung-Bohm-DeBroglie hydrody-
1950), in the stationary and separable case (Reinisch, 19 g{r_mcal pictures of QM (see Holland, 1993' for an extgnswe
1997). This EMP equation is related to the linear second-or chou.nt of thgse t_heorles). The answer is clequy negative, for
Schroedinger eigenproblem by a nonlinear superposition f ere is a crucial difference betwealhthese stationary hydro-

mula making use of the fundamental set of solutions of Schrod /namical theories and the present one. In the case of the Kepler

dinger's equation (Milne, 1930; Common & Musette, 1997 roblem, for instance, Madelung et al. assuine: 0 (Holland,

: . : [993). Thervy = 0 and there is no irregular mode in the cor-
Indeed, to each normalized (regular) eigenfunctign of the responding Madelung description. Therefore this latter trivially

discrete Schroedinger spectrum that is labeled by the (ma enerates into the standard Schroedinger eigenproblem re-
quantum numbeh, there exists a second linearly independeﬁj’| 9 . - aing genp
ated to the single remaining regular eigenfunctign. As a

solution vy to the same eigenvaluBy, which is, however,

non-normalizable, or ‘irregular’ (Richter & Wuensche, 1996gonsequence, the classical dynamical information that is pro-

. : a 1
We show that this irregular solutiony (which is divergent ded by the gradient of the phase, /7 = tan™" (uy /ux)
L : .is lost and, in order taeplaceit, one is then forced tartifi-

to infinity at the boundaries of the system) allows us to giv . , . .
_ . . o . clally introduce Born’s postulatiike a sort ofdeus ex machina
p = WU* aclear local classical statistical sense in terms of the™ 2 .
?mlsch, 1994).

time interval that is spent by the system between two spheres.0 s .
radiusr andr -+ dr, although the quantity & obviously di- n the other hand, when the Wronskidris non-zero, it can be

verges at the boundaries of the system siBge = 12, + v2 shown that the Born postulate can indeed be recovered by the
Note that such a simple classical statistical mearﬁng bjgs purely classical interpretation of the steady-state matter-flow

been suggested by White (1931; 1934) in the early thirties. dynamics that is related to the momentum fipld = V Sy
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(Reinisch, 1997). Therefore the Born postulate is actually camens, because of the spin (hence the periodic table). Once the
tained in the non-degenerated ¢ 0) Madelung system. lower-energy ‘quantum-boxes’ are filled out, this very situation
Let us stress as afinal remark that the Madelung-DeBrogliexmediately affects the energy balance for the next available
Bohm “causal” description which is used in the present paperster-electron couples which are to fill out the remaining boxes
rigorously equivalent to the complex Hamilton-Jacobi equatigobviously of higher energy) because these outer electrons do
that is provided by Nottale’s Scale Relativity theory, althougteel less Coulomb attraction from the nucleus, due to the par-
their conceptual foundations are quite different. Indeed, whilial electrostatic screening opposed by the already existing inner
the former makes use of real quantities (amplitygeand ac- electrons.
tion S) in the complex description (Eg. (2)) of the wave function  Such is clearly not the case for the solar system where the
¥, the latter simply assumegs= 1 and.S complex. The inter- inner orbiting planets do not seriously affect the gravitational
est of such a formal complex action is its gradient. It yieldsattraction force between any outer planet and the sun. More-
complex momentum field which, in turn, defines the complesver, although the planet spin and the Pauli exclusion principle
covariant derivative operator associated with the scale covdrave explicitely been considered in early investigations with
ance postulate (Nottale, 1997; Pissondes, 1997). the amazingly correct prediction that Venus’ revolution should
be retrograde (Barnothy, 1946), the interpretation of such spin
guantization phenomenon in the planetary solar system remains
problematic. Therefore, one should not be tempted to look for

For the sake of simplicity, we shall continue to make use 8fsequential filling up of a sort of planet periodic table in the
standard QM notations (hence the reduced quantum of actfeRSS. The macroscopic Schroedinger theory should be indeed,
h = h/2w). The translation of the results in terms of macrcas clearly stated by Nottale in his Scale-Relativity theory, a
scopic quantization will simply be made in Sect. 7 by Changi,{gobal theory of chaos: what will be quantized does not really
hinto pa pwo (cf. Eq. (62)). Hergu is the (reduced) mass of theconcernindividual (particle-like) physical properties such as
particle andz is the Bohr radius of the system. The quantit§nergy, action and spin, as in (micro) QM; rather, it will mostly
wo has the dimension of a velocity. It is the major concept thg@ncern extended field properties such a&IR&S velocity field

is introduced by Nottale in his Scale-Relativistic treatment &f the matter flow

the CPSS (Nottale 1993, 1996a,b, 1997). Recent observations'Ve now want to show that the independent planet histo-
of the Tifft effect suggest that it has an universal value quitées occurring while they are being formed as stationary pat-

close tol45 km/s (Guthrie & Napier, 1996; Nottale, 1996a). terns in the chaotic stage of the proto solar system can be re-
lated to the phenomenon sifatic solitonsindeed, solitons (and

in the present case, one-dimensional radial-velocity solitons)

are nonlinear fields which, due to their integrability by use of

Chaotic p|anetary systems and atoms raoeidentical Copies the inverse-scattering-transform, preserve their Shape and, more

of the same thing on different scales, although the present panerally, their identity during all their dynamical history, what-

per aims to show that both may derive their respective phys|@ﬁr the number of collisions, interactions and/or weak pertur-

properties from thesameSchroedinger equation. In the cas®@ations affecting them (Bullough & Caudrey 1980; Dodd et al.,

of the atom, the quantum of action, as an universal constaH82; Reinisch, 1992). This dynamical stability is actually due

does of course not depend on the mass, but the Bohr radrie one-to-one relationship between the set of soliton parame-

ag = hQ/Ma (wherea defines the the Keplerian central potenters and the eigenvalues of a corresponding (linear) ODE. In the

tial V() = —a/r) obviously does. In the case of the CPSS, tHellowing sub-sections, we now want to exhibit that relationship

situation is reverse: the ‘macro quantum of action’ is now thehich is the hall-mark of the soliton phenomenon.

mass-dependent quantity: pwy o< p while the ‘macro Bohr

radius’ yieldsap = 0.042 A.U. as emphasized in Sect. 1, reé3 2. The Ermakov-Milne-Pinney (EMP)

gardless of the planet that is under consideration. This simply ponjinear differential equation

means that the quantization will be made in terms eélacity

field describing the chaotic matter flow in the CPSS instead &Pnsider a stationary quantum state described by its complex-

a momentum fieldcf Egs. (63—-64) and (69-72)). And this isvalued wavefunction:

indeed expected since the parallel we draw between the atom

and.the splar system has an obvious limit: while the orbitir@éx’ t) = a(x)er S e~k Bt 3)

particles in the atom (namely the electrons) have all the sam

mass, such is of course not the case for the planets of the solar

system. in agreement with Eq. (2) (where the amplitude- ,/p and the
There is another huge difference that concerns the build-pipaseS are now real-valued functions of the space variable

ofthe CPSS with respectto standard atom theory. Infirstappraxiy). Note that this ansatz agrees with Scale Relativity where

imation, the way the atoms are built is simply sequentially filling o ¢*5'/% inwhich S’ is complex-valued§’ = (%/i) Log a+

up all the available quantum ‘boxes’ (which are characterizet). The stationary Schroedinger equation corresponding to the

by the three quantum numbels [ andm) by couples of elec- applied potential’ (x) and the energy eigenvalugyields the

3. Madelung’s central-field problem

3.1. Micro-versus macroscopic quantization
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following Madelung system of two coupled PDE’s:

—4
Now because of the nonlinear term [Pllm‘[cos 0]] in
2

h 1 2| Eq. (14) the wave equation does revtpriori separate. The
B 2MAa i 20 (V8)Tja =0, ) unique transformation which restitutes this separation is defined
V- [a®VS] =0 . ) by

Now assume that’(x) = V(r) is a confining central-field K2(0) = K2 [Pllml[cos 9]}4
potential where- is the value of the radius. Using the spheri-

cal polar coordinates and taking into account both the singlgherek’; is any (say, positive) constant that has the dimension
valuedness of the wave function@t= 2mm and the spherical of a momentum flux (momentum times surface), and
symmetry of the system (all meridian planes throughgtexis

: (15)

are equally probable), we have: Ky(r)=0 . (16)
a(x) = a(r,0); S(x)=S(r6,9) =8(r,0) +mhe, (6) Then defining:
wherem is any integer. Then Eq. (5) becomes: Z(r) =rR(r) (17)
10 0 -
- [a? = == |a®>r?= and
\Y% [a VS} 23, [a r BrS] . ( )
hol(l+1
L 94 W(r)=V(r)+5- , (18)
+r2 Sind 90 {a sm@ae ] 0 . @) RS
This equation defines the two following constants of integratiofds- (14-16) become:
9 & d? 2 K 1
2,2Y%Y o _ 1% - 1
a’r %TS Ki(0) (8) -5E =(r )+?[E W(r)]E(r) — (h> =0 )—o (19)
a’sin 0555 = Ka(r) (9)  Adopting the appropriate dimensionless radial variable:
while Egs. (4) and (6) yield:
2u(—F)
) P2 B N ) (=r = ; (20)
S 2u |2 or "o T r2smoe o P 09" ]
N ~ (sinceE < 0 andE = 0 for r = 0), Eq. (19) becomes:
Vo 1 (as) L1 <as> i .
w5 T2l ) W]_ 4
or r? \ 00 St |-t 5 |E-m =0 (21)
m?h’ = 22 /7172 17
R a=0 . (10) where= = d*=/d¢*, W(¢) = W [r(¢)] and
r2 sin” 0
=1 22
The treatment of the angular part of Eq. (10) is fairly standardl = \/M : (22)

(White, 1931, 1934; Messiah, 1962; Rae, 1992). &t [cos 6]

(with |m| < 1) be the associated Legendre polynomial defm%i Classical interpretation of Schroedinger equation

by:
1 d adplml o m2 ol _o 1 4.1. Milne’s nonlinear superposition formula
sin @ df sin d6 +|0+1) - 2|7t T (11) Eg. (21) is a nonlinear Ermakov-Milne-Pinney (EMP) ODE (Er-

makov, 1880; Milne, 1930; Pinney, 1950) depending on the pa-
rameterA? which, for a stationary system, is the dimensionless
constant of integration related i6, (cf. Egs. (8), (15) and (22)).

It can be recast into the well-known real-valued Schroedinger

Now assume the following particular separation of the variablEdial eigenproblem (Landau, 1966):
r and@:

a(r,0) = R(r)P/™ [cos 6] . (13) Ut
Then Egs. (8 —11) yield:

and normalized according to the convention:

™ 2
27‘(‘/ do {Pl‘m‘ [cos 9]} sinf=1 . (12)
0

w
14 =

LT d p ) by use of the following transformation (Milne, 1930; Alijah et
. [dr [TQWR(T)] i+ 1)3(7“)} n FT/;(E _V)R(r) @ 1986; Reinisch, 1994):
> > ug(¢) = Eg(¢)cos [SE(¢)/A]
Ki(9) Kz(r)] —0.

1 =
— 14 . .
R2r2R3(r) [Pllml [cos 9]}4 [ r? " sin” § () = %E‘é(() [eZSS(O/h + 6_253(4)/?7' ; (24)
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through the ‘nonlinear phase’ corresponding two-branch DeBroglie momentumfjeicf((),
¢ ac which describes the radial velocity field in the two equally prob-

SA)/h = A/ —_— (25) able outcoming and incoming radial directions, is simply the
B [E24(¢)] gradient of the actior=S3 of each of these waves, namely

that depends on the arbitrary initial phase related to the param- , dss \/m dss

eter B. The dependence of the soluti@{(¢) to the nonlinear P+ =+ dr - A dc

ODE (21) on the independent parametérsand A has been K,

highlighted by ad-hoc labels. =+t —7 (29)

By defining the irregular (i.e. exploding) solution: [22()]
vA(¢) = Z4(¢) sin [SE‘(C)/TL} ’ (26) (cf. Egs. (20), (22) and (25)).

This is the fundamental result of our theory and it defines
to the Schroedinger equation (23), Egs. (24) and (26) yield ttie nonlinear radial-velocity soliton field:
following nonlinear superposition formula: ar| [P0 ()] K,

9 T = ) (30)
=4(0) = VU2 (O + [AQ) - (27) dt

C(r) [C(T)] =

" w [EAKCN)

Therefore the solutio®4 to the nonlinear ODE (21) is de- N terms of the (square of the) nonlinear eigensigethat is
fined by the superposition of thiegular Schroedinger solution the solution to the EMP ODE (21), i.e. in terms of the (squares
up (which is exponentially convergent because of the choi€é the) regular eigenfunction; andthe irregular solutionj

of E as an eigenvalue) and tfieegular Schroedinger solu- to the Schroedinger elgAenprobIem .(23), as shown by Eq. (27).
tionv# (which is exponentially divergent at the bounday of the AS & matter of fact=3; never vanishes because of Egs. (27~
system). These two functionss andv# form a fundamental 28) and it always dlver'ges at the boupdary of the system, due
set of solutions to the Schroedinger equation (23) (Leonhal@the presence of the irregular mod in Eq. (27). As a con-
& Raymer, 1996; Richter & Wunsche, 1996). Therefore theR€duence, the momentum field (_29) has indeed a soliton profile
Wronskianu g4 — izvf remains constant with respect to thg_vhose ‘wings’ do a(_:tually describe the tunnel (_effect. Ok_Jserve
spatial variable . Moreover, this Wronskian invariant is equafinally that Eq. (29) is but the well-known classical Hamilton-

to the constant of integration (22) (Milne, 1930): Jacobi definition:
B d¢ E ¢ ' of the radial momentum field in terms of the actiSrdefined

This yields the alternative definition of the fundamental freY EAs: (3) and (6). Indeed, by use of the spherical polar coor-

parameterA of our theory as the invariant Wronskian of thélinates, we have:

stationary Schroedinger equation (23). _ 05 _ n Ki  pa .
Egs. (25-28) show that the phase effects in a stationd§) ~ ar [EAf BRI

quantum system are unambiguously related to the existence of b

the irregular solution (26) of the Schroedinger equation (23 =0 ; p(,) =

We recover a general property of 1-dimensional stationary QM ] ] ]

(Reinisch, 1994, 1997): a complete physical (i.e. dynamical) d&f- Eas- (6), (8), (13), (15) which provides the undetermi-

scription of the eigenstate (3) demands the account of quantif¢y: @nd Eq. (17)). Note that the two last expressions are not to

phase effects; and these phase effects demand to take intd®§cconfused witld.5/96 andS/dyp which are the canonical

count not only theegular (normalized) eigenfunction; that momenta respectively conjugate to the _spheflcal polar coordi-

defines the particular discrete eigenvalgbut also therreg- natesy andy. Only p(,) equalsds/dr, which will be of great

ular (divergent) solutionvs related tour by the Wronskian importance for the quantization of the system along the radial

invariant (28). Then the ‘nonlinear phas®!(¢) /A defined by degree of freedom (cf. Sect. 5 below).

Eq. (25), which is simply the polar angle of the ‘trajectory’ of ~Ed- (30) yields:

the system in the complex pladex , v4}, allows us to build _ , 2 K,

the momentum fielgg = V.57 of the classical Hamilton-Jacobi [EElC]]" dr= m dt (33)

type as shown below.

mh (32)

rsin 6

Therefore =4 [¢(r)]] ® dr measures the actual time interval that
is spent by the particle between the spheres of radiidr +
dr during either its incoming or its outcoming radial motion

The real-valued regular radial Schroedinger eigenfunctigi§scribed bythe momentumfield (29-32). |gt?f”1320f: |w[?
ug(¢) appears through Eq. (24) to be the steady-state sudéf- EQ. (3)), we have (sincér = drdydz = r= sin fdrdfdy):

4.2. Hamilton-Jacobi definition of the radial matter flow

position of two unbound problems that consist of incoming and plml 2
outcoming partial-scattering radial waves along the radial de; , ~ K1(6) [ ! } . .
gree of freedong. Hence the divergence p¥|2. Moreover the o2 P dr =k 1P| sinfdrdfde (34)
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(cf. Egs. (8), (15) and (32)). Integrating Eq. (34) over the spher- We believe that this missing link can be provided by the
ical polar angled,  and taking into account the normalizatiorirregular Schroedinger mode that yields the additional pa-

condition (12), together with Egs. (3) and (32), yields: rameterA in accordance with Eq. (28). Indeed, in the classically
o . o . allowed region, the art of using the Milne transformation (23—
/ d(p/ 9|V 2dr = / d<p/ dfla2dr] 28) is to ch_o_ose both the free Wror_lskian paramgtemd the
0 0 0 0 initial conditions of the EMP equation (21) f&2 in such a
K _ 2 way that:
= L dr = =40 dr . 35) Y
P(r) i) the normalized Schroedinger eigenfunctignsatisfies reg-
Hence, by use of Eq. (33), we finally obtain: ular physical boundary conditions;

i) the modevz that is irregular at the boundary of the system
2 . . . .
4 g K oscillates just out of phase with: so as to keep the nonlin-
2 _ 1
/0 d@/o do|¥|*dr = U dt (36) ear eigenstatés smooth and slowly varying (Milne, 1930;

_ ) o ~Alijah et al., 1986; Reinisch, 1994).
This demonstrates the (local) classical statistical information

born by the wavefunction square modu|g? in terms of the  Onthe other hand, in the classically forbidden regifis
actual time intervadi that is being spent by the particle betweefbviously dominated by the exploding irregular solutigh(cf.
the spheres of radii andr + dr. Moreover, Eq. (34) displays Ed- (27)). This yields the tunnel effect by use of Egs. (29-32):
the expected angular dependence of the statistical time-of-s##§re is indeed a non-zero, although vanishingly small, mo-

. A - . . .
dt if the averaging over the polar angles is not performed. mfnturrlfleldpf’ in the classically forbidden region where
HE ~ v — 00.

4.3. Schroedinger equation and classical mechanics
] ] 4.4, Choice of initial conditions
Letusfirst briefly recall the present state of the art concerning the

link between QM and CM. This is basically the so-called sem[€ technical procedure that performs the Milne transforma-
classical limit of QM, and it is described by the WKB (Wentzefion is the following. Assume that, for a particular value of
Kramers, Brillouin) approximation that was elaborated the sari{te parameterl = A,, a specific choice of the initial condi-

year as the discovery of the Schroedinger equation itself (M&@NS E5" (¢.) = E. andZ5"(¢.) = E. at a given¢ = (.
siah, 1962; Landau & Lifchitz 1966; Rae, 1992). is performed that keeps the nonlinear mdgtg* (¢) smooth

Inthe WKB description of QM, onassumethat¥ isafunc- and slowly varying in the classically allowed region. Therefore:
tion of 2 and that its phase may be asymptotically expanded@as~ 0 there and Eq. (21) yields:
a polynomial in%. Inserting this polynomial into the Schroe-

dinger equation and equating powersfoyields a ‘classical Eg* Q) ~Za(¢) = VA 71 (37)
wavefunction’ that is compatible with the classical equation W(¢)
of motion obtained from Egs. (4) and (31) by neglecting the -1+ E

second-derivative term in Eq. (4)x(%?). The WKB approxi-

mation works all the better as the actiSof the system is large We shall call the right-hand-side of Eg. (37) ‘the classical wave-

compared with the quantum of acti@nor equivalently as the function’ for reasons that are explained below.

energy eigenvalug is large compared with the average energy The problem is now to determing,, (., =, and=,.

gap between the energy levels. Egs. (22) and (29-32) define the reduced radial momentum
It is, however, well-known that the conditions of validityfield throughout the classically allowed region:

of the WKB approximation are neither necessary nor sufficient

to obtain classical motion: the basic drawback with the WKBpZ -+ (¢) A, - W(¢) V2 (38)
method is that it attempts to formulate the classical limit in 2u(—E) =2(0) B

terms of properties of the external potential and the DeBrogli
wavelength which do not make reference to the quantum statbviously, this yields the classical equation of motion (hence
¥ of the system (Holland, 1993). It is indeed fairly obvioushe label ‘cl’ for the function defined by Eq. (37)):

that not all physically relevant Schroedinger wavefunctigns 0

do vary slowly within the space of a DeBroglie wavelength pi’A*(C)} ~

and hence that their corresponding second-derivative term&'mf +W(E)~E . (39)

Eq. (4) cannot always be regarded as small compared with the o

rest of this equation. There is formally in QM a lack of such Blow recall that the normalized Schroedinger eigenfunctign
parameter in the WKB approximation that would allow one tassociated with the corresponding discrete eigenvalisatis-
adjust the wavefunction amplitude to the WKB conditions dfes the Schroedinger equation (23) with prescribed (regular)
a slowly varying profile within a DeBroglie wavelength. Saidboundary values. Therefore this mode is completely defined
otherwise: in standard QM, there is a formal missing link withnd, in particular, we haveg (¢.) = v andug({.) = 6 where
CM. ~ andg are two finite real values. We shall regard the solution
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of the ODE (21) as an initial-value problem, according to the This radial quantization is of course reminiscent of the ‘good
following choice of parameters: old’ Bohr-Sommerfeld quantization that rea@s;o(r) dr =

- —A. - o AL (n, + 1/2)h (White, 1931, 1934; Messiah, 1962; Landau &

S =Ep(G) =Zalt) i Z=Zp(C)=0 ,  (40) |ienit 1966). But recall that this latter is obtained as the result
(thus we demand a local extremum of the nonlinear amplitudéthe semiclassical WKB approximation of QM (cf. Sect. 4.3)
Eg* at the abscissd,). Egs. (27-28) and (40) yield the fol-that assumes the actighof the system to be large compared

lowing system of three equations for the definitions of the twaith the quantum of actioh (or the system energy to be large

unknownv# (¢.) andoa(¢.) at¢ = (o compared with the energy gap between two adjacent levels),
A A while such approximations aret being done here. Therefore

1B+ v (6)E () = 0; the radial quantization Eq. (45)éxact regardless of the values

VOA(C) — BUA) = A; 4+ [vA(Q)]* =22 . (41) of Sor E. Hence the remarkable conclusion that the ‘vacuum

state’ corresponding te, = 0 bears one single quantum of ac-
fon £ instead of the well-known semiclassical valug. This

is due to the proper account of the tunnel-effect divergence of
y=2, ; B=0, (42) the radial nonlinear modg&% at the boundary of the system
(Reinisch, 1994; 1997).

There is no solution, except for the following particular choi
of the parameters:

which yields:

up(e) = Zv; 0p(G) =0 5. The Kepler-Madelung system
A

va(C) = 0; v8(6) = = (43) Let us illustrate the above theory by considering the Kepler
— problem:

Therefore the initial conditions for the definition of the non- o

linear mode=4+ (¢) are taken at a local extremugn= ¢, of V(r) = - (46)

both the normalized Schroedinger eigenfunctigri¢) and this
nonlinear mode, with a common amplitude given by Eqgs. (37) . . .
and (40) (Reinisch, 1994; 1997). g.l. The nonlinear radial EMP equation

Interms of the reduced variahjalefined by Egs. (20), we have:

4.5. Classical quantization W 1 1
, = =Cr—ll+1)=5 (47)
The angular momenturfi = r x p of the system, defined in £ ¢ ¢
accordance with Eq. (31), yields: where
aS oS 08
LZ = - o) = —_——_—Y — = — = h , 44
TPy “YP@ =T Y, T g, = (44) Ca :% /(2/;) . (48)

by use of Egs. (6) and of the spherical polar coordinates. By con-

sidering for the solar system the largest possible z-compon#ris well-known that there exists a regular (normalized) eigen-
of the angular momenturh, namelymh = [h = (N — 1)h  stateug for Eq. (23) provided that the enerdy takes any of
whereN is the main quantum number of the Kepler system, atige following negative discrete eigenvalues (White, 1931, 1934;
by changingh into pagwy (cf. Eq. (62)), Eq. (44) allows us to Rae, 1992):

recover Nottale’s remarkable conclusion that it is the quantiza- 9

tion of the ratioL, /i, rather than that of.., which yields the E = Ey = —”QL — Cg=Cy=2N . (49)
distribution of angular momentum in the solar system (Nottale, 2n°N

1993, 1996a,b, 1997). The radial quantum number. that defines the quantum condi-

On the other hand, the quantization along the radial degitémn (45) is equal to (Messiah, 1962):
of freedom yields, by use of Eq. (29):

) n.=N—-1—1 (50)
fpm dr = / pf’A(r) dr +/ pf’A(T) dr where the azimuthal quantum numberelated to the orbital
0 e o angular momentum is defined by:
e 1 —1
—an| [ s [ 0<I<N-1 . (51)
o [Ex] ~ [E5] _ . .
© 1 When the energy parametét is tuned in accordance with
= QAFL/ WdC =(n.+1)h VA ,(45) Eq.(49), Eq.(21) becomes:
0 =5
. 2
where the radial quantum number = 0, 1, 2, 3, ...isequal 24 + |-1+ W Jg D 24— j: 5 =0;
to the number of nodes of the Schroedinger eigenfunatign ¢ ¢ [:N]

defined by Eg. (23) (Reinisch, 1994; 1997). N>1;1=0,1,..,. N—-1 . (52)
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Equivalently, one can measure the radius units of the Bohr ¢? =1 —[(I+1)/N]? = 0forl = N — 1. Nottale proposes a

radius: third expresssion, namely = 1 — [I(I + 1)/N(N — 1)], that
52 also yields zero fol = N — 1 (Nottale, 1993, 1996b, 1997).
agp=— . (53) These few examples illustrate the ambiguity of the very con-
pex cept of orbit eccentricity and, hence, of its value at low quantum
Therefore, defining: numbers.

r It would at least be more approriate to use the well-known
z= ap =N¢ (54) concept of quantum expectation value and define the expecta-
Eq.(52) b ) tion value(r) of the radial distance and its corresponding mean

9. (52) becomes: square deviatiol\ r = /(r2) — (r)2, namely (White, 1934;
d _, 12 I(l+1)]_4 Messiah, 1962):
——SEvt |- - — En
dz? N2z 2 22 1 A 1
A2 <7‘>:N<N—|—> ap and — = —— . (59)
_ L=0 (55) 2 (r) 2N +1
N [E4] Note that the relative mean square deviation/(r) may reach
while the discrete energy levels (49) now read: 40%_0r more for values ofV about 3 or less. In the present
o nonlinear QM theory, this mean square deviation is basically
Exn = ToanN? (56) the width of the static radial-velocity soliton.
B

5.2. The pseudo-circular cage= N — 1 6. Schroedinger equation on the scale of the solar system

Following Nottale who gives an impressive list of astronomi-
cal results supporting his assumption (Nottale, (1993, 1996a,b,
1997), we adopt the following characteristic velocity of the
CPSS:

=N — 2z =N?* = r,=Nap |, (57)
. . o wo= /M = O s hmys (60)
(cf. EQ. (54)). Indeed the abscis&athat defines the initial con- ap uap
ditions Egs. (40-43) IS ther_l given by Eg. (57). wherea = GuM defines the gravitational potential given
Moreover, the radial action (45) has the remarkable propem// Eq.(46),M — 1.9910% kg is the mass of the sun and

to be independent of both the Wronskidnand the levelV. ugb_ 6.6710~11 m3 /52 kg is the gravitational constant. Eq.

Fori = N — 1, there are no radial nodes,( = 0 accord-
ing to Eq. (50)) and, hence,single maximum for the regular
eigenfunctiornu g that is located at:

Therefore it appears as a fundamental invariant of the pseu 3) yields the following mass-independent Bohr radius for the
circular Kepler system since it is equal to one single quant lar system:

of actionh:
a GM 6.3110° km = 0.0422 AU (61)
f{ pydr=h VA&N . (58) w?

The case where the azimuthal quantum nunalbess its largest Equivalently, one may consider in the above theory of the hydro-
possible valueV — 1 is of importance here for it semiclassi-9€n atom dormal mass-dependent CPSS "quantum of action”,

cally corresponds to the quasi-circular orbits which one woultfmely:

like to associate with the planetary orbits of_ the solar systemy” — |, 45w, (62)
(Nottale, 1993, 1996a,b, 1997). However this correspondence

only plays for large quantum numbepé. For such low val- in accordance with Egs. (53) and (60). As a consequence, for
ues of N as those being considered here (for instancec 6 [ = N — 1, the radial-action quantization given by Eq. (58)
for the ‘inner solar system’), it is irrelevant to make use of i/ields:

This point is clearly illustrated by White (1934) who displays

the four models used by different investigators in order to ag P(r) 4" = 2w papwo (63)
commdate the newly discovered Schroedinger equation with . .
classical orbit descriptions. Their ‘effective azimuthal quantuffgardiess of the energy levsl. Thereforethe radial-velocity
number’k, which is basically the angular momentum of the sy@lanetary solitons have all the same norm

tem, ranges from/i(l + 1) tol+1, whichmeans fof = N —1 /°° c(r)

an uncertainty of abou0% for, say, theN = 4 energy level. 0

A crude (i.e. of the semiclassical type) application to QM of

the CM formulae? = 1 — (J,/J3)? for the orbit eccentricity . . "

e, whereJ; 3 are the appr(opéatg action variables (Goldsteir61,'1' Radial-velocity solitions
1980), yields? = 1 — (k/N)2. Accordingly the square eccen-When considering the Kepler system described by Egs. (46—
tricity would range frome? = 1 — [I(l + 1)/N?] = 1/N to 51) forl = N — 1, we have seen in Sect. 5.2 that the abscissa

dr=map VYA&N . (64)
Wo



308 G. Reinisch: Macroscopic Schroedinger quantization of the early chaotic solar system

radial NL mode vs z = r/a_B for N=3; I=2; A=1; i.c. [N*(1/4) ; 0] @ z=N"2

(. that defines the initial conditions given by Egs. (40-43) is
defined by Eq. (57). Since Egs. (37), (47-49) and (54) yield,

together withh = N — 1, the following classical wavefunction 1
(which is singular, as expected, at the classical turning points,|
Z1,2 = N? :|:N3/2):

bold line : classical approx 1

7r (no quantum potential) B
VA :
Ealz) = : (65) g ef .
2 3 1/4 8
N2 N3(N —1) g
—1 + > - 22 % 5 i
8 4 ]

the initial amplitude=, of both the regular Schroedinger eigen- ¢
functionug(z.) and the nonlinear modg4* (z.) at the initial 3t
abcissa, = N¢, = N2 is:

2, = Bq(z) = VAN 66) | |
Now we note an interesting symmetry of both Egs. (21) and (55), o . . s . .
namely multiplying the solution by amounts to dividing the ~ ° 5 0 e onrrad, 2 %0

WronskianA by A\2. In particular, choosing = /A, reduces _ o _ L _
the ODE problem defined by Egs. (40), (55) wite- N — 1 Fig. 1. The classical-like nonlinear radial eigenstatedefined by the

. oL . EMP differential equation (67) together with its initial conditions (68)
E(?IT())vrl?r:gtgiec'hOIce of the initial abscisga and (66) to the versus: = r/ap fortheN = 3,1 = 2Kepler state (wittd,. = 1). The

classical mod&,, (z) defined by Eq. (65) is displayed in bold line. The

2 1 2 N(N-1) cross defines the initial conditions (68) at the location= N2 = 9.
iz 2~N+[ N2+—22]:N
1
=30 (67)
N2 [En] form =1 =N —1andf = n/2. Egs.(69) and (72) com-
- _NVA .S ~0 (68) pletely define the quantized velocity field in terms of its radial
=N Ne r=N N and orbital components. The ca8ke = 1 is singular since it

corresponds to a purely radial motion. We conclude that it does
Therefore, as for the (an)harmonic oscillator (Reinisch, 19%ot yield any orbiting planetary motion in the CPSS.
1997), the classical context for the Schroedinger equation in the

case of the Kepler system is equivalent to choosing 1.

The radial-velocity soliton field that is defined by Egs. (22
(30), (56) and (60) and that corresponds to the nonlinear mqelg. 1 shows the radial nonlinear mogg(z) that is solution to
defined by Egs. (67-68) reads: Eq. (67) and corresponds 16 = 3 (Mercury),l = N —1 = 2
andtotheinitial conditions defined by Egs. (68}at= N2 =9

fi .2. Quantized patterns

‘() = — ! 5 (69) (cross). The classical counterpait,;(z) defined by Eq. (65)
UN [En(2)] (with A, = 1) is displayed in bold line. As expected, it diverges
wherevy is the Kepler-Bohr velocity: at the classical turning points » = 9 & 3'-°. Note that the
w corresponding eccentricity N3/2/N? = 1/4/N agrees to an
N = WO , (70) order of magnitude with Eq. (59). Clearly, the nonlinear mode

E3(z) is both quite flat and quite close to the classical state
simply resulting from the combination of Kepler’s third law for=;(z) within the classically allowed region.

the revolution period/y at the energy level (56) and Bohr's  Fig. 2 shows, in units of the Kepler-Bohr velocity;, the
quantization formula s, = N2 ap given by Eq. (57) (Mal- corresponding radial-velocity static soliton field that is defined

isoff, 1929; Nottale, 1997). Indeed: by Eg. (69), together with its classical counterpart defined by
9y 9ra Egs. (38-39) and (65) and displayed in bold line. Figs. 3 and 4
UN = 7?0'” where Ty = BN (71) display the same plots fa¥ = 11 (Jupiter). There is clearly a
N Wo

‘quantum dressing’ about the classical radial velocity field that
The radial velocity:(, (z) defined by Eq. (69) must be compleis localized between the classical turning points. It mostly
mented by the orbital velocity fielgh )/ that is defined by accounts for the tunnel effect which extends fairly beyond the
Eg. (32). By use of Egs. (57) and (62) this latter field becomekassical turning points and which is related to the divergence
atz ~ z, = N2 of the radial nonlinear mode about the boundaties 0 and

(&) N-1 z = oo of the system.
Pp)\Zx -
co)(2)] ., ~ —* R L (72)
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radial velocity / v_N vs z = r/a_B for N=3; I=2; A=1; i.c. [N*(1/4) ; 0] @ z=N*2 velocity / v_N vs z = r/a_B for N=11; I=N-1; A=1; i.c. [N*(1/4) ; 0] @ z=N"2
1 T T T T T 0.4 T T T T
0.9 B 0.35- bold line : classical approx
bold line : classical approx ' (no quantum potential)
0.8 J
(no quantum potential) 0.3F 4
0.7f J
Z, Zj0.25F .
>0.6F B 2
> z
g § ozt '
90.5F i % 0.2
g 2>
= ]
© =
g04r 1 8oish ~
0.3F i
011 4
0.2F 4
0.05F 4
0.1F i
0 1 1 1 1 1 o y L L L
0 5 10 15 20 25 30 0 50 100 150 200 250

radius / Bohr rad. radius / Bohr rad.

Fig.2. The classical-like static soliton modg, (divided by the Fig. 4. The same as Fig. 2, but fo¥ = 11.
Kepler-Bohrvelocity n) that describes the steady-state radial-velocity

matter flow versus = r/az, as defined fron&; (displayed by Fig. 1) ;4,250 = (BN @8> (.) & mean sun-planet distance/aB > (x) vs N

by use of Eq. (69). The cross defines the radial velocity that corre- Z
sponds to the initial conditions (68) and to the orbital velocity (72) at 900  SOLAR SYSTEM : T
the locationz, = N? = 9. .
800F  aB=0.0422 AU . :
N
NL mode vs z = r/a_B for N=11; I=N-1; A=1; i.c. [N*(1/4) ; 0] @ z=N"2 700k 2(Bohr) = NA2 X 4
10 T — : . .
Do 600 ’ .
9r classical approx : E @ .
no quantum potential = 5001 U |
8t 4 W <
» X
400 . 4
7F E .
300 - .
8 6t . S.
o
E 200} e 4
> 5f b J L
k) 1001 X .
B 4l . mVEM "
0 x XX L . . . . )
sk J 0 5 10 15 20 25 30 35 40
main quantum number N
ar ] Fig.5. The mean sun-planet distances (semimajor axis) versus the
(L i Bohr formulazg.n, = N? for the nine planets of the solar system that
are given the following rankgy = 3, 4, 5, 6, 11, 15, 21, 27, 31.
% 50 100 150 200 250
radius / Bohr rad.
Fig. 3. The same as Fig. 1, but fov¥ = 11. uniform aboutz, = N? (see Figs. 2 and 4), ultimately concen-

tres through irreversible processes about the center-part of the
classically allowed region, namelly; +z2)/2 = N2. Fig. 5 dis-
plays the locations of the nine planets of the solar system divided
Because the present macro-quantum theory is, like the statibp-up (crosses = semimajor axis: McGraw-Hill, 1983), com-
ary Schroedinger equationitself, conservative and reversible,pared with their respective corresponding prediction, namely
believe that it is not able to account for the final stage of planet= N2 (points). The average of the absolute error that this
accretion in the CPSS. Indeed, the process by which the stétionula yields with respect to the nine planet semimajor-axis
radial-velocity solitons would concentre into singularity-planetscations is3 and its standard deviationi$, while the sequence
seems to be highly irreversible. Therefore, in the frame of tloérelative errors between= N2 and the nine planet locations
present theory (i.e. without making use of the standard Bas 2 %, 7 %, 5 %, 0.3 %, 2 %, 0.5 %, 3%, 2 % and3 %.

postulate related to%), the Bohr formula (57) for the planet  Letus recall as a final result thidite caseV = 1 is singular
accretion could tentatively be explained by assuming that ttef. Eq. (72)). Therefore the orbital quantization of the CPSS
radial CPSS matter flow, which is by the definition (40) fairlypegins atV = 2, possibly corresponding to the hypothetical in-

6.3. Conjecture about planetary orbit quantization
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tramercurial planet ‘VulcanusNo orbiting pattern is expected Common A.K., Musette M., 1997, Phys. Lett. A 235, 574

atN = 1. Corliss W.R., 1986, The Sun and Solar System Debris, In: A Catalog
Of Astronomical Anomalies (The Sourcebook Project, Glen Arm,
. MD 21057)
7. Conclusion DeBroglie L., 1956, Tentative d'interpretation causale et noadire

_de la nmeécanique ondulatoire, Gauthier-Villars, Paris

Pd R.K., Eilbeck J.C., Gibbon J.D., Morris H.C., 1982, Solitons and
. . ] Nonlinear Wave Equations, Academic Press, New-York
System, let us emphasize the following new results: Einstein A., Born M., 1969, Briefwechsel 1916-1955, Nymphenburger

1) There is a ‘dynamical degeneracy’ of any stationary quan- Verlagshandlung, inchen
tum statel.. Indeed, to each such state defined by the eneggk}b”f(”e %’p Grlaggé FL] 1_99|4°‘ &KA 232'52623:21625
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9 . y y Feanman R.P., Hibbs A.R., 1965, Quantum Mechanics and Path Inte-
states of the system that are defined through Egs. (22) an grals, McGraw-Hil
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Schroedinger equation. . o Guthrie B.N.G., Napier W.M., 1996\ & A 310, 353
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teed by i) the Planck-DeBroglie postulate stating that thermann R.P., 1997, J. Phys. A: Math. Gen. 30, 3967
phase of the wavefunction (3) is Hamilton’s characteristigolland P.R., 1993, The Quantum Theory of Motion: An Account of the
(or principal) functionS of the system, and ii) the canonical  de Broglie-Bohm Causal Interpretation of Quantum Mechanics,
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