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Abstract. A procedure is introduced to perform a completéor small perturbations. At the same time, linear studies provide
ideal MHD stability analysis of one-dimensional cylindricaliseful information to assist subsequent non-linear calculations.
equilibrium models for coronal loops, including the important

effect of line-tying. The stability is completely determined b¥nostly numerical, and were therefore limited to global modes

calculating the critical (marginally stable) length for the onset. - I ; o L=,
. . L . of instability. In the straight cylindrical approximation usually
of ideal MHD instabilities for every azimuthal wave number ; . :
aken, nearly all calculations only considered= 1 kink mode

The analysis consists of the combination of a WKB method {Ostabilities largely because this mode is generally considered
determine the critical length of intermediate to high (infinite » argely 9 y

i ? : Lo 0 be the most ‘dangerous’, or relevant, in the classic literature on
values ofm with a numerical code (using bicubic finite ele-_, "~ L : ) S i .
. . . stability of infinite one-dimensional cylindrical magnetic equi-
ments) for the low to intermediate valuesqof As before it libria (e.g.[Newcomb (1960)). An essential ingredient in the
is found that for large enough the critical length can be ex- 9: ' g

pressed a — lo+1; /m. Itis also demonstrated thatin genera?tab'“ty study of solar cgronal loops, h.ovx{ever., is the stabilising
. ... _Influence of the anchoring of magnetic field lines to the dense
either them = 1 or them — oo mode has the shortest critical

: ) hotosphereline-tying Including this, usually in the form of
length, the former being the first to become unstable for nea Xundzfry coﬁlditignsgat the inte?rface betwegn corona and pho-
force-free magnetic fields, the latter for strongly non-force-freie

fields. Therefore. a stability analvsis of these two modes Wﬁsphere, makes the analysis two-dimensional, and most results
) ' y y from the classic literature on the stability of one-dimensional

normally suffice, with perhaps a need for some more numeri-. . I . ) o
lindrical equilibria are not valid or become irrelevant in this

cal calculations near the point where the modes cross over. e : o g : .
L . ..context. Also, it no longer holds that it is sufficient to investigate
combination of these two tools provides a complete stabili

assessment e stability of then = 1 mode only, because it has been shown

' that when line-tying is included, equilibria exist in which high-
Key words: MHD — plasmas — Sun: corona — Sun: magneti'rrn modes become unstable first, i.e. f(_)r shorter loop lengths
fields (Hood et al. (1994)). Hence, a full stability assessment needs
to be able to determine the stability boundariesalbfmodes,
including both the very global lows and the highly localised
high-m modes. This requires a combination of both numerical

and analytical techniques.

Previous stability assessments of coronal loops have been

1. Introduction

. . - . . ! dimensional, cylindrically
and the point of onset of instability (leading to loop brlghtenmgymmetriC equilibrium models of line-tied coronal loops. As

or a complete disruption of the equilibrium) is very importanbefore, the approach is largely based on the method of Con-

The stability of many classes O_f equilibrium models of COronﬂlor et al. [(1979). Only the case of non-force-free equilibria is
loops has therefore been studied bY a Iarge_ numb_e_r of authgrSsented here, since it was found that the scalings for sheared
(see e.g. Hood (1992) for an overview). This stability asse S

. / . . X “I8rce-free equilibria are completely different than those in the
ment is most economically done using the linearised equatiQfifer cases, so that significant modifications to the method are
Send offprint requests 1&®.A.M. Van der Linden required. Work on these classes of equilibria is still in progress
* Postdoctoral Research Fellow of the Flemish Fund for Scientifd will be detailed in a subsequent paper. Some reference will
Research however be made to preliminary results, as these are relevant
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for instabilities with low mode numbers in nearly-force-free 20¢
equilibria.

While in the simpler constant-twist equilibria studied in 15}
Hood et al. (1994) the WKB equations could be solved entirely
analytically (at worst the roots of a transcendental algebraic 1.0}
equation had to be determined), this is only formally the case in
more general equilibria (solutions can still be expressedinterms - |
of Legendre functions, but this is of little practical use). Still, the
WKB method only requires solving a simple ordinary differen- ;
tial equation over a range of parameters rather than the far more =
complicated two-dimensional partial differential equations. -

To be able to determine the stability boundaries of how- == - RS
modes, the WKB method is complemented with a newly devel- o
oped numerical stability code, using bicubic finite elements tqy. 1. The ratio of gas to magnetic pressuf £ 2up/B2) of the
solve the full set of two-dimensional partial differential equaequilibrium [3) as a function of and 2, fixing o = 0.15.
tions. Itis demonstrated that this code has far better convergence
properties than the Fourier series methods employed before by
a number of authors (Einaudi and Van Hoven 1983, Van d€argill et al. (1986), who generalised a form first used in
Linden etal. 1990, Velli et al. 1990, De Bruyne and Hood 1992nzer (1968):

Hood et al. 1994, Van der Linden and Hood 1995). The flexi-

N
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bility of the finite element numerical technique and the use & = 7exp(—7/2),

_(two Choi_ces of) an eikpnal or_‘bal_looning’ factor in the numerg, — Mo+ (24 2r — r2) exp(—r), (3)
ical solution of the partial partial differential equations makes it 1 ) )

possible to obtain a large overlap region where the accuracy ¢ = 5 (1=X) [o+ (2+2r —r?) exp(—7)],

tained with the numerical code is sufficient and at the same time

the WKB method yields reasonable approximations. Thus, twerer now represents the dimensionless radial distance, and
consistency of the two methods can at all times be thoroughiyando are parameters (unless otherwise specified, all numer-
checked, and very good agreement is found between them. ical examples in this paper refer to the above equilibrium with
o = 0.15). This equilibrium was selected mainly because it
has been used by a number of authors in the past to model
coronal loops and arcades, and to determine the stability of

The equations used as the starting point in this paper have@@bal modes (i.e. modes with low values of the azimuthal
ready been specifiedin Hood et al. (1994), and are repeated Néi¥e numbern). Unlike the Gold-Hoyle equilibrium consid-
for completeness. From a physical point of view the main i§/€d in_Hood et al. (1994), equilibriuril (3) has shear, i.e. the
terest is in determining the point at which the, by assumptidi/ist¢ = rBs/B: is a function of the radial distance, which is
slowly evolving equilibrium first becomes unstable. This poif¥hy this type of equilibrium requires a more general treatment.
is found by solving the marginal stability equations, which ark? indicate the characteristics of the present class of equilib-
obtained from the well-known equation of motion in lineariselum. we have plotted the plasmizand the twist profile in Figs.
ideal MHD by setting the derivatives with respect to time equiand2 respectively.

2. Marginal stability equations

to zero: Particular attention is drawn to the fact that the twist reaches
a minimum for this equilibrium (see Figl 2), which turns out to
V(¢ Vp+pV-€) + [V x (V x (£ x B))] <« B be of particular relevance when the equilibrium is close to its
K force-free state, since the instabilities then become localised
JrV x B ¥ [V x (¢ x B)] =0, L near that point. This will be discussed in detail in a subsequent
L paper.

Writing the displacement in terms of its components in the

whereg is the displacement vectorand B are the equilibrium . .., "2 aljel (taB) and perpendicular directions, i.e.

gas pressure and magnetic field respectively,;aisthe mag-

netic permeability. The ratio of specific heatsjs set equal to —(B, By (By 0B,
5/3 throughout the paper. = (fm 2 T T e ) ; 4)
We model coronal loops by a straight cylindrical equilibrium
we can rewrite Eq[{1) as
B = (07 B9(T)a B, (7”)), p= p(7')7 (2
where ¢,0,z) are the usual cylindrical coordinates. For i£6 = ME + N+ %M(V-S), (5)

lustration of the WKB method and comparison with nu-
merical solutions we take an equilibrium constructed byup (B -V)(V-&) =0, (6)
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1.9F0 ] itis nota priori obvious whichn yields the most unstable mode
1 (in fact, it was shown in Hood et al. (1994) that depending on

R 1 the equilibrium, eithern = 1 or m — oo can be the most un-
AN 1 stable mode). As is well-known (see, e|g., Newcomb (1960)),
1.0 B N | foragivenm, thez-dependence of the most unstable mode will

be such that the field line bending is minimised, i.e. the most
unstable harmonic in thecoordinate is the one which generates
a perturbation that follows the field lines as closely as possible.

3. Application of the WKB method

0.0 e As in[Hood et al. (1994), we first eliminate the perpendicular
component of the displacement vector. Expressionsd@nd
¢"interms of(yupV - €)', yupV - £, £/, £, and¢,. are obtained

r from Eq. (3) and_ operating on the radial derivative of Eff] (5).
Operating withZ? on Eq. [T) and substituting the expressions
for ¢ and its derivatives then gives the equationg§oas

Fig. 2. Radial profiles of the magnetic field components (dashed)
and By (dotted) and the magnetic twigt= rB. /By for equilibrium
@) for o = 0.15 and\ = 1.0. For other values o the profiles of r
B. andq are obtained from the present ones by simply scaling dowd(B - V)%¢” + { [T(B . V)z}/ - L'(B- V)Q} ¢
while By remains unchanged. r

/ 2
+ {EQ(B V)% - 2ﬁ£a—2 + %(B V)2
1o, , 2B.B., B2— B2 roo022
7(TB Er) + (B . V) + + fr = 2
T r r2 2 0 By 0 0
+ 7272 B * V - =4 - 57\
, By OC , 72 0z r 00 0z
= M) —2-727 — (yuwpV - €)', @) 3
" Lo B (B0 _p 0N O ey =0, (13)
(B-V)n M(¢ &, The second equation is still Eg] (6) witlsubstituted in expres-
V€= B2 *@J“&Jr?’ ®)  sion [8) forV - £.

Closely following the method outlined by Connor et al.

a dash denotes differentiation with respect tand the differ- (1979), we introduce the eikonal factor

ential operators are defined as

1 82 92 M2 (B . V)2 & (r,0,2) = 5(7" z)exp{im[0 — q(z — z0)]},
L=—o O 2 2 9) (14)
r2 00 0z B B - )
n(r,0,z) = qj(r,z)exp{im [0 — q (= — 20)]},
M B. 0 0 (10)
= — 45, Do ’
r 00 0z whereg = By/r B, and the wave numben in thef coordinate
N = 1 (Bza T 03> (11 must be an integer to give periodic solutions. Here, the expo-
r\r 00 0z nential factor ensures that the mode follows the field lines and

the strongly stabilising effect of field line bending is minimised.

Photospheric line-tying is modelled using rigid wall boundar. 2 e ) )
conditions, as these have been shown to yield the best re%ige remaining slow variation along the field lines and the ra-

sentation of the stabilising effect of the anchoring of magne caI d_epegdencNe .Of the elgenmodes are given by _the amplitude
: . . . unctions¢ ands (in the following we will drop the tildes).
field lines in the dense photospheric plasma (Hood, 1986, Van L . ) : :
) After substitution of[T#) into the differential equations, the
der Linden et al., 1994) . :
azimuthal wave number. enters as a parameter in the result-
& =C=n=0 atz==£L, (12) ing PDE. For sufficiently largen approximate analytical solu-

_ tions can then be constructed using the WKB method (see e.g.
where we have introduced the half-lengttof the loop. The Bender and Orszag (1978) for a detailed description). In this
radial boundary conditions arg, = 0 atr = 0 andr — occ.  method, both the solutions and the equations are expanded in

The problem that needs to be solved now is to determingowers of the large (or small) parameter and solutions are con-
for themost unstablenode in a given equilibrium profile, i.e. tostrycted at every order separately. The method becomes more

find the smallest for which a solution to the above set of partiahccurate asn gets |a_rger, but Obvious|y breaks down when
differential equations (PDE) and boundary conditions exists. §too small.

practice, this means we need to deternfife the fundamental Redefining the longitudinal coordinate
harmonic only in the radial-) coordinate, but we need to con-
sider all possible values of the azimuthal wave numbesince z = ¢z, (15)
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brings out explicitly the quantity to be determined. We thenThe boundary condition§ (z = £1) = 0 provide expressions
set, as in Hood et al. (1994) and following Connor etal. (19790r A and B in terms ofa. Then, solving fom by integrating

1 1 Eq. [20), and applying the line-tying boundary conditions then
z=m"2(r—ry), {(=4ly+ %61 + W& +.--, (16) resultsin the condition

1

wherer is the (as yet undetermined) position about which the A Mo =) 4

modes become localised@s— oo, and expand the eigenfunc- P, (- %) | dz
—1

tions as
1
- 1 1 ilo\/d 2ca
¢ = &ol,2) + —57561(2,2) + —&2(,2) + .., A7) +B /Q,, (— \O/a (2-20) | dz = == +2a =0, (25)
1 -1
n=no(@2) + —mm2) + —mpe,z) +.... (18 , " . .
m m which defines the critical (marginal) length as a function of
Substituting into the marginal stability equations, EQs] (13) amd andzo. Eq. [Z5) is however of little practical use, sineés
(©), we get to leading orde®)(m*), in general not an integer, and therefore no simple expression for
the Legendre functions can be given. In practice therefore, the
Lo(&o,m0) = _ﬁ { [a +d(z— %) } 9% } + b ordinary differential equationg (1L9) arid {20) are solved numer-
0z | |6 0z ically to determine’y = (o (7o, 20)-

Ono _ 19 The nextorder equation®,(m7/?), in the expansion of Egs.
T bz +&| =0, (19) (13) and[(b) are given by
oL
and Lo(€1,m) + = <8r§) (€0, m0)
8 |:6770 :l
—= +&| =0, (20) i (Lo O

0z | 0 =) = = 26

Tod <8z0) am(ﬁoaﬁo) 0, (26)
where the coefficients

and
a = Bz/TQ, b= Zp’Bg/TSBf, o [om Y .
¢ = dyupBi[r* B (yup + B%),  d = B2q”, 9z |0z T4 =0 @)
are all evaluated at = o, andn has been redefined as where 92 and 420 are the differential operators obtained by
B, dlfferentlatmg the coefficients iy with respect tag and z,
5 BZQ 7 (21) respectively. Using derivatives with respect-toandz, of the
4

leading order Eqs[_(19), (P0), we can rewrite EqJ (26) as
For unsheared equilibrig = 0, giving d = 0 and the leading 9
order equations of Hood et al. (1994) are recovered. Due to (&1, 71) = =L (ggo gfio> x%% %io
presence of in Eq. [19) solutions in the present case are no To Oro 0 9o 0%

longer as simple as [n Hood et al. (1994). i 0 [ (350 3770) %%5250} 28)

Eq. [20) can be integrated once and the result substituted in q'ly Ox 0zy 07y 03 0z 022
Eq. [I9) to yield Multiplying this equation wittg,, and using integration by parts

0 a ~ %o (or actually the fact thaf is a Hermitian operator), and apply-
oz |2 d(z — )’ oz + b€ +ca =0, (22) ing Egs.[(19) and(20) then immediately results in the conditions
whereq is the integration constant. The homogeneous partﬁﬂ o _ 0, (29)
this equation can be written as the standard equation for Leg@ﬁo dro
dre functions, so we can formally write the solution as i.e. bothz, andr, must be selected at the minimuméf From

, symmetry it is actually obvious that, = 0, but the value of
& = AP, _250\/5(2 — %) ro must be determined from the (numerical) solutions of the
a eading-order equations.
Va leading-ord i
ito/d cor Finally, in order to determine the correction to the marginal
+ BQ, ( 0 (z— 0)) -, (23) stability length (for large but finite:) we use the&)(m?) equa-
va b tions:
where P, and @, are the Legendre functions of orderand 0Ly 0?Ly
degreev, with v one of the two equivalent solutions to Lo&2,me) + 2 <8r (€1,m) + 2 \ o2 (€0, 710)
b i (9% 9
V(U+1) :E (24) qu/ (azo) 8x(§17771)
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0 i 0Ly 0
+ @ [87‘0 (M%ﬂ %(507770) —I/ﬁo (3ﬁo> (350 3770) e (33)
) 9200\ O org Org’ Org
- —— | == | 5=, m0)
209" ( 0z ) a2 Similarly one can show that
2a 82&)
0 /50 ( ) (§1,m)dz
and
0 [0no ; 8 oL 0%¢y 02
; ? +52 +£2b(§0,770) =0. (31) _ G 50 v~0 fO 770) dz (34)
z éoq 8,20 0% 0x2’ Ox2 ’

Here the operators,, ; are defined by
s L aa oo uponusing/dr of Eq. (19) and)/dx of Eq. [26). After further
Loy(E0sm0) = irB; ‘97570 iq'r°B; 0 (2 — Z0)&), integrations by parts, Eq._(82) becomes
’ BQB2 0z 23232 822

1 92 2
Lau(om0) = cLan(So,0) ST T (2L (g )
2,12 2 2 7
9 3qlB4 BgBZq/ 2‘€Oq -1 al’ 82’0
- 1 z ! / z
+Z<q Bz+ 32 +2quBz+ TB2 +2(8;£0) <a£0 an0>:| d7
2 TBQBS 92 o 0Zo 8z0 0%
— 44— ) 55 (2~ 20) & 5 1 )
i +£/§ 9" Lo (¢ )+ 2 9Lo %% dz
2iTBgB§q/2 83 _ _ 2 0 87‘8 0110 87‘0 87“0 ’ a’l“()
— Bz 3 [(Z — Z0) &o]
4iBg B, 03¢ (BiB. p'ByB.\ 0& 02
t— s Yl ;T 2p ) o + 51 /50 50(17 =0. (35)

As before, we obtain a solvability condition by multiplying Eq.

(@0) with&, and integrating ovet. Since we need to evaluate th&-inally, using the second order derivatives with respeci;to
expressions at the minimum &f(ro, zo), we must take, = 0, andrq of the leading order equation, Ef.{19), we obtain
and since we are considering the most unstable mode (for which

&o is even about = 0), the contributions fronts, (£, 10) are 6o+ L 9%y 36 a* 32%5 % —0. (36)
odd and integrate t0. For the same reason the fifth term in Eq, 150 202 922 a2 2 O °| oz -

(30) can be discarded. From the self-adjointnes&aind Eqs. ~—*

(19)-[20) itis clear that the first term in E@._{30) also integratgsom this it follows immediately that the-dependence df, is

to zero. We thus obtain the integrability condition determined by the usual equation
oL, 2L P (A -t =0 37
/fo (§1,m)dz + — /fo (€0.m0)dZ 92 ’
with
oL 29\ !
/fo < 0) (§1,m)dz A=2024"0 (agf) (38)
0z
and
0?Ly\ 02 _
2@2 202412 /50( ) 922 (€0, 70)d2 2= 2" 0200\ (026 (39)
0 ard 0z8 ’
0? i i
n 51 /50 fod, —0 32) which has as (fundamental) solution
fo=e 2, (40)
Using several integrations by parts, Eds.] (18)] (40)l (26), (%6} A = 4. Thus, the correction to the marginal stability length
and the derivative with respect tg of Eq. (19), we find is given by

1
9Ly o 924, 3250
Jeo (G ) comas= oo %W (5) (%) )
-1
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4. Numerical solutions and comparison with WKB results 3.00F"

In|Hood et al. (1994), the WKB results for shearless magnetic - g a E
fields were compared with numerical solutions obtained using E \ E
a code that combines a finite element discretisation in the radial 5 80 3 | 3
direction with a Fourier series expansion in theoordinate Tk . ]
(see also Van der Linden et al. 1990). It was noted howeveg E BN
that the convergence rate in terms of the number of Fourier 2.70¢ -
components taken was rather slow, the reason being that the e, ST— E
expansion functions themselves do not satisfy the boundary 2.60 £ E
conditions, but are periodic instead (while the variables used ]
are not). In practice therefore, even using fairly high numbers 2.50 &
of Fourier modes on its own doesn't give sufficiently accurate 0 5 10 15 20
results to allow a meaningful comparison with the WKB esti- N /2><N

mates. The only option then was to use an extrapolation pro- four z

cedure to try and estimate the converged values (i.e. those g3 convergence graph for the Fourier series (dashed) and the fi-
would get with an infinite number of terms in the Fourier seriegite element code (dotted). Shown is the marginal stability length as
of the marginal stability length. Obviously, this undesirable a@-function of the number of expansion functions used (the number of
ditional procedure may produce unreliable results. Thereforaeems in the Fourier series, or twice the number of gridpoints for the
new code, named MALTS (MArginal Line-Tied Stability), wadinite element code). The solid horizontal line is the converged result,
constructed to generate more accurate (converged) marginal @awhich both codes agree.

bility lengths and to allow a more straightforward comparison

with the WKB method. This new code is described in the Aprable 1. Summary of numerical results from the MALTS code and

rit

C
7

pendix. WKB estimates for equilibriufl3 witlr = 0.15 andA = 0.6.
To illustrate the improvement obtained by going from the
old numerical code using a Fourier series to the new bicubic fimr  le,num le,wkB relative error

nite elements code MALTS, a convergence study wasdonefora 3519139 3105242 0.0367
particular illustrative example, calculating the= 10 modein 2 2873549 2.832368 0.0145
the equilibrium specified in EJ.](3), for = 0.6 ando = 0.15. 3  2.777750 2.741410 0.0133
The results are shown in Figl 3, where we plot the calculated  2.729496 2.695931 0.0125
marginal stability length versus the number of expansion coeffis =~ 2.699152 2.668643 0.0114
cients per gridpoint (in the coordinate) per variable. Although 10 2.633178 2.614068 0.0071
the comparison may be somewhat simplistic, Big. 3 does cleari§® 2.609435  2.595877  0.0052
indicate that the bicubic code gives superior results, and in paf? 2.597366  2.586781  0.0041
ticular eliminates the need for the extrapolation procedure to thég g'gggéég g'g%ggg 8'8821’
limit of an infinite number of expansion coefflc.n.ent.s. - 40 2580084 2573137 0.0027
We now cqncentrate specifically onthe equ|llprlum givenbysy 5576976 2570409 0.0026
Eq. (3) to verify agreement between the numerical results and
the WKB analysis, and to demonstrate how the combination of
the two gives a complete stability assessment of the equilibrium
in question. First of all, we fix the parameters of the equilibrium . -
: . coarser grid). For example, a convergence study indicates that
toA = 0.6,0 = 0.15. We use asimple code to solve the ord|na% — 1 has an absolute error of ord&r—" while for m — 50
differential equationd_(19J-(20) numerically in order to get th ’

. . . X C s is up tol0~3. When trying to get a numerical estimate for
wsfl?;n%stlmate&) + ¢1/m as explained in the previous sectlongo and/; by assuming an expansion of the fol(16) famd

taking only the first three terms, it is difficult to decide which
lo = 2.55949, (4 = 0.545751. @2) m give the best results: for lown the neglected terms in the

WKB expansion are too important, for high the numerical
These WKB results are compared with numerically obtainedror is bigger than thé(m—2) term (which also explains why
values over a range of, in Table[l, which demonstrates venthe relative error in the third column does not scale tike?).
good agreement indeed. For a more detailed interpretation of In Fig.[4 it is shown that the radial structure of the eigen-
Table[d, it is important to point out that all the numerical solunodes for increasing: indeed follows the scaling assumed in
tions were obtained using the same size X 35) mesh. Even the WKB analysis. To demonstrate this we have plotted the cut
though the radial width of the computational domain was def the two-dimensional eigenfunction with the plane- 0, as
creased as: increased (to reflect the increasing localisation @f function of the rescaled coordinateAlthough the values of
the mode), one should expect the numerical error to increaseused are fairly low, the different eigenfunctions can, as ex-
with m (which is clear from comparison with solutions on g@ected, hardly be distinguished. A detailed comparison of the
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Fig. 4. Radial dependence of the numerical eigenfunctiors-at for . . o . e
increasing values ofi: 5 (solid line), 10 (dotted), 15 (dashed), 20 (dot"9- 8- Marginal stability length as a function o for A = 0.8: nu-

dashed), using the rescaled coordinate: m'/?(r — r¢). The shift merllgal (de.lShed line) versus WKB results (dotted ligeonly; solid
) k . . . line: including the contribution frond, ).

in the eigenfunctions is present because the exact position of the modé

localisation also depends em, with the localisation at, reached for

m — o0
length decreases monotonically with, this is no longer the

4 Q[T T T T case in Fig[6: now the length first increases, reaches a maxi-
i 1 mum atm = 5, and then it again switches to the monotonically
decreasing dependence. Por= 0.8 we see that then = 1
mode is already the first to become unstable, rather than the
N i m — oo mode as for\ = 0.6. As )\ is further increased, which
i implies the equilibrium is getting closer to its force-free form,
the same basic dependence oih m is found, but the position
L of the maximum (and thus the switch to the monotonically de-
2.5 L 7 creasing behaviour) is shifted to higher valuesrofSince the

i 1 WAKB results presented here can only describe this latter form

- 1 of dependence, this implies that we need to consider higher

200 and higher values of. to obtain good accuracy with the WKB

0 10 20 30 40 50 Mmethod (but as long as there is a finite pressure gradient, the

WAKB results remain valid as: — oo). What actually happens

is that at the lower values af the marginal stability length be-

Fig. 5. Marginal stability length as a function ef, for A\ = 0.6: nu-  gins to assume a different form of scaling, one that is typical for

merical (dashed line) versus WKB results (dotted lixiconly; solid force-free and nearly force-free fields. Wheris high enough

line: including the contribution froré, ). (but not too high), and the equilibrium pressure gradient small
enough, these values can be predicted with a different WKB
analysis, as we will demonstrate in a subsequent paper dealing

eigenfunctions found numerically and that reconstructed frospecifically with force-free fields.

the WKB analysis again yields a perfect match. In Fig.[4 we show the dependence of the marginal stabil-

The superb agreement between the numerically calculatgdlength on\ for variousm (including the WKB value for

marginal stability length and the WKB results is most clearbyy — o), while in Fig.[8 we compare the numerical values for

displayed in Figd.]538, all using the equilibrium given by Eqn = 10 with the full WKB results, including the; correc-

(3) with o = 0.15. In Fig.[3 we show how the marginal station term, over the same range bf Again, it is quite striking

bility length changes as: is increased, and how the numericahow well the WKB formulae approximate the critical length,

values approach those given by the WKB methbd=(0.6 for provided the equilibrium is sufficiently far from force-free. An-

this graph). It is amazing how close the WKB results are tmher important conclusion to be drawn from Fig. 5 is that at

the actual values, even for lom. Fig.[6 shows the same typeleast for this equilibrium, only two values of need to be con-

of comparison, but now fokh = 0.8 (which reduces the ratio sidered to completely determine stability:= 1 andm — oc.

of gas to magnetic pressure). Again, we find very good agré&smbining the numerical code to determine the former with

ment for highm (from aboutm = 5 upwards). For very low the WKB analysis to obtain the latter therefore gives a com-

m the difference has now become much bigger. We also nglete stability analysis of this family of equilibria. In fact, even

that while for smallet\ (higher pressure) the marginal stabilityif it cannot be excluded that for other families of equilibria there
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12 ) A equilibrium models of line-tied coronal loops with finite pres-
[ Y K i sure gradients. The numerical code can be used to study modes
10 // )/ N with low values of the azimuthal wave number, while the
Y/ ] WKB method is applicable for the high wave numbers. We
]k /;/7 . have shown that in a typical family of coronal loop equilib-
T I ,.// i ria there is a large region of overlap where both methods have
= 6 B P ] acceptable accuracy. Therefore, the combination of these two
- 8 methods provides us witsufficienttools required to perform a
I 1 complete stability analysis for any non-force-free 1D model for
4T B a line-tied coronal loop. As we have demonstrated that both the
£ i m = 1 and then — oo modes can be the first to become unsta-
20 ble, depending on the strength of the pressure gradient relative
0.60 0.70 0.80 0.90 1 .00 to the magnetic field, both the WKB method and the numeri-
A cal code aremecessaryn order to be able to determine the true
marginal stability point for any non-force-free 1D cylindrical
Fig. 7. Marginal stability length as a function ok, for m = coronal loop model.
1,2,3,5,15 (the largerm, the lower the starting value at = 0.6) On its own, the finding that for sufficiently large pressure
andm — oo (solid line), where the latter is given ldy in the WKB  gradients then — oo mode is the first to become unstable
analysis. is important because these highmodes produce very short
length-scales and thus couple very efficiently to dissipative ef-
12 i ] fects like resistivity. This allows the magnetic field to break free
r b from the constraints imposed by the photospheric anchoring
107 . (line-tying), and release its stored energy on a fast time-scale,
i ] even though the equilibrium has only evolved slightly beyond
» 3 7 the ideal marginal stability limit. In the equilibria studied here,
WO i 1 them — oo modes are the first to become unstable only for
6 . fairly high plasma pressure. At the centre of the loop model the
[ i plasmag, i.e. the ratio of gas pressure to magnetic pressure is
4l ; of order unity, which is much higher than values typical for the
I 1 solar corona. However, the estimated values of the coypasd
2 . necessarily some form of volume averages. Performing similar

averaging in the equilibrium used here reduces the plakssig:
0.60 0.70 0.80 0.90 1.00 nificantly. Furthermore, the property that — co modes have

A shorter marginal stability lengths than low-modes is related
to the size of the pressure gradients rather than the pressure.

Fig. 8. Critical lengths as a.funCt'on "”OW = 10. The numencally Thus, it is easy to conceive equilibria with sharp local pressure
calculated values are indicated by asterisks (and connected with ﬂﬂgdients which still have this property for a realisiicerage
dashed line), while the solid line gives the WKB values. 9 property 9

plasmag.

The methods described here to determine the ideal stability
exists a range of pressure where the shortest critical lengtihigeshold for all values aof: are an invaluable aid to the numer-
found for some other value of, it is always the case that forical study of the nonlinear evolution of ideal MHD instabilities.
sufficiently high pressure the. — oo mode is most unstable, These nonlinear studies are computationally far more expensive,
while for very low pressuren = 1 becomes most unstable.and it is therefore impractical to use the nonlinear equations to
Hence, we only need to consider the other values ofear the determine the stability boundaries. It is far more convenient
point where the critical lengths for these two modes cross ovier first determine linear stability properties for a given type of
That, plus the fact that we have a big overlap region of the tvegyuilibrium with the methods described in this paper, and then
methods, means thete have all the required tools available toto decide for which cases it would be interesting and relevant
perform a very straightforward stability analysis fanyone- to follow the non-linear behaviour. Also, the linear eigenfunc-
dimensional cylindrically symmetric equilibrium model for dions can be used to determine an initial perturbation that leads
line-tied coronal loop to rapid growth, and to estimate the resolution required in the
spatial grid.

Once the critical length for the onset of linear instability is
determined, the ‘free’ magnetic energy can be calculated as the
In this paper we have introduced a combination of a new efelume integrally = [ B3dV/u. Note that for the equilibrium
ficient numerical code and a semi-analytical WKB analysis taodel considered here the freagneticenergy at marginal sta-
study the stability of one-dimensional cylindrically symmetribility decreaseas the plasma increases, because the marginal

5. Summary and discussion
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stability length is highest when the equilibrium is at its forceand taking th& dependence to be of the foreap(im#), we
free state (see Fidg. 7 8). However, the (increasing) interraadrite the components of the marginal stability equafién (1) in
energy also contributes. For a nearly force-free field, takingtze form
typical magnetic field strength ofdo — 100 Gauss and loop
radius of10* km, the free magnetic energy is approximately () = EB (‘9U> 7 (A4)
10%* — 10%% Joule at the marginal stability length, which is in ¢ 0z
the range of typical flare energies. Non-linear simulations (Li-
onello et al., 1998, Arber et al., 1998) indicate that a significanere U is the vector containing the six variableg:" —
amount of this free energy is released as the instability develofs., V2; Vs, ¥1, Y2, ys), andA and B are operator matrices.

In a subsequent paper, we will deal with force-free magnetic As explained above, we then write all variables as a linear
equilibria, and demonstrate that there too, the combinationgfmbination of the local bicubic Hermite polynomiaig;. To
a similar numerical code and a rather different WKB ana|ysﬁ.g)tain the final set of linear equations for the coefficients in the
provides a complete stability assessment. superposition, we multiply Eq[(A4) with each of tt&"" and

integrate over thér, z) domain (this amounts to the Galerkin
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a linear matrix eigenvalue problem of the form

Appendix A: a brief description of the MALTS code 1
_ _ _ X =B X, (A5)

The MALTS code is a new member in a family of codes that ¢

solve the linearised MHD equations for 2D equilibria by using@nere x is the vector containing all the expansion coefficients
finite element discretisation in both non-ignorable coordinates, 4 and B are band matrices of ordérx 4 x N. x N

For a more extensive description of the use of finite element }Br convenienceB has been made Hermitian). EA5)ann
linearised ideal MHD, see Gruber and Rappaz (1985). For € solved using standard linear algebra algorithms.

MALTS code we selected bicubic finite elements for the dis- Using the numerical code as described above with a mesh

cretisation, i.e. the dependencerasindz coordinates is treated of order N, x N, = 50 x 25, adequate solutions are obtained

separately using arepresentation in terms of cubic Hermite fir%g low values ofim (< 5), when the eigenfunction has a global
elements in both coordinates. In practical terms we first Sele%ﬁaraeter in and orﬁy a,small number of oscillations in As
rectangular, but not necessarily equidistant . meshin the becomes large however, the modes are increasingly localised

(r,z) domain (in a more advanced apphcguon non-regtapgu { ially and because the most unstable modes are those with the
meshes can be accommodated by using isoparametric finite

ts). With h Do th ate f SSme helicity as the field lines, the number of oscillations in the
ements). Ith every mes poift, 21) we 1€n associate 1our, - ordinate increases rapidly with (linearly for strongly non-
local expansion functions formed by combining each of the t

bic Hermite finite el t ool il andh.. in th Brce-free fields, quadratically for nearly force-free). For larger
cubic Hermite ninite element polynomials, andhz, INer ., therefore, accuracy is lost quite rapidly, and the number of
coordinate with those in thecoordinate:

gridpoints, particularly in the coordinate, would have to be
{H.k,l(r 2) = h’?(r)hl»(z)} fori,j=1,2 (A1) increased significantly. But storage requirements for matrices
) ’ ? J ’ e . L . .

o . . . A and B put a strict upper limit on this, while also the CPU
giving a total of4 x N, x N functions. The variables in the 46 required goes up rapidly. There is fortunately a very easy
marginal stability equations are then written asaImearsuperg;\(,:(;j—\y of remedying this. While we are only interested in the
sition of all these functions. As is well-known, the expansion iyt nstable mode at present, and we know this must follow
terms of cubic Hermite polynomials has the useful property th@e fied lines (i.e. have the same helicity), we can explicitly
it preserves the continuity of the functions and their derivatives,iiq this property into the eigenfunctions. This is simply done

Also, we may expect fourth-order convergence in the mesh SB}?separating off, as in the WKB analysis, the eikonal factor.
(Zienkiewicz 1971). Wi

As in the WKB analysis, we first redefine the longitudinal e set
cqo.rdinate as = {2 to bring out the unknown quantityex- ry _ Ueimaz, (AB)
plicitly. After defining the displacement components
& =g, & —¢-B, £ = (v B). (A2) where all the rapid variation d¥ is captured in the exponential
r factor, whileU describes the slow variation along the field lines.
and the auxiliary variables Unfortunately, using EqL(A6) for sheared magnetic fields (so
vy vy Ovs thatdq/0r #+ 0) implies that every radial derivative of one of

=g Y2= 5, Ys =5, (A3)  the variables iU introduces: = ¢z explicitly in the equations.
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Without additional modifications therefore we would no longas implemented as a separate version of the MALTS code using
obtain an eigenvalue problem of the foim {A5), but instead getnaller matrices, hence storage and CPU are also much reduced.

1 Otherwise, the options and techniques are the same as those for
A-X = ZB X +0C-X. (A7) the non-force-free case.

This is no longer a ‘standard’ eigenvalue problem, and Specli?éferences

(more costly) algorithms would need to be developed to solve

this type of linear algebra problems. We preferred the alternati@zer, U. 1968, Sol. Phys. 3, 298.

approach to look for ways to change the method slightly so Ag€r. T., Longbottom, A., and Van der Linden, R.A.M., Astrophys.
to obtain the standard eigenvalue probléml(A5) again. A first J- In preparation.

possibility is to define additional variables (in practice only tw ender, C.M. and_Orszag, S'A.' 1978, Advanced_Mathematlcal Meth-
are required), e.g. adding the definition ods for Scientists and Engineers, McGraw-Hill, New York.

Cargill, P.J., Hood, A.W., and Migliuolo, S. 1986, Astrophys. J. 309,

1 402.
= &1, (A8)  connor, J.W., Hastie, R.J., and Taylor, J.B. 1979, Proc. Roy. Soc. Lon-
z
don A365, 1.

we can replace all occurrenceszgj in the original equations De Bruyne, P., and Hood, A.W. 1992, Sol. Phys. 142, 87.
by, and following the rest of the procedure as described abdwiaudi, G. and Van Hoven, G. 1983, Sol. Phys. 88, 163.

we obtain the desired result, EQ.(A5), but with larger matricéguber, R. and Rappaz, J. 1985, Finite Element Methods in Linear Ideal
of order8 x 4 x N, x N,. Magnetohydrodynamics, Springer-Verlag, Berlin-New York.

ood, A.W. 1986, Sol. Phys. 105, 307.

A second alternative is to change the eikonal factor in E )
ood, A.W. 1992, Plasma Phys. & Contr. Fusion 34, 411.

(Ag)and replace(r) by go, aconstant. Hergy mustbe selected Hood, A.W., De Bruyne, P., Van der Linden, R.A.M., and Goossens,
to approxmatel)_/ equall the value g@fr) at the position where M. 1994, Sol. Phys. 150, 99,
the modes localise aa mcre"_’lses' The great advaptage o_f_th'lﬁonello, R., Velli, M., Einaudi, G., and Mikic, Z. 1998, Astrophys. J.
approach over the first one is that it doesn’t require additional 494 g40.
variables, and therefore doesn’tincrease the size of the matrigegcomb, W. 1960, Ann. Phys. 10, 232.
involved. The down side is that it takes out the anticipated rapigéln der Linden, R.A.M., Goossens, M., and Kerner, W. 1990, Comp.
variation in z completely only on one flux surface (near the Phys. Comm. 59, 61.
maximum amplitude), and only part of it on neighbouring suian der Linden, R.A.M, and Hood, A.W. 1995, Astron. Astrophys.
faces. The further the distance to the ‘central’ flux surface, the 299, 912.
more rapid the variation in becomes, but fortunately becaus&an der Linden, R.A.M., Hood, A.W., and Goedbloed, J.P. 1994, Sol.
the eigenmode amplitude decreases exponentially, the impac\}eollfipl?/lyséiii’u?j?.G and Hood. AW, 1990. Astrophvs. J. 350. 428
this is very small_. (In TaCt this argument-ls.only true for StrOngl%ien’kiem;icz, O.C.’, 1§71, The Fi’nite Elemen,t Methrc))dyin Enginéering
non-force-free fields; somewhat surprisingly we find that for Science. McGraw-Hill. London
nearly force-free fields angh not too large, the eigenmodes ’ ’ '
are actually better represented by this radially constant eikonal
factor, and it is the original one that introduces rapid variations.
This will be discussed in more detail in a subsequent paper deal-
ing specifically with force-free fields.) The optimal value §gr
can easily be determined from the WKB analysis, or otherwise
the best choice can be made by varyigguntil the minimum
length is found (an implicit application of the energy principle).
The latter method is actually equivalent to that described by au-
thors using a Fourier series approach (Einaudi and Van Hoven
1983, De Bruyne and Hood 1992), where the wave numbers
of the Fourier modes used are shifted by a constagntvhich
is than varied to give the best results.

Since both options discussed above (constant versus non-
constant eikonal factor) have their pros and cons, both have
been implemented as options into the MALTS code. As it turns
out, which of the two methods works best depends on the case
under consideration, but they are never dramatically different
as to convenience and resources used.

Finally, we should also point out that when the equilibrium
gas pressure is identically zero everywhere, only E¢js. (5Land (7)
need to be solved (the parallel compongof the displacement
vector is no longer present in these). Consequentially this case
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