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Abstract. Within the framework of hierarchical clustering weThis is a necessary step in order to model for instance the for-
show that a simple Press-Schechter-like approximation, baseation of galaxies or clusters, which can later put constraints
on spherical dynamics, provides a good estimate of the evotun the cosmological parameters using the observed luminosity
tion of the density field in the quasi-linear regime ugte- 1. function of galaxies or the QSO absorption lines.

Moreover, it allows one to recover the exact series of the cumu- Within this hierarchical framework an analytical model for
lants of the probability distribution of the density contrast in thihe mass function of collapsed (or just-virialized) objects was
limit 3 — 0 which sheds some light on the rigorous result angtoposed by Press & Schechter (1974) (hereafter PS). Numer-
on “filtering”. We also obtain similar results for the divergencgal simulations (Efstathiou et al.1988; Kauffmann & White
of the velocity field. 1993) have shown this mass function is similar to the numerical

Next, we extend this prescription to the highly non-lineaesults, although the agreement is improved by a modification
regime, using a stable-clustering approximation. Then we mf-the usual density threshold used in this model (Lacey &
cover a specific scaling of the counts-in-cells which is inde&@ble 1994). However, this pres cription encounters some seri-
seen in numerical simulations, over a well-defined range. To thigs defects, like the cloud-in-cloud problem studied by Bond et
order we also introduce an explicit treatment of the behavioal:(1991), and a well-known normalization problem since one
of underdensities, which takes care of the normalization aodly counts half of the mass of the universe. Moreover, un-
is linked to the low-density bubbles and the walls one can sgerdense regions are not modelled by this approach, and are
in numerical simulations. We compare this to a 1-dimensiorgimply taken into account in fine by a global multiplication of
adhesion model, and we present the consequences of our fite-mass function by a factor 2 which allows to get the correct
scription for the power-law tail and the cutoff of the densitjormalization (this multiplicative factor 2 was recovered more
distribution. rigorously by Bond et al.1991 for a top-hat in but this does

not extend to more realistic filters). Finally, this model only pre-
Key words: large-scale structure of Universe — galaxies: clushicts the mass function of collapsed objects, while one may also
ters: general be interested in mass condensations of various density, in order
to study galaxies or even underdense structures (“voids”) for
instance.

A method to describe the density field itself, and then de-
rive the multiplicity functions of any objects, is to consider
In the standard cosmological model gravitational structurestime counts-in-cells. These are closely related to the many-body
the universe have formed by the growth of small density flucerrelation functions and were studied in detail by Balian &
tuations present in the early universe (Peebles 1980). Th&shaeffer (1989) in the highly non-linear regime within the
perturbations may be due to quantum mechanical effects draimework of the stable clustering picture (Peebles 1980),
are likely to be gaussian, so that they are described by thelere the correlation functions are scale-invariant. This as-
power-spectrum. In many cases, like the CDM model (Peebksmption and the scaling it implies for the matter distribu-
1982; Davis et al.1985), the power increases at small scalies are indeed verified by numerical simulations (Bouchet et
which leads to a hierarchical scenario of structure formatioml.1991; Colombi et al.1995) and observations (Maurogordato
Small scales collapse first, building small virialized objecest al.1992). Bernardeau & Schaeffer (1991) and Valageas &
which merge later to form broader and broader halos as lar@ahaeffer (1997) (hereafter VS) described some of the conse-
scales become non-linear. These halos will produce galaxiegjoences of this model for the multiplicity functions of various
clusters of galaxies, according to the scale and other physiobjects like clusters or galaxies. Indeed, a great advantage of
constraints like cooling processes. Hence it is of great interdlsis approach is that one can study many different astrophysical
to understand the evolution with time of the density field amabjects (and even “voids”) from a unique model which is not
the mass functions of various astrophysical objects it impliegstricted to just-collapsed objects. Moreover, it is based on a

1. Introduction
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rather general assumption, which does not depend on the exdghly non-linear regime (using the stable-clustering ansatz),
details of the dynamics, and VS showed that the PS prescriptiee shall here first consider the simpler case of the quasi-linear
can be recovered as a particular case among the possible modgigneY < 1.

this scale-invariant approach can describe. Note that since the

PS app_roach is unlikely to give avery precise description of “2‘.31. Critical universef) — 1

clustering process, because of its simplicity and the problems

it encounters, the scale-invariant method offers the advantayg.1. Lagrangian point of view

to provide a simple and natural way to take into account tRﬁe first consider a Lagrangian point of view, which is well

pOSS|bIe_ corrgcﬂons to_ the PS prescription. . ., suited to PS-like approaches since the fundamental hypothesis
In this article, we intend to show how a simple PS-like o . L .
of such approximations is that it is possible to follow the evo-

mggﬁIb?{ahsfg:nnsit?ef;ﬁ):z%al Eg\zg;n;z’ Ce?::}igﬁggzmhriﬁmbn of fluid elements recognized in the early linear universe

) . Sty 1a p . P one usually only considers overdensities) up to the non-linear
scale-invariant plct_ure studied in Bal!a_n & Schaeffer (.1989) égime. Thus, the usual PS prescription assumes i) that the dy-
VS. T_hus, we consider l_)oth the quasi-linedr¢ 1) and hlghly namics of these objects is given by the spherical model and ii)
non-linear £ >> 1) regimes (where as usual(}M, a) is the

amplitude of the density fluctuations at scalegiven by the that their keep their identity throughout their evolution. Hence,

linear theory at the considered time), to relate the final notno— any piece of matter identified in the early linear universe
y ’ one can assign at a later time a specified radius and density. Of

linear density field to the initial conditions and to show how th ourse, this cannot be exact as all particles cannot follow simul-

scal_e-lnvarlance of 'ghe_ many-quy correlapon f'.“mCt'ons and_t a%eously a spherical dynamics, and this approach cannot take
scalings of the multiplicity functions described in VS can arise

. ) . . Into account mergings which change the number of objects and
from the hierarchical structure formation scenario. We focus gn - . .
: . ; e estroy their identity. However, we shall see below that it can
the counts-in-cells, which provide a powerfull description q

the density field and can be used to obtain any mass functio cr)?vide a reasonable estimate of the early density field.
interest as detailed in VS. First, we derive the statistics of th In this Lagrangian approach, we consider the evolution of

: ) . LT gbjects" of massV/, identified in the early linear universe. In
counts-in-cells which our spherical model implies in the qUather words, the filtering scale is the mass and not the radius
linear regime (Sect. 2). We show in particular that we recover . ' : . : o '
in the limit 3 s 0 the whole series of the cumulants derived ccording to the spherical model, particles which were initially
rigorously by Bernardeau (1994a) from the exact e uationserpbedded in a spherical region of space characterized by the
gor y by . - . d ooensity contrasi;, (¢, is the density contrast given by the linear
motion. We also consider the predictions of this model for tr}ﬁeory at any considered timé;  a wherea(t) is the scale
. . . . 7

StaF'St'CS of t_he gllvergence (.)f the veloc!ty field (Sect. 3) an d e1?z(a'ctor) find themselves in a spherical region of density contrast
plain why this simple spherical dynamics works so well in th

limit ¥ — 0 (Sect. 4). Finally, we study the non-linear regime atthe same scale/, given atany epoch by:
(Sect. 5). In addition to the virialization process of overdensitigs= F(4;,) 1)
we take care explicitely of the evolution of underdensities. This

new prescription solves in a natural way the normalization prob€ function is defir.1ed by the dynamics of the spherical
lem (in the sense that all the mass will eventually get embedd®dde! (Peebles 1980):

within overdense halos) and is compared with a 1-dimensional 9 (0 —sinf)?

adhesion model. It also allows to complete the comparison with 1+06 = 5 m

the scale-invariant approach. Indeed, although we do not obt&jn> 0 : (2)
as detailed results for the mass function as the PS approach, 3 . 2/3

which we believe anyway to be rather illusory since such sim- op = 20 [6(6 — sin0)]

ple and crude descriptions cannot provide rigorous and exg]

predictions, we think our model allows to understand how scal-

ing properties appear, and it can predict asymptotic behaviours 14§ = 9 (sinhn —n)*

like the slope of the power-law tail of the mass function or its 2 (coshn —1)3

exponential cutoff (so that the model can be tested). Moreov@?, <0: ©)
it gives a usefull reference which would enable one to evaluate 5 = _% [6(sinh 7 — 77)]2/3

the magnitude of the effects neglected here from a comparison
with the results obtained by a more rigorous calculation. This definition of F(5;) breaks down foré;, > 6., with

5e = 3/20 (12m)%/® ~ 1.69, wheres becomes infinite. This

is usually cured by a virialization prescription: the halo is as-
sumed to virialize in a finite radius taken for instance as one
As VS showed, it is possible to extend the usual PS approacth#df its radius of maximum expansion, so tti®.) = A, with
obtain an approximation of the density field and the counts-ih-+ A, = 1872 ~ 178. However, we shall not consider this
cellsitimplies, in addition to the mass function of just-virializeanodification in this section, as we focus here on the quasi-linear
objects one generally considers. Although VS focused on tregime where most of the mass is embedded within regions of

2. Quasi-linear regime: density contrast
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spaceW|thadenS|tycontraﬁma_llerthamc, hen<_:ewe restrl_c_t X exp [_12 (fSL Y FGL)y 2)} ©)
ourselvesta < A..Now, we define the Lagrangian probability b 2
distribution P,,,(9): if we choose at random a spherical region
of massM its density contrast is betwe@nandd + dé with In the quasi-linear regime, that is fgr, — 0, ¥ — 0 and
probability P,,,(5) do (here the indexn does not stand for a $:2 /¢, — 1, we can use the saddle point method to get:
given mass scale, its use is only to distinguish the Lagrangian
quantities used here, where we follow matter elements, frofh om(y) =y F(d,) + 65/2
their Eulerian counterparts whi ch we shall introduce in th (10)
next sections). Within the framework of the spherical model 8y = —y F'(dy)
this probability distribution is simply given by:

m

. wherep,, (y) is the limitof,,, (y, £,,) for €, — 0. If we define
Pn(0) d6 = Pr(6r) dor,  with 6 = F(6r) (4) 1, =—6,andG,, () = F(,), we obtain

whereP,, (¢1,) is the probability distribution relative to the linear

— _ !
density contrast, or the early universe. We shall assume that t g W) =¥ Gm(7m) = Y Tm G (Tm) /2

initial density fluctuations are gaussian, so that: o = —y G (1) (11)
1 e o ’ o
Pr(ér) = Nk () This is exactly the result derived rigorously by Bernardeau

(1994a) from the equations of motion, when the matter is de-
where asusual = ¥(M, a) is the amplitude of the density fluc-scribed by a pressure-less fluid. Hence our approach should give
tuations at scalé/ given by the linear theory at the considereg good description of the early stages of gravitational clustering,
time (% oc a M~ ("6 for an initial power-spectrum which since it is leads to the right limit for the cumulants in the linear
is a power-law:P(k) o k™). We can note that the probabilityregime, which was not obvious at first sight. Moreover, it pro-
distributionP,, (9) is correctly normalizedf F,,(d) dd = 1by  vides some hindsight into the result of the exact calculation, as
definition. However, the mean value dfs not equal to 0. This the functionF or Gm which represents the Spherica] dynamics
is quite natural since particles get embedded within increasinglp;pears naturally in the expressionf,(y). We shall come
high overdensities (while the density contrast cannot be smaligick to this point in Sect. 4. We can note that our model implies

than—1), and at late times one expects that all the mass Wi addition a specific dependencef,(y,¢,,) on¢,, (or ¥),
be part of overdense virialized halos. However, this late stagfiich could be computed frorfl(9).

is not described by the model introduced in this section, which

does not include virialization and where half of the mass re- ) ) )

mains at any time within underdensities (this is the well-knowfr1-2- Eulerian point of view

normalization problem of the PS prescription by a factor 2). For practical purposes, one is in fact more interested in the Eu-
We can also characterize the probability distribution(d) |erian properties of the density field, where the filtering scale

by the generating functiop.,(y.¢,,) (and by¢,,) which we s 3 |ength scald. For instance, a convenient way to describe

define by: the density fluctuations is to consider the counts-in-cells: one
IR RY o i divides the universe into cells of scale(and volumel’) and
e PmWim)/Em — /1 e 2 Y/Em Py (0) do (6) defines the probability distributioR(5) of the density contrast

within these cells. Hence, we need to relate this Eulerian de-
whereé,, =< §% >. The functiony,,(y,&,,) generates the scription to the Lagrangian model we developed in the previous

series of the moments &%, (¢): section. As was done in VS, we shall use:
— — o _ P D oo
e om W) B — 1 437 L =0 > @) / (1+68) P(8') d§' = Fy(> 6, M) (12)
p=1 p' gm g

In the highly non-linear regime considered by VS the functioffith M = (1 +6) » V. Thus the mass embedded in cells of
om(y,€,) was assumed to be scale-invariant, so that it did netaleR with a density contrast larger thanis taken equal to
depend orE,, , but here this is not the case.4f § >= 0 the the massformed by particles which are located within spherical

usual series of the cumulants is generategpby, €, ,): regions of sgalé\/[ with a density contrast larger thanUsing
our Lagrangian model, we get:

& (Lt <o s,
<6>=0: pn(y.&,) = z; Y - ®) F(>6,M) = Fpi(> 60, M) with 6§=F(6.)  (13)
p= m

The relation[(B) can be written in terms of the linear density"eré £ — mL is the mass fraction obtained in t.he linearly
contrast, : extrapolated universe. From (12) and (5) we have:

= \/F ©dd 0 & 2 dv
= om W Em) [Em :/ L 1+46) P(8) = — — eV —— (14)

oo V27E G+ PO == 55 51/Z(Rum) vem
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with: If the power-spectrum is not a power-law, our method is still
5 = Flou] valid a_nd we have to usé (16). However,_for a very smooth
(15) P(k), like a.CDI\_/I power-spectrum, an easier and still reason-

R = (146) R able approximation is to uge (20) wheris the local slope of the

power-spectrum at scale. We shall compare this approxima-

Finally, we obtain: tion to numerical results in Sect. 2.3. The fact that we recover the
exact generating functiop(y, &) for ¢ — 0 suggests again that

1 1 9 { oL ] exp [ 1 (%)2] (16) our prescription could provide reasonable results in the early lin-

P() = Vor 140 96 | S(Ry) o \y ear universe whefi < 1. We shall see below that it is indeed the

2

case, by a comparison with numerical simulations. We can note
as in VS. Of course we recover all the mass of the univers&t our probability distribution§ (20) look rather different from
J(1+ &) P(6) dé = 1. In fact, half of the mass is in over-those obtained by Bernardeau (1994a) since the high-density
densities and the other half in underdensities, as was the casaiiioff is usually different from a simple exponential. However,
the Lagrangian description. However, in general this probabilityey both agree with numerical results for< A.. In fact,
distribution is not correctly normalized: P(5) d§ # 1 (butin neither of these approaches should be used for large density
the linear regime¢ — 0 andX — 0, its normalization tends to contrastg > A. where shell-crossing and virialization play an

unity). important role.
We can still define a generating functierty, £), as in [8),
which leads to: 2.2. Open universe2 <1, A =0
e~ PW/E _ 1 9 { oL } 2.2.1. Lagrangian point of view
1 V27 144 0 E(Rm)

(17) In the case of an open universe, we can still apply the method
1 82 ¢ described previously for a critical universe but there is now an
X exp {5 (5 Yy + o 22)] additional time dependence in the relatidon — §. Thus, [4)
becomes:

Usingé = F(01,) = G (Tm), With 7,,, = =4, we define: Po(6) d6 = Po(51) do, with 5= F(p.a)  (21)

_ S[(1+6(r)3 R] ) In the specific case where = 0, one defines:

f \/E (18) = cosh™* (; — 1) (22)
Tm V& and

"0 = ST ) PR

g(T) = gm <

_ 3sinhy(sinhn, — ny)

o ) D(t) = 5 -2 (23)
Henceg,,(7,) = G(7) = ¢. In the quasi-linear regime, that (coshmp — 1)
is for¢ = 0,% — 0andx?/¢ — 1, the saddle point methodwhich is the growing mode of the linear approximation normal-
leads to: ized so thatD(t — oo) = 1. Then, the functionF (4., a) is
oly) =y 6(r) — y7 ()2 guen by: 3 :
19 o e
f—ya) (19) 146 — coshmy — 1 .9 sin 6
y 3 1—cosf sinhn, —
whereyp(y) is the limit of o (y, £) for £ — 0. Thus, once again oL > QD(t) 5 0 sing \2/3
we recover the result derived rigorously by Bernardeau (1994a). o == D(t) |1+ (‘bm)
Note that we should have modifigd(6) in (I7) since it is not 2 sinhop, — 1y

correctly normalized, however if this modification only consistg,q
of a multiplication factor (which must go to unity in the limit 3 ) 9
¢ — 0) and a change of the shape(s) for density contrasts 146 = (COSh b — 1) ( sinhn — 7 )
much larger thag as¢ — 0, this does not modify the function coshn —1 sinhny — my

©(y) we obtained. If the power-spectrumis a power-Bk) o« 0z < 5D() 03
5, =S D@y 1o (S :
L) sinhn, —

. 2

k™, (18) can be written:
(14 6)(n=3)/6 1 3+n o

F In the cas&) — 0 (n, — oo, D(t) — 1), large overdensi-

ties have already collapsed, and we are left with:

P(o) =

V213(R) (L) 6 140

5 N2 -3/2
<Z(§%)(1+5)(‘3+ )/6> ] 20 9=0: 1446= <1 - §5L> (24)

N |

X exp [
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This simple form forF(;,) leads to: . _log[P(6)]
_ (@08 9 o3\
P, (6) = NS exp [—822 (1 —(146)72 3) ](25) \

which provides a convenient estimation foy, (). As for a crit-
ical universe we can still define a generating function(y, &,,,)
which allows us to recover the results of Bernardeau (1994a

-2
2.2.2. Eulerian point of view

Naturally, we can obtain an approximation for the probabilit ’
distribution P(9) of the density contrast within cells of scale
R in a fashion similar to what we did for a critical universe
from the Lagrangian probabiliti,, (¢). In the case of a power- s
spectrum which is a power-law, and in the lifit— 0, we get

for instance: - o g » .
solid lines present the prediction of our prescription for a critical uni-
14 §)(n—9)/6 B verse and a power-spectrum which is a power-law (relafioh (16) or
P(0) = (4\/2—712(1_2) [n +3+ (1 —n)(1+0) 2/3] (20)), for varioust andn, while the dashed-lines show the correspond-
(26) ing curves for an empty universe = 0 (relation [26)). The data
9(1 + 5)(n+3)/3 9 points are taken from Bernardeau (_1994?) and_ Bern_ardeau & K_o_fr_nan
X exp [_ (1 —(1+ 5)—2/3) } (1995) and correspond to a numerical simulation with a CDM initial
8%2 power-spectrum in a critical universe (thuss the local slope of the

As we shall see in the next section, this very simple fOrmuﬁ,\_?wer-spectrum). The density fluctuatiorandn were measured in

provides in fact a good approximation f&(¢) for all values @ simulation.
of Q of interest (even fof2 = 1) due to the weak dependence
of F(d1,,9) on Q. As for a critical universe we can also deto Protogeros & Scherrer (1997) we did not normalize our prob-
fine a generating functiop(y, ) and recover the results ofability distribution P(6). In fact, we think such a procedure is
Bernardeau (1994a). somewhat artificial and may lead to an even worse approxima-
We can note that Protogeros & Scherrer (1997) obtaintidn. Indeed, if the normalization problem comes mainly from
similar results with an approach close to ours. They conside@@pecific interval of the density contrast where our approxi-
“local Lagrangian approximations” where the density contrastation is very bad, a simple normalization procedure will not
at the Lagrangian poiry, time ¢, is related to its initial value give very accurate results in this interval (since the starting val-
by 6 = F(6.). They used several approximations f&rin- ues have no relation with the correct ones) while it will destroy
cluding the simplified spherical collapse modell(24) and obur predictions in the interval where they were fine. Thus, one
tained the probability distributiof (26), which they modified bgan fear such “cure” may in fact spread errors over all density
introducing an ad-hoc multiplicative functiaN (¢) within the contrasts. We shall come back to this point below, but we can
relations;, — (1 + d) in order to normalize properly’(5). already note that forn = 1 the probability distribution[(26)
However, our model differs from theirs by some aspects. Thusinnot be meaningfully normalized sinfe”(5)dé = oco.
our Lagrangian probability distribution is defined from the start
wi"fh respept tf’ a given mass scalé (which mig.ht be seen as%_s_ Comparison with numerical results
a “smoothing” scale). This appears naturally in our approach,
and it ensures we always work with well-defined quantitiebrom the results of previous paragraphs, since the functions
Indeed, for a power-spectrum which is a pure power-law with(y) obtained with our prescription in the limg — 0 are
n > —3 the “unsmoothed” density field is not a function but &xactly those derived by a rigorous calculation we can expect
distribution. In fact, one cannot characterize a point by a finiteat the probability distributionP(4) we get should provide
density, without specifying the scale over which this density good approximation in the linear regime. Thus, Eig. 1 and
is realised. Then, the change from the Lagrangian to the Htig.[2 present a comparison of our approximation with the re-
lerian view-point is quite natural, and it provides an Euleriasults of numerical simulations, taken from Bernardeau (1994a)
distribution function which differs from the Lagrangian one imnd Bernardeau & Kofman (1995) in the case of a CDM initial
a very simple and physical manner and which depends on timver-spectrum in a critical universe. We display our predic-
power-spectrum. No smoothing procedure needs to be applies for a critical universe (relatiob (20)) and an “empty” uni-
in fine in order to compare with observations: a filtering scalerse (relatior{26)), for a power-spectrum which is a power-law
(M or R) is always automatically included in our approach. Owvith n given by the local slope of the actual power-spectrum.
approximation also shows clearly the dependenc@ arfi the We can see that our approach leads indeed to satisfactory
functionsF(d1,) andy(y). Finally, one can note that contraryresults up t& ~ 1 given its extreme simplicity. As was noticed

Fig. 1. The probability distribution of the density contrai{s). The
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log[P(8)]

1.2

0.6

1.2

§ 0.6

Fig. 2. The probability distribution of the density contra3{s) as in
Fig.[ but for two different values af.

0

by Bernardeau (1992), the - dependence of the probability 1.2
distribution is very weak (the dashed lines are very close
the solid lines on the figures), which means that the simg
expression[(26) provides a reasonable fit for all cosmologico.¢ |
models up tof ~ 1. However, as we can see on Hig. 2, oL
prescription leads to a sharp peak for very underdense regi
§ ~ —1 which increases witlf but does not appear in the 0
numerical results. This defect is also related to the fact that ¢
probability distribution is not correctly normalized to unity. Thi¢; o
problem is due to the expansion of underdense regions, wh
according to the spherical dynamics grow faster than the aver:
expansion of the universe sothatin our presentmodelthese a
occupy after some time a volume which is larger than the to
volume which is available, which leads to a probability whic
is too large. Indeed, within our approach underdense regic .
can expand without any limit while in reality this growth is 0 0 1 2
constrained by the fact that on large scales we must reco
the average expansiona®. Thus, underdensities join together
after some time and their mutual influence alters their dynami€#g- 3. The probability distribution of the density contrag{s). The
which we did not take into account. solid lines present the prediction of our prescription for a critical uni-
A simple way to normalize correctly the probability distri- verse and a power-spectrum which is a power-law (relafioh (16) or

)), for variousX andn, while the dashed-lines show the corre-
bution P(4) would be to define the latter from the generatin honding curves for an empty univee= 0 (relation[26)). The data

functiony(y, £) which one would take identical to(y) for any fomts are taken from Protogeros et al.(1997).
&: this is the method used successfully by Bernardeau (1994a

However, there is a priori no fundamental reason why this should

be a particularly efficient procedure (except from the mere con-

statation that it works). In fact, as we can see on Elg. 2 wellent in the limitZ — 0. We only show on Fid.]3 the largest
can expect most of the problem to come from the peak whighlues of2 where our approximation still makes some sense,
develops at low density contrasts, so that one should keep itherder to present its range of validity and to show clearly for
consequences of the evolution B(§), andp(y, £), in other which values of (underdensities) it breaks down first. As Pro-
ranges ob and simply disregard the predictions obtained in thegeros et al.(1997) noticed, the problem becomes increasingly
vicinity of this peak or introduce a specific modification for thisevere as: gets larger. However, our predictions work better
interval. This is even clearer on Fig. 3 where we can see tliaan those used by these authors because we did not normalize
our approximation can still provide reasonable predictions four probability distribution (see their Fig. 2). This was expected
§ > 0andX ~ 1 although it completely fails for underdense resince we noticed earlier thgtP(§)dd = oo for n = 1, so that
gions. Of course the agreement with numerical results improvesannot even be normalized, but this does not prevent our ap-
for smallerX:, as shown on Fid.l1 and Fig. 2, and becomes eproximation to provide very good results for &k and when

0.6
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¥ — 0 we recover the gaussian on any finite interval of thehich related to §;, through the relatiod = F (4, a) used
density contrast which does not include- —1. in the previous sections (note that the derivative[in (32) is to
be understood at fixed: one follows the motion of a given
fluid element, so thab;, is also a function ofz). Then, we
obtain the Lagrangian probability distributiaR,,(9) df =
The prescription we described in the previous paragraphs caf(dz) dé; and its Eulerian counterpart, which is simply
also predict the statistical properties of the divergence of thyen by P(0) df = —P(d) dé (we introduced a negative sign
velocity field. Note that we cannot get any reliable result for tHeecauseld /dé < 0). Thus the latter can be written:
shear, since our model is based on a pure spherical dynamics,

3. Quasi-linear regime: velocity divergence

2
so that the shear is zero for all the individual regions of mattgrgy — —1 1 9 | dr RYEA
. L . . F(0) = exp (33)
we consider. This is clearly an important shortcoming of this Vor 1446 00 | X(Rnm) 2\ X

simple approximation, however in the linear regime where den- _ _

sity fluctuations are small the rotational part of the velocity fiel/e can also introduce the functiops,o (y, £ ,,,6) andes (y, )
decays so that after a long time (but still in the linear regim@yith &, =< 6 >). As was the case for the density contrast we
keeping only the growing mode the velocity can be describ&cover in the limit, — 0 the functions derived by Bernardeau
by its divergence, or a velocity potential. Thus, our model do€k9943a).

not contradict a priori the properties of the linear regime, which |f we make the approximatioff (6., a) = Fo(dr) where

is of course a first requisite. We define the peculiar velo<zity3':0tiS the function obtained in the limit — 0 (see [(24)) we
by: get

. —1
f:u:ax—l—ak:gr—i-v 27 9=—f(Q)5L<1—§5L> (34)

and the divergeno#(V = 0/0x in comoving coordinates, andThen, if we defineo = 6/ f(Q2) we obtain:
V, = 9/dr) by:

P(0) df = P(w) dw (35)
\Y
b= = g V,v (28) with
. . . (n—11)/4
We can note that in the linear regime, where we keep only the ) _ 1 (1 _ 2w> (1 _n+ 3w>
growing mode, we have: V2rE 3
aD 2 9 \(1/2
0 0 “D 0 f() (29) X Cxpl o372 (1 3w> (36)
whereD(t) is the growing mode of the density fluctuations an S .
£(Q) = 096 (see Peebles 1980). Rlote that the probability distribution of the reduced variable

To use the method we described for the density contrast” does not depend any longer on the cosmology (we only ne-

we must now link the divergenceof the velocity field to the glec\:/tveedc?r(ra] Sg?gthggenffnﬁa?ggz)fgonfﬁfg)'ns of numer-
linear density contrast, of our Lagrangian elements of matter. P IS approximatl u u

N S . ical simulations taken from Bernardeau et al.(1997) on[Big. 4.
One possibility is to make the approximation that the density | e can see that we match the high cutoftifi9), which cor-

uniform over these individual regions, and to use the continui g . . : .
o . : ) responds simply to the expansion rate of a void (zero density),
equation (in physical coordinates):

but the negative tail is not well reproduced for the case of the
ap open universe. Thus, it seems that the description of the veloc-
ot tpVu=0 (30) ity field is more sensitive on the approximations involved in our
An alternative is to consider the mean divergence over the m_ethod than the'der}sity'field. This may bg due to the influence
) . : the shear, which implies that the velocity can no longer be
grangian mattgr eIemeM, which can be exprgssed n term%etermined by a mere scalar (through the potential or the diver-
of the exp.ansmn of this global volume (velocity of the oute ence). Moreover, we can note that, contrary to the Zeldovich
boundary): approximation for instance, our prescription does not provide
) 1 3 1 the location of particles and their velocity field from initial con-
a <f>= V/ (V.v) &’z = v / v.ds (1) ditions (all regions of space cannot follow a spherical dynamics
v s at the same time), it only gives an estimate for some probabil-
This last “definition” of¢ is the most natural as it does not neefly distributions without considering the consistent dynamics of
any additional information on the density profile. However, ig|| particles simultaneously. Thus, the goal of our approach is
both cases we obtain: more modest than such a global modelization and it is not en-
din(1 + 5) tir_ely self-con_sistent. How_ever, it appears that after accepting
0= T dna (32) this shortcomings we obtain nevertheless reasonable results for
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log[P(9)] where we defined:

»? = / dk 4nk* W (kR)? P(k) ¥ =%(R)
0

sin(kr)

»"? = / dk 4nk* W(kR)W (kR') P(k)
0

s N/ kr
-1 = ] henceYX =< 62 >, Y =< P >, ¥ =<6, 6, >
V& =0.92 =<0p >, 2 =<0} >, =<0L0p
-1.5 n=-1 /2 N2yv2 _ 4

and 0o = 0f, Eg

y2 »2

andW (z) = 3(sinz — z cos ) /2 is the top-hat window func-
tion (see for instance Bardeen et al. 1986 for properties of gaus-
-2 -1 0 1 2 sian random fields). Thus, the mean valu&ypfis §.¢ which
only depends on the distanee= |r| from the point O where
Fig. 4. The probability distribution of the divergence of the velocitythe density contrast is constrained tafpeover R, which is ob-
field P(9). The solid line is the prediction of our prescription for ajious from the symmetry of the problem. However, the profile
critical universe while the dashed-lines corresponds to an open univessghe density fluctuation centered on O is usually not spheri-
=02, A= 0.The data points are taken from Berardeau gl symmetric, because of the fluctuationssf If we con-
al.(1997) for the same condltlons (filled circles for the critical uUnivers§yer now the limits — 0 (i.e. the normalization of the power-
and rectangles for the open universe). spectrum goes to 0) at fixet},, the mean valuér, does not
change buk, — 0. Thus, in this limit the profile of the den-

o . . sity fluctuation centered on O becomes spherically symmetric
the density field. In fact, as we shall see in the next section,

, _ , (r) = do(|r])), and its dynamics is exactly described by the
expect large density fluctuations to follow a dynamics close ?)Lherical model we used in the previous paragraphs. Of course,

the spherl_cal model while the intermediate areas Whlch CONNBLlst of the matter (and space) is formed by density fluctuations
the;e regions obey a.complex non-spherical dynamics bUt|51LS1 ~ Y. which are not spherically symmetric, but these areas
f[helr density contrast is of the order Bfthey do not play an correspond by definition to density contrasts which tend to 0 as
important role for the global shape 19) aslongas <1. s, . and they do notinfluence the shape of the functiohg
which depend on finite values of the density contrast. This can
be seen for instance dn (10) which shows that a finite value of
y corresponds to a finite value of the density contégsgiven
As we showed in the previous paragraphs, the spherical #y-6, = —y F'(d,) while ¥ — 0. Thus, our approach explains
namics provides a good approximation to the behaviour of tte results of the rigorous calculation of the generating functions
density field (and a reasonable description for the velocity @i{y) in the limit> — 0 from the exact equations of motion, and
vergence) in the quasi-linear regime, and it even gives the exadly they depend simply on the spherical dynamics. Moreover,
generating functiong(y) in the limité — 0. This may look sur- our model is not restricted a priori ¥ < 1 and the comparison
prising, since all regions of space cannot follow simultaneoushjith numerical simulations shows it gives reasonable results up
a spherical dynamics as we have already noticed, so that tm& ~ 1.
would expect this prescription to be always somewhat different
from the exact results. In fact, as we shall see below, this is dtlengn-linear regime
to the fact that the limi€ — 0 (or equivalently> — 0) con-
strains the increasingly rare density fluctuations of order unifye showed in the previous paragraphs that a very simple model,
to be spherically symmetric. Then a spherical dynamics shod#@sed on the spherical dynamics, can describe the evolution of
naturally lead to correct results. Note that the mean evolutifie density field up tg ~ 1. Itis very tempting to try to extend
before virialization of rare large density fluctuations was treatéigiS model into the non-linear regime up o~ 200, which
by Bernardeau 1994b. is sufficient to describe approximately the subsequent highly
Thus, let us definé,, (resp.d,) as the mean density con-non-linear regime with the help.of_the stablle-clustering ansatz
trast over a sphere of radius(resp.R’) centered on a point O (€-9- Peebles 1980 for a description of this latter approxima-
(resp. O’), and we note the vector OO’ Then, the conditional tion). However, _thls_ |mplles th_at we take into account other
probability P(8) |5,,) d&/, to get a density contrast knowing Processes like virialization, which can only be made in a very
that we have a density contraistin the first sphere is simply a crude way within the framework of the prescription described in

e

4. Spherical density fluctuations

gaussian: the previous paragraphs, so that we cannot hope to get accurate
guantitative results. In fact, this highly non-linear regime where
P8, [61) 1 o= (01 =820)%/(252) the probability distribution of the density contrast is governed
LI°L) =

V215, (37) by the properties of virialized objects is probably beyond the
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reach of rigorous perturbative methods based on the expangorthat the probability distribution of the density contrast satis-
of the equations of motion given by a fluid description with afies the scaling-law:

irrotational velocity field. Indeed, the fluid approximation itself 145

breaks down after shell-crossing and cannot describe collapsif@) = — h(z) with z = —— (42)
halos, so that one has to use the Liouville equation which makes £ §

the analysis more difficult. Hence it may still be worthwile tQjnce in the regime we consider hefex 200,¢ > 200) we

consider simple models like the one described in this artiql]%ve(l + 6)/€ ~ §/E. The variabler is related to the usual
which could give some hindsight into the relevant processes;near parameter by:

— & (5+n)/6
5.1. Spherical collapse YT’ (43)
5.1.1. Counts-in-cells while the scaling functior(x) is simply:
According to the spherical dynamics large overdensities decou- 1 54n qz®tn)/6 a2 p(5+n)/3
ple slowly from the general expansion of the universe, reactra(z) = Jir 6 5 exXp |~ (44)
maximum radiusk,,,, turn-around and collapse to a singularity T ¢ £

when their linear density contradt is equal to a critical value |n fact, this scaling is characteristic of a much wider class
des With . >~ 1.69 for Q = 1 (we shall only consider the caseof models, defined by the scale-invariance of the many-body
of a critical universe in the following). However, one usuallgorrelation functions, studied in detail by Balian & Schaeffer
assumes that such an overdensity will eventually virialize (bg989). Thus, the model we described in this article, based on
cause the trajectories of particles are not purely radial) intat@e spherical dynamics and a strong stable clustering assump-
finite radius to form a relaxed halo. Generally, this VirialiZEﬁon' appears as a simple way to estimate the scaling function
tion radiusR, is taken to be one half of the turn-around radiug, () characteristic of the highly non-linear regime. Then, all
from arguments based on the virial theorem, so we shall n@ie analysis developed for this general class of density fields
R, = a/2 R, with o ~ 1. If we assume that after virializa- can be applied to this peculiar model. As was noticed in VS,
tion this halo remains stable, its density contrast will grow ake approach presented in this article allows one to recover the
a®, while its “linear” density contrast increases#s Thus, we PS mass function as it is based on the same fundamental idea:

modify the functiory = F(d,,) which linkséy, to 6 so that: one follows the evolution of individual matter elements from the

3 linear regime, described by gaussian probability distributions,

6L >0, : 1+8= <10) 5 (38) into the non-linear regime. Indeed, if in a fashion similar to PS
3a we identify the fractionF’(> M) of matter embedded within

At the time of collapse where the linear density contrists JUSt-Virialized objects of mass larger thafwith the mass con-
equal tod,, the actual density contrast of the halolis- § = tained in cells of scal®& with a density contrast > A, (with
a=? (1 + A,) ~ a~3178. Within the framework of stable (1 +Aca) = a”? Ac~a? 178 andM = (1+ Aca)pV) we
clustering, a similar relation can be obtainedgdsee Vs): ~ °obtain:

F(> M) =F(> Aca, R) = F(0¢, Ri) (45)

_ _ 10\? - ,

£>200 = &(R) =~ (:mg) €L(Re)’ (39) HereF, is the fraction of matter computed in the linear gaussian
_ ) ) o field, and we used the fact that in our spherical model a density

whereR,, is related tar? in a fashion similar tdz,, contrast;, over a scaleR,,, in the initial gaussian random field

R = (148 R (40) is associated to a density contrast F(d;,) over a scaler in

the actual non-linear density field as describe@ih (13) (15),
which comes from the fact that these approximations are bagedn the PS prescription. Then, the mass fraction in collapsed
on a Lagrangian point of view where one follows the evolutiopbjects of masd/ to M + dM is simply:

of matter elements of constant mass. One can expect o dM 9

since all regions of space do not follow the same dynamicg,(M)ﬁ = *@F(> Aco, R)AR

and in fact the previous model only applies to overdensities, (46)
which form one half of the volume and mass in the early linear

0
universe. Then, in a fashion similar to what was done in VS, we ~ T OR,, FL(> dc, Rn)d R

obtain using[(16): Since we havé’;, (> 4., R,,) = P(> é., R,,,) We recover as

1 1 54n a /[/§\77/6 we should the PS mass function:
¢ WM = 72 T |dinar | © M (47)

5+n)/3 . . . .
70;2 <5> () (41) However,[(41) is not strictly equivalent to the usual PS prescrip-
tion, since in addition to the spherical model it also relies on
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stable clustering. One should note that we did not multiply oenclosed within the larger matter elem@rit The value of this
probability distribution by the usual factor 2, so that we only renaximum¢’,, ... will scale with M/’ as¥’, as soon a&’ > ¥,

cover one half of the total matter content of the universe since thee [3¥), which leads t@ (48). This picture also assumes that
previous arguments only apply to initial overdensities. Hendeiring virialization new collapsing shells which may not be
the scaling function{44) verifief zh(x)dx = 1/2 while this centered on the density peak will roughly circularize around it.
integral should be normalized to unity. This implies (at leastye can notethatfor2 < n < —1theslope[(4P)is < v < 1.5

that the approximatk(z) we obtained cannot be used for any whichis close to whatis seenin simulations (Navarro etal.1997;
In fact, following the discussion of Sect. 4, we expect the sphértoore et al.1998a). The same reasoning could also be applied to
ical dynamics model we used so far to be valid only for extremumderdensities, which we shall use in the next section. However,
eventsjv| > 1. Hence the approximatB(é) andh(xz) we got the previous arguments are quite crude and a much more detailed
should only apply ta: > 1. The normalization problem of the analysis would be required to get a good description of virialized
PS mass function is often “cured” by an overall multiplicatiohalos. Moreover, within the approach described in the previous
by a mere factor 2, “justified” by the excursion set approach section the shape of the mean density profile has a rather weak
the case of a top-hat ik (Cole 1989; Bond et al.1991). How-meaning since the model implies that a lot of substructure is
ever, this result does not extend to other window functions (likgesent within halos, so that a large object can be decomposed
the top-hat in real space used here) with which for large oves a hierarchy of many smaller peaks with larger densities. Note
densities’ > 1 the PS mass function does not suffer from thénat some simulations (Ghigna et al.1998) seem indeed to show
cloud-in-cloud problem in the sense that the multiplicative fathat many sub-halos can survive within larger objects although
tor needed to correct for double counting goes to 1 (and notr)t to such a large extent as in the model (this might be due to
for large masses (Bond et al.1991; Peacock & Heavens 19f0ite resolution effects).

VS). Hence, it appears that one should not multiply (44) by 2,

but merely _restrlct |t§ ap_phcahon to > 1. Moreover, we can 5.2. Underdensities

note that this normalization problem is closely related to the be-

haviour of underdensities, which are not well described in tfe2.1. Density profile of underdensities

usual PS approach and constitute the missing half of the matfﬁ

r o, ) . . .
content of the universe. e functionz® h(x) obtained in the previous section {44)

seems to show that the exponent of the smalbwer-law tail is

w = (5+mn)/6. However, as we argued above we do not expect
5.1.2. Density profile of virialized halos this scaling function to give reasonable resultsfoi 1, so
fgat we need to get from another point of view, which consid-

which is exactly given by the mean valdig, (Sect. 4) leads to ers explicitely low-density regions. Indeed, since we expect the
: %pherical dynamics approximation to be valid mainly for rare

final virialized halo with a fl [ in its inner par in ) .
afina alized halo with a flat slope in its er parts, s Cevents we shall shift frorr > 1tor <« —1: that is we now

the initial density contrast; converges to a finite value at theStud verv underdense areas. Moreover. initially non-spherical
center @' — 0in the case' = 0). This is not consistent with y very : : y P

the results obtained from numerical simulations which find iﬁj_nderden5|t|es tend to become increasingly spherical as they

ner density profiles o —! (Navarro et al.1996: Navarro etexpand (contrary to the collapse which enhances deviations

al.1997; Tormen et al.1997) or even steeper (Moore et aI.199f m spherical symmetry), as seen in Bertschinger (1985), so

; that a spherical dynamics model could give reasonable results.
However, for moderate values ofthe correlation between theWe shall assume in this paraaraph that the manv-bodv corre-
density at scale? and the density at a smaller scak® en- paragrap Y y

closed within the former one quickly weakens as the ﬂuctuati%%éfcr:iguer:jcgor;;ea;i;icnal?ag\éz;,?ng' iiiﬁgitot:.?i:::rsrléy ifrl’r?:ad °
Yo ~ X’ becomes larger thadyq (X’ diverges for smallr’ y 9 * 9

. . .. .= = —w/(1-w) . .
while 5 remains finite). As a consequence one cannot infer> 1 for (14 6) > ¢ which includes very under-

the average density profile of virialized halos frém. In fact, dense and smaik regions. Then, if we consider a sphere of
it seems more reasonable to consider an initial density profifdius R with a density contrasé over R, the mean density

We can notice that an overdensity with an initial density profi

of the form: contrast< 1 4+ 6" >5 on its outer shell can be shown to be:
8 o ¥ oc g~ (482 (48) <1 : <146 >4= <1 + % 1°_”w> (1+4) (50)

which leads to a final density profile for the virialized halo:

3(3 + n) for low density regions((l + §) < &), where

- i —
(1+6) xpxR with (iair-srwe (49) 7:3(34_”) -
wherex (resp.R) is a comoving (resp. physical) coordinate. b+n
The reasoning belovii{#8) is that if we look at a virialized hals the slope of the two points correlation function in the highly
of massiM, its characteristic density within a smaller sphere afon-linear regime andh is the slope of the initial power-
massM’ (centered on the peak) will be set by the maximumspectrumP (k) which we assume here to be a power-law. This
linear density contrast, realised over all spheres of mas& means that the density profile is locallyx R 7</(1=«), Thus,
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to getw we may consider the evolution of the density profileith

of a typical spherical underdensity usirig](50). Let us follow (34m)/6

an underdensity with an initial profile in the early universg _ o1 _ (1+9) oz (58)
61| o< B(M) o M~ ("+3)/6 (see[[4B)). Its dynamics is simply ~ X(Rn) E(R)

given by the spherical model:

The linear variable defines the underdensities as itis a constant

R = A(coshn—1) of the dynamics. We can see frdm|(57) that a logarithmic interval
with A3 = GM B? (52) of |v| of order unity will occupy all the volume of the universe
t = B(sinhn —n) when
and 1 14 2
3 6t 2/3 \/72? 1‘+|5 e ” /2N1 (59)
ou(t) = =55 <B> (53)
Naturally, we cannot keep our model unchanged for later times,
Hence we have: since the mean volume of these underdensities should not grow
B oc |6 73/2 faster thana® after this date. In fact, in this picture such a
(54) range of negative density fluctuations first expands following
Ao MY3B2/3 o |6 |~ (+5)/(n+3) the spherical dynamics until neighbouring underdensities come

into contact and fill the entire universe. At this time the universe

Atlate timesy > 1, and using[(B) we obtain: appears to be constituted of low density bubbles of siznd

R~ Acoshn ~ At/B ~ |5 |1/ 2B+n) densityp (with p < 5). The matter which was “pushed” by these
(55) “voids” to form the interface between adjacent underdensities
(1+08) ~1/coshn~ B~ |6,|3/? gets squeezed and reaches high densities. Thus, we shall assume

the latter build virialized structures of size R and density~ p

(for instance they may have a density200 times higher than

the density of neighbouring areas). These represent the sheets

_ 5+n (56) and filaments one can observe in numerical simulations (e.g.
6 Bond et al.1996) which separate low-density regions, while the

which is also the value one would have inferred fram (44). Wapherical overdensities described in the previous sections are

can note that although the initial density is lower in the cetie nodes which form at their intersections (note that the latter,

tral regions of the perturbation, which expand faster, theredgrresponding to large positive initial density fluctuations, ap-

no shell-crossing and the density profile is given by (55) f@ear first). To see more clearly what this would imply for the

n < 1 (the profile of the initial density contrast is less steeprobability distribution of the density contrast (and for the mass

thans;, o« R~2). As we could expect from the analysis we defunctions) we shall simply consider that underdensities defined

veloped in the linear regime, we can note that the ease1 by their linear parameter, and their scale?, stop expanding

leads to some problems since we would have: 1. Hence it When:

cannot be described by this simple model. We shall only con‘—y| ,

sider—3 < n < 1, which corresponds to hierarchical clusterina— eV /2=p (60)

and cosmologically relevant power-spectra (but one may expec

thatn — 1 on very large scale® — oc). with 8 ~ 1 (that is when they fill all of the universe) and
keep after this date a constant radidsand densityp. Thus,
5.2.2 Contact of underdensities as time goes on the universe gets filleq with inpreasingly large
. . o and underdense “bubbles” while a growing fraction of the matter
We shall now develop a slightly more detailed description of thogressively forms virialized structures (with a characteristic
fate of underdensities, in order to follow the behaviour of thﬁbnsny which becomes Vanishing|y small as Compared to the
matter (one half of the total mass) which was initially embeddeflean density). Note that within such a picture all the mass will
in these low-density areas. This means that we have to modifentually be embedded in virialized high density objects, so
the function¥(d.) for 6, < 0too. As we noticed in Sect. 2, un-that the usual normalization problem is solved in a natural way.
derdensities grow very fast according to the spherical dynamigigsys, we must now use_(60) to obtain a relation § in order
which leads to an approximate probability distribution of thg) get the probability distribution of the density contrast from
density contrast with an ever increasing normalization (inste@), A negative density fluctuation“stops” when it reaches a
of unity). In fact, the volume formed by any given range of urjensity contrasé, on a scaleR such thats = %, defined by
derdensities will eventually outgrow the available volume of tk@) and[(6D). At late times; > 1, the spherical dynamics (see
universe within the approximation used so far. Indeed, we c@)) leads to the approximate relation:
write (I2) and[(Ib) as:

L1 °/2 b 20 (R e 61
= —— — g 1 = _—
PO)dS= — g e (57) (1+9) (27|v| ( >) (61)

which means thatl + 6) oc R3G3+7)/(1=n) |f we identify this
exponent withyw /(1 — w) we obtain eventually:

w
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hence we obtain: regions of typical density contra&t with (omitting logarithmic
terms):

(62) (1406.) ~ S(a,a)¥ D) ~ g8/(n=D g303/0-m)  (6g)

By = 2L gU=m/6 |y|(n=1)/6 (1=m) v?/12 as long as one remains in the non-linear regimér(a) > 1
) . that is(1 + d5) < 1). The “overdensity”(1 + d,) tends to O
Note that the scalé? is not the Lagrangian scalfl,,,, and oy |arge times or small scales as it should, while the volume

vE(R) # 6. After this “stopping timet,, the radius of the o\ nied by most ofthe matter becomes increas ingly negligible.
object does not evolve any longer while its density contrast in-

creases as®, hence initial underdensities which have alread

“stopped” verify: .2.3. Adhesion model

We shall now try to compare the approach developed above to
(63) avery different point of view: the adhesion model, in the pe-
culiar case of 1-dimensional fluctuations (in a 3-dimensional
universe). Indeed, from the picture developed in the previous
paragraphs we do not expect the adhesion model to give reli-
able estimates for the counts-in-cells at large values of 1,
Snce in this range we should count roughly spherical virialized

i to th herical d . d . l{%?los which have a radius larger than the considered gtale
contrary o the pure spherical dynamics case Used previoypiyqq correspond to the overdensities described by the spherical
where we had = F(é.). This is in fact a necessary condition

d _. collapse seen in Sect. 5.1. Hence the finite value of the virial-
o be able to get eventually all th? mass O.f the umvgrse W'tn%tion radius of these objects plays a crucial role in the final
overdense virialized structures. Finally, this leads to: probability distribution of the density contrast, which is then out
1w 98 98 -3/2 of reach of the adhesion model where this radius is simply zero.
P()~ = — — [—2 In (az‘”)] z“~2 (64) However, this model could give a fairly good picture of the
3 V2r 20 20 filaments and sheets which characterize the highly non-linear

: ' i he transverse thickness of these structures, smaller
wherew is defined b 6),x by (42) and we used (B9 to Universe ast . : . '
: @ = y[(56).x by .) : ) than their length or the radius of the neighbouring “bubbles”,
introducet. Thus, we recover the scaling-ladw[42) with the sam ) . i
exponent, as previously, with logarithmic corrections. Suc oes not play an important role_on the counts-in-cells realised
logarithmic terms may indeed exist, but our model is probab? these Iattgrscales. More premsel)_/, we shall try FO evaluate the
too crude to give a reliable estimate of their importance. Asw ?'Cal density contrast seen on a given scale: this corresponds

the case for overdensities, we also obtain a relation betweenﬁ%uége maximum of’() and to the density contrast of the

linear and non-linear parameterandz: bles Wh'_Ch cover_the Universe. . .
We shall first consider 1-dimensional density fluctuations,

since in this case the Zeldovich approximation is correct until
shell-crossing occurs so that we expect the adhesion model to
provide reliable results. We still define as the index of the
This scaling[(4R) of*(5) applies to density contrasts larger thapower spectrumc |6x])% >oc k™ so that we obtain:

the one of underdense regions which are currently on the verge (nt1)2

of filling the entire universe{l + &) > (1 + d,) with: —l<n<3: X(@)oxaz (69)

6/(5+n)
(146) = (1+6)) @((R)))

sinceX(R) o« a®*t™/2 R=(n+3)/2 py definition, whereR is
the physical radius. This is the relation- § we needed to derive
the probability distribution of the density contrast. We can no
that the density contrast is now a function of béthand X,

VeV /2 = ;.i ¥ (65)

1 (22 =~/ (1) This range inn ensures that the density fluctuations increase

(140) > (148,) ~ (Ing)/=2) ¢ (66) at small scales while the fluctuations of the density potential
grow at large scales, so that we are in the domain of the usual
hierarchical clustering. We note (resp.q) the comoving Eu-

—1/(1-w) (67) lerian (resp. initial Lagrangian) coordinate of particles, in this
1-dimensional problem (at early timas— ¢). The relation

which is exactly the limit predicted by a general study of the— z is given by the adhesion model for the displacement field,

models defined by the scale-invariance of the many-body cand the density is simply obtained from:

relation functions. Thus, the approach developed in this section dq g

“explains” in a natural way both the emergence of the scalingtz, a) = 2| = 7 with  n=(1+9) (70)

law (42) for smallz and its range of validity. Note thdi(44)

derived from the behaviour of overdensities only applied to viri/e shall follow some of the notations used by Vergassola et

alized objectsy > 200, and was in fact restricted to>> 1 as al.(1994) and we introduce the reduced veloeignd velocity

we argued above. The previous considerations also mean thatentialy:

when seen on comoving scateat a time defined by the scale oV

factora, the universe appears to be covered by very underdenés, @) = “or  aa (71)

hence

:E>>E
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whereV = az is the peculiar velocity. We shall only consider We shall now consider the approach based on the spheri-
the cases-1 < n < 1 where the initial velocity¢ — 0) has cal dynamics we described in the previous sections, applied to
homogeneous increments and verifies the scale-invariance:this 1-dimensional problem in order to compare its prediction
to (80). The equation of motion of a 1-dimensional density fluc-
A>0 : v(z+N)—vo(x) law \ (1-n)/2 [vo(x+1)—vo(2)](72) tuation, of longitudinal siz&R, centered on the origin, in an
universe invariant by transverse translations, can be written:

poti 2R
A0 go(Az) B NG/ () 73 ~ 9f 3P
la where R;, corresponds to the Hubble expansion of the matter

with v (0) = v¥(0) = 0. Here, W means “having the sameelement:R, « a andR/R, — 1 ast — 0 (on the other hand
statistical properties”. Then, the overall density over the celle comoving transverse coordinates remain constant in time).

while the initial velocity potential satisfies:
(81)

[21,x2] is simply: Thus,x = R/ R, is the comoving coordinate of the outer front
1 which we normalized so that — 1 for ¢t — 0. We can write
77([5”17 35‘2], a) - [Q(x% a) - Q(xlv a)] (74) M) as:
T2 — T1
2 . . _

where the poing(z, ) satisfies: StE+4te—22+2=0 (82)

9 The solution of this equation is simply related to the initial

f% + apo(q) + xzq| is maximum afy(z, a) (75) conditions by:

] ) ) £\ 2/3 £\ 2/3
as given by the Hopf-Cole solution of the Burgers equatiopn_ 1 () and §; = — () (83)
(Hopf(1950), Cole(1951)) obtained from the adhesion model. * Ls

Ifther_e is a shock at the Eulerian locatiorseveral Lagrangian wheredy, is the linear theory density contrast. Indeed, we have
coordinateg correspond to the sameand we choose the small-(1+5) = Ry/R = 1/2. Thus, we obtaint1 +8) = (1—6)~"

est one which we notg,, (z, a). Then, we have: so that at late times:
= g + @ vo(qm) (70 14+6)<1: (1+06)~ 5" (84)

(Wthh is Slmply the Zeldovich dynamiCS). US”@(?S) we Caﬁ}he linear parameter is still given byV _ 6L/Z(Rm) where
check that the density(Az, a) over a cell of sizeAx satisfies: | p — (1+ 6)R so that:

n(Az, a) law n(a ™) Az | 1) (77 (1+6,) ~ (v|S(R))Y Y (85)

so that one only needs to consider the time: 1. The highly Hence according to the model described in the previous section
non-linear regime which is of interest to us here correspondsderdensities stop expanding and fill the entire universe when
to a — oo or Az — 0. Numerical simulations and theoreti-they reach the density contragtsuch that:

cal arguments (She et al.1992; Vergassola et al.1994) stron(gly 2/(1=m) (14n)/(1=n)
suggest that the Lagrangian map- z(g, 1) forms a Devil's (1 +s) ~a A ’ (86)
staircase and that shock locations are dense in Eulerian s
(for —1 < n < 1), which can be proved rigorously far = 0
(Sinai 1992). Hence for almost every Eulerian coordinate
Lagrangian coordinaig,, exists. Using[(76) we can see that fo
two pointsz; andz, attimea = 1 we have:

RRIf&re we omitted logarithmic corrections and we uged (69).
Here,z is the considered comoving scale we nofedin (80).
Thus we recover exactly the behaviour seen above within the
framework of the adhesion modél_{80). This is due to two
effects: i) in such a 1-dimensional problem the Zeldovich
T2 — 1 = Gm2 — Gm1 + [V0(gm2) — vo(qm1)] (78) @pproximation gives thexactdynamics until a shock appears,

ii) the formation of these large underdensities corresponds
In the limits|z — 21| — 0 and|gm2 — ¢m1| — 0 we have from to peaks of the initial velocity potential which are global
(72) the behaviouro (¢m2) — v0(gm1)| ~ |gm2 — @m1|*~™/2.  maxima over a large scale but all particles located in the final
Sincen > —1 the second term i (78) becomes negligible, doroad low-density areas come from a small Lagrangian region
that we expect: (the peak ofiyy) so that inner properties are given pcal

characteristics and the spherical model is reasonable (the stop

- (1-n)/2 * - 2/(1—n)—1 > _

Az~ (Ag) and 7"(Az,1) ~ (Az) (79 ofthe expansion af, models the global constraints, related to
wherer* is the most probable value gf(note however that by the fact that these peaks are only maxima over a finite scale).

definition the mean value ofis simply< 1 >= 1). Using [7T) In fact, bqth_models lead to very simi_la_r_pictures: mqst of the
we obtain: universe is filled by the expansion of initial low-density peaks

while most of the mass is squeezed between this underdensities
(14 8)"(Az,a) ~ a2/ (Ag)+m)/(A=n) (80) in virialized objects (for the spherical model) or infinitesimally
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thin shocks (in the adhesion model). Table 1.Exponentw for various indexes of the power-spectrum. The
lines 1D, 2D and 3D corresponds o }(88).1(89) dnd (56). The last two
For the usual 3-dimensional case, the adhesion model dtigs present the results of numerical simulations: Colombi et al.(1997)
not lead to the same results as the spherical prescription &Hcf* @nd Munshi et al.(1998) for B.
there would be a break at= —1 (while it occurs at = 1 for
both models in the 1-dimensional case): indeed the previous ar
guments would give) = (5+n) /4 instead ofl(5b) whichleads 15 533 04 045 o05
to lower characteristic densiti¢s+ J,). We think thisdiscrep- o5 039 046 052 0.62
ancy could be due to the fact that the Zeldovich approximatioap 05 066 083 1
does not give the exact dynamics any more, even before a shock
forms, so that the shape and size of structures built at late times 0.3 05 0.65 0.65
is not correctly described. Indeed, within this approximationtheB 033 0.4 055 0.7
physical coordinate of a given particle evolves as:

-2 -1 0 1

r =a(q+ ap) (87) &(R,)>+™)/6 we obtain(1 + d,) ~ 57(5+n)/6 on scaleR,

which means that for a spherical underdensity we obtain at Igt%e smallest scale of the undgrdense regions). If we write this
exponent as-w/(1 — w) we get:

times (1 + §) ~ t~2 while the spherical dynamics leads to
(1+6) ~ t~1, seel(®b). Hence the Zeldovich approximatioti D w— dS+mn
overestimates the expansion of voids which explains the low~ T +n
(1+9,) and the highw it gIves. Thus, the_adhesmn r.‘nodellapl-q a similar fashion, a two-dimensional expansion leadd te
pears to confirm our spherical prescription for 1-d|men5|on% S (VTE-1)/2 _
fluctuations, where the former has a rather firm foundatiofy, > Oz and:
which builds confidence in our model which predicts moreover (5+n)(VI3—1)
scaling-laws which are actually seen in numerical simulatior&D : w = (5+n)(VI3 — 1) + 12 (89)
For the generic 3-dimensional case, this latter result suggests
that our prescription is still valid, while the adhesion modéNe compare on Table 3 the values obtained in numerical sim-
should worsen. ulations to these estimations. Thus, although we recover the
increase ofv with n, non-spherical corrections appear to be
non-negligible. Hence we expect the valuewofmeasured in
numerical simulations, which is presently close to the 2-D re-
As we noticed above, we expect the spherical dynamics to deit, to increase somewhat for smalieat smaller scales where
scribe extreme events| > 1. Moreover, inthe same way as the is larger, and to get closer to the val(ie](56) obtained from the
“cloud-in-cloud” problem is not very important for large overspherical dynamics model.
densities’ > 1, as noticed in VS, which is necessary for the ap-
proach developedin Sect. 5.1, the corresponding “void-in-voi ”3 G .
. . . ... b.3. General picture
problem disappears for< —1 (since the gaussian density fiel
is symmetric under <> —v) which allows one to use the pre-Thus, in the non-linear regime virialized objects should form
scription presented in 5.2.2. However, we can see fitain (65) thfatough two different processes according to our model. First,
large negative values of correspond to very small. Indeed, large overdensities with a roughly spherical shape collapse
with w ~ 0.5 we can check that < —4 leads tor < 107°, as in the PS approach to build high-density virialized halos.
(1+65) < 1072 andé > 103. Thus, the range of which This corresponds to matter elements describedvby> 1
can be studied in current numerical simulatior® < =z < 50 andxz > 1. Second, large underdensities expand until they
may be too small to recover the power-law tail with exponefitl the entire universe and see their dynamics influenced
w and the exponential cutoff predicted by our approach. Hentw, their interaction with neigbhouring “voids”. The matter
non-spherical corrections may change the valug obtained “pushed” by these regions forms high-density filaments and
in numerical simulations. To get an idea of the magnitude asHeets at their interface, which builds virialized structures of
direction of such effects, we can study the case where underdacreasingly large scale and low density (increasingly lower
sities only expand along 1 or 2 directions (planar or cylindricéthan the mean density of the universe). Obviously the dynamics
symmetry) while the other axis remain(s) constant in comovimg the filaments and walls cannot be described by a spherical
coordinates. Thus the 1-dimensional problem considered in thedel, but our approach takes advantage of the fact that the
previous section corresponds to the expansion along only dow-density “bubbles” they surround may still be described by a
direction, while the spherical model represents a growth alosgherical dynamics, with the addition of other processes to take
all three axis. into account the global constraints which stop their expansion.
For the 1-dimensional growth_(B4) implies that we havEhis models matter elements with< —1 andz < 1. The
(14 65) ~ %(M)~! where we do not consider logarithmicbehaviour of the intermediate fluid elemepts~ 1 is certainly
corrections (i.ejv| ~ 1). Using R,, = R, andX(R;) « quite complex and depends on non-local properties through the

(88)

5.2.4. Non-spherical corrections
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influence of neigbhouring peaks and voids. It is not describ&eldovich approximation for instance), and sheds some light on
by our model and corresponds to the transition interval of thige rigorous results. Then, we have developed a way to extend
scaling functiom(x) aroundz ~ 1 from its exponential cutoff this modelinto the non-linear regime, by taking into account the
to its power-law tail. Note that in the regin®e > 1, low virialization of high overdensities (as in the PS approach) and
density contrast regiong| < 1 are not described by linearalso the behaviour of very underdense areas (in a way differ-
theory, even thoughé| is small, because of shell-crossingent from the PS prescription). This implies a particular scaling
Thus, our model does not provide as accurate predictions asithe of the counts-in-cells over a well-defined range which is
PS mass function, but it can be tested in numerical simulatiangleed verified by the results of numerical simulations. Thus,
by studying the density profiles of large halos or voids, amir model deals with the evolution of the density field in both
well as the asymptotic behaviour @fz). It would also be linear and non-linear regimes, for any cosmological parameters
of interest to follow the evolution of initial extreme matteopen or critical universe) and provides a simple reference to
elementdr| > 1. Moreover, we think the explicit descriptionwhich one could compare the results of a more rigorous treat-
of underdensities is a necessary step, which was not considersht. Naturally, our approximation should be tested in more
in detail in the PS formulation. It ensures in a natural way theetail with numerical simulations. The density profile of very
all the mass will eventually be embedded within high-densitynderdense regions, the evolution with time of the scale and
virialized structures (which occupy a negligible volume), sdensity of typical “voids”, the asymptotic behaviour of the scal-
that there is no normalization problem, and it allows to describgg function (), should allow one to measure the influence
the complex structure formed by low-density bubbles, filamerdi§non-spherical corrections and the effects of substructure dis-
and walls, which is seen in numerical simulations (Cole atption on the density field, which are not well described by our
al.1997; Weinberg et al.1996; Bond et al.1996). One can not@del, and precise its accuracy.
that according to our model, substructures should exist within
Ia_lrge oyerden5|t|es, which is not always seen in numemﬁéferences
simulations. However, as Klypin et al.(1998) argue this may be
due to a lack of numerical resolution, moreover substructuridglian R., Schaeffer R., 1989, A&A 220, 1
do appear through counts-in-cells numerical studies. Bardeen J.M., Bond J.R., Kaiser N., Szalay A.S., 1986, ApJ 304, 15
Bernardeau F., 1992, ApJ 392, 1

In the non-linear regime, we have only considered the Ca%@rnargeau E ggj‘;’)" 2&f422971’56197
of a critical universe so far. However, in a low-density univer%ernar eau ., AP a2t

- ernardeau F., Kofman L., 1995, ApJ 443, 479
when() becomes small virialized structures no longer form 83 rnardeau E. Schaeffer R.. 1991 A&A 220 23

the Ilnear_ growth factprD(t) ten_ds toa Cpnstant: the denSmﬁernardeau F., van de Weygaert R., Hivon E., Bouchet F.R., 1997,
perturbations freeze in comoving coordinate. Thus, on small \ nrAS 290. 566

scales where the density fluctuations are large, structures form@gschinger E., 1985, ApJS 58,1

early whenQ ~ 1 so that the analysis developed above for ond J.R., Cole S., Efstathiou G., Kaiser N., 1991, ApJ 379, 440
critical universe can be applied. To get the characteristics Bdnd J.R., Kofman L., Pogosyan D., 1996, Nature 380, 603
virialized structures today at these scales one simply need8toichet F.R., Schaeffer R., Davis M., 1991, ApJ 383, 19
consider these early times and then extrapolate until today Gele J., 1951, Quart. Appl. Math. 9, 225

ing the approximation (which was used throughout above) tHz@le S., 1989, PhD Thesis

virialized structures keep a constant scale and density while e S- Lacey C.G., 1996, MNRAS 281, 716
mean density of the universe decreasep asa—. On larger Cole S., Weinberg D.H., Frenk C.S., Ratra B., 1997, MNRAS 289, 37

scales, fluctuations will never reach the non-linear regime sin 8|°mb' S., Bouchet F.R., Schaeffer R., 1995, ApJS 96, 401

L lombi S., Bernar F., Bouchet F.R., Hernquist L., 1997, MNRA
3] tends to a constant @s— oo, which is nearly reached as 0028$I 34’1 erardeau F., Bouchet F.R., HernquistL., 1997, S

soon as{2 ~ 0.1. Hence, on these scales one can simply Ug,is v, Efstathiou G., Frenk C., White S.D.M., 1985, ApJ 292, 371
the quasi-linear description developed in Sect. 2.2. Thus, Qftathiou G., Frenk C.S., White S.D.M., Davis M., 1988, MNRAS
gets a complete picture of the density field in a low-density uni- 235 715
verse (except for a transitory range whéere- 10) within the Ghigna S., Moore B., Governato F., Lake G., Quinn T., Stadel J., 1998,
framework of the approximation developed in this article. submitted to MNRAS, astro-ph 9801192
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