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Abstract. We generalize the nonparametric dispersion mini-
mization method of time delay estimation for the case when
more than two quasar images are available. This allows us to
analyse time delays in complex gravitational lens systems in a
model independent manner. We apply the new method to the re-
cent observations of the quadruply imaged quasar PG 1115+080
and show that our nonparametric estimates roughly coincide
with the values obtained with optimal filtering and smoothing
techniques. Because our method uses a minimal set of assump-
tions and is computationally simpler it may be a method of
choice, especially for the early stages of an investigation when
the available data for a new lens system are scarce.
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1. Introduction

The dispersion minimization method developed in Pelt et
al. (1994, Paper I) and Pelt et al. (1996, Paper II) was suc-
cessfully used to estimate the time delay for the gravitational
lens system QSO 0957+561 A,B. The method was also used by
other research groups to analyse different data sets (Haarsma et
al. 1997; Kundíc et al. 1997; Oscoz et al. 1997; Goicoechea et
al. 1998). It is important to check the applicability of this simple
algorithm in more demanding situations.

In this short note we show that a fairly staightforward gen-
eralization of the method allows us to estimate time delays in
systems with more than two images. For illustration purposes
we use photometric data for the quadruple gravitational lens PG
1115+080. There is a difference between the two sets of time
delay estimates published so far: first by Schechter et al. (1997,
below S97) and then by Barkana (1997, below B97). We will
show that the dispersion minimization approach tends to give
higher weight to the S97 set. However, the data available are
insufficient to yield conclusive results.
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2. Method

Let A andB(r), r = 1, . . . , R be magnitude measurements of
theR + 1 different components of a gravitational lens system.
We single out one arbitrary image (A) for a simplification of the
description. The data model for the reference imageA is then:

Ai = q(ti) + εA(ti), i = 1, . . . , N (A)

and for additional (shifted in time byτ (r)) images:

B
(r)
j = q(tj − τ (r)) + l(r)(tj) + ε(r)(tj),

j = 1, . . . , N (r),

r = 1, . . . , R,

whereq(t) is the intrinsic variability of the quasar, thel(r)(t)
are constant differences in magnitudes (macrolensing and/or
absorption) or smooth nuisance components (due to possible
microlensing), andε(r)(t) are observational errors. For sim-
plicity we will in the following discussion assume that mi-
crolensing is absent or is constant during the observing season
(l(r)(t) = l

(r)
0 ).

For every time delay and magnitude difference set

τ (r), l
(r)
0 , r = 1, . . . , R,

we can generate a combined light curve by appropriately shifting
the original light curves in time and in magnitudes:

Ck(tk) =
{

Ai, if tk = ti,
B

(r)
j − l

(r)
0 , if tk = t

(r)
j + τ (r),

wherek = 1, . . . , N andN = N (A) +N (1) + . . .+N (R). The
dispersion spectra

D2(τ (1), . . . , τ (R)) =

min
l
(1)
0 ,...,l

(R)
0

D2(τ (1), . . . , τ (R), l
(1)
0 , . . . , l

(R)
0 ),
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are then computed for every set ofτ (r), r = 1, . . . , R from a
search space. For the experiments described in this report we
chose dispersion estimates from Paper I in the form

D2
1(τ

(1), . . . , τ (R)) =

min
l
(1)
0 ,...,l

(R)
0

∑N−1
k=1 Wk,k+1Gk,k+1(Ck+1 − Ck)2

2
∑N−1

k=1 Wk,k+1Gk,k+1
,

and from Paper II

D2
2(τ

(1), . . . , τ (R)) =

min
l
(1)
0 ,...,l

(R)
0

∑N−1
n=1

∑N
m=n+1 Wn,mSn,mGn,m(Cn − Cm)2

2
∑N−1

n=1
∑N

m=n+1 Wn,mSn,mGn,m

,

where theSn,m are used to downweight or exclude pairs with
long time difference

Sn,m =
{

1 − |tn−tm|
∆t , if |tn − tm| ≤ ∆t,

0, if |tn − tm| > ∆t
.

Wi,j are combined statistical weights computed from the stan-
dard errorsσi, σj of the original observations

Wi,j =
WiWj

Wi + Wj
=

1
σ2

i + σ2
j

,

and Gk,k+1 are weights which switch off pairs ofCk, Ck+1
which are coming from one and the same curve (A or B(r)).
The computational scheme is quite similar to the standard dis-
persion minimization algorithms from Papers I and II. However,
now the search space for a solution is multidimensional and the
magnitude shiftsl(r)0 , r = 1, . . . , R must be determined from
a least squares solution of anR ∗ N dimensional matrix for
every particular combination of the time shiftsτ (1), . . . , τ (R).
To speed up the computations, it is reasonable to evaluate the
dispersion spectra first on a rough grid of trial shifts and then
proceed with a refined search in the surroundings of the provi-
sional minima.

It is important to note that the choice of downweighting
function Sn,m and bandwidth parameter∆t in the proposed
scheme is far from being unique. When working with actual
data it is reasonable to vary the bandwith parameter and may be
also the downweighting function (as done in Paper II) to get a
feeling for the robustness of the results obtained. Our experience
shows that for the right time delay system there is a wide range
of experimental setups which all give very similar dispersion
spectra (see also Sect. 4).

For both dispersion estimatesD2
1 andD2

2 we use similar nor-
malization, so that their actual value estimates the true variance
around the hypothetical light curve.

3. Refinements

The proposed scheme allows several straightforward modifica-
tions. We can use low degree polynomials as nuisance parame-
tersl(r) to model time dependent microlensing. In this case the

computational scheme remains practically the same, but there
will be some extra columns in the least sqares estimation matrix.
Slightly more complicated is the introduction of the additional
multiplicative factors (as used for instance in B97). Instead of the
original curvesB(r) we use curves with multiplicative factors
a(r)B(r), with corresponding reformulation of the dispersion
estimates. Because multiplicative amplificationsa(r) will have
an effect also on the weights, the scheme becomes iterative. First
we estimate free parameters using the original weights, then we
plug in corrected weights

W ∗
i,j =

WiWj

(a(r))2Wi + Wj
,

wherea(r) is estimated (by least squares minimization) in the
previous iteration as a multiplicative factor for an imager, and
repeat all this cyclically until convergence is obtained. We will
demonstrate the use of these techniques in a subsequent paper.

4. Application to the gravitational lens system PG
1115+080

To check the proposed method we used the data set from S97
which was also used in B97. This allows us to compare the re-
sults from three different approaches. Because our method does
not use interpolation we were able to retain the last observa-
tion in the data set, which was excluded by other researchers.
However, it was only marginally usable in our search space of
delays from[−40, 40]× [−40, 40] days because of the gap of 37
days in between the last and penultimate nights. As in S97 and
B97 we used two images (B and C) and the combined image
A = A1 + A2 of the badly resolved imagesA1 andA2. Quite
arbitrarily we choseA as a reference image in our scheme. We
used exactly the same corrected error estimates as S97.

The application of the totally parameter free dispersion es-
timateD2

1 gave us the strongest minimum atD2
1 = 0.0001631

for tBA = 10.0, tAC = 15.9, tBC = 25.9 (here and below we
use notations for time delaystBA = −tAB = −τ (r) for a par-
ticularr). There were at maximum 71 pairs and at minimum 52
pairs which were included in the summation. In Fig. 1 a contrast
enhanced plot

ρ(tBA, tCA) =
1

D2−D2
min

D2
max−D2

min

+ 0.02
,

of the peaks in the spectrumD2
1(tBA, tCA) is depicted. The

maxima inρ(tBA, tCA) indicate minima of the dispersion spec-
tra. Because of the enhanced contrast (emphasizing peaks above
98% of the total variability level) only the strongest dispersion
minima can be seen in the plot. It is seen that there are several
peaks with practically the same strength. Consequently the to-
tally parameter free version of the dispersion estimate does not
help conclusively to single out one of the peaks in the search
space. There are simply too few data pairs to be averaged over
to get a stable spectrum. However when we include more pairs
in the averaging, using dispersion estimateD2

2, the picture be-
comes clearer. In Table 1 the results forD2

2 runs with different
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Fig. 1.Contrast enhanced plotρ(tBA, tCA) of the dispersion spectrum
D2

1

downweighting parameter∆t on the rough grid of delays (with
one day step) are depicted. We can see that for a wide range

Table 1.Rough estimates for different values of∆t

∆t tBA tAC tBC D2
2 Nmin Nmax

3.5 14 12 26 0.0001422 87 345
4.5 14 12 26 0.0001521 128 371
5.5 14 12 26 0.0001640 160 402
6.5 14 12 26 0.0001757 189 441
7.5 14 12 26 0.0001868 226 471
8.5 14 11 25 0.0001953 257 510
9.5 14 10 24 0.0002015 291 547

10.5 14 10 24 0.0002066 316 573
11.5 14 11 25 0.0002116 357 616
12.5 15 11 26 0.0002161 395 663
13.5 15 10 25 0.0002208 447 683
14.5 15 10 25 0.0002255 485 708
15.5 16 10 26 0.0002296 520 753
16.5 16 10 26 0.0002351 555 783
17.5 16 11 27 0.0002412 587 815
18.5 17 10 27 0.0002474 614 856
19.5 17 10 27 0.0002547 645 892
20.5 16 11 27 0.0002627 673 937
21.5 15 11 26 0.0002707 715 977
22.5 15 11 26 0.0002789 740 1009
23.5 15 12 27 0.0002867 762 1039
24.5 15 12 27 0.0002954 793 1080
25.5 16 11 27 0.0003041 817 1113
26.5 16 11 27 0.0003127 850 1140
27.5 17 11 28 0.0003211 886 1187
28.5 18 11 29 0.0003300 925 1219
29.5 19 10 29 0.0003396 961 1256

(3.5-27.5 days) of the∆t values the delays at absolute mini-
mum of D2

2 are practically the same and belong to the subset
[14, 17] × [−12,−10]. In Figs. 2 and 3 we see how the contrast
enhanced plotρ(tBA, tCA) changes with the value of∆t. For
∆t = 5.5 the plot is multipeaked and somewhat similar to the
case ofD2

1 whereas for∆t = 15.5 only one single peak can be
clearly observed. (There are of course more peaks with lower
amplitude, but they are damped out by the contrast enhancing
transform.) The refined search in a square[10, 20]× [−15,−5]
with ∆t = 15.5 gave us a set of delaystBA = 15.5±1.8, tAC =
10.3 ± 1.9, tBC = 25.8 ± 2.4, rABC = 0.66 ± 0.15, where

Fig. 2.Contrast enhanced plotρ(tBA, tCA) of the dispersion spectrum
D2

2 , ∆t = 5.5

Fig. 3.Contrast enhanced plotρ(tBA, tCA) of the dispersion spectrum
D2

2 , ∆t = 15.5

rABC = tAC/tBA. We estimated errors for the time delays us-
ing the bootstrap method described in Papers I and II. These
error brackets are quite formal, and somewhat optimistic, be-
cause of their dependence on the downweighting parameter∆t.
The estimates with bigger∆t tend to be more stable (the errors
computed using bootstrap are smaller), but they can also con-
tain larger bias due to the over-smoothing. The same is true for
the method used in B97. Different parameterizations will give
different error brackets. We consider the±2 day stability of our
time delay estimates for a wide range of only one single input
parameter,∆t, a more relevant precision indicator than formal
Monte-Carlo type calculations.

When we compare our results with those of S97 and B97,
we find a rather good agreement with the S97 delay set:tBA =
14.3, tAC = 9.4 ± 3.4, tBC = 23.7 ± 3.4, rABC = 0.7 ± 0.3
(method of Press et al. 1992). The agreement with B97 estimates
tBA = 11.7+1.5

−1.6, tAC = 13.3+0.9
−1.0, tBC = 25.0+1.5

−1.7, rABC =
1.13+0.18

−0.17 (smoothing parameterL = 20, bigger value cor-
responds to less smoothing) is not so good. If we adopt an-
other value for the smoothing parameter in the B97 method,
L = 10, then the agreement between the two methods is better
(tBA = 14.0+1.6

−1.6, tAC = 12.5+0.9
−0.9, tBC = 26.5+1.7

−1.7, rABC =
0.89+0.12

−0.12). The strongest minima for theD2
1 statistic occured

near the B97 solution with smoothing parameter valueL = 30.
Because of the apparent instability of theD2

1 spectrum, we do
not want to stress this coincidence too much. If we for the mo-
ment put aside the additional assumptions in the B97 analysis,
then we can say that our nonparametric method (withD2

2) tends
to agree with the B97 method with stronger smoothing. Part
of the differences between the two methods can be ascribed to
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the fact that the B97 method takes into account probable corre-
lated errors resulting from inclusion of the comparison star *B
magnitudes into the estimates of A1+A2, B and C brightnesses.
Barkana also included an additional magnification parameter
into his model to describe conjectured “static” microlensing. We
will present a more complete analysis of the intricate photome-
try of PG 1115+080 which takes into account these refinements
in a subsequent paper.

5. Discussion

There are several advantages to the dispersion minimization
scheme over the more complicated time delay estimation meth-
ods.

1. The method is essentially parameter free. Even when par-
ticular runs with theD2

2 statistic are done with a fixed value
of the downweighting parameter∆t the overall conclusions
are always drawn from the full series of computations with
different values of∆t.

2. The weightsGn,m allow one to use only the information
in the observed data relevant to the time delay estimation.
In the methods by Press et al.( 1992) and Barkana (1997)
part of the fit quality is determined by the placement of the
observed points of one or other single brightness curve.

3. The method provides a simple way to take into account
heterogenity of the data sets and include different models
for nuisance parameters (see Papers I and II).

4. The method avoids any interpolation into the gaps in the
original data sets. As has been shown in Paper I this can be
extremely dangerous in some cases.

5. The method is also free from bias introduced by variable
amount of overlaps of the multiple lightcurves for different
time delays.

There are of course typical pitfalls for the nonparametric meth-
ods. In general the computed estimates will have larger error bars
when compared with estimation schemes with fully specified
(and correct) models. For some sampling schemes the method
can unexpectedly break down, because of odd sampling. This is
a well known problem with other schemes too (compare Press
et al. 1992 and Kundić et al. 1997). There is always a certain
trade-off between dispersion of the estimates and the bias.

Nevertheless, we think that time delay estimates computed
using the proposed scheme can be a good and safe starting point
before a more detailed analysis.

In conlusion, we have demonstrated that the method of dis-
persion minimization can be easily generalized for the case,
where light curves for more than two images of a gravitation-
ally lensed quasar are available. The application of the new
method gave consistent results in the case of the gravitational
lens system PG 1115+080.
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