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Abstract. We investigate the properties of motion in a general galactic potential, found using a monoparametric family of
ellipses and the Inverse Problem Theory. It is found, that an interesting case of the potential is that of two coupled perturbed
elliptic oscillators. This potential represents a weak bar and it
can describe the motion in the central parts of a barred galaxy.
In the above potential we find the main families of orbits using
a map in the non-rotating as well as in the rotating case. Comparing the results of the map, with those found by numerical
integration, we find that the map describes very well the characteristic of motion in the non rotating case. Satisfactory results
are also obtained when the galaxy rotates. Finally the onset of
chaotic motion is studied and a comparison of the weak bars to
strongly non axially symmetric bars is made.
Key words: galaxies: kinematics and dynamics

1. Introduction
Observations have shown that about 2/3 of disc galaxies are
barred. Unfortunately one cannot observe the shape of orbits of
stars inside a bar. Nevertheless N-body simulations have shown
that orbits in bars may have different shapes (see Miller and
Smith 1978). Based on a set of figure-eight orbits Caranicolas
(1998) found, using the Inverse Problem techniques, a general
potential which, among others, creates the above family of orbits. A special case of this potential is a two dimensional perturbed harmonic oscillator with ratio of unperturbed frequencies
1:2. This means that the unperturbed part of the potential was
strongly non axially symmetric. In the following we shall use
the term ‘strong bar’ for this potential. The above potential reproduced very well the figure-eight orbits. On the other hand,
numerical calculations have shown (Caranicolas and Karanis
1998) that the potential produces also some other families of
orbits in both non rotating and rotating cases. It was also found
that chaos occurred when the perturbation was strong.
In this article we shall try to find the properties of motion in
a potential based in a monoparametric family of ellipses. Our
work has a compound character and it is organized as follows: In
Send offprint requests to: N.D.Caranicolas

Sect. 2 we define the family of orbits and build up the potential
by means of the Inverse Problem Theory. In Sect. 3 we construct
a map, based on the averaged Hamiltonian, in both non rotating and rotating cases. With the aid of the map we study the
properties of all orbits in the x − px Poincare surface of section.
We also compare the surface of section generated by the map
to that found by numerical integration. In Sect. 4 we look for
the onset of chaotic motion and compare the results to those
found in Caranicolas and Karanis (1998). Finally, in Sect. 5, we
present a discussion and the conclusion of this research.
2. The galactic potential
The method and the steps that we take to build up a potential,
creating a monoparametric family of orbits, are given in detail
in Caranicolas (1998) (see also Bozis and Borghero 1997). We
present here only the results that are necessary. Here the family
of orbits are ellipses given in parametric form by the Eqs.
x = 5b cos λ , y = sin λ/5

(1)

where b is a small parameter b ≤ 0.2. It is evident that ellipses of
family (1) can form a bar structure. On the other hand it is widely
known that one can find elliptical orbits in a self consistent
barred potential. Such self consistent barred models are plenty
in the literature (see for instance Combes et al. 1990, Miwa and
Noguchi 1998).
The first three terms of the general potential, associated with
the family (1) are
V (λ, b) = V0 (λ, b) + bV10 cos2 λ +
625
(2)
(4V0 + V0λ sin 2λ)] sec2 λ ,
b2 [V20 −
4
where V10 , V20 are constants while V0 , V0λ are an arbitrary function and its first derivative with respect to λ. Taking V10 = V20 =
0 and
V0 = V00 cos2 λ −  cos4 λ ,

(3)

where V00 is a constant and  > 0 is a small parameter, we
obtain
1
V = cos2 λ[− + 2V00 − 1250b2 V00 +
2
(4)
(−1 + 1250b2 ) cos 2λ] ,

390

N.D. Caranicolas & G.I. Karanis: (RN) Motion in a potential creating a weak bar structure
0.6

which translated to x, y variables, for V00 = −1/50 reads
1 2
(x + y 2 ) + [25x2 + 50y 2 −
2
1
.
(5)
1250x2 y 2 − 625y 4 − 1] −
50
This potential is known as the perturbed elliptic oscillators
(see Deprit 1990, Caranicolas and Innanen 1992). Furthermore,
this potential describes the motion in the central parts of a non
rotating barred galaxy because it is based in orbits creating a
bar-like structure. It is evident that the bar is weak (see Binney
and Tremaine 1987 p.146). In order to check whether potential
(5) produces the ellipses (1) we work as follows: We choose
λ = 0 and the orbit starts at x0 = 5b, y0 = 0, with vx = 0
while vy is found from the energy integral. For the above initial
conditions the energy of the elliptic orbits is
V =

25
(1 + 50)b2
(6)
E=
2
The region on the λ − b plane where the family of ellipses (1)
exists is given by the inequality
1 + 50 cos2 λ ≥ 15625b2 sin2 2λ ,
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Fig. 1. Poincare surface of section generated by numerical integration
when Ω = 0. The values of h and  are 0.125 and 0.0002 respectively.
0.6

(7)

which is always true for small values of  and b ≤ 0.2. Numerical experiments show that potential (5) produces very well the
elliptic orbits when b ≤ 0.2 and  is of the order of 10−5 .

0.4

0.2

Px

3. Orbits in a weak bar model
In addition to the elliptic orbits, potential (5) produces other
families of orbits as well. In what follows we shall study the
properties of orbits when the bar is non rotating and in the case
where the bar rotates.

0

-0.2

-0.4

a) Non rotating case
The Hamiltonian to the potential (5) is
1
H = (p2x + p2y + x2 + y 2 ) + [25x2 + 50y 2
2
1
−1250x2 y 2 − 625y 4 − 1] −
=h ,
(8)
50
where px , py are the momenta per unit mass conjugate to x,y
and h is the numerical value of H.
In order to study the properties of orbits we shall use a map
derived from the averaged Hamiltonian which comes from the
Hamiltonian (8). The steps of this procedure are described in
Caranicolas (1990) (see also Lichtenberg and Lieberman 1983).
We give here the averaged Hamiltonian
hHi = −[25J + 625(Λ − J)
625J(Λ − J) cos 2φ

(J + 3Λ)
]+
2
(9)

and the map which is
Jn+1 = Jn + 1250Jn+1 (Λ − Jn+1 ) sin 2φn
φn+1 = φn + [625(Λ + Jn+1 ) − 25] +
625(Λ − 2Jn+1 ) cos 2φn ,

(10)
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Fig. 2. Same as Fig. 1 generated by the map.

where Λ = h and we return to x, px variables through x =
(2J)1/2 cosφ, px = −(2J)1/2 sinφ. The fixed points of (10)
are
(i)
(ii)

J =0

f or any φ

J = 1/75 , φ = ±π/2 .

(11)

Fig. 1 shows the (x, px ) Poincare surface of section computed numerically while Fig. 2 shows the same surface of section generated by the map. The values of , Λ are 0.0002 and
0.125 respectively. As one can see the agreement between the
two patterns is very good. Looking the surface of section of
Fig. 2 we can see two families of orbits. (a) orbits with invariant
curves surrounding the fixed point (i), that is the center and (b)
orbits producing the small islands around the fixed points (ii).
Orbits of type (b) stay close to the inclined straight-line periodic orbits passing through the origin. Orbits of type (a) are box
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where the constants C1 , C2 , ψ1 , ψ2 are determined by the initial
conditions. The frequencies ω1 < ω2 satisfy the quartic Eq.

0.6

ω 4 − (A + B + 4Ω2 )ω 2 + AB = 0
(b)

0.2

µ=

(a)

2ω1 Ω
2ω2 Ω
, ν=
, |µ| ≤ 1 , |ν| ≤ 1
ω22 − A
B − ω12

(17)

In order to obtain the averaged Hamiltonian we use normal
variables (q1 , q2 , p1 , p2 ) defined by

0

y

(16)

and

0.4

-0.2

q1 = (sν)1/2 [py + (ω2 /µ)x] ,

-0.4

q2 = (sµ)1/2 [px + (ω1 /ν)y] ,
p1 = (s/ν)1/2 [px − ω2 µy] ,
p2 = (s/µ)1/2 [py − ω1 νx] ,
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Fig. 3. Orbits of types (a) and (b) described in the text. The values of
the parameters are as in Fig. 1.

orbits. The above two types of orbits are shown in Fig. 3. Note
that the ellipses (1) which exist for small values of , become
gradually box orbits for larger . It is evident that in both cases
these orbits support the bar.
b) Rotating case
Now we proceed to study the properties of orbits in the rotating
case. We consider the case where the bar rotates clockwise with
angular velocity Ω > 0. The Eqs. of motion are
ẍ = −2Ωẏ − ∂VR /∂x
(12)
ÿ = 2Ωẋ − ∂VR /∂y
where the dot indicates derivative with respect to the time,
VR = V − Ω2 (x2 + y 2 )/2 while V is given by Eq. (5). For
the convenience of our analysis we write VR in the form
VR
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1
= (Ax2 + By 2 ) +
2
1
1

1
)−
α1 ( x2 y 2 + y 4 −
2
4
α1
50

(13)

where A = 1−Ω2 +50, B = 1−Ω2 +100 and α1 = −2500.
The corresponding Hamiltonian is

2Ω
.
ω22 − ω12

In these variables the Hamiltonian (14) becomes
1
1
HJ = ω1 (p21 + q12 ) + ω2 (p22 + q22 ) +
2
2
H1J [q1 , q2 , p1 , p2 ]
qi = (2Ii )1/2 cos θi
pi = −(2Ii )1/2 sin θi , i = 1, 2
HJ = ω1 I1 + ω2 I2 + H1J [I1 , I2 , θ1 , θ2 ] =
H0J + H1J [I1 , I2 , θ1 , θ2 ] .

(22)

The averaged Hamiltonian, describing the motion in the J − φ
plane (θ2 = π/2, φ = θ1 − π/2) (see also Caranicolas 1990),
which is obtained from (22) writes
1
1
hHJ i = k1 J 2 + k2 JR + k3 R2 − k4 S1 cos φ −
2
2
(23)
k5 JR cos 2φ − k6 S2 cos φ ,
where
R = (ΛJ − ω1 J)/ω2
S1 = (J 3 R)1/2
S2 = (JR3 )1/2

(24)

and
k1 =

x = C1 cos(ω1 t + ψ1 ) + µC2 sin(ω2 t + ψ2 )

k5 =

y = νC1 sin(ω1 t + ψ1 ) + C2 cos(ω2 t + ψ2 ) ,

(21)

obtaining

k3 =

(15)

(20)

Then we transform (20) to action-angle variables

1 2
(p + p2y ) + VR = hJ ,
(14)
2 x
which is known as the Jacobi’s integral and hJ is its numerical
value.
If we consider only the quadratic terms, then the system
of differential Eqs. (12) can be solved analytically(see Freeman
1966, De Zeeuw and Merritt 1983). The solution is

HJ =

(19)

k2 =

k4 =

k6 =

1
s
α1 ( )2 [2ν 2 + 3ν 4 ] ,
4
ν
1
s s
α1 ( )( )[1 + µ2 ν 2 + 3ν 2 ] ,
2
µ ν
1
s
α1 ( )2 [2µ2 + 3] ,
4
µ
1
s
s
α1 ( )1/2 ( )3/2 [ν(1 − µν) + 3ν 3 ] ,
2
µ
ν
1
s s
α1 ( )( )[1 + 4µν + µ2 ν 2 − 3ν 2 ] ,
4
µ ν
1
s
s
α1 ( )3/2 ( )1/2 [3ν − µ(1 − µν)] .
2
µ
ν

(25)
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Fig. 4. Poincare x − px surface of section generated by the map when
Ω = 0.01, hj = 0.125,  = 0.0002.

Fig. 5. Poincare x − px surface of section generated by numerical
integration when Ω = 0.01, hj = 0.125,  = 0.0002.

Note that in Eq. (23) we have set H0J = ω1 I1 + ω2 I2 =
ω1 J1 + ω2 J2 = ΛJ = hJ and the constant terms have been
omitted.
The positions of periodic orbits are given by

of Ω, ΛJ ,  are 0.01, 0.125 and 0.0002 respectively. We return
to the original variables through q1 = (2J)1/2 cos φ, p1 =
−(2J)1/2 sin φ and
p
√
µ(q1 s/µ − p2 sν)
p
,
x = p
s/µ sν(µνω1 + ω2 )
p1 ω1
,
(29)
px = p
s/ν(ω1 + µνω2 )

ω1
1
k2 (ΛJ − 2ω1 J) − k3 R ±
ω2
ω2
k5
k4 J 2
(4ω1 J − 3ΛJ ) −
(ΛJ − 2ω1 J) ∓
2ω2 S1
ω2
k6
(ΛJ − 4ω1 J)R2 = 0 ,
2ω2 S2
φ = 0 , π ,

k1 J +

(26)

where the first value of φ and the upper sign correspond to
retrograde orbits while the second value of φ and the lower sign
correspond to direct orbits. The map describing the motion in
J − φ plane is
Jn+1 = Jn − k4 S1 sin φn − 2k5 Jn+1 R sin 2φn
−k6 S2 sin φn
1
φn+1 = φn + k1 Jn+1 +
k2 (ΛJ − 2ω1 Jn+1 ) −
ω2
ω1
k3 R + g(Jn+1 , φn ) ,
ω2

(27)

where
g(Jn+1 , φn ) =

2
k4 Jn+1
(4ω1 Jn+1 − 3ΛJ ) cos φn −
2ω2 S1
k5
(ΛJ − 2ω1 Jn+1 ) cos 2φn −
ω2
k6
(ΛJ − 4ω1 Jn+1 )R2 cos φn .
2ω2 S2

(28)

Fig. 4 shows the surface of section generated by the map in
the original variables x, px while the x − px surface of section
shown in Fig. 5 comes from numerical integration. The values

where p2 = −c1 (2I2 )1/2 = −c1 (2R)1/2 and c1 = |α1 /2|. The
choice of c1 is justified by the fact that the quantities q1 , p1 ,
entering Eqs. (29), come from the averaged Hamiltonian (23)
which is proportional to α1 /2 while p2 comes from H0 . Multiplying by c1 makes p2 of the same order of magnitude as q1 and
p1 . As one can see the map describes satisfactorily the general
characteristics of orbits for small Ω. This is interesting because
it shows that we do not lose much information- while averaging and also because the surface of section θ2 = π/2 does not
coincide with the surface of section y = 0, as it does in the non
rotating case. The patterns shown in Figs. 6 and 7 are generated
by the map and numerical integration. The values of ΛJ ,  are
as in Figs. 4 and 5 but Ω = 0.15. We observe that again the map
describes satisfactorily the characteristics of orbits.
We can see two families of orbits. The first family is the
one that forms invariant curves surrounding the direct periodic
point while the invariant curves of the second family surround
the retrograde periodic point. The corresponding orbits, in both
cases, are tube orbits. Note that box orbits are not present. Fig. 8
shows two orbits starting near the direct (d) and retrograde (r)
periodic orbits. The values of the parameters are as in Fig. 5.
4. Chaotic motion
In this Sect. we shall study the onset of chaotic motion in our
galactic potential in both rotating and non rotating case. This is
of interest, because it gives information for the kind of motion
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Fig. 6. Poincare x − px surface of section generated by the map when
Ω = 0.15, hj = 0.125,  = 0.0002.
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Fig. 7. Poincare x − px surface of section generated by numerical
integration when Ω = 0.15, hj = 0.125,  = 0.0002.

in the central parts of bar galaxies and shows how this is affected
by the angular velocity Ω. Furthermore the results of this study
will be compared with those observed in strong bars. Generally
speaking, for a given value of energy one must go to the escape
perturbation parameter esc in order to observe chaos. This is
given by
A
1
A 2
+
(Ω2 − 1) + (1 −
) =0
(30)
50 5000
100
and can be found following the method described in Caranicolas
and Varvoglis (1984). In the following we present results for
hJ = 0.125 and several values of Ω at esc . When Ω = 0 only
signs of chaos are observed near the hyperbolic periodic point
at the center. When Ω = 0.01 no chaotic motion is observed. At
Ω = 0.1 signs of chaos appear at the area of direct orbits which
increases at Ω = 0.2 (see Fig. 9). The chaotic area decreases at
Ω = 0.3 and at Ω = 0.4 the motion is again regular. We see that
hJ +
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Fig. 8. Orbits starting near the direct (d) and the retrograde (r) periodic
orbits. The values of the parameters are as in Fig. 5
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Fig. 9. Poincare x − px surface of section when Ω = 0.2,  = esc. ,
hJ = 0.125. A significant part of the surface of section is covered by
chaotic orbits.

this is an interesting behavior. On the other hand this behavior
is different from that observed in strong bars (see Caranicolas
and Karanis 1998). The main points are the following:
(i) The degree of chaos in all cases is higher in strong bars
than in weak bars. In other words, in strong bars one speaks
about a chaotic layer of significant width while in weak
bars, the area on the surface of section covered by chaotic
orbits, is much smaller in general.
(ii) In the strong bar examined in Caranicolas and Karanis
(1998) the degree of chaos decreases as Ω increases and
finally at Ω = 0.225 all orbits are regular. Here, at small
Ω, there is no chaotic motion, then chaos increases as Ω
increases, reaches a maximum at about Ω = 0.2 and finally
all orbits are regular at about Ω = 0.4.
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5. Discussion
The aim of this research was to make a paper with a compound
character. We have tried to avoid the details and present the
main results, which is the substance of this investigation. First
we started with a family of ellipses. Similar ellipses were observed in a self consistent model of interacting galaxies. N-body
simulations have shown that the above orbits form a bar structure. On the basis of the Theory of the Inverse Problem (see for
further details a review by Bozis 1995) we have constructed a
simple potential, which represents a weak bar structure. Such
potentials made up of harmonic oscillators have been extensively used in order to model galaxies near an equilibrium point
(see Caranicolas 1993, 1994 and references therein).
In order to see the properties of orbits in this potential we
constructed a map. Maps are very useful for the study of the
properties of motion in dynamical systems, because they are not
only elegant but also faster, in general, than numerical integration. Useful information on maps can be found in Lichtenberg
and Lieberman (1983).
We have studied the x − px surface of section in the non
rotating case. The agreement with numerical integration is very
good even for large values of  ( ≤ esc ). In this case the
general characteristic of motion is, that nearly all orbits are box
orbits. On the other hand, in the rotating case, things appear
more complicated. This complexity comes from the fact that
the surfaces of section y = 0 and θ2 = π/2 do not coincide,
as they do when Ω = 0. Nevertheless it was observed, that the
general characteristics of motion are satisfactorily described, if
we consider the θ2 = π/2, surface of section and return to the
original variables x, px using (29). Note that the results are
satisfactory even for large values of Ω, such as Ω = 0.15.
Both in strong and weak bars, chaos was observed when the
value of the perturbation parameter is very close to the esc . In
the case of weak bars the degree of chaos is much more smaller
than that observed in strong bars. Both strong and weak bars do
not show chaos when Ω > Ωcr . This Ωcr seems to be larger in
weak than in strong bars.
It is evident that the conclusions given in this research refer
to strong and weak bars represented by perturbed harmonic
oscillators. It is well known that the motion described by harmonic oscillators is local. In other words, potentials (5) and (13)
do not represent a barred galaxy as a whole but a non-rotating

or a rotating isolated bar. Therefore the above equations can be
considered as an approximate description for the real potential
of the central parts of a barred galaxy. Thus, the outcomes of
this research refer to local motion. The global motion in barred
galaxies has been extensively investigated by many authors
and the reader can find interesting information in their works
(see e.g. Contopoulos and Papayannopoulos 1980, Pfenniger
and Friedli 1991, Papaphilipou and Laskar 1998 and the review
paper by Contopoulos and Grosbol 1989).
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