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4 place Jussieu, F-75252 Paris Cedex 05, France

Received 23 July 1998 / Accepted 9 September 1998

Abstract. We study the scintillation produced by time-varying
gravitational fields within scalar-tensor theories of gravity. The
problem is treated in the geometrical optics approximation for
a very distant light source emitting quasi plane monochromatic
electromagnetic waves. We obtain a general formula giving the
time dependence of the photon flux received by a freely falling
observer. In the weak-field approximation, we show that the
contribution to the scintillation effect due to the focusing of
the light beam by a gravitational wave is of first order in the
amplitude of the scalar perturbation. Thus scalar-tensor theories
contrast with general relativity, which predicts that the only first-
order effect is due to the spectral shift. Moreover, we find that
the scintillation effects caused by the scalar field have a local
character: they depend only on the value of the perturbation at
the observer. This effect provides in principle a mean to detect
the presence of a long range scalar field in the Universe, but its
smallness constitutes a tremendous challenge for detection.
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1. Introduction

The plane optical wavefronts of a distant background light
source become rippled when they cross a perturbation. For a dis-
tant perturbation, the focusing of light at the observer changes
with the curvature of the ripples. It is the usual geometrical scin-
tillation effect. It accounts,e.g., for the twinkling of stars under
the atmospheric turbulence.

The question whether gravitational waves can cause the light
emitted by a distant source to scintillate is an old problem. In
general relativity, it is well known from the early works by Zipoy
(1966), Zipoy & Bertotti (1968) and Bertotti & Trevese (1972)
that gravitational waves have no focusing property to the first
order in their amplitude.

However, it has been recently pointed out by Faraoni (1996)
that a first-order scintillation effect can be expected in scalar-
tensor theories of gravity1. Furthermore, some actual improve-
ments of the observational techniques renew the interest in the

1 On these theories, see,e.g., Will (1993) and Damour & Esposito-
Far̀ese (1992), and references therein.

search of gravitational scintillation (Labeyrie 1993) and related
effects (Fakir 1995).

The aim of the present work is to make a detailed analysis
of the scintillation effect in monoscalar-tensor theories for a
monochromatic electromagnetic wave propagating in a weak
gravitational field. We adopt the point of view that the physical
metric is the metrical tensorgµν to which matter is universally
coupled. This basic assumption defines the usual ”Jordan-Fierz”
frame. We find a scintillation effect proportional to the value of
the scalar field perturbation at the observer.

Our result contrasts with the zero effect found by Faraoni
& Gunzig (1998) by using the ”Einstein” conformal frame, in
which the original physical metricgµν is replaced by a confor-
mal one2. However, their negative conclusion is seemingly due
to the fact that the authors do not take into account the changes
in areas and other physical variables induced by the conformal
transformation (Damour & Esposito-Farèse 1998).

The paper is organized as follows. In Sect. 2, we give the
notations and we recall the fundamental definitions. In Sect. 3,
we construct the theory of gravitational scintillation for a very
distant light source emitting quasi plane electromagnetic waves.
Our calculations are valid for any metric theory of gravity in the
limit of the geometrical optics approximation. We obtain the
variation with respect to time of the photon flux received by a
freely falling observer as a sum of two contributions: a change in
the scalar amplitude of the electromagnetic waves, that we call
a geometrical scintillation, and a change in the spectral shift.
We express each of these contributions in the form of an inte-
gral over the light ray arriving to the observer. In Sect. 4, we
study the scintillation within the linearized weak-field approxi-
mation. We show that the geometrical scintillation is related to
the Ricci tensor only. Thus we recover as a particular case the
conclusions previously drawn by Zipoy and Zipoy & Bertotti
for gravitational waves in general relativity. Moreover, we show
that the contribution due to the change in the spectral shift is
entirely determined by the curvature tensor. In Sect. 5, we apply
the results of Sect. 4 to the scalar-tensor theories of gravity. We
prove that these theories predict a scintillation effect of the first
order, proportional to the amplitude of the scalar perturbation.

2 A clear distinction between the ”Einstein” frame and the ”Jordan”
frame, may be found,e.g., in Damour & Nordverdt (1993)
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Furthermore, we find that this effect has a local character: it
depends only on the value of the scalar field at the observer. Fi-
nally, we briefly examine the possibility of observational tests
in Sect. 6.

2. Notations and definitions

The signature of the metric tensorgµν(x) is assumed to be
(+ − − −). Indices are lowered withgµν and raised withgµν .

Greek letters run from 0 to 3. Latin letters are used for spatial
coordinates only: they run from 1 to 3. A comma (,) denotes
an ordinary partial differentiation. A semi-colon (;) denotes a
covariant partial differentiation with respect to the metric; so
gµν;ρ = 0. Note that for any functionF (x), F;α = F,α.

Any vector fieldwρ satisfies the following identity

wρ
;µ;ν − wρ

;ν;µ = −Rρ
.σµνw

σ (1)

whereRρ
.σµν is the Riemann curvature tensor (note that this

identity may be regarded as defining the curvature tensor). The
Ricci tensor is defined by

Rµν = Rλ
.µλν (2)

Given a quantityP , P denotes its complex conjugate.
The subscriptsem andobs in formulae stand respectively

for emitter and observer.
The constantc is the speed of light and̄h is the Planck

constant divided by2π.

3. General theory of the gravitational scintillation

In a region of spacetime free of electric charge, the propagation
equations for the electromagnetic vector potentialAµ are (e.g.,
Misneret al.1973)

Aµ;α
;α −Rµ

αA
α = 0 (3)

whenAµ is chosen to obey the Lorentz gauge condition

Aµ
;µ = 0 (4)

It is convenient here to treatAµ as a complex vector. Hence the
electromagnetic field tensorFµν is given by

Fµν = Re(Aν;µ −Aµ;ν) (5)

The corresponding electromagnetic energy-momentum tensor
is defined by

Tµν =
1
4π

[
−FµρF ν

.ρ +
1
4
FαβFαβg

µν

]
(6)

whereF ν
.ρ = gνλ Fλρ. The components of this tensor satisfy the

conservation equationsTµν
;ν = 0 as a consequence of Eqs. (3).

For an observer located at the spacetime pointx and mov-
ing with the unit 4-velocityuα, the density of electromagnetic
energy flux is given by the Poynting vector

Pµ(x, u) = cTµν(x)uν(x) (7)

and the density of electromagnetic energy as measured by the
observer is

µel(x, u) = Tµν(x)uµuν (8)

In this paper, we use the geometrical optics approximation. So
we assume that there exist wave solutions to Eqs. (3) which
admit a development of the form

Aµ(x, ξ) = [aµ(x) +O(ξ)] exp(
i

ξ
Ŝ(x)) (9)

whereaµ(x) is a slowly varying complex vector amplitude,
Ŝ(x) is a real function andξ a dimensionless parameter which
tends to zero as the typical wavelength of the wave becomes
shorter and shorter. A solution like (9) represents a quasi plane,
locally monochromatic wave of high frequency (Misneret al.
1973).

Let us define the phaseS and the vector fieldkα by the
relations

S(x, ξ) =
1
ξ
Ŝ(x) (10)

and

kα = S,α (11)

Inserting (9) into Eqs. (3) and (4), then retaining only the leading
terms of orderξ−2 andξ−1, yield the fundamental equations of
geometrical optics

kαkα = 0 (12)

kαaµ
;α = −1

2
aµkα

;α (13)

with the gauge condition

kαa
α = 0 (14)

Light rays are defined to be the curves whose tangent vector
field iskα. So the parametric equationsxα = xα(v) of the light
rays are solutions to the differential equations

dxα

dv
= kα(xλ(v)) (15)

wherev is an affine parameter. Differentiating Eq. (12) and
noting that

kα;β = kβ;α (16)

follows from (11), it is easily seen thatkα satisfies the propa-
gation equations

kαkβ;α = 0 (17)

These equations, together with (12), show that the light rays are
null geodesics.

Inserting (9) into (5) and (6) gives the approximate expres-
sion forFµν

Fµν = Re[i(kµaν − kνaµ)eiS ] (18)
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and forTµν averaged over a period

Tµν =
1
8π
a2kµkν (19)

wherea is the scalar amplitude defined by3

a = (−aµaµ)1/2 (20)

From (7) and (19), it is easily seen that the Poynting vector
is proportional to the null tangent vectorkµ. This means that the
energy of the wave is transported along each ray with the speed
of light. Let us denote byF(x, u) the energy flux received by
an observer located atx and moving with the 4-velocityuα: by
definition,F(x, u) is the amount of radiating energy flowing per
unit proper time across a unit surface orthogonal to the direction
of propagation. It follows from (8) and (19) that

F(x, u) = cµel(x, u) =
c

8π
a2(x)(uµkµ)2obs (21)

This formula enables us to determine the photon flux
N (x, u) received by the observer located atx and moving
with the 4-velocityuα. Since the 4-momentum of a photon is
pµ = h̄kµ, the energy of the photon as measured by the observer
is cpµuµ = ch̄(uµkµ). We have therefore

N (x, u) =
1

8πh̄
a2(x)(uµkµ)obs (22)

The spectral shiftz of a light source (emitter) as measured by
an observer is given by (e.g.G.F.R. Ellis, 1971)

1 + z =
(uµkµ)em

(uνkν)obs
(23)

Consequently, the photon fluxN (x, u) may be written as

N (x, u) =
1

8πh̄
a2(x)

(uµkµ)em

1 + z
(24)

The scalar amplitudea can be written in the form of an
integral along the light rayγ joining the source to the observer
located atx. Multiplying Eq. (13) byaµ yields the propagation
equation fora

kαa;α ≡ da

dv
= −1

2
akα

;α (25)

whered/dv denotes the total differentiation of a scalar function
alongγ. Then, integrating (25) gives

a|obs = a|x0 exp


−1

2

vobs∫
vx0

kα
;α dv


 (26)

wherex0 is an arbitrary point on the light rayγ.
In the following, we consider that the light source is

at spatial infinity. We suppose the existence of coordinate
systemsxα such that on any hypersurfacex0 = const.,

3 We introduce a minus sign in (20) because Eqs. (12) and (14) imply
thataµ is a space-like vector when the electromagnetic field is not a
pure gauge field.

|gµν − ηµν | = O(1/r) whenr = [
∑3

i=1 (xi)2]1/2 → ∞,
with ηµν = diag(1,−1,−1,−1). We require that in such co-
ordinate systems the quantitieskα;β ,kα;β;γ anda;α respectively
fulfill the asymptotic conditions


kα;β(x0) = O(1/|vx0 |1+p)

kα;β;γ(x0) = O(1/|vx0 |2+p)

a;α(x0) = O(1/|vx0 |1+p)

(27)

when vx0 → −∞, with p > 0. Moreover, we assume that
the scalar amplitudea|x0 in Eq. (26) remains bounded when
vx0 → −∞ and we put

lim
vx0→−∞ ax0 = a0 (28)

It results from these assumptions thata|obs may be written as

a|obs = a0 exp


−1

2

vobs∫
−∞

kα
;α dv


 (29)

Now, let us differentiatekα
;α with respect tov alongγ. Ap-

plying (1) and (2), then taking (16) and (17) into account, we
obtain the relation (Sachs 1961)

d

dv
(kα

;α) = −kα;βkα;β −Rαβk
αkβ (30)

As a consequence, we can write

vobs∫
−∞

kα
;α dv = −

vobs∫
−∞

dv

v∫
−∞

[Rαβ(xλ(v′))kαkβ + kα;βkα;β ]dv′

(31)

The convergence of the integrals is ensured by conditions (27).
Eqs. (29) and (31) allow to determine the factora2(x) in

N (x, u) from the energy content of the regions crossed by the
light rays and from the geometry of the rays themselves.

It is well known that1/(1 + z) (or (1 + z)) can also be
obtained in the form of an integral along the light rayγ (seee.g.
Ellis 1971 or Schneideret al.1992). However, the corresponding
formula will not be useful for our discussion and we will not
develop it here.

In fact, the scintillation phenomenon consists in a variation
of N with respect to time. For this reason, it is more convenient
to calculate the total derivative ofN along the world-lineCobs

of a given observer, moving at the pointx with the 4-velocity
uα.

Given a scalar or tensorial quantityF , we denote byḞ the
total covariant differentiation alongCobs defined by

Ḟ ≡ uλF;λ =
∇F
ds

(32)

whereds = (gµνdx
µdxν)1/2 is the line element between two

eventsxµ andxµ + dxµ onCobs.
In Eq. (24), the quantitych̄(uµkµ)em is the energy of a pho-

ton emitted by an atom of the light source as measured by an
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observer comoving with this atom. So(uµkµ)em is a constant
which depends only on the nature of the atom (this constant char-
acterizes the emitted spectral line). Consequently, the change in
the photon flux with respect to time is simply due to the change
in the scalar amplitudea and to the change in the spectral shift
z. From (24), we obtain at each pointx of Cobs

Ṅ
N = 2

ȧ

a
+ (1 + z)

d

ds

(
1

1 + z

)
(33)

Henceforth, we shall call the contribution2ȧ/a in Eq. (33)
the geometrical scintillation because the variations ina are re-
lated to the focusing properties of light rays by gravitational
fields (see G.F.R.Ellis 1971 and references therein; see also Mis-
neret al.1973).

Let us now try to find expressions forȧ/a and d
ds (1 + z)−1

in the form of integrals alongγ. In what follows, we assume
that the rayγ hits at each of its pointsx(v) a vector fieldvµ

which satisfies the boundary condition

vµ(xobs) = uµ
obs (34)

Let us emphasize thatvµ can be chosen arbitrarily at any pointx
which does not belong to the world lineCobs (for example,vµ(x)
could be the unit 4-velocity of an observer atx, an assumption
which is currently made in cosmology; however we shall make
a more convenient choice forvµ in what follows).

It results from the boundary conditions (27) and (34) that
ȧ/a may be written as

ȧ

a

∣∣∣∣
obs

=

vobs∫
−∞

d

dv
[vµ(ln a);µ]dv (35)

Thus we have to transform the expression

d

dv
[vµ(ln a);µ] = kα(vµ(ln a);µ);α (36)

taken alongγ. Of course, we must take into account the propa-
gation equation (25) which could be rewritten as

kα(ln a);α = −1
2
kα
;α (37)

Noting that

kα(vµ(ln a);µ);α = kαvµ(ln a);µ;α + kαvµ
;α(ln a);µ (38)

then using the relation

F;α;β = F;β;α (39)

which holds for any scalarF , we find

d

dv
[vµ(ln a);µ] = vµ[kα(ln a);α];µ + [k, v]µ(ln a);µ (40)

where the bracket[k, v] of kα andvβ is the vector defined by

[k, v]µ ≡ kαvµ
;α − vαkµ

;α (41)

Taking (37) into account, it is easily seen that

d

dv
[vµ(ln a);µ] = −1

2
vµkα

;α;µ + [k, v]µ(ln a);µ (42)

Now, using the identity (1) and the definition (2) yields

d

dv
[vµ(ln a);µ] =

1
2
Rµνk

µvν − 1
2
vµkα

;µ;α +[k, v]µ(ln a);µ(43)

Let us try to write the term− 1
2v

µkα
;µ;α in the form of an

integral alongγ. In agreement with (27), we have at any point
x(v) of γ:

vµkα
;µ;α =

v∫
−∞

d

dv
(vµkα

;µ;α)dv =

v∫
−∞

kλ(vµkα
;µ;α);λdv (44)

A tedious but straightforward calculation using (1), (2) and
(17) leads to the following result

− d

dv
(vµkα

;µ;α) = (Rρσ;µ −Rµρ;σ)vµkρkσ

+Rρσk
ρvµkσ

;µ

+ vµ(kα;βkα;β);µ − [k, v]µkα
;µ;α (45)

In the above formulaevµ is an arbitrary vector. So we can
choosevµ so that the transport equations4

[k, v]µ = 0 (46)

are satisfied along the rayγ. Since (46) is a system of first order
partial differential equations invµ, there exists one and only
one solution satisfying the boundary conditions (34). With this
choice,2ȧ/a is given by the integral formula:

2
ȧ

a

∣∣∣∣
obs

=

vobs∫
−∞

Rµνk
µvνdv

+

vobs∫
−∞

dv

v∫
−∞

[(Rρσ;µ −Rµρ;σ)vµkρkσ +Rρσk
ρvµkσ

;µ

+vµ(kα;βkα;β);µ ]dv′ (47)

Now we look for an integral form for the total derivative
d
ds (1 + z)−1 alongCobs. Henceforth, we suppose for the sake
of simplicity that the observer is freely falling,i.e. thatCobs is a
timelike geodesic. So we have

u̇α = uλuα
;λ = 0 (48)

Since(uµkµ)em is a constant characterizing the observed
spectral line (see above), it follows from (23) and (48) that

d

ds

(
1

1 + z

)
obs

=
1

(uαkα)em
(uµuνkµ;ν)obs (49)

Given an arbitrary vector fieldvµ fulfilling the boundary
condition (34), Eq. (49) may be written as

d

ds

(
1

1 + z

)
obs

=
1

(uαkα)em

vobs∫
−∞

kλ(vµvνkµ;ν);λdv (50)

4 These equations mean thatvµ = αηµ, whereα = const. andηµ

is a connection vector of the system of light rays associated with the
phase functionS (see,e.g., Schneideret al.1992).
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Using (1), (17) and (41), a straightforward calculation gives
the general formula

d

ds

(
1

1 + z

)
obs

=
1

(uαkα)em

vobs∫
−∞

{−Rµρνσv
µvνkρkσ

+ (kλvµ
;λ)(vνkµ;ν) + vµ[k, v]νkµ;ν}dv (51)

which holds for any freely falling observer.
Now let us choose forvµ the vector field defined by (46)

and (34).
We obtain

(1 + z)
d

ds

(
1

1 + z

)
obs

=

1
(uλkλ)obs

vobs∫
−∞

[−Rµρνσv
µvν kρkσ +vµvνkα

;µkα;ν ]dv (52)

4. Weak-field approximation

Now we assume the gravitational field to be very weak. So we
put

gµν = ηµν + hµν (53)

wherehµν is a small perturbation of the flat spacetime metric
ηµν , and we systematically discard the terms of orderh2, h3, ...
in the following calculations. Thereafter, we suppose that any
quantityT (scalar or tensor) may be written as

T = T (0) + T (1) +O(h2) (54)

whereT (0) is the unperturbed quantity in flat spacetime and
T (1) denotes the perturbation of first-order with respect tohµν .
Henceforth, indices will be lowered withηµν and raised with
ηµν = ηµν .

We shall put for the sake of simplicity

Kµ = k(0)
µ = S(0)

,µ (55)

Neglecting the first order terms inh, Eq. (12) gives
KαKα = 0, whereas Eq. (17) reduces to the equation of a
null geodesic in flat spacetime related to Cartesian coordinates

KαKβ,α = 0 (56)

In agreement with the assumptions made in Sect. 3 to ob-
tain Eqs. (29) and (31), we consider that at the zeroth order
in hµν , the light emitted by the source is described by a plane
monochromatic wave in a flat spacetime. So we suppose that
the quantitiesKµ, a(0)µ and consequentlya(0) are constants
throughout the domain of propagation.

Moreover, we regard as negligible all the perturbations of
gravitational origin in the vicinity of the emitter (this hypothesis
is natural for a source at spatial infinity) and the quantitya0 in
Eqs. (28) and (29) is given consequently by

a0 = a(0) = const. (57)

Furthermore, it results fromKµ = const. thatkα;β = O(h).
Therefore, terms likekα

;µkα;ν orRρσk
ρvµkσ

;µ are of second or-
der and can be systematically disregarded.

According to our general assumption in this section, the unit
4-velocity of the observer may be expanded as

uα
obs = Uα + u

(1)α
obs +O(h2) (58)

at any point ofCobs, with the definition

Uα = u
(0)α
obs (59)

It follows from (48) and fromgαβu
αuβ = 1 that

Uα = const. (60)

and

ηαβU
αUβ = 1 (61)

From these last equations, we recover the fact that the unper-
turbed motion of a freely falling observer is a time-like straight
line in Minkowski space-time.

Now we have to know the quantitiesvµ occurring in
Eqs. (47) and (52) at the lowest order. An elementary calcu-
lation shows that, in Eqs. (46), the covariant differentiation may
be replaced by the ordinary differentiation. So we have to solve
the system

dvα

dv
= vµkα

,µ (62)

together with the boundary conditions (34).
Assuming the expansion

vµ = v(0)µ + v(1)µ +O(h2) (63)

it is easily seen that the unique solution of (62) and (34) is such
that at any point of the light rayγ, the componentsv(0)µ are
constants given by

v(0)µ = Uµ (64)

Neglecting all the second order terms in (47) and (52), we
finally obtain

2
ȧ

a

∣∣∣∣
obs

=

vobs∫
−∞

R(1)
µνK

µUνdv

+

vobs∫
−∞

dv

v∫
−∞

(R(1)
ρσ,µ −R(1)

µρ,σ)UµKρKσdv′ (65)

and

(1 + z)
d

ds

(
1

1 + z

)
obs

=

− 1
UλKλ

vobs∫
−∞

R(1)
µρνσU

µUνKρKσdv (66)
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all the integrations being performed along the unperturbed path
of light.

In Eq. (66)R(1)
µρνσ denotes the linearized curvature tensor of

the metricgµν = ηµν + hµν , i.e.

R(1)
µρνσ = −1

2
(hµν,ρσ + hρσ,µν − hµσ,νρ − hνρ,µσ) (67)

andR(1)
µν is the corresponding linearized Ricci tensor

R(1)
µν = ηαβR

(1)
αµβν (68)

It is worthy to note that the componentsR(1)
µρνσ andR(1)

µν

are gauge-invariant quantities. Indeed, under an arbitrary in-
finitesimal coordinate transformationxα → x′α = xα+ξα(x),
hµν(x) transforms intoh′

µν(x) = hµν(x) − ξµ,ν − ξν,µ, and it
is easily checked from (67) and (68) that

R(1)
µρνσ(h′

αβ) = R(1)
µρνσ(hαβ) (69)

R(1)
µν (h′

αβ) = R(1)
µν (hαβ) (70)

This feature ensures that the right-hand sides of Eqs. (65) and
(66) are gauge-invariant quantities.

Eq. (65) reveals that the first order geometrical scintillation
effect depends upon the gravitational field through the Ricci
tensor only. On the other side, it follows from (66) that the part
of the scintillation due to the spectral shift depends upon the
curvature tensor.

These properties have remarkable consequences in general
relativity. Suppose that the light rayγ travels in regions entirely
free of matter. Since the linearized Einstein equations are in a
vacuum

R(1)
µν = 0 (71)

it follows from Eq. (65) that

2
ȧ

a
= 0 +O(h2) (72)

As a consequence,̇N/N reduces to the contribution of the
change in the spectral shift

Ṅ
N = − 1

UλKλ

vobs∫
−∞

R(1)
µρνσU

µUνKρKσdv (73)

From (72), we recover the conclusion previously drawn by
Zipoy (1966) and Zipoy & Bertotti (1968): within general rela-
tivity, gravitational waves produce no first order geometrical
scintillation.

5. Application to the scalar-tensor theories

The general theory developed in the above sections is valid for
any metric theory of gravity. Let us now examine the implica-
tions of Eqs. (65) and (66) within the scalar-tensor theories of
gravity.

The class of theories that we consider here is described by
the action5

J = − 1
16πc

∫
d4x

√
|g|

[
ΦR− ω(Φ)

Φ
Φ,αΦ,α

]

+ Jm(gµν , ψm) (74)

whereR is the Ricci scalar curvature (R = gµνRµν), Φ is
the scalar gravitational field,g is the determinant of the metric
componentsgµν , ω(Φ) is an arbitrary function of the scalar
field Φ, andJm is the matter action. We assume thatJm is a
functional of the metric and of the matter fieldsψm only. This
means thatJm does not depend explicitly upon the scalar field
Φ (it is the assumption of universal coupling between matter
and metric).

We consider here the weak-field approximation only. So we
assume that the scalar fieldΦ is of the form

Φ = Φ0 + φ (75)

whereφ is a first order perturbation of an averaged constant
valueΦ0. Consequently, the field equations deduced from (74)
reduce to the following system:

R(1)
µν = 8πΦ−1

0 (T (0)
µν − 1

2
T (0)ηµν)+Φ−1

0 (φ,µν +
1
2
utφηµν)(76)

utφ =
8π

2ω(Φ0) + 3
T (0) (77)

where T (0)
µν is the energy-momentum tensor of the matter

fields ψm at the lowest order,T (0) = ηαβT
(0)
αβ and ut de-

notes the d’Alembertian operator on Minkowski spacetime:
utφ = ηαβφ,αβ .

It is easily seen that any solutionhµν to the field equations
(76) is given by6

hµν = hE
µν − φ

Φ0
ηµν (78)

wherehE
µν is a solution to the equations

R(1)
µν (hE

αβ) = 8πΦ−1
0 (T (0)

µν − 1
2
T (0)ηµν) (79)

which are simply the linearized Einstein equations with an ef-
fective gravitational constantGeff = c4Φ−1

0 . Indeed, inserting
(78) in (67) yields the following expression for the curvature
tensor

R(1)
µρνσ(hαβ) = R(1)

µρνσ(hE
αβ)

+
1
2
Φ−1

0 (ηµνφ,ρσ + ηρσφ,µν − ηµσφ,νρ − ηνρφ,µσ) (80)

5 For details see Will (1993) and references therein. The factor
−(16πc)−1 in the gravitational action is due to the fact that we use the
definition of the energy-momentum tensor given in Landau & Lifshitz
(1975).

6 This transformation can be suggested by the conformal transfor-
mation of the metric which passes from the Jordan-Fierz frame to the
Einstein frame.



C. Bracco & P. Teyssandier: Scintillation in scalar-tensor theories of gravity 927

from which one deduces the Ricci tensor

R(1)
µν (hαβ) = R(1)

µν (hE
αβ) + Φ−1

0 (φ,µν +
1
2
ηµνutφ) (81)

Then substituting forR(1)
µν (hαβ) from its expression (81) into

the field equations (76) gives Eqs. (79), thus proving the propo-
sition.

The decomposition (78) of the gravitational perturbation
hµν implies that each term contributing tȯN/N can be split into
a part built from the Einsteinian perturbationhE

µν only and into
an other part built from the scalar fieldφ alone. In what follows,
we use the superscriptST for a functional of a solution(hµν , φ)
to the field equations (76)-(77) and the superscriptE for the
same kind of functional evaluated only with the corresponding
solutionhE

µν .
In order to perform the calculation of the integrals (65) and

(66), we note thatKµF,µ is the usual total derivative of the
quantityF along the unperturbed ray path, which implies that

vobs∫
−∞

KµF,µdv = Fobs − F(−∞) (82)

The 4-vectorKµ (supposed here to be future oriented,i.e
such thatK0 > 0) gives the direction of propagation of the light
coming from the observed source. For a given observer moving
with the 4-velocityUµ, let us put

Nµ = (ηµν − UµUν)
Kν

(UλKλ)
=

Kµ

(UλKλ)
− Uµ (83)

We haveηµνNµNν = −1. SinceNµ is orthogonal toUµ by
construction,Nµ can be identified to the unit 3-vectorN giving
the direction of propagation of the light ray in the usual 3-space
of the observer.

Using (76), (77), (80) and the assumptionφ(−∞) = 0, it is
easily seen that (65) and (66) can be respectively written as

2
ȧ

a

∣∣∣∣
ST

obs

= 2
ȧ

a

∣∣∣∣
E

obs

+
φ̇

Φ0

∣∣∣∣∣
obs

(84)

and

(1 + z)
d

ds

(
1

1 + z

)ST

obs

= (1 + z)
d

ds

(
1

1 + z

)E

obs

+
1

2Φ0
(φ̇− N .∇φ)obs (85)

where

φ̇ = Uµφ,µ (86)

and

N .∇φ = Nµφ,µ (87)

As a consequence, the rate of variation in the photon flux as
received by the observer is given by the general formula

Ṅ
N

∣∣∣∣∣
ST

obs

=
Ṅ
N

∣∣∣∣∣
E

obs

+
1

2Φ0
(3φ̇− N .∇φ)obs (88)

In a vacuum(T (0)
µν = 0), the metrichE

µν satisfies the lin-
earized Einstein field equations (71) and Eq. (84) reduces to

2
ȧ

a

∣∣∣∣
ST

obs

=
φ̇

Φ0

∣∣∣∣∣
obs

(89)

In Eq. (88), (Ṅ/N )E
obs is reduced to the term given by

Eq. (73), whereR(1)
µρνσ is constructed withhE

µν .
It follows from (89) that contrary to general relativity, the

scalar-tensor theories (defined by (74)) predict the existence of
a first-order geometrical scintillation effect produced by grav-
itational waves. This effect is proportional to the amplitude of
the scalar perturbation. It should be noted that an effect of the
same order of magnitude is also due to the change in the spectral
shift.

To finish, let us briefly examine the case where the scalar
waveφ is locally plane (it is a reasonable assumption if the
source of gravitational wave is far from the observer). Thus we
can put in the vicinity of the observer located at the pointxobs

φ = φ(u) (90)

whereu is a phase function which admits the expansion

u(x) = u(xobs) + Lµ(xµ − xµ
obs) +O(|xµ − xµ

obs|2) (91)

with

Lµ = const. (92)

It follows from Eq. (77) withT (0) = 0 thatLµ is a null
vector of Minkowski spacetime.

ReplacingKµ by Lµ in (83) defines the spacelike vector
Pµ, which can be identified with the unit 3-vectorP giving the
direction of propagation of the scalar wave in the 3-space of the
observer. Then introducing the angleα betweenN andP , a
simple calculation yields

Ṅ
N

∣∣∣∣∣
ST

obs

=
Ṅ
N

∣∣∣∣∣
E

obs

+ (1 + cos2
θ

2
)
φ̇

Φ0

∣∣∣∣∣
obs

(93)

This formula shows that the contribution of the scalar wave
to the scintillation cannot be zero, whatever be the direction of
observation of the distant light source.

6. Are observational tests possible?

It follows from our formulae that the scintillation effects specif-
ically predicted by scalar-tensor theories are proportional to the
amplitude of the scalar field perturbation at the observer. This
local character casts a serious doubt on the detectability of these
effects, since the scalar field perturbation is very small for a lo-
calized source of gravitational waves.

Indeed, one can put in most casesφ/Φ0 ∼ α2h, whereα2

is a dimensionless constant coupling the scalar field with the
metric gravitational field (see,e.g., Damour & Esposito-Farèse
1992). Experiments in the solar system and observations of bi-
nary pulsars like PSR 1913+16 indicate thatα2 < 10−3. Con-
sequently, settingh ∼ 10−22 for gravitational waves emitted by
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localized sources givesφ/Φ0 < 10−25 and the effect is much
too weak to be detected.

Acknowledgements.The authors would like to thank V.Faraoni for
useful discussions. A helpful comment of the referee on the orders of
magnitude is also acknowledged. Finally, one of the authors (C.B.)
would like to thank G.Esposito-Farèse for stimulating discussions.
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