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Abstract. We present a new theoretical formulation of the nu-
cleation process of solid particles from the gas phase with spe-
cial emphasis on the effects of chemical non-equilibrium in the
gas phase and thermal non-equilibrium between the gas and
the clusters or dust grains. In the derivation of the nucleation
rates from kinetic theory and from thermodynamic arguments
thermal and chemical non-equilibrium are straightforwardly in-
cluded. A hierarchy of expressions for the stationary nucleation
rate is given, ranging from a system of equations, which deter-
mines the rate, to an approximate analytic expression in the case
of a single dominating growth species, which requires only the
time scales of the growth processes and the Gibb’s free energy
change for the formation of clusters.

Key words: molecular processes – dust, extinction – circum-
stellar matter – stars: late-type

1. Introduction

Small solid particles, which are found to be generally distributed
throughout the interstellar medium (ISM), are not formed in the
ISM itself, but in the more dense outflows from stars, especially
the winds of Red Giants and Supergiants, and the ejecta of Novae
and Supernovae (e.g. Gehrz 1989). The dust forming regions
of these objects are characterized by complex dynamical and
chemical processes, and substantial non-equilibrium effects are
to be expected, whenever velocity fields or sufficiently strong
UV radiation are present.

In the ejecta of Novae, for one example, the cluster tem-
peratures are usually controlled by the radiation field and do
not equal the kinetic gas temperature. In addition the molecu-
lar composition of the gas and also the very small clusters are
not in chemical equilibrium, because the conditions change too
quickly for the molecular abundances and for the cluster distri-
bution as well to remain in equilibrium (e.g. Beck 1993; Johnson
et al. 1993).

Consequently, thermal non-equilibrium between the clus-
ters and the gas and chemical non-equilibrium in the gas phase
have to be taken into account in the theoretical description of
the dust formation process.
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The most general description of the formation of dust grains
from the gas phase is given by the time evolution of the local size
distribution function of the dust particles, which is determined
by the microscopic gain and loss processes changing the size of
the clusters. Balancing these processes results in a master equa-
tion, which is in principle restricted only by the assumptions
regarding the microscopic processes taken into consideration.
A generalized master equation for particle formation in a dilute
vapor, which accounts for arbitrary chemical reactions was pre-
sented by Gail & Sedlmayr (1988) (henceforth Paper IV). In
general, such an approach is unfortunately intractable, because
each reaction coefficient of all chemical reactions involved in
the process has to be known and the number of different reaction
channels increases dramatically with the size of the particles.
Therefore, this method is limited by the availability of the basic
data for the reactions and the necessary numerical effort. The
latter problem can be reduced by splitting the range of cluster
sizes into two regions: the region of small clusters up to a few ten
monomers, where the kinetic equations are solved for each dis-
crete size, and the region of larger clusters up to radii of the order
of 1 µm, where the discrete particle sizes are lumped together
into sections of geometrically increasing size (e.g. Girshick &
Chiu 1989; Johnson et al. 1993).

Many of the previous approaches to describe the nucleation
process of seed particles in astrophysical environments rely on
classical nucleation theory or at least on its fundamental as-
sumptions (e.g. Salpeter 1974; Yamamoto & Hasegawa 1977;
Draine & Salpeter 1979, Gail et al. 1984, henceforth Paper I).
The classical theory assumes, that

– the free energy of formation of small clusters can be ap-
proximated in terms of macroscopic parameters such as the
surface tension of the bulk solid,

– the cluster vibrational temperature is equal to the gas tem-
perature (thermal equilibrium, TE),

– small clusters are present in equilibrium concentrations,
– chemical equilibrium (CE) prevails in the gas phase.

(see McDonald 1962; Feder et al. 1966; Abraham 1974). Predic-
tions of the classical nucleation theory mostly agree well with
the results of nucleation experiments for low supersaturation,
low nucleation flux systems (cf. Nuth 1986) for which it has
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been developed originally, such as the formation of raindrops
in supersaturated air. But the predictions fail for materials with
relatively strong covalent or metallic bonds (e.g. Nuth & Donn
1982, 1983). This is also the case for experiments on the nucle-
ation of organic compounds (e.g. Strey et al. 1986; Hung et al.
1989; Peters & Paikert 1989). The problems related to the ap-
plication of classical nucleation theory to the non-equilibrium
conditions found in stellar environments and the uncertainties
inherent in this approach have often been discussed, for exam-
ple by Donn & Nuth (1985), who reject all four assumptions for
astrophysical objects based on theoretical arguments.

Therefore, it is the aim of this paper to develop a new
formulation of the nucleation process under the conditions of
chemical non-equilibrium in the gas phase and of thermal non-
equilibrium between the gas and the clusters or dust particles.
We use the methods of kinetic nucleation theory and thermo-
dynamic arguments, which refer to a true, physically realizable
equilibrium state. In this way non-TE and non-CE effects are
straightforwardly included in the derivation of the nucleation
rate.

In Sect. 2 we formulate the master equation describing nu-
cleation and grain growth, and introduce the reference equilib-
rium state and its application to the characteristic time scales of
the microscopic processes. This is the foundation for the deriva-
tion of expressions for the stationary nucleation rate in Sect. 3,
which despite some approximations all include the non-TE and
non-CE effects. In Sect. 3.1 the most general case is considered,
where several equally important growth species are involved in
nucleation. For the special case of a single dominating growth
species an analytic form of the nucleation rate is given in Sect.
3.2. With additional assumptions an approximate analytic re-
lationship is derived depending essentially on the growth time
scale and the Gibbs free energy of formation of the critical clus-
ter, for which several approximations are discussed in Sect. 3.3.
We finish the paper with a summary in Sect. 4.

2. The master equation in the case of chemical and
thermal non-equilibrium

In the following we consider solid particle formation for pure
substances, i.e. the formation of grains, which consist only of
monomers of one kind (e.g. the C-atom in case of pure car-
bon grains or the SiO molecule in the case of unmixed silicon
monoxide dust particles). In addition, we assume for simplic-
ity of presentation that all clusters are compact and have the
same shape.1 Such particles are fully characterized by their size,
which is measured by the number of monomersN contained in
the particle.

The ensemble of dust particles of different sizes is described
by the respective particle densitiesf(N, t) at time t, and the
time evolution off is determined by the microscopic gain and
loss processes changing the particle sizeN . These processes
can be considered in general as chemical reactions between the

1 The development can be generalized by inclusion of shape param-
eters.

grain and a molecule, wherei-mers of the nucleating species
are associated to or dissociated from the grain.

In previous papers (Paper IV; Gauger et al. 1990; Dominik
et al. 1993) an explicit distinction was made between homoge-
neous processes, where the reacting molecule is thei-mer itself,
and heteromolecular processes, because in the latter process the
dissociation of ani-mer requires the reaction with a molecule,
whereas in the homogeneous case thei-mer is spontaneously
emitted from the grain, with no reaction partner involved. For
the following considerations, we drop this explicit distinction,
which is mainly done in order to keep a clear notation in sim-
plified terms. However, the difference between the processes
should be kept in mind.

The current treatment of nucleation phenomena is limited
by these assumptions regarding the considered microscopic pro-
cesses changing the cluster size. It can be characterized as
hetero-/homomolecular homogeneous nucleation in a diluted
vapor. Nucleation processes, where, for example, 3- or many-
body reactions are involved, are beyond the scope of this paper,
but more general nucleation schemes can be developed along
the line of arguments presented in this paper.

2.1. Master equation

Following Paper IV the master equation for the actual particle
densityf(N, t) of particles with sizeN can be written as

df(N, t)
dt

=
I∑

i=1

Jc
i (N, t) −

I∑
i=1

Jc
i (N + i, t) (1)

whereI denotes the maximumi-mer contained in the molecules
contributing to the growth of the particle, andJc

i (N, t) is the
effective transition rate for the transition from dust particles of
size N − i to particles of sizeN and vice versa, due to all
chemical reactions associating or dissociating ani-mer of the
condensing species. This effective transition rate is given by

Jc
i (N, t) =

Mi∑
mi=1

{
f(N − i, t)

τgr(mi, N − i, t)
− f(N, t)

τev(mi, N, t)

}
(2)

wheremi labels theMi chemical reactions in which ani-mer
is associated. Of course one of theseMi reactions describes
the homogeneous nucleation process.τgr(mi, N − i, t) is the
actual growth time scale of the growth reactionmi for a cluster
of sizeN − i, andτev(mi, N, t) is the actual evaporation time
scale of the corresponding reverse reaction.

2.2. The growth and evaporation time scales

The growth time scales can be derived directly from the consid-
eration of the microscopic processes based on gaskinetic theory.
Since the gas density in the dust forming regions of astrophysi-
cal objects is usually quite low, only two-body reactions have to
be taken into account, and the mean free path of the molecules
is much larger than the dimension of the dust particles. Then,
the growth time scale can be written as



A.B.C. Patzer et al.: Dust formation in stellar winds. VII 849

τ−1
gr (mi, N − i, t) = A(N − i) α(mi, N − i) ·

vrel(nf(mi), N − i) nf(mi, t) (3)

Herenf(mi, t) denotes the particle density of the molecule of
the growth (or forward) reactionmi,α(mi, N−i) is the reaction
efficiency,vrel(nf(mi), N − i) is the average relative velocity
between the molecule and the cluster2, andA(N−i) is a suitably
defined reaction surface of the cluster of sizeN − i. In the case
of heteromolecular processes the evaporation time scale of the
reverse reaction corresponding tomi can be written formally in
the same way

τ−1
ev (mi, N, t) = A(N) β(mi, N) ·

vrel(nr(mi), N) nr(mi, t) (4)

wherenr(mi, t) is the particle density of the molecule in this
reverse reaction andβ(mi, N) is the respective reaction effi-
ciency. If the reaction efficiencies were all known, the growth
and evaporation time scales could be calculated directly from
these equations. However, the growth efficiencies are often un-
certain, and the evaporation coefficientsβ(mi, N) are mostly
unknown.

For homogeneous nucleation, the evaporation process, the
‘spontaneous emission’ of the growth molecule or a part of it,
occurs without a reaction partner from the gas phase. In this case
it is in principle possible to derive the evaporation time scale
from first principles, and a number of approaches have been de-
veloped recently (cf. Oxtoby 1992). However, the uncertainties
inherent in these theories are still quite large. Therefore, one
has to rely on equilibrium thermodynamics for the determina-
tion of the evaporation time scales for both homogeneous and
heteromolecular processes.

In local thermodynamic equilibrium between the gas phase
and clusters, theprinciple of detailed balanceholds for the
single microscopic growth processes and their respective re-
verse reactions. This fact can be used to express the evaporation
time scaleτev(mi, N, t) of the reverse reaction in terms of the
growth time scaleτgr(mi, N −i, t) of the corresponding growth
reaction. However, the reference equilibrium situation has to be
defined carefully.

2.3. Definition of the reference equilibrium state

Conventional nucleation theory considers an artificial thermo-
dynamic equilibrium state of clusters in asupersaturatedva-
por, which can be maintained only hypothetically by constrain-
ing the size distribution of clusters to be in equilibrium with a
supersaturated vapor, but cannot be attained in reality, since the
supersaturated vapor is not in phase equilibrium and therefore

2 In this paper we only consider the relative velocity due to the
thermal motion of the gas, but neglect any systematic motion (drift)
of the grains relative to the gas. The effects of drift are discussed in a
recent paper by Kr̈uger & Sedlmayr (1997).

unstable (Katz & Wiedersich 1977; Katz & Donohue 1979).
Sometimes the ‘existence’ of this unattainable constrained dis-
tribution is justified in principle by a Maxwell demon, who
breaks up all clusters beyond a certain size and returns the par-
ticles as monomers to the system, which are then available to
form clusters, again. Unfortunately, the reference to such an
artificial constrained state obscures the contributions coming
from kinetic theory and thermodynamic arguments, especially
in situations where chemical and thermal non-equilibrium have
to be taken into account.

As Katz & Wiedersich (1977) have shown it is not necessary
to refer to this artificial state of constrained equilibrium in order
to obtain the evaporation time scales. Following their arguments
we consider the state of clusters (orN -mers) in asaturated
vapor, which is characterized by phase equilibrium between
the monomers and the bulk solid phase, i.e.S1 = 1, whereS1
denotes the supersaturation ratio of the monomers. It is shown
in Appendix A, that in this situation the supersaturation ratio
of an N -mer with respect to the bulk solid phase is given by
SN = (S1)N , if the temperatures of all components are equal,
i.e. the gas and the clusters are in thermal equilibrium, and if the
gas phase is in chemical equilibrium. Therefore, theN -mers are
in chemical equilibrium with the monomers, and in a saturated
vapor withS1 = 1 they are also in phase equilibrium with the
bulk solid phase. Consequently, theN -mers must be in phase
equilibrium with the monomers as well. The latter conclusion
remains valid, even if we now assume, that there is no bulk solid
phase present. Thus, the principle of detailed balance holds for
N -mers of all sizes in the so defined equilibrium state.

To summarize, the equilibrium state is characterized by the
phase equilibrium between monomers as well asN -mers and
the bulk solid, by simultaneous chemical equilibrium in the gas
phase, and by thermal equilibrium, with equal temperatures of
the solid, the clusters and the gas, i.e. it is a state of local ther-
modynamic equilibrium (LTE-state).

2.4. Application of the detailed balance

Since the values of all quantities in the LTE-state are deter-
mined, once the mass density, the abundances of the elements,
and the equilibrium temperature are chosen, these quantities
relate the LTE-state to the actual situation in the gas where con-
densation takes place. Obviously, the values of the mass density
and elemental abundances are fixed by the values in the actual
situation. Because we want to expressτev in terms ofτgr for
the clusters of sizeN , the equilibrium temperature is given by
the internal temperatureTd(N) of theN -clusters. This means,
that if the temperature of the clusters in the actual situation de-
pends on their size, one has to refer to a different LTE-state for
each cluster size, which is determined by the respective cluster
temperature.

Let us denote all quantities referring to the LTE-state with
an ‘◦’, which indicates also the explicit or implicit dependence

on the equilibrium temperature
◦
T= Td(N). As stated in the

previous section the condition of detailed balance holds for each
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microscopic process and thus, the effective transition rate of the
chemical reactionmi (cf. Eq. (2)) equals zero for all cluster
sizes, which leads to the following equation for theN -cluster:

◦
f (N − i)

◦
τgr (mi, N − i)

=

◦
f (N)

◦
τ ev (mi, N)

. (5)

◦
f (N − i),

◦
f (N),

◦
nf (mi), and

◦
nr (mi) are theequilibrium

particle densities of theN −i clusters, of theN -mers, and of the
molecules involved in the growth reaction and its corresponding
reverse reaction. These equilibrium particle densities can be
determined from the law of mass action
 ◦

f (N − i)
◦
nf (mi)

◦
f (N)

◦
nr (mi)


 = exp


∆rG

◦
(mi, N, Td(N))
R Td(N)


 (6)

The Gibbs energy of the reaction∆rG
◦
(mi, N, Td(N)) is given

by the standard molar Gibbs free energy of formation of all
reaction participants at the temperatureTd(N)

∆rG
◦
(mi, N, Td(N)) =

∆fG
◦
(N, Td(N)) − ∆fG

◦
(N − i, Td(N)) +

∆fG
◦
(nr(mi), Td(N)) − ∆fG

◦
(nf(mi), Td(N)) (7)

With Eqs. (5) and (6) Eq. (4) can be written as

τ−1
ev (mi, N, t) = τ−1

gr (mi, N − i, t) α∗(mi, N) v∗
rel(mi, N) ·

nr(mi, t)
nf(mi, t)

exp


∆rG

◦
(mi, N, Td(N))
R Td(N)


 (8)

which clearly demonstrates, that the decisive quantity to express
τev in terms ofτgr is not the equilibrium cluster distribution
◦
f (N), but rather the standard molar Gibbs free energies of

formation∆fG
◦

of the reaction participants.
The non-TE effects caused by deviations from a TE-

population of states of the reacting molecules in the forward
and reverse reactions are comprised by the quantity

α∗(mi, N) =

( ◦
α (mi, N − i)
α(mi, N − i)

)/
 ◦

β (mi, N, i)
β(mi, N, i)


 (9)

with
◦
α (mi) and

◦
β (mi) denoting the reaction efficiencies av-

eraged over all possible quantum states of the reacting parti-
cles with respect to a TE-population of states at the tempera-
tureTd(N) (see Paper IV, for more details). The dimensionless
quantity

v∗
rel(mi, N) =

( ◦
vrel (nf(mi), N − i)
vrel(nf(mi), N − i)

)/
( ◦

vrel (nr(mi), N)
vrel(nr(mi), N)

)
(10)

describes the deviations caused by different relative veloci-
ties in the actual situation and in the LTE-state. We consider
only relative velocitiesvrel due to the thermal motion of the
gas, which are proportional to the square root of the temper-
ature of the gas divided by the reduced mass of the cluster
and molecule. Therefore, the relative velocities in Eq. (10) can-
cel pairwise andv∗

rel equals one in the case of heteromolecu-
lar processes. For homogeneous nucleation, where no reaction
partner is needed for the reverse reaction, the remaining ratio

v∗
rel = (

◦
vrel (nf(mi), N − i)/vrel(nf(mi), N − i)) results in a

factor of(Td(N)/Tg)1/2 appearing in Eq. (8).
If we keep the equilibrium particle densities instead of re-

placing them via∆rG
◦
(mi, N, Td(N)) an alternative form of

Eq. (8) is obtained

τ−1
ev (mi, N, t) = τ−1

gr (mi, N − i, t) α∗(mi, N) v∗
rel(mi, N) ·

1
Si(Td(N))

1
bg(mi, Td(N))

◦
f (N − i)

◦
f (N)

(11)

whereS(Td(N)) is the supersaturation ratio, defined as the ra-
tio of the actual partial pressure of the monomers to the vapor
saturation pressure above the flat surface of the solid with the
temperatureTd(N)

S =
p(1, t)

psat(Td(N))
(12)

andbg(mi, Td(N)) denotes a generalized departure coefficient
with respect to the reactionmi, which is derived in Appendix B.
It comprises the effects of thermal non-equilibrium betweenN -
clusters and the gas and the departures of the particle densities
of the monomers and of the molecules of the growth and the
reverse reactionmi due to chemical non-equilibrium in the gas
phase (see also Gauger et al. 1990).

3. The stationary nucleation rate for chemical and thermal
non-equilibrium

3.1. A general expression for the stationary nucleation rate

For typical conditions in circumstellar dust shells two regions
in particle size space can be distinguished with respect to the
growth of the solid particles.

In the submacroscopic region cluster properties relevant to
growth depend strongly on the cluster size, but whenever the
growth processes are sufficiently fast, the ‘flow’ of clusters up
to larger sizes can be considered to be a stationary process. In
the macroscopic region those properties become independent of
size, but due to the larger size of the dust particles stationarity
will break down and grain growth has to be treated as a time
dependent process.

This division into two size regimes can be illustrated by an
estimate for the time a particle needs to grow up to a certain
(macroscopic) sizeN . Neglecting the destructive processes and
approximating the reaction rates of the growth processes by
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the collisional rates the growth timetgr is very roughly given
by tgr(N) ∝ N1/3 which for large particle sizes exceeds e.g.
the hydrodynamic time scale. A more thorough discussion and
quantitative estimates oftgr(N) for typical conditions in cir-
cumstellar dust shells of Red Giants are given in Paper IV.
Comparison with the characteristic time scales for changes in
the outflow shows, that depending on the reaction efficiencies
stationarity may hold up to quite largeN , of the order of106,
for C-rich AGB stars and somewhat smaller, but still large sizes
for cool, oxygen-rich late-type stars (M-stars), except at the
lowest observed mass loss rates, where the stationarity concept
fails. From these conditions we conclude, that nucleation is a
stationary process in circumstellar shells, where effective dust
formation takes place. Otherwise the nucleation process has to
be treated as a time dependent problem as described by the
master equation (Eqs. (1) and (2)).

If the growth timetgr(Nl) to macroscopic particles of sizes
N ≥ Nl, where the particles already show properties of the
bulk solid, is small compared to the time scales for changes
in the environment, the time it takes to establish a stationary
flow of clusters up toNl in cluster size space can be neglected.
The stationary flow implies that the particle densities of the
clusters do not change in time, i.e.f(N, t) = f̂(N), and this
steady state distribution of cluster densities is build up almost
instantaneously under the momentarily prevailing conditions.

Let us introduce the current densityJc(N, t) of clusters
flowing upwards in cluster size space at sizeN , given by

Jc(N, t) =
I∑

i=1

i−1∑
k=0

Jc
i (N + k, t) (13)

which can be also interpreted as the rate of formation of clusters
of sizeN . Since thef̂(N) are constant in time one obtains from
Eq. (1) withJc(N, t) the condition of the effective transition
rates

0 = Jc(N, t) − Jc(N + 1, t) (14)

Thus, stationarity implies that the current densities in size
space are equal to one another at time t, and therefore equal
to a size independent rate of cluster formation orstationary
nucleation rate:

Jc
∗(t) = Jc(N, t) N = I + 1, I + 2 ... (15)

As discussed already in Paper IV, this equation yields, in
principle, an infinite system of linear equations forJc

∗ and the
steady state particle densities of the clustersf̂(N). However, the
destructive processes have to become negligible for sufficiently
large particle sizes, since otherwise the dust particles would
evaporate on average. Therefore, a truncation of the system is
possible at a cluster sizêN chosen suitably large, but smaller
thanNl, and the solution of the truncated system is independent
of this special choice (see Appendix A of Paper IV for a rigorous
proof).

Inserting the definitions of the effective transition rates (Eq.
(2)) and the current densities (Eq. (13)) into Eq. (15), one obtains

Jc
∗(t) =

I−1∑
i=−I

Ci(N +i, t) f̂(N +i) N = I+1, ... , N̂ (16)

(cf. Paper IV), where the coefficients are given by

Ci(N + i, t) =
I∑

j=|i|

Mj∑
mj=1

τ−1
gr (mj , N + i, t) (17)

for i = −I, ... ,−1, and by

Ci(N + i, t) = −
I∑

j=i+1

Mj∑
mj=1

τ−1
ev (mj , N + i, t) (18)

for i = 0, ... , I − 1. Since the latter coefficients vanish for
N = N̂ , the system consists of as many equations as unknowns
and can be solved, at least numerically, provided the necessary
input data, such as the size dependent reaction efficiencies, are
known.

In the most general cases, when several cluster sizes are
connected by several equally important growth species only a
numerical solution is possible. However, often the nucleation
process is dominated by one or few molecules, for example
acetylene in the formation of soot from flames (Frenklach &
Wang 1994). Then an analytic expression forJc

∗ can be obtained,
as demonstrated in Sect. 3.2.

For N = I + 1, ..., 2I the particle densities of thei-mers
appear in the set of Eqs. (15). The usual assumption introduced
at this point in classical nucleation theory (e.g. Abraham 1974)
is to assume that the particle densities of thei-mers are also de-
termined by stationarity, and that they approach the equilibrium
densities of thei-mers in the artificial constrained equilibrium
with the supersaturated vapor.

However, this is not appropriate if nucleation takes place
in an environment where processes are present which drive the
system away from equilibrium. This is the case in stellar out-
flows, where the particle densities of the molecules may deviate
substantially from the equilibrium densities due to the presence
of a velocity field or of a sufficiently strong UV radiation field
(cf. Beck et al. 1992). At the same time the temperature of the
clusters can be different from the gas temperature and may de-
pend on the cluster size, if for exampleTd(N) is determined by
the radiation field rather than by collisions with the surrounding
gas (e.g. for PAH’s, see Cherchneff et al. 1991).

Once condensation is possible in such a non-equilibrium
situation, the reaction chain for nucleation has to start at thei-
mers with their actual particle densities as they are determined
by the gas phase chemistry, and the steady state distribution of
the cluster densities has to adjust accordingly.
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3.2. Analytic approximation of the nucleation rate for the case
of a single dominating growth species

In the following, we consider a situation where nucleation pro-
ceeds by reactions with one molecule only, which associates or
dissociates anI-mer.

In this case, each growth process increases the size of the
cluster by∆N = I, and it is obvious, thatI separate re-
action chains will develop, because the first reaction step is
the reaction of the molecule containing anI-mer with other
molecules containingk-mers, wherek can take on the values
k = 1, 2, ..., I. The first reaction chain starts with the addi-
tion of an I-mer to the monomer and proceeds via the sizes
N = 1 + I, 1 + 2I, ..., the second chain starts with the dimer
and proceeds viaN = 2 + I, 2 + 2I, ..., and so forth. Since the
total rate of particle formation is simply given by the sum over
all reaction chains, we derive the stationary nucleation rate for
one chain as an example.

It is convenient for the following derivation to express the
cluster sizeN in terms ofI , which yields:

N = k + νI with ν = 1, 2, ... (19)

wherek numbers theI separate reactions chains.
The system of equations resulting from Eqs. (16)-(18) for

the reaction chaink can be solved analytically by the procedure
of Becker & Döring (1935). Thereby the algebraic equations
for eachN = k + νI are solved by a simple elimination proce-
dure, i.e. by inserting the expression for the steady state density
f̂(N ′ − I) resulting from the equation forN = N ′ into the
equation forN = N ′ − I, which finally yields one equation for
the stationary nucleation rateJc

∗,k(t) for thekth chain:

Jc
∗,k(t)

(
1 +

ν̂−1∑
ν=1

ν∏
µ=1

τgr(mI , k + µI, t)
τev(mI , k + µI, t)

)
= (20)

f(k, t)
τgr(mI , k, t)

− f̂(k + ν̂I)
τev(mI , k + ν̂I, t)

ν̂−1∏
ν=1

τgr(mI , k + νI, t)
τev(mI , k + νI, t)

Heref(k, t) is theactualparticle density of thek-mer at which
the chain starts. As explained in the previous section, this parti-
cle density can be different from the equilibrium density in the
state of LTE between the cluster and the gas.

Since the destructive processes can be neglected forN ≥
N̂ = k+ν̂I the second term on the r.h.s. vanishes and we obtain
a direct expression for the nucleation rateJc

∗,k(t) in terms of the
growth and evaporation time scales

Jc
∗,k(t) =

f(k, t)
τgr(mI , k, t)

(
1 +

ν̂−1∑
ν=1

ν∏
µ=1

τgr(mI , k + µI, t)
τev(mI , k + µI, t)

)−1

(21)

As discussed in Sect. 2.2 the evaporation time scalesτev
are mostly unknown, but they can be expressed in terms of

the growth time scalesτgr and equilibrium quantities referring
to the LTE-state defined in Sect. 2.3. Inserting Eq. (8) for the
evaporation time scale into Eq. (21) results in

Jc −1
∗,k (t) =

τgr(mI , k, t)
f(k, t)

·[
1 +

ν̂−1∑
ν=1

τgr(mI , k + νI, t)
τgr(mI , k, t)

(
nr(mI , t)
nf(mI , t)

)ν

·
ν∏

µ=1

α∗(mI , k + µI) v∗
rel(mI , k + µI) ·

exp


∆rG

◦
(mI , k + µI, Td(k + µI))

R Td(k + µI)




 (22)

Consequently, the task of predicting the rate of nucleation
has been reduced to two simpler problems (see also e.g. Katz &
Donohue 1979):

i) the determination of the growth time scaleτgr from chemical
kinetic theory or rate measurements, and

ii) the determination of the thermodynamic properties of the
N -clusters and their reaction partners, as comprised in the

∆fG
◦

’s, from equilibrium thermodynamics.

If these quantities are known the summation in Eq. (22)
can be evaluated numerically rather easily, especially because
apart from the actual particle densities of the reaction partners
(nf(mI , t), nr(mI , t)) only the actual particle densityf(k, t) of
thek-mer, at which the reaction chain starts, appears in the sta-
tionary nucleation rate. Unfortunately, in practice the necessary
thermodynamic data, especially the size dependent Gibbs free
energy of formation of the clusters, is lacking for many cases.
Furthermore, often even the sequences of chemical reactions in
the nucleation processes are not known definitely, for example
for the condensates in circumstellar dust shells of oxygen-rich,
late-type stars. In such cases one has to fall back upon the con-
cepts of conventional nucleation theory in order to obtain the
equilibrium distribution of clusters.

The expression (11) can be used alternatively to expressτev
in terms ofτgr and the equilibrium particle densities. Then, Eq.
(22) reads

Jc −1
∗,k (t) =

τgr(mI , k, t)
f(k, t)

[
1 +

ν̂−1∑
ν=1

τgr(mI , k + νI, t)
τgr(mI , k, t)

ν∏
µ=1

◦
f (k + (µ − 1)I)

◦
f (k + µI)

·

ν∏
µ=1

α∗(mI , k + µI) v∗
rel(mI , k + µI)

SI(Td(k + µI)) bg(mI , Td(k + µI))

]
(23)

This equation as well as Eq. (22) cannot be simplified more,
because in general the equilibrium quantities in the products
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on the r.h.s. refer to different LTE-states, which are character-
ized by the cluster temperature corresponding to the respective
cluster size (cf. Sect. 2.4). To proceed further we introduce the
assumption that the temperature of the clusters does not depend
on their size, i.e.Td(N) = Td, which means, that the equilib-
rium quantities refer to a single LTE-state with the temperature
Td.

Since only relative velocities due to the thermal motion of
the gas are considered, we havev∗

rel = 1 for heteromolecular
processes, andv∗

rel = (Td/Tg)1/2 for homogeneous processes
(see Sect. 2.4). If we moreover assume, thatα∗(mI , N) =
α∗(mI), independent ofN , Eq. (23) reduces to

Jc −1
∗,k (t) =

1
Sk(Td) bg(k, Td)

·
ν̂−1∑
ν=0

τgr(mI , k + νI, t)
◦
f (k + νI, Td)

(
α∗(mI) v∗

rel(mI)
SI(Td) bg(mI , Td)

)ν

(24)

wherebg(k, Td) denotes the generalized departure coefficient
for thek-mer (see Appendix B). In the following we will drop
the dependence of the equilibrium quantities on the temperature
Td of the LTE-state (shown here for clarity), in most arguments.

The equilibrium state to which the
◦
f (N) refer, is the case of

LTE between clusters and the gas, i.e. the vapor is saturated. In

this state the equilibrium distribution
◦
f (N)decreases monoton-

ically with N (e.g. McDonald 1962). However, from a compari-
son with the results of standard nucleation theory for nucleation
at thermal and chemical equilibrium (but no phase equilibrium)

it is obvious, that
◦
f (N) divided by the second term in Eq. (24)

must have a minimum, which again defines critical cluster size
N∗. Assuming this ratio to change smoothly with the cluster
size around the critical cluster, and since the main contribution
to the sum comes from this region, the summation in Eq. (24)
can be replaced by an integration w.r.t. the cluster size. With a
transformation from the size variableν back toN = k + νI
one obtains

Jc −1
∗,k (t) =

1
I Sk(Td) bg(k)

(
SI(Td) bg(mI)

α∗(mI) v∗
rel(mI)

)k/I

· (25)

∫ N̂−I

k

τgr(mI , N, t)
◦
f (N)

exp
{

−N

I
ln
(

SI(Td) bg(mI)
α∗(mI) v∗

rel(mI)

)}
dN

For an equilibrium state the particle densities of the clusters
are given by a Boltzmann-like distribution in size space

◦
f (N) =

◦
f (1) exp

{
−4G(N)

R Td

}
(26)

(Abraham 1974), where
◦
f (1) is the equilibrium density of the

monomer. Since we refer to the LTE-state of clusters in a satu-

rated vapor,
◦
f (1) is equal to the particle density corresponding

to the vapor saturation pressurepsat(Td) (see Appendix A).

Thus,
◦
f (1) is not an undetermined quantity, which can be set

equal tof(1, t), as it is done in classical nucleation theory (Gir-
shick & Chiu 1990).4G(N) denotes the free energy change
associated with the formation of a cluster of sizeN from the
saturated vapor, and it is related to the standard molar Gibbs

free energy of formation of theN -cluster∆fG
◦
(N) by

4G(N) = ∆fG
◦
(N) + R Td ln

(
psat(Td)

p
◦

)
− N∆fG

◦
1(s)

(27)

where∆fG
◦
1(s) is the standard molar Gibbs free energy of for-

mation of the solid phase andp
◦

denotes the pressure of the
standard state (see Appendix A). Some approximations for this
free energy change, which are based on the concepts of classical
nucleation theory are discussed in Sect. 3.3.

Inserting Eq. (26) into Eq. (25) and combining the two ex-
ponential functions into one yields

exp(A(N)) =

exp
{4G(N)

R Td
− N

I
ln
(

SI(Td) bg(mI)
α∗(mI)v∗

rel(mI)

)}
(28)

We now approximate the argument of the exponential func-
tionA(N), which has a maximum atN∗, by its truncated Taylor
expansion aroundN∗

A(N) ≈ 4G(N∗)
R Td

− N∗
I

ln
(

SI(Td) bg(mI)
α∗(mI) v∗

rel(mI)

)

+
(N − N∗)2

2R Td

(
∂2 4 G

∂N2

)
N∗

(29)

Since the growth time scale depends only weakly on the size,τgr
can be replaced by its value atN∗, to obtain after some algebra

Jc −1
∗,k (t) =

1
I Sk(Td) bg(k)

(
SI(Td) bg(mI)

α∗(mI) v∗
rel(mI)

)(k−N∗)/I

·
τgr(mI , N∗, t)

◦
f (N∗)

·

∫ N̂−N∗−I

−(N∗−k)
exp

{
1

2R Td

(
∂2 4 G

∂N2

)
N∗

x2

}
dx (30)

If most of the contribution comes from the region aroundN∗,
the value of the integral will change insignificantly, if we replace
the lower limit by−∞ and the upper limit by∞. The solution
of the resulting integral is given by

∫ ∞

−∞
exp{−ax2} dx =

√
π

a
(31)
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The r.h.s. of this equation (31) is the inverse of the well known
Zeldovich factor, which is defined by

Z(N∗) =

(
1

2πR Td

∣∣∣∣∂2 4 G

∂N2

∣∣∣∣
N∗

)1/2

(32)

With these rather mathematic approximations we finally ob-
tain the following expression for the stationary nucleation rate:

Jc
∗,k(t) = I

◦
f (N∗)

τgr(mI , N∗, t)
Z(N∗) ·

Sk(Td) bg(k) ·

exp
{

(N∗ − k)
I

ln
(

SI(Td) bg(mI)
α∗(mI) v∗

rel(mI)

)}
(33)

The factor in the first line of Eq. (33) resembles the usual
expression for the nucleation rate, which describes nucleation
in the classical case of thermal equilibrium between clusters
and gas and chemical equilibrium in the gas phase, but no phase
equilibrium between clusters and the gas (e.g. Eq. (2.17) in
Paper I; Eq. (8) in Feder et al. (1966)).

The departure coefficientbg(k) corresponding to the actual
particle density of thek-merf(k, t), which appears in Eq. (33),
reflects the difference to the classical approach. In our treatment
the reaction chain starts at thek-mer, with its particle density, as
it is determined by the gas phase chemistry, which can deviate
significantly from the particle density in chemical equilibrium,
as defined in Sect. 2.3. The exponential function represents a
correction of the ‘classical’ bulk term, which accounts for the
effects of deviations from thermal equilibrium and chemical
equilibrium.

Finally, the total nucleation rate for addition or dissociation
of anI-mer at timet is given by the sum over all reaction chains
of the dominant nucleation reactionmI , i.e.

Jc
∗(t) =

I∑
k=1

Jc
∗,k(t) (34)

3.3. Some remarks on the Gibbs free energy change∆G(N)
and the equilibrium cluster size distribution

In this section we compare different approximations for
∆G(N), which are based on the concepts of the classical theory,
and discuss their effects on the analytic expression forJc

∗ .
In Sect. 3.2 we introduced with Eq. (26) the following ex-

pression for the equilibrium size distribution of clusters

◦
f (N) =

◦
f (1) exp

{
−4G(N)

R T

}

where4G(N) is the Gibbs free energy change associated with

the formation of theN -cluster from the vapor, and
◦
f (1) is

the equilibrium particle density of the monomer. Obviously, the

value of
◦
f (1) as well as the form of4G(N) depend on the

definition of the reference equilibrium state.
As we have pointed out in Sect. 2.3 classical nucleation

theory refers to a state ofconstrainedequilibrium between the
clusters and the supersaturated vapor at the same supersaturation
ratioS and temperatureT existing in the real situation. Based on
thermodynamic arguments the Gibbs free energy of formation
for theN -cluster in this constrained equilibrium is derived as

∆G(N)
RT

= −N ln(S) + θ∞ N2/3 with θ∞ =
4πr2

0σ

kBT
(35)

(McDonald 1962), where the cluster is considered to be a spher-
ical droplet with a hypothetical monomer radiusr0, andσ is the
surface energy of the macroscopic solid, thus neglecting any de-
pendence of the surface energy of the cluster on size. The first
term gives the free energy ofN monomers in the bulk solid,
and the second term describes the surface free energy, i.e. the
contribution from the creation of the surface of theN -cluster.

Due to the definition of the constrained equilibrium, the
equilibrium particle density of the monomer in this state is equal

to the monomer particle density in the actual situation,
◦
f (1) =

f(1, t), which yields

◦
f (N) = f(1, t) exp

{
N ln(S) − θ∞ N2/3

}
(36)

for the cluster size distribution in the constrained equilib-
rium state. If this is inserted intoJ∗(t) = τ−1

gr (1, N∗, t)
◦
f (N∗)Z(N∗) (cf. Eq. (33)) the result of classical nucleation
theory (e.g. Abraham 1974) is recovered.

Despite the fact that the classical approach presupposes ther-
mal equilibrium between the clusters and the gas, and chemi-
cal equilibrium in the gas phase, the classical expression for
∆G(N) has two additional shortcomings: the size dependence
of the surface energy of the clusters is neglected, and it does not
yield the the correct limit∆G(N) → 0 for N → 1, i.e. it is not
consistent.

The latter problem has been pointed out by several authors
and Blander & Katz (1972) formulated the following consistent
modification

◦
f (N) = f(1, t) exp

{
(N − 1) ln(S) − θ∞ (N2/3 − 1)

}
(37)

which results in a correction of the classical rate by a factor
of eθ/S. A similar correction of the classical form of the Gibbs
free energy change has been made by Draine & Salpeter (1977),
who obtained in the limit of the bulk material for the surface
energy

◦
f (N) = f(1, t) exp

{
(N − 1) ln(S) − θ∞ (N − 1)2/3

}
(38)

Although the consistency correction for∆G(N) in Eqs.
(37) and (38) seemingly is applied to both the bulk term and
the surface term, in fact only the classical surface term needs
to be corrected if the LTE-state of asaturatedvapor as defined
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in Sect. 2.3 is chosen as the reference equilibrium. In this state
◦
f (1) equals the particle density corresponding to the vapor
saturation pressure, and∆G(N) consists of the surface contri-
bution to the Gibbs free energy only.

With this reference state the bulk contribution is a natural
result of the derivation ofJ∗ from kinetic theory and thermody-
namic arguments (cf. Girshick & Chiu 1990), as a closer inspec-
tion of Eq. (33) shows. Fork = I = 1, Td = Tg, α∗(1) = 1,
and chemical equilibrium in the gas phase, one obtains

Jc
∗,1(t) = τ−1

gr (1, N∗, t) Z(N∗)

f(1, t) exp
{

(N∗ − 1) ln(S) − ∆G(N∗)
R Tg

}
(39)

where we have inserted Eqs. (26) and (B4) for
◦
f (N∗) andbg(1),

respectively, and expressed
◦
f (1) in terms off(1, t) andS.

The modified∆G(N) satisfy the limitN = 1, however, the
effects of the curvature on the surface energy for small clusters
are not accounted for. To consider this effect Gail et al. (1984)
defined a size dependentθN , which leads to

∆G(N)
RT

= θ∞
N − 1

(N − 1)1/3 + N
1/3
f

(40)

whereNf is a fit factor, essentially representing the particle size
at which the surface energy is reduced to one half of the bulk
value. Another extension of classical nucleation theory, which
corrects for effects of the curvature onσ for smaller clusters,
was suggested by Dillmann & Meier (1991).

To conclude this section, we give an expression for the sta-
tionary nucleation rate for those cases, where the thermody-
namic data of the clusters are not known, and one has to rely on
the approximations for the Gibbs free energy reviewed in this
section. Inserting Eq. (40) into Eq. (33) and recasting yields

Jc
∗,k(t) = I τ−1

gr (mI , N∗, t) Z(N∗)f(1, t)bg(k)
Tg

Td
·

exp

{
(N∗ − 1) ln(S(Td)) − θ∞

N∗ − 1

(N∗ − 1)1/3 + N
1/3
f

+
(N∗ − k)

I
ln
(

bg(mI)
α∗(mI) v∗

rel(mI)

)}
(41)

where it should be noted, that the ratio of the temperatures al-
ways cancels with the corresponding factor in the generalized
departure coefficient of thek-mer (cf. Eq. (B4)).

In conventional nucleation theory the critical cluster size
N∗ is determined by the minimum of the cluster size distribu-

tion
◦
f (N) for the artificial constrained equilibrium, which is

equivalent to the maximum of the corresponding∆G(N). The
size distribution in the LTE-state, in contrast, is a monotoni-
cally decreasing function ofN . However, as already mentioned
in Sect. 3.2, the functionA(N) introduced in Eq. (28) still has

a maximum, which definesN∗, provided nucleation is possible.
The decisive quantity for nucleation to take place is the product
(SI(Td) bg(mI)/α∗(mI)v∗

rel(mI)). If its logarithm is greater
than unity,A has a maximum and the particles can nucleate. It
is important to note that the value of the supersaturation ratio
S is not alone the predictor for nucleation. Only if deviations
from chemical and thermodynamic equilibrium are negligible,
the value ofS determines the onset of nucleation.

From Eqs. (40) and (28) the critical cluster size is given by

N∗ − 1 =

N∗,∞
8


1 +

√
1 + 2

(
Nf

N∗,∞

) 1
3

− 2
(

Nf

N∗,∞

) 1
3


3

(42)

as in Paper I (Eq. (2.15)), but withN∗,∞ given by

N∗,∞ =

[
2
3

θ∞ I

/
ln
(

SI(Td) bg(mI)
α∗(mI) v∗

rel(mI)

)]3

(43)

Using Eqs. (32) and (40) the corresponding Zeldovich factor is
given by

Z(N∗) =


 θ∞

9π (N∗ − 1)4/3

[
1 + 2

(
Nf

N∗−1

)1/3
]

[
1 +

(
Nf

N∗−1

)1/3
]3



1/2

(44)

Thus, the corrections, which account for chemical and thermal
non-equilibrium, enter into the nucleation rate explicitly by the
additional factors in Eq. (41) and implicitly via the modified
critical cluster size.

For the homogeneous nucleation of the monomer, i.e.k =
I = 1, Eq. (41) reduces to

Jc
∗,1(t) = τ−1

gr (1, N∗, t) Z(N∗) f(1, t) ·

exp

{
(N∗ − 1) ln

(
S(Td)
α∗(1)

√
Td

Tg

)

−θ∞
N∗ − 1

(N∗ − 1)1/3 + N
1/3
f

}
(45)

which shows, that in this case only departures from thermal equi-
librium affect the nucleation rate, whereas no chemical depar-
ture coefficient appears in this expression. However, the actual
particle density of the monomerf(1, t) is given by the chemical
non-equilibrium in the gas.

4. Summary

We have presented a new formulation of the nucleation process,
that accounts for effects due to chemical non-equilibrium in the
gas phase and thermal non-equilibrium between the gas and
the clusters or dust particles. In this approach the derivation of
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expressions for the nucleation rate is based on kinetic theory and,
where necessary, on thermodynamic arguments, which refer to
a physically realizable equilibrium state.

Following Katz & Wiedersich (1977) an unconstrained equi-
librium state of clusters in a saturated vapor has been de-
fined, which is characterized by the phase equilibrium between
monomers as well asN -mers and the bulk solid, and further-
more by simultaneous chemical equilibrium in the gas phase
and thermal equilibrium between the clusters and the gas. Ref-
erence to this true LTE-state allows a straightforward inclusion
of thermal and chemical non-equilibrium in the formulation of
the nucleation process.

Since the nucleation process can be treated as a stationary
problem for typical conditions in circumstellar dust shells (cf.
Paper IV), we have obtained a hierarchy of expressions for the
stationary nucleation rateJc

∗ .
The most general expression forJc

∗ , which describes nu-
cleation involving several important growth species connecting
several cluster sizes, results from a system of equations, which
can be evaluated at least numerically provided all the necessary
input data are known.

If, however, nucleation is dominated by a single growth
species, the system can be solved analytically, which yields a
direct expression for the nucleation rate in terms of the growth
and evaporation time scales for all cluster sizes in the stationary
regime. This expression has to be used, as long as the temper-
ature of the clusters and other quantities depend on the cluster
size. If the cluster temperature is independent of size, and the
size dependency of other quantities can be neglected, an approx-
imate analytic equation forJc

∗ is obtained, which essentially
depends on the growth time scale and the Gibbs free energy of
formation of the critical cluster in the LTE-state.

Often the latter quantity is not known for the relevant cluster
sizes. In such cases one can rely on the concepts of classical
nucleation theory, which approximates the Gibbs free energy
in terms of the surface free energy of the bulk liquid or solid
phase. The applicability of this approach to small clusters has
long been a matter of debate (e.g. Donn & Nuth 1985). However,
the classical approach with modifications to account for the size
dependence of the surface energy can be adjusted to describe
even the properties of small clusters quite well.

Nevertheless different types of laboratory experiments as,
for example, measurements of absorption characteristics of the
clusters, experimental investigations of the relevant elementary
chemical reactions underlying the nucleation process, and ex-
perimental studies of vapor-phase nucleation of refractory ma-
terials are needed to make full use of the developed theoretical
treatment.
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Appendix A: on the supersaturation ratio of N -clusters

In a saturated vapor the monomers are in phase equilibrium
with the the bulk solid phase and, if the solid phase and the
gas phase are also in thermal equilibrium characterized by the

temperature
◦
T , the partial pressure of the monomers

◦
p (1) is

equal to the vapor saturation pressure above the flat surface of the

solid phase
◦
psat (1). Then, one obtains for the supersaturation

ratio of the monomers

S1 =
◦
p (1)

◦
psat (1)

= 1. (A1)

Assuming now chemical equilibrium in the gas phase the
partial pressures of theN -mers can of course be expressed in
terms of the partial pressures of the monomers by means of the
law of mass action, which yields

◦
p (N)

p
◦ =

( ◦
p (1)

p
◦
)N

exp


−∆fG

◦
(N) − N∆fG

◦
(1)

R
◦
T


 (A2)

where∆fG
◦
(N) is the standard molar Gibbs free energy of

formation for theN -mer,∆fG
◦
(1) is the standard molar Gibbs

free energy of formation for the monomer, andp
◦

denotes the
pressure of the standard state, to which the standard Gibbs en-
ergies are referred to.

Since, the vapor saturation pressure
◦
psat (1) is given by

◦
psat (1)

p
◦ = exp


∆fG

◦
1(s) − ∆fG

◦
(1)

R
◦
T


 (A3)

where∆fG
◦
1(s) denotes the standard molar Gibbs free energy

of formation of the solid phase, and with
◦
p (1) =

◦
psat (1) one

obtains from Eq. (A2)

◦
p (N)

p
◦ = exp


N∆fG

◦
1(s) − ∆fG

◦
(N)

R
◦
T


 (A4)

The comparison of this equation with Eq. (A3) implies, that
the r.h.s. is just the vapor saturation pressure of theN -mer above
the flat surface of the solid, i.e. we have

◦
p (N)

p
◦ =

◦
psat (N)

p
◦ (A5)

This means, that if the monomers are in phase equilibrium
with the solid phase, which is also in thermal equilibrium with
the gas, and if chemical equilibrium prevails in the gas phase
and thus between theN -mers and the monomers, theN -mers
are in phase equilibrium with the solid too.
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Defining the supersaturation ratio of theN -mers by

SN =
◦
p (N)

◦
psat (N)

(A6)

this phase equilibrium results in the following relationships

SN = (S1)N = 1 . (A7)

Appendix B: definition of the generalized departure
coefficients

In Sect. 2.3 we have defined the reference LTE-state, which is in-
troduced in order to express the usually unknown characteristic
time scales of the reverse (evaporation) processesτev in terms
of the corresponding characteristic time scales of the forward
(growth) processes. Compared to this LTE-state the conditions
in the real situation where nucleation takes place, such as the
temperature of the gas or the particle densities of the growth
species, are different, and the effects of these deviations can be
conveniently described in terms ofgeneralized departure coef-
ficients(cf. Gauger et al. 1990).

Let us first consider the case of chemical equilibrium in the
gas phase at the actual gas temperatureTg. The equilibrium
densities of the reacting molecules are denoted by a ‘˜ ’, i.e.
ñf(mi)andñr(mi)are the densities of the molecules involved in
the growth reactionmi and its reverse, if chemical equilibrium
was established in the gas phase at the actual mass density,
elemental abundances, and gas temperatureTg.

The deviations of the actual particle densitiesnf(mi, t) and
nr(mi, t) from those in a situation of chemical equilibrium in
the gas phase atTg are given by

b̃f(mi) =
nf(mi, t)
ñf(mi)

and b̃r(mi) =
nr(mi, t)
ñr(mi)

(B1)

These are the usual chemical departure coefficients describing
a chemical non-equilibrium (non-CE) situation.

Let us now consider the following ratio of the actual particle

densities and the particle densities
◦
nf (mi) and

◦
nr (mi) in the

LTE-state with the temperatureTd(N) of theN -clusters under
consideration, which enters into the relationship forτ−1

ev (Eq.
(8)):

nr(mi, t)
nf(mi, t)

◦
nf (mi)
◦
nr (mi)

Converting the particle densities by means of the ideal gas law
into partial pressures and multiplying with ratios of one yields

nr(mi, t)
nf(mi, t)

◦
nf (mi)
◦
nr (mi)

=

(
p(1, t)

◦
p (1, Td(N))

)−i(
p(1, t)

p̃(1, Tg)

)i

· (B2)

pr(mi, t)
p̃r(mi, Tg)

p̃f (mi, Tg)
pf (mi, t)

K̃r(mi, Tg)
◦
Kr (mi, Td(N))

◦
Kf (mi, Td(N))

K̃f (mi, Tg)

wherep(1, t) is the actual partial pressure of the monomers,
◦
p (1, Td(N)) is the partial pressure of the monomers in the
LTE-state, and̃p(1, Tg) is the partial pressure of the monomers if
chemical equilibrium atTg was established. TheKf (mi, T ) and
Kr(mi, T ) denote the dissociation constants for the molecule
in the forward and reverse of reactionmi at temperatureT . If

the monomer is given by a molecular species,
◦
Kf (mi, Td(N))

(K̃f (mi, Tg)) describes the equilibrium constant of the forma-

tion of
◦
nf (mi) (ñf (mi)) with respect to the monomer and

not with respect to the elements this molecule is formed from.
These constants enter, because in chemical equilibrium the par-
tial pressures of the molecules can be expressed in terms of the
partial pressures of the elements in atomic form, which con-
stitute the respective molecule, and by definition the molecule
of the forward reaction is build up fromi monomers and the
molecule of the reverse reaction.

In the LTE-state the partial pressure of the monomer is equal
to the vapor saturation pressurepsat(Td(N)) above the flat sur-
face of the solid at temperatureTd(N) (see Appendix A). There-
fore, the first ratio on the r.h.s. can be expressed in terms of the
supersaturation ratio, which has been defined by Eq. (12) in
Sect. 2.4.

Now we define the generalized departure coefficient of re-
actionmi by

bg(mi, Td(N)) =
1

b̃i(1)
b̃f(mi)
b̃r(mi)︸ ︷︷ ︸

non−CE

· (B3)

(
K̃f(mi, Tg)

◦
Kf (mi, Td(N))

)/(
K̃r(mi, Tg)

◦
Kr (mi, Td(N))

)
︸ ︷︷ ︸

non−TE(cluster−gas)

where the remaining ratios of partial pressures have been ex-
pressed by the chemical departure coefficients. As indicated,
the first two terms comprise the effects which result from the
chemical non-equilibrium in the gas phase, and the last term
comprises the effects due to the thermal non-equilibrium be-
tween theN -clusters and the gas.

In the case of homogeneous processes, i.e. the addition of
i-mers, where no molecule is involved in the reverse reaction,
the generalized departure coefficient is given by

bg(i, Td(N)) =
b̃(i)
b̃i(1)︸ ︷︷ ︸

non−CE

K̃(i, Tg)
◦
K (i, Td(N))

Td(N)
Tg︸ ︷︷ ︸

non−TE(cluster−gas)

(B4)

(cf. Gauger et al. 1990). Herẽb(1) is the chemical b-factor for
the monomer and̃b(i) is the chemical b-factor for thei-mer,
andK(i, T ) denotes the equilibrium constant of the formation
of an i-mer fromi monomers. Finally inserting Eq. (B3) into
Eq. (B3) yields:

nr(mi, t)
nf(mi, t)

◦
nf (mi)
◦
nr (mi)

=
1

Si(Td(N)) bg(mi, Td(N))
(B5)
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If the gas is phase is in chemical equilibrium and the temper-
ature difference between theN -clusters and the gas vanishes,bg
is equal to one. Therefore, the generalized departure coefficient
represents a correction to the supersaturation ratio which ac-
counts for the effects of chemical and thermal non-equilibrium.
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