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Abstract. Self-organised criticality (SOC) has been suggestedadient, triggering a further avalanche. In the SOC-sandpile
as a potentially powerful unifying paradigm for interpreting thparadigm, it is helpful to note that the word “critical” is being
structure of, and signals from, accretion systems. After reviewsed in two senses: the sandpile has a critical gradient, redis-
ing the most promising sites where SOC might be observaltighution being triggered wherever this gradient is exceeded;
we consider the theoretical arguments for supposing that S@@ the self-organised global avalanches which emerge from
can occur in accretion discs. Perhaps the most rigorous evidetieeintegrated effects of local redistribution may be scale-free,
is provided by numerical modelling of energy dissipation dua which case they are linked to the generic field of critical
to magnetohydrodynamic turbulence in accretion discs by ghenomena.
Geertsera & A Achterberg A&A 255 427 (1992)); we inves- In mathematical models and also some experimental reali-
tigate how “sandpile”-type dynamics arise in this model. It isations (Nagel1992, Feder 1995, Frette et al. 1996, Christensen
concluded that the potential sites for SOC in accretion systestsal.[1996), avalanche statistics display scale-ireg char-
are numerous and observationally accessible, and that theowmatieristics. SOC sandpile algorithms are extremely simple and
cal support for the possible occurrence of SOC can be deriyaassess the attraction of any successful reduced system: it be-
from first principles. comes unnecessary to attemptto model the detailed, and perhaps
insuperably complex, microphysics of transport in the real sys-
Key words: accretion, accretion discs — stars: novae, cat@m. Such an approach has been applied to the statistics of solar
clysmic variables — galaxies: active — X-rays: stars X-ray bursts (Lu & Hamiltonn 1991; for a recent treatment, see
MacKinnon & Macpherson 1997 and references therein ) and to
transport phenomena in magnetically confined plasmas (New-
) man et al. 1996, Carreras etlal. 1996, Dendy & Helahder|1997,
1. Introduction 1998). Itis clearly of interest to establish whether, in certain cir-

The question whether accretion discs can be in a state of sefmstances, the detailed modelling of astrophysical accretion
organised criticality (SOC) (Bak et dl. 1988, Kadanoff et afloWs could be substituted by a simple SOC sandpile paradigm.

1989) was raised explicitly by Mineshige et dl. (1094), anfis is ahighly cross-disciplinary question. Inthe present paper,

strongly implicitly by Bak et al [(1988). Young & Scargle (1996)V€ &M to carry forward the debate in two ways: by identifying
have raised the related question of transient chaos in accreflbereater detail the classes of accretion flow where SOC might
systems. A distinctive feature of SOC is flickering energy tranBl2y @ role; and by examining theoretical arguments that we
port with no characteristic lengthscale or time separation, dRglieve point clearly towards SOC in some accretion flows.
playing al/ f power spectrum; in this context/ f is shorthand

for inverse power law frequency dependence with unspecifigdsgome sites of interest

index. In SOC systems, for which mathematical sandpiles (Bak

et al.[T988, Kadanoff et d1._1989) provide a paradigm, globtwas noted by Bak et al. (1988) that flickering signals wiiftf
transport occurs as a result of self-organised avalanches wHigi/er spectra have been observed for the X-ray variability of
are triggered locally when the accretion of sand leads to a crictive galactic nuclei (AGNs), specifically: 0.05-2keV X-rays
cal gradient being exceeded at a given point. This causes Idéam the Seyfert galaxy NGC4051 (Lawrence et al 1987) and
redistribution of sand, which may lead to the critical gradiedr 7keV X-rays from the Seyfert galaxy NGC5506 (McHardy
being exceeded at neighbouring points, resulting in further &-Czerny(1987), and for 10-140 keV X-rays from the massive
distribution and, cumulatively, to a global avalanche. FollowingPmpactbinary Cyg X-1 (Nolan et al. 1981). Similglif spectra

the avalanche, the system returns to a subcritical configuratiff; X-ray variability from binary accreting systems were noted

accretion then continues until it again creates a local excé¥sMineshige et al. (1994) (neutron stars, Makashima 1988)
and by Geertsema & Achterberg (1992) (cataclysmic variables
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list can be extended, as we discuss below, it is also importémin during major eruptions (Wade & Ward 1985). Questions
to be more specific about where, in these diverse systems, S@Iating to the location of unstable flows in soft X-ray tran-
might be occurring. sients (Lasota et &l. 1996) are similar to those in dwarf novae.
Perhaps the simplest case is presented by a paradigmitic the wind-fed X-ray binary pulsar GX301-2, a model has
AGN. Let us take for this the standard picture of a massiteeen proposed (Orlandini & Morfill ' 1992) involving “noisy”
black hole fed by a cascade of structures: the accretion disc, #loeretion of blobs of matter formed by magnetohydrodynam-
molecular torus and on a larger scale the galactic disc andi@al (MHD) instability at the magnetospheric radius, and not
barred or spiral structure, which together generate a clumpy araised by inhomogeneities present in the stellar wind from the
irregular transfer of gas and stars. This irregular mass transégtical companion. This approach is somewhat reminiscent of
could be analogous to the random and discrete feeding othat of Baanl(1977), where accreted matter accumulates at the
sandpile with grains of sand near its apex. It is believed that,ahgnetopause of a rotating neutron star until an interchange
least in thin discs, the residence time, of matter in the disc instability is triggered, after which the released matter gener-
is much longer than the free—fall time;; ~ (R®/GM)'Y/? at ates an X-ray burst. Baah (1977) suggested that, since most of
radiusR: the time between bursts is a refilling time, an approximately
9 linear relation should exist between burst energy and the sub-
Tres R . . .
— ~ 5 sequent quiescent interval. However, in a SOC model where
Trr ol randomly arising local instability is sufficient to trigger a global

whereH < R is the thickness of the disc, amd< 1 is the avalanche, there would be no such correlation. This appears to
well-known viscosity parameter. The conditiop., > 7/, be a key observational discriminant for the possible presence of
which is implicit in most accretion disc models, appears to KZEOC in a given accreting system. We also note that, from the
necessary, atleast in principle, for the validity of a sandpile—tyfeeoretical point of view, Frangt al 1992 have pointed out that
approach to mass transfer within the disc. a local instability in a given annulus of the disc can only trigger

Thus if the accretion disc, like the sandpile, is in a state srge—scale instability accross the disc if parameters in neigh-
SOC, there would be no clear link between the pattern of acchkguring annuli are such that the effect of this instability in these
tion from the torus and the pattern of avalanches leading to mag&uli can in turn trigger local instability there. This amounts to
transfer across the disc, over its inner edge, and onto the bladrrescription for a sandpile—type approach, and hence for the
hole, giving rise to the X-ray signal. The latter would automatossibility of SOC.
cally displayl / f flicker. On larger space and timescales relating It seems clear from the foregoing that there is good obser-
to our own Galaxy, even steady gas inflow from the Galactic béational and interpretative motivation for testing for SOC in a
could also result in avalanches to the inner regions, and thésead range of accreting astrophysical systems, encompassing
avalanches could give rise to episodes of AGN activity durirftickering AGNs and certain distinct locations within a variety
an otherwise quiescent phase, with a duty cycle of a few perceﬁtl,)inal’y objects. Firm identification of SOC would yield infor-
as inferred on statistical grounds for other AGNs (Mezger et anation on the global consequences of the smaller-scale physics
1996). The sandpile-SOC paradigm thus provides a candidatéhe accretion process, while short-circuiting the need for de-
framework for summing up the consequences of the Comp@&led modelling. Let us now turn to theoretical arguments for
and intricate physics that relates the largescale dynamics of @@ecting SOC.
Galactic disc to the activity of its central black hole.

Cataclysmic variables, and in particular dwarf novae, . . .
present further opportunities for SOC. First, the flow of ma%' Theoretical considerations
ter from the secondary across the inner Lagrangian point colllde identification of mechanisms responsible for the dissipation
itself be an avalanching process governed by SOC. In this casfeshear flow energy within an accretion disc is an active field
if the radiation source was a hot spot where the accreting ma$sesearch, because of its importance in determining transport
flow reached the outer edge of an accretion disc, it would flickacross the disc and onto the compact object. If, as has been sug-
with 1/ f statistics. Steady mass flow from the secondary woulgisted (Bak et al 1988, Mineshige et[al. 1994), the combined
also be compatible with a SOC signal, however, provided tigobal effects of local transport physics result in SOC, observa-
latter originated from SOC mass transfers from the accretitional signatures of the type described above will emerge. It is
disc (or accretion column in the strongly magnetised regima)dely accepted (see, for example, Longair (1994) and Narayan
to the white dwarf. Either regime appears possible in principl@997)) that anomalous viscosity caused by MHD turbulence
both for dwarf novae and in the wider context of binary accretimgrobably plays an important role in the flux of angular momen-
systems. In dwarf novae, it is pointed out by van Amerongentein within accretion discs. MHD turbulence can arise naturally
al. (1990) and Lasota et al. (1995) that outbursts are due to siaccretion discs, see for example the instability mechanisms
denly increased accretion towards the white dwarf, but that itgsoposed by Tagger et al._(1990), Vishniac et lal.(1.990), and
unclear whether the instability resides in mass transfer from tBalbus & Hawley[(T9911). It has also been pointed out (Chen et
secondary to the accretion disc, or across the accretion disc ahl995) that there exist ranges of accretion tateand disc
onto the white dwarf. We note that, observationally, flickeringadius R for which no stable steady state solution of the basic
is more often strong during the quiescent phase of dwarf noveguilibrium equations is possible. In this case, it is suggested
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(Chen et all 1995, Narayan 1997) that the flow is forced into= B/(4mp)'/? are

a time-dependent variable mode, satisfying the requiteih

the mean. This provides further motivation to test the applicg-— —yVIT — 20 x u — (r dQK) s
bility of sandpile-type models. In this section, we concentrate dt ) "

on the model for MHD turbulent energy dissipation in accretion + vV2u+b-Vb—u-Vu,
discs presented by Geertsema & Achterbgrg (1992), because it
appears to give rise to SOC. While the link to cataclysmic variy — (rdQK
able and dwarf nova observations (but not, explicitly, SOC) was dt
made by Geertsema & Achterbefg (1992) themselves, we Qﬁferez — r—Randy = R are the local radial and azimuthal

lieve thatthis work has much wider implications: for the genergl,  in ates respectivelyjs the resistivity, and is the viscosity
question of SOC in accretion flows; for the connection betwe€fticient.IT — P/p + b%/2is the total scalar pressure, while

SOC and turbulence in general; for the role of SOC in plasrﬂ?eb . Vb term contains the off-diagonal terms of the MHD
physics, since it represents the first instance where SOC Eﬁ@ss tensor.

been observed in a mathematical model derivable from the fun- As these equations are still too complex for a numerical

dameptal equations of MHD; and for.the role O,fSO_C in terre_Stiff‘L)atment over a sufficiently large dynamic range in scales, they
experimental systems - real sandpiles and ricepiles, as distijeta simplified further following a suggestion by Desnyanski
from mathematical idealisations thereof - where uncertaintigsy ovikov (I972) in the context of hydrodynamics, and later
about its scope remain (Nadel 1992, Feder 1995, Frette eta?;plied to MHD by Gloaguen et al. (1985). In this approxima-

1996, Christensen et al. 1996). tion, the space of wave vectodksis discretized into a finite set

Before considering the model of Geertsema & Achterbeffj #»» @nd the non-linear interaction between different compo-
(1992) in greater detalil, let us turn to its results. Fig. 12 of GeeffeNts of the Fourier transforms afandb is described by the
sema & Achterberg (1992) shows the calculated times seri&l of equations
of energy dissipation events within the disc. We note that thig, , ) )
is qualitatively very similar to the observed time series of en;;~ + vk un = aky, (unﬂ - 2unun+1)
ergy dissipation measured in an experimental ricepile displaying + Bk (u oy, — 202 ) ~ (s b)

SOC, Fig. 2c of Frette et al. (1996), and in a related mathemati- AT el ’
cal model of Dendy & Helandelr (1997, Fig. 3, and 1998, Fig.5).
More gquantitatively, Fig. 13 of Geertsema & Achterberg (1992jbi + nk2b, = ok (Un—1bp_1 — 2unb
shows the power spectrum of energy dissipated by MHD disé

turbulence, which displays the/ f dependence characteristic + Bkp (Un—1bn = 2upi1bpi1) — (b <> u).

Of. SOC; compare, for example, Fig. 3 of Frette etlal. (1996) aﬂ%ithe three-dimensional generalisation of this approximation
Fig. 3 of Ch_rlst_ens_en etal. (1996) Wh'Ch.Sh.OW measured_ Spe%&%eme, the discretisation is made by dividingkhgpace into
of energy dissipation and particle transit times, respectlvely,imo spherical shells, thus discarding the information regarding

SOC ricepiles. the direction ofk. This allows a greatly simplified system of

Given the clear indications of SOC emerging from the MHBONlinear equations to be written down, analogous to that of
turbulence model of Geertsema & Achterberg (1992), it wiffloaguen etall(1985), which are supplemented with additional
be of interest to establish how it has arisen. A full explanatid™ms to account for the effects of differential rotation.
must await diagnostic analysis of the code runs generated by this T "€S€ equations, which are taken to model the turbulent cas-
model. Pending this, we conclude the present section by seg&de 0f MHD, were solved numerically by Geertsema & Achter-
ing to identify some of the relevant salient features. In outlinB€"9 (1992). They found that the turbulent shear stress can be

the model of Geertsema & Achterbefg (1992) is constructed'@dY 1arge, and has large, chaotic fluctuations on time scales
follows. of a few rotation periods. Perhaps the most striking feature of

the simulations is, however, that the dissipation of energy at
The accretion disc is regarded as a differentially rotatirnibe smallest scales of the turbulent cascade is very intermittent.
turbulent MHD fluid, and is modelled by a reduced systefnergy is released in avalanches with a wide range of sizes,
of equations reflecting the most important features of thre@ad the power spectrum of the dissipation rate obeyg fa
dimensional MHD turbulence. The disc is assumed to be thpower law over nearly two orders of magnitude in intensity,
in comparison with its diameter, and the flow is taken to see their Fig. 13. This behaviour is, as already stated, similar
subsonic and hence incompressible. The possible existenceodhat of simple mathematical sandpile models. While a power
a large-scale magnetic field is neglected, and the only turbuléaw is to be expected from any scale-free model, in particu-
structures considered have a length scale shorter than the hdayhéd Kolmogorov-type one in the inertial range, we note that
ofthe disc, making the turbulence essentially three-dimensiorthk similarities between this system and mathematical sandpiles
In a coordinate system rotating with the disc angular velociapparently extend further. Both are fundamentally governed by
Q = e.Qx(R) atradius- = R, the simplified MHD equations nearest-neighbour interactions between a discrete number of
for the flow velocityu and the normalised magnetic field vectonodes. In the MHD accretion model, these reside-space, so

) bzey—T)V2b+b-Vu—u~Vb,
R

n+1)
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the interaction is between wave modes with similar wavelengthsndy, R.O., Helander, P., 19®Tasma Phys Contr Fusiod9, 1947
rather than between adjacent regions in real space. The dissiandy, R.O., Helander, P., 1998iys. Rev. FEaccepted for publication
tion is provided by viscosity and resistivity at largeresem- Desnyanski, V. N., Novikov, E. A., 197Rrikl. Mat Mech.38, 507
bling the removal of material from the edge of a sandpile. T&der, J., 1996ractals3, 431
MHD accretion model is, of course, much more complex thé:ﬁette, V., Cr_mstensen, K., Malthe-Sgrenssen, A., Feder, J., Jgssang,
the simple sandpile algorithms considered so farin the Iiteratulr:e. T Meak_m, P., 199®lature3r9, 49 . i

. . . rank, J., King, A.R., Raine, D.J., 1992, Accretion Power in Astro-
Two fields,u andb, each with three components, are involved

. . ) .. physics, (Cambridge University Press, 2nd ed.
rather than the single height parameter of conventional sand@l@eﬁtsﬁma é_T_ Achtgerberg A ﬁ;a&A 255 427)

algorithms, and the time evolution is governed by differentigyioaguen, C., Leorat, 3., Pouquet, A., Grappin, R., 1985 Physica D17,
equations rather than difference equations. Nevertheless, bothys4

the MHD accretion disc and simple sandpile models appeardadanoff, L. P., Nagel, S. R., Wu. L., Zhou, S-M., 1988ys Rev A
exhibit similar self-organised, critical behaviour, supporting the 39, 6524

claim often made in the sandpile literature that SOC is univergaisota, J.P., Hameury J.M., Hujd.M., 1995A&A 302, L29

phenomenon shared by large classes of cellular automata. Lasota, J.P., Narayan, J.P., Yi, |., 1988A 314, 813
Lawrence, A., Watson, M.G., Pounds, K.A., Elvis M., 198@ture

. . 325, 694
4. Discussion Longair, M.S., 1994igh Energy Astrophysig€Cambridge University

We have shown in this paper that the numerical simulations E?ssﬁjmgg)’pﬁl 2199Astrophys B80. L8
by Geertsema & Achterberg (1992) of viscous resistive MH acKinnon, A.L.. Macpherson, K.P.. 109&A 326, 1228

turbulence in an accretion disc give rise to behaviour Char"’wtftzflrélkashima K. 1988 in Physics of Neutron Stars and Black Holes, ed

istic of self-organised criticality in a sandpile. This similarity v tanaka (Tokyo: Universal Academy Press), 175
may help to explain certain observed properties of a rangeHardy 1., Czerny B., 198Rature 325, 696

accreting astrophysical systems, which we have reviewed. Rugzger, P.G., Duschl, W.J., Zylka, R., 1986tron. Astrophys. ReY,
thermore, the result is of intrinsic scientific interest as an ab 289-388

initio demonstration of the emergence of SOC from a systevtineshige, S., Takeuchi, M., Nishimori, H., 19%&trophys J435,
of MHD-based equations. Further analysis of the numerical re- L125

sults, to establish how the SOC-sandpile phenomenology arigéagel, S.R., 199Rev Mod Phy$4, 321

would be of great interest both for accretion disc astrophysitigrayan, R., 1997 itinsolved Problems in Astrophysjesi Bahcall,
and for fundamental plasma physics. At the present stage of de-J-N- Ostriker, J.P., (Princeton University Press)

velopment of realistic MHD simulations (for example of the "n&\lewman, D.E, Carreras, B.A., Diamond, P.H., Hahm, T.S., FI96
Plasmas3, 1858

between smallscale dissipation_and the time beh_aviour of l‘qulan, P.L., Gruber, D.E., Matteston J.L., Peterson, L.E., Rothschild,
flux of matter onto the central_object), direct nume_zrlca_ll proof o R.E., Doty, J.P., Levine, A.M., Lewin W.H.G., Primini, F.A., 1981
the occurence of SOC-sandpile phenomenology is still a remote astrophys 246, 494

objective. However, the capacity of the SOC-sandpile paradigifandini, M., Morfill, G.E., 1992Astrophys B86, 703

to circumvent complex “full mathematical descriptions” is th&agger, M., Henriksen, R.N., Sygnet, J.F., Pellat., R., 188@ophys
basis for its present attraction in many fields of physics. If future J353, 654

work confirms the importance of SOC-sandpile phenomenakn Amerongen, S., Kuulkers, E., van Paradijs, J., 1860 Not R Ast
ogy in accreting systems that is suggested in the present paperS0c242, 522

it would permit a dissociation (at least at zeroth order) of théshniac, E.T., Jin, L., Diamond, P., 199Gtrophys B65, 648

detailed physics of turbulence in the disc from the global moade. R-A., Ward H.J., 1985 imteracting Binary Starsed Pringle
J.E. and Wade R.A., (Cambridge University Press)

elling of this class of astrophysical object. Young K., Scargle, J.D.. 1996 Astrophys J 468, 617
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