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Abstract. We consider a mean field dynamo model for the gen-
eration of galactic magnetic fields, in which the driving mecha-
nism for the alpha-effect is the buoyancy-driven Parker instabil-
ity, rather than the conventional cyclonic turbulence. The dom-
inant quenching mechanism is a buoyant velocity, which lifts
field away from the disc plane. Our modified alpha-effect is es-
sentially nonlinear, as its magnitude depends on the magnetic
field strength. The dynamo thus exhibits threshold behaviour –
the marginal dynamo number depends on the seed field geome-
try and strength. We investigate a basic one-dimensional ‘slab’
model both analytically and numerically, and also present re-
sults from a three dimensional calculation. In some ways our
steady solutions resemble conventional galactic dynamo solu-
tions, but the fields do not decrease so markedly away from the
disc midplane, remaining strong out to the boundary of the dy-
namo region. The latter property is quite natural for a buoyancy
driven system and may possibly be related to strong horizontal
magnetic fields detected in the halos of some spiral galaxies.
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1. Introduction

Mean field dynamo models for the magnetic fields in spiral
galaxies have been generically successful, in that they produce
magnetic fields that resemble broadly those observed (e.g. Beck
et al. 1996). A few attempts have been made to produce models
tailored more specifically to individual galaxies, both in terms
of kinematic dynamo models (Ruzmaikin et al. 1988 and refer-
ences therein) and including alpha-quenching (Beck et al. 1996
and references therein). Although these models include only a
few basic physical mechanisms and rely on a drastically simplis-
tic description of the interstellar medium, they show a reassuring
agreement between theory and observation (see, for example,
a recent dynamo model for M31 in Moss et al. 1998). There
have been several attempts to include additional physical ef-
fects into this framework. Among these are star formation (Ko
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& Parker 1989, Nozakura 1991), magnetic buoyancy (Parker
1992, Nozakura 1993, Hanasz & Lesch 1993, 1998 and refer-
ences therein) and detailed models of turbulence (Elstner et al.
1996). Such work gives plausible evidence that the mean field
theory provides a reasonable phenomenological description of
galactic magnetic fields.

Nevertheless, doubts have been raised concerning the ef-
fectiveness of the basic alpha-effect mechanism. Vainshtein &
Cattaneo (1992) and others have argued that the alpha-effect
will be inhibited by the growth of small-scale field long be-
fore the large-scale field can grow to the observed microgauss
strength. Although this viewpoint is not firmly established or
universally accepted (see, e.g., Brandenburg 1994, Childress &
Gilbert 1995, Beck et al. 1996), the situation is perhaps a lit-
tle unsatisfactory. In contrast, the rôle of differential rotation in
galaxies appears relatively uncontroversial (unlike the situation
for stars), given that the transparency of galaxies allows direct,
if technically difficult, determination of rotation curves.

Parker (1992) suggested an alternative mechanism to per-
form the conversion of the toroidal into poloidal field in the
dynamo process, a step for which the alpha-effect is respon-
sible in conventional mean-field dynamos. He observed that
strong magnetic field parallel to the disc plane will be subject to
a buoyant instability (the ‘Parker instability’). This causes the
field to buckle and rise inΩ-shaped loops inflated by cosmic
rays, which in form resemble those in the cartoons of the orig-
inal alpha-effect (see e.g. Moffatt 1978). A mean-field theory
incorporating this mechanism would resemble quite closely the
traditional theory, with two major differences. The buoyant al-
pha mechanism leads to an intrinsically nonlinear equation, with
the magnitude of the alpha effect increasing with field strength
(Moffatt 1978, Sect. 10.7), and it would not be inhibited at low
amplitude of the large scale field, following arguments of the
sort proposed by Vainshtein & Cattaneo (1992).

Intrinsically nonlinear dynamos driven by magnetostrophic
waves and by buoyancy and nonaxisymmetric instabilities of
flux tubes were studied by Schmitt (1987), Schmitt & Schüssler
(1989), Scḧussler (1993), Ferriz-Mas et al. (1994) in applica-
tions to the solar dynamo. These authors show that the insta-
bilities lead to an alpha-effect, and then analyze conventional
mean-field equations, including magnetic buoyancy only to de-
scribe the escape of magnetic fields from the dynamo region at
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a velocity proportional to the mean field strength|B|. Nonlin-
ear saturation of conventional mean-field dynamos by magnetic
buoyancy was also extensively studied in the numerical simu-
lations of Moss et al. (1990a,b) and Jennings & Weiss (1991).
In the context of stellar dynamos, Thelen (1997) has included
a buoyant alpha-effect proportional to the gradient of toroidal
field strength, but disregarded the buoyant rise of the mean
field. Brandenburg et al. (1998) included both a field-dependent
alpha-effect and explicit magnetic buoyancy into their model of
stellar mean-field dynamos.

An alpha-effect based on magnetic buoyancy was discussed
for a disc geometry in a series of papers by Hanasz & Lesch
(1998 and references therein), but these authors did not dis-
cuss in detail its dependence on the magnetic field strength nor
present any quantitative model of the dynamo itself.

We investigate the properties of a buoyant alpha-effect dy-
namo, in a heuristic manner, taking its magnitude to be a func-
tion of the field strength or its gradient. Of course, by itself this
would lead to an unlimited explosive (super-exponential) field
growth. But the same buoyancy will lift field away from the
disc plane into the halo region, and damp the dynamo. We thus
introduce a buoyant velocity, perpendicular to the disc plane,
with magnitude a fraction of the Alfv́en speed, and so propor-
tional to the field strength. In Sect. 2 we argue that this is the
dominant saturation mechanism over a wide range of parame-
ters. A novel, albeit not unexpected, feature of such a dynamo
is that it will display threshold behaviour – because the mag-
nitude of the effective alpha-coefficient is itself proportional to
the field strength, excitation will only occur if the seed field, for
given dynamo number, exceeds some critical value. The rela-
tively strong seed field for the buoyant dynamo may be provided
by a conventional alpha-effect dynamo; in this sense, the rôle of
the conventional alpha-effect is trivial, and we do not include it
in our equations.

We reduce the complexity of the Parker instability to a de-
scription in terms of just two parameters,uB andα (see Sect. 2).
We do not discuss in detail the physical mechanisms driving the
instability. Therefore questions such as the contribution of the
cosmic rays to the buoyancy (Parker 1992, Hanasz & Lesch
1998) are beyond the scope of the paper. Furthermore, we do
not address such issues as the dependence of the Parker insta-
bility threshold on the field strength and scale.

2. The alpha effect due to magnetic buoyancy

In this section we first derive an order of magnitude estimate of
the mean helicity of the buoyancy driven motions in the interstel-
lar medium and hence estimate the associated alpha-coefficient.
As with the standard alpha-effect, the mirror symmetry of the
motions is broken due to the action of the Coriolis force in
the stratified medium (Parker 1979, Krause & Rädler 1980). A
buoyant rising fluid element expands because it is inflated by
cosmic rays, so it is twisted by the Coriolis force (Parker 1992).
However, twisting also results from the local motion present
as the gas slides down a buckled flux tube. We estimate the
alpha-coefficient for each of these mechanisms below.

Consider a magnetic flux tube moving vertically upwards in
the galactic disc. Its vertical velocity is given by

uB = C (d/z0)
1/2

vA ,

whered is its radius,z0 is the pressure scale height,vA is the
Alfv én speed andC is a constant of order unity; withd ' z0,
we haveuB ' vA (e.g., Parker 1979, Sect. 8.7). The rising fluid
element expands as a result of inflation by cosmic rays (Parker
1992), and the fluid acquires a horizontal velocityvr given by
the continuity equation∇ · (ρv) = 0 asvr ' uBl/z0, wherel
is its size (we use a local cylindrical coordinate system centred
at the fluid element). The Coriolis force twists the fluid element
producing an accelerationa = 2Ω × v which results in the
generation of vorticity directed oppositely to the overall angular
velocity Ω: ωz ' τ∂aφ/∂r ' −τΩvr/l ' −Ω, whereτ '
z0/uB is the characteristic time of the problem; alternatively,
ωz = −Ω can be directly obtained from the conservation of
angular momentum. However, the magnitude of the vorticity
is limited from above by the value|ωz| ' vA/l. As a result,
the magnitude of the vorticity is the minimum of the above
two values, orωz = max (−Ω,−vA/l). The associated alpha-
coefficient is given by

α ' −τuBωz ' min (z0Ω, vAz0/l) . (1)

Another mechanism to produce the alpha-effect from mag-
netic buoyancy does not involve cosmic rays. When a mag-
netic flux tube rises, the gas acquires a radial velocity because
it slides down under the action of gravity. When the free-fall
time τff = (z0/g)1/2 (hereg is the acceleration due to gravity)
is shorter than the buoyancy timez0/uB , the gas can reach the
bottom of the risingΩ-shaped loop. Thenvr ' l/τff , wherel
is the horizontal scale of the Parker instability, andωz ' −Ω
as above. The upper limit onα follows from |ωz| <∼ vA/l and
uB <∼ vff = (gz0)1/2, so that

α ' −τffuBωz ' min
(
CvAΩ(d/g)1/2, vAz0/l

)
. (2)

To put these estimates into appropriate perspective, we re-
call that a similar estimate for the standard alpha-coefficient
for turbulence in a stratified rotating medium is given byα =
min (l2Ω/z0, vt), wherevt is the turbulent velocity (Zeldovich
et al. 1983; Ruzmaikin et al. 1988, p. 163).

For a relatively weak magnetic field the alpha-coefficient is
proportional to the Alfv́en speed within a magnetic flux tube.
As the magnetic field grows due to the dynamo action, the
alpha-coefficient also increases (with ensuing super-exponential
growth of the magnetic field, in the absence of any damping).
Saturation effects, for example associated with the lifting of the
magnetic field by the vertical velocityuB , eventually will halt
the field growth. These processes are well illustrated by our
dynamo solutions discussed below.

A further effect that may eventually inhibit dynamo action
is the effect of magnetic tension, in resisting the rotation of
theΩ-shaped loops by the Coriolis force (i.e. a form of ‘alpha-
quenching’). We can make a crude estimate of the importance
of this effect as follows. Consider a horizontal fieldB0 in the



122 D. Moss et al.: Galactic dynamos driven by magnetic buoyancy

azimuthal direction, in a gas that undergoes Parker instability
with wavelengthl. Suppose that the buckled loop is rotated
by the Coriolis force at speedvφ during timeτ . Take a local
cartesian system of coordinates, so thatBx = B0. Then at time
τ , By = −B0vφτ/l sin(πx/l). The Lorentz force is thus∣∣∣∣∇ × B × B

4π

∣∣∣∣ ∼ B2
0vφτ

4l2
= L, (3)

say. Withv = Ωl as above, thenL = B2
0Ωτ/(4l). This opposes

the component2ρΩvr of the Coriolis force.
We consider separately the two cases identified above.

1. τ = z0/uB , vr = uBl/z0. Then

L =
B2

0z0Ω
4luB

. (4)

Saturation does not occur as long as

L < 2ρΩuBl/z0. (5)

B0 drops out of this relation and thus, if the Parker instability is
launched, in this case it is never halted by the magnetic tension.
2. τ = (z0/g)1/2, vr = l/τff ' l

√
g/z0. Now saturation does

not occur as long as

L =
B2

0Ω
4l

(
z0

g

) 1
2

< 2ρΩl

(
g

z0

) 1
2

, (6)

ie B2
0 < 8ρgl2/z0. Defining B2

eq = 4πρv2
t , and inserting as

typical valuesvt = 106 cm s−1, g = 6 × 10−9 cm2 s−1, l =
1 kpc, z0 = 0.5 kpc, givesB0 <∼ 5Beq. Thus alpha-quenching
is only effective for large-scale fields of strength considerably
in excss of the equipartition field strength.

Referring ahead to our numerical results, we see that this
mechanism is important only whenRb = 1, or for very super-
critical solutions.

To conclude this section, we estimate typical values of
α in the interstellar medium of the Milky Way. ForΩ =
20 km s−1 kpc−1, z0 = 1 kpc, g ' 6 × 10−9 cm s−2 (at a
height of1 kpc), vA = 20 km s−1 (corresponding to magnetic
field of 3 µG and density of0.1 cm−3 in the flux tube),d = z0
and l = kz0 with k (≥ 1) a certain constant, we obtain from
Eq. (1)α = min(20, 20k−1) km s−1, so a suitable estimate is
α ' vAz0/l providedk >∼ 1. Eq. (2) yields similar values,
α = min(15C, 20k−1) km s−1. The resulting value ofα is close
to vA in both cases; however, we have persistently omitted nu-
merical coefficients of order unity, so real values ofα can be a
few times smaller thanvA.

3. The basic model

We start from a standard mean-field dynamo equation

∂B

∂t
= ∇ × (u × B + αB − η∇ × B) , (7)

whereη is the turbulent magnetic diffusivity and the large-scale
velocityu is taken to consist of the rotational velocityrΩ(r)φ̂,

and a vertical velocityuB(z)ẑ. We use cylindrical polar coor-
dinates (r, φ, z), with thez-axis parallel to the angular velocity.
The form of this equation is quite generic and can be obtained
from simple symmetry considerations (Krause & Rädler 1980).
Particular dynamo models differ in the specific parameterization
of the coefficients in this equation reflecting different physical
mechanisms responsible for the diffusion and generation of the
mean magnetic field.

We concentrate here on the dynamo effect associated with
magnetic buoyancy whenα anduB are both proportional to
vA (Sect. 2) with the additional restriction that they must be
antisymmetric with respect to the midplane. Thus, we choose

α = α0fα(r)F (B/Beq) , (8)

uB = qvtfb(r)F (B/Beq) , (9)

whereF (B/Beq) is a function of the dimensionless magnetic
field, Beq = (µ0ρv2

t )1/2 is the characteristic field strength de-
termined by a balance of magnetic and turbulent pressures,ρ
and vt are respectively the density and r.m.s. velocity of the
turbulent interstellar medium,α0 has the dimension of velocity,
q is a numerical factor defining the magnitude of the buoyant
velocity, andfα(r) andfb(r) are geometric factors, of order
unity; the factorsα0 andq include the filling factor of the buoy-
ant magnetic ropes. In principle,F could depend on the hori-
zontal field strength(B2

r + B2
φ)1/2. We consider briefly such

a model in Sect. 4.5. The results are very similar to those for
F = |Bφ|/Beq. As the latter form allows an analytic treatment,
we use it as a basic model. We henceforth drop the subscript on
the azimuthal component of the magnetic field, i.e.Bφ ≡ B.

The forms (8) and (9) arise when the buoyant magnetic field
is concentrated into flux tubes (Schmitt & Schüssler 1989):
then uB is proportional to the difference between the field
strength inside the tube and in its environment. For a quasi-
homogeneous distribution of the buoyant magnetic field,uB is
determined by the vertical gradient of the field strength; then
α, uB ∝ −∂|B|/∂z may be more appropriate (cf. Thelen 1997,
who however did not include the termuB). We briefly discuss
the latter form below.

Another component of the vertical velocity is associated
with turbulent diamagnetism,udia = − 1

2∇η (Rädler 1968,
Vainshtein & Zeldovich 1972, Roberts & Soward 1975). It is
included in the three-dimensional models discussed below.

We consider here only crude, exploratory models of buoy-
ancy driven dynamos. Therefore our parameterization ofα and
uB satisfies only a few basic requirements – that both of them
vanish atz = 0 and thatfb ∝ zn, n ≥ 1 for z ≈ 0 in order
thatuB be differentiable atz = 0; we choosen = 1 for reasons
discussed in Sect. 4.1. For largez, we adoptfb = 1, although
fb could well be a decreasing function ofz.

The parameterization of the buoyancy as a large-scale ver-
tical velocity is quite natural in the context of a mean field rep-
resentation – see, for example, Krause & Rädler (1980), R̈adler
(1990). However, we realize that buoyancy has also been consid-
ered as a contribution to the diffusivity. Nevertheless, we neglect
any contribution of the vertical motions to the turbulent mag-
netic diffusivity. A plausible model might makeη proportional
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to vA (Hanasz & Lesch 1998). Then magnetic diffusion would
be stronger where the field is stronger. However, the steady-state
field distributions discussed below do not depend strongly on
z, so the functional dependence ofη on B is expected to be
relatively unimportant.

The governing parameters of the model are the dimension-
less numbers

Rα =
α0h

η
, Rω = r

dΩ
dr

h2

η
, Rb =

qvth

η
,

whereh is a suitable length scale. In theαω-dynamo regime,
the first two of these combine to give the dynamo number

D = RαRω .

Almost certainly the contribution of the magnetic buoyancy to
the diffusivity is now an anisotropic tensor; itszz-component,
which is most important in a thin disc, can be estimated asη '
1
3 lvA ' 2×1027 cm2 s−1, wherel ' 1 kpc is the scale from the
Parker instability. Using estimates of Sect. 2 withh = z0, we
then obtainRα ' Rω ' 3 andRb ' 3qh/l ' 3q; we present
results for1 ≤ Rb ≤ 10.

The large value ofl ' 1 kpc associated with the Parker in-
stability makes the ratioRα/Rω larger than for conventional dy-
namos. Therefore, we can expectα2-dynamo effects to be more
pronounced in buoyancy-driven dynamos than in conventional
ones. This may facilitate the generation of nonaxisymmetric
and dipole fields. On the other hand, the larger vertical extent of
the dynamo active region will act to suppress nonaxisymmet-
ric fields, so the existence and persistence of nonaxisymmetric
solutions will depend on details of the model.

The fundamental difference between dynamos based on
magnetic buoyancy and conventional dynamos is that the for-
mer are intrinsically nonlinear and, apart from sufficiently large
Rα and/orRω, they require a sufficiently strong initial fields
for the dynamo instability to occur. This field can be provided
ab initio or generated by a conventional dynamo. We anticipate
that the regimes of weak and strong initial field have distinct
excitation conditions. Some aspects of this issue are explored
in Sect. 4.4.

We consider two types of models. In Sect. 4 we describe and
investigate a local slab model, in the spirit of that described by,
e.g., Ruzmaikin et al. (1988). In Sect. 5 we examine a three-
dimensional dynamo model.

4. A local analysis

The standard local slab approximation (see, e.g., Ruzmaikin et
al. 1988, Sect. VII.5), removes the explicit radial dependence
from the problem by assuming∂/∂r = 0 everywhere, except
in the dependence ofΩ onr. We further consider axisymmetric
solutions, soBr = −∂A/∂z andBz = r−1∂(rA)/∂r, with
A theφ-component of the vector potential, and we continue to
denoteBφ = B. Eq. (7) is now nondimensionalized in terms
of a characteristic lengthh, and a timeh2/η, and we write
B̃ = B/Beq, Ã = A/(RαhBeq). Using expressions (8) and

(9), and dropping the tildes on the dimensionless quantities,
this results in

∂A

∂t
= fα|B|B − Rb

∂A

∂z
|B|fb +

∂2A

∂z2 , (10)

∂B

∂t
= −D

∂A

∂z
− Rb

∂

∂z
(|B|Bfb) +

∂2B

∂z2 . (11)

The standard treatment takesh to be the slab semi-thickness.
We generalize this slightly, in that we takefα = sin(πz/zα)
in 0 ≤ z ≤ zα, and zero elsewhere, thus confining the alpha
effect to the region0 ≤ z ≤ zα in order to investigate the rôle
of a dynamo passive layer in Sect. 4.3. We takefb = z/zb for
z ≤ zb, andfb = 1 for zb < z ≤ 1, where we putzb = zα/2.
Whenzα < 1, the effective dynamo number, based on the size
of the dynamo-active region, isD = z2

αD. With this definition,
the critical (i.e. marginal for excitation) value ofD tends to a
finite value aszα → 0 (see Fig. 3b).

We are mostly interested in fields of even parity, for which
the appropriate boundary condition onz = 0 is A = ∂B/∂z =
0. (We find that even parity fields are much more readily ex-
cited than odd, as in conventionalα2ω-dynamos – Sect. 4.5).
The usual vacuum-like boundary condition onz = 1 is B =
∂A/∂z = 0. However the conditionB = 0 on z = 1 may
be inappropriate to the physical situation discussed here, where
field is being advected away from the disc and out of the slab,
and an alternative condition, such as∂B/∂z = 0 on z = 1,
might be more suitable. In fact, the only effect of settingB = 0
on z = 1 in this slab model is to generate a boundary layer in
whichB → 0, nearz = 1. This boundary layer steepens as|D|
increases. Outside of the boundary layer, the solution is almost
indistinguishable from that found with the boundary condition
∂B/∂z = 0. The value of|D| at which excitation first occurs
is slightly larger when the conditionB = 0 is used onz = 1.

Eqs. (10) and (11) follow from (7), withuB , α ∝ |B|. If we
takeuB , α ∝ −∂|B|/∂z, when∂|B|/∂z < 0 and 0 otherwise
(cf. Thelen 1997), then|B| must be replaced by−∂|B|/∂z in
Eqs. (10) and (11), and we may takefα = fb = 1. We were
unable to find any physically nontrivial solutions in this case.
An exact steady solution of the equations isB = constant and
A = constant. With the boundary conditionB = 0 at z = 1,
this solution is trivial. For∂B/∂z = 0 at z = 1, this solution
hasBr = 0 andB an arbitrary constant. Although we cannot
prove that this solution is unique, modest numerical experimen-
tation did not find any non-trivial solutions. WithuB ∝ |B|,
α ∝ −∂|B|/∂z, we found only steady solutions with such field
distributions whenα differs significantly from zero only in a
boundary layer nearz = 1. Such solutions appear physically
uncompelling and we do not consider them further. Note that
these analytical arguments do not exclude oscillatory solutions
with such a choice ofα anduB . However, as noted, such solu-
tions were not found during the numerical experimentation.

4.1. An approximate solution

Before discussing numerical solutions of Eqs. (10) and (11), we
present their approximate steady state solution for|D| � 1. In



124 D. Moss et al.: Galactic dynamos driven by magnetic buoyancy

the steady state, Eqs. (10) and (11) reduce to

B′′′ − Rb(fbB
2)′′ − RbfbBB′′

+ R2
bfbB(fbB

2)′ + DfαB2 = 0 , (12)

Br = −D−1B′′ + RbD
−1(fbB

2)′ , (13)

where prime denotes differentiation with respect toz. We con-
sider B(0) > 0 here; the caseB(0) < 0 will be discussed
separately.

The steady state is described by a third-order, rather than
fourth-order, equation. This is true also for conventionalαω-
dynamos. One of the four boundary conditions,A(0) = 0, is
a consequence of the relationsB′(0) = 0, fα(0) = 0 and
the steady-state governing equation, so we are left with three
independent boundary conditions (Kvasz et al. 1992).

It can be expected that|B| � 1 when |D| � 1. Assum-
ing that there are no boundary layers (soB′ = O(B)), the
orders of magnitude of the consecutive terms in Eq. (12) are
B, B2, B2, B3 and DB2, respectively. Retaining terms with
the highest powers ofD andB, we obtain the following lowest-
order equation:

R2
bfbB(fbB

2)′ + DfαB2 = 0 (14)

for D � 1. The physical meaning of this approximate solution
is that the steady state is established when buoyant rise of mag-
netic field from the dynamo active region|z| ≤ zα (the first
term) balances the dynamo action (the second term), whereas
magnetic diffusion (B′′′) is less important. Eq. (14) can be eas-
ily solved in terms of the dependent variablefbB

2 to yield the
following solution finite atz = 0:

B = − D

2R2
b

f
−1/2
b

∫ z

0

fα

f
3/2
b

dz′ , (15)

and the corresponding leading term in the asymptotic expansion
for Br is

Br =
Rb

D
(fbB

2)′ = − 1
Rb

fα

fb
B . (16)

We note that iffα ∝ z, then Eq. (15) yields an even-parity
solution without a boundary layer atz = 0 only whenfb ∝ z
asz → 0. More generally,B ∼ z1+m−2n for fb ∝ zn and
fα ∝ zm. Thus,B(0) = 0 for n < (1 + m)/2 andB(0) → ∞
for n > (1 + m)/2. Hence, the choicefα, fb ∝ z for z � 1
is unique if there is to be no boundary layer atz = 0 and if fα

andfb behave similarly atz ≈ 0, i.e.,n = m.
With fb, fα ∝ z for z → 0, the solution (15), (16) for-

tuitously satisfies all boundary conditions,B′(0) = A′(1) =
B′(1) = 0.

For z > zα, zb, Eqs. (15) and (16) yieldB = constant and
Br = 0. It can be shown that this is an exact solution of the com-
plete Eqs. (12) and (13) with the boundary conditionB′(1) = 0
for those values ofz wherefα = 0 andfb = 1. Indeed, consider
a neighbourhood ofz = 1: thenB′ ≈ 0 from the boundary con-
dition, B′′ ≈ 0 from Eq. (13) sinceBr(1) ≡ −A′(1) = 0, and
thenB′′′ = 0 due to Eq. (12). Since all the derivatives entering

Eq. (12) vanish atz = 1, B = constant is the unique solution;
this can be easily proved using the Cauchy-Euler approxima-
tion method for the proof of the existence theorem for ordinary
differential equations (see e.g. Hurewicz, 1958). Our numerical
solutions show that the boundary conditionB(1) = 0 results in
a boundary layer nearz = 1 as|D| increases but the solution
remains close to that forB′(1) = 0 outside the boundary layer.

It can be easily verified that both(A, B) given by Eqs. (15),
(16) and the corresponding(−A,−B) are solutions of Eq. (12)
for D < 0 if fα > 0 at z > 0. For D > 0 there are no
nontrivial solutions since the signs ofB andD in a relation
similar to Eq. (15) do not match forfα > 0. For fα < 0,
nontrivial solutions exist only forD > 0. Explicit expressions
for the solution are given in Appendix A.

Substituting the asymptotic solution (15), (16) into Eq. (12)
and comparing the terms included in Eq. (14) with those ne-
glected, we obtainD � Rb as the condition for the validity of
the asymptotic solution. The solution may be inapplicable for
very smallzα because the termsB′′ ∝ z−1

α andB′′′ ∝ z−2
α are

no longer negligible.
In the following sections we discuss numerical solutions of

the initial-boundary value problem for Eqs. (10) and (11) for
both zα = 1 (a slab surrounded by vacuum) andzα < 1 (a
dynamo active slab within a layer in which the alpha-effect
vanishes).

4.2. Slab surrounded by vacuum

We first took the simplest model, puttingzα = 1, zb = 0.5,
imposing as initial condition an arbitrary seed field given by

B(z) = sinπz , A(z) = z(1 − z) . (17)

We chose a ‘standard’ value ofRb = 1, and variedD. We solved
Eqs. (10) and (11) by a simple time-stepping method, and found
that the field evolved to a steady configuration whenD < Dcr ≈
−(13.0–13.5). Steady solutions were found for larger values of
|D|, although an increasingly fine spatial grid and small time
step were needed as|D| became large. The critical value of the
dynamo number isDcr ≈ −8 for the analogous problem with
a conventional alpha-effect – see e.g. Ruzmaikin et al. (1988,
Sect. VII.5). It is reassuring that the excitation conditions for the
mean-field disc dynamo change so little when different physical
mechanisms leading to the alpha-effect are chosen.

Results are summarized in Table 1, and the dimensionless
field componentsB(z) andBr(z) are plotted in Fig. 1 for the
caseD = −15. Note that transformation to physical units re-
quires thatB is multiplied byBeq, whereasBr must be mul-
tiplied by RαBeq. Thus the ratioBr/Bφ in physical units de-
pends, for a given value ofD, on the relative importance of the
alpha-term and the shear from the differential rotation. Larger
values ofRb, corresponding to increased advection of field away
from the disc plane, not unexpectedly make the dynamo harder
to excite – see Table 1. In Fig. 1 we also show the approximate
solution (with the boundary condition∂B/∂z = 0 at z = 1).
There is a fair agreement between the approximate and numeri-
cal solutions, even for this relatively low value ofD = −15. For
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Fig. 1. The steady-state solutions of Eqs. (10) and (11) for the dimen-
sionless azimuthal and radial field components,B (solid) andBr (bro-
ken). The corresponding approximate solutions, Eqs. (15) and (16), are
shown with dotted lines. Herezα = 2zb = 1, Rb = 1 andD = −15.

Table 1. Steady-state solutions of Eqs. (10) and (11) forzα = 2zb =
1 and the seed field given by (17). The values of the dimensionless
azimuthal and radial field components,B and Br, are given at the
slab midplanez = 0 for various values of the dynamo numberD and
the buoyancy numberRb. These dimensionless values transform to
physical field strengths as specified in Sect. 4.

D B(0) Br(0)

Rb = 1

−13 decays
−13.5 8.5 −11.0

−14 8.8 −11.5
−15 9.6 −12.6
−20 13.4 −18.3
−50 36.9 −54.9

−100 76.2 −117.0

Rb = 5

−40 decays
−41 0.75 −0.15
−42 0.8 −0.17
−50 1.2 −0.27

−100 2.7 −0.73
−200 5.8 −1.70

Rb = 10

−80 decays
−82 0.37 −0.04
−85 0.42 −0.05

−100 0.57 −0.07
−200 1.34 −0.18
−500 3.69 −0.55

larger values of|D|, where the approximate solution is strictly
applicable, the agreement is remarkably good (see also Fig. 3c).

We noticed that this model does display threshold behaviour,
in that if D is fixed at a supercritical value, then excitation only
occurs if the strength of the seed field exceeds a certain value.
We discuss this phenomenon in more detail in Sect. 4.4.

Fig. 2. Dimensionless field componentsB(z) (solid) andBr(z) (bro-
ken) for the one-dimensional model withzα = 2zb = 0.5 andRb = 1.
Upper panel:D = −23 (marginally supercritical solution);lower
panel:D = −50 (strongly supercritical solution).

4.3. Slab surrounded by a passive halo

We next discuss models that simulate the presence of a passive
halo by takingzα < 1. We again used the seed field (17) in all
the calculations reported in this section. We summarize results
from calculations withzα = 0.5, 0.3 and 0.2 in Table 2, with
1 ≤ Rb ≤ 10. The dimensionless field componentsB(z) and
Br(z) for the marginally and substantially supercritical cases
D = −23 and−50 atRb = 1, zα = 0.5, are plotted in Fig. 2.

Comparison of the two panels of Fig. 2 shows clearly the
development of the boundary layer nearz = 1 as|D| increases.
A notable feature of our results is that the radial fieldBr is con-
fined to the region|z| <∼ zα; this can be also seen from Eq. (16).
We illustrate in Fig. 3 how the system responds to variations in
Rb andzα. The spatial distributions ofB andBr do not change
much asD andzα vary, but the field strength increases as|D|
increases orzα decreases, asB(0) ∝ z−1

α , Br(0) ∝ z−1
α , at

fixedD (= z2
αD) andRb with zb = 1

2zα, in remarkable agree-
ment with the approximate solution of Sect. 4.1 and Appendix A
(note thatD, and notD, appears in this Appendix).

|Dcr| increases linearly withRb (Fig. 3a), and the slope in-
creases aszα decreases. WhenRb = 1, |Dcr| decreases mono-
tonically aszα decreases at fixedRb, and reaches the value
Dcr ≈ −3.5(Fig. 3b); it is surprising that Eq. (B2) gives an es-
timateDcr ' −4 that is so close to this value. The detailed
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Table 2. Results for the one-dimensional model with1 ≤ Rb ≤ 10,
zα = 2zb < 1 and seed field (17). The columnsB(0) andBr(0) give
respectively the values ofB andBr atz = 0; D = z2

αD.

D D B(0) Br(0)

zα = 0.5, Rb = 1

−22 −5.5 decays
−22.5 −5.6 4.9 −4.5

−23 −5.8 5.1 −4.8
−50 −12.5 15.5 −19.8

−100 −25.0 34.5 −48.5
−200 −50.0 73.8 −110.0

zα = 0.5, Rb = 3

−55 −13.8 decays
−57 −14.3 1.0 −0.2
−60 −15.0 1.2 −0.3

−200 −50.0 7.2 −3.2

zα = 0.5, Rb = 5

−90 −22.5 decays
−95 −23.8 0.6 −0.08

−100 −25.0 0.7 −0.11
−120 −30.0 1.1 −0.22
−200 −50.0 2.4 −0.58

zα = 0.5, Rb = 7

−130 −32.5 decays
−135 −33.8 0.46 −0.05
−150 −37.5 0.63 −0.08
−200 −50.0 1.06 −0.16

zα = 0.5, Rb = 10

−185 −43.8 decays
−190 −47.5 0.30 −0.02
−200 −50.0 0.37 −0.03
−500 −125.0 1.55 −0.20

zα = 0.3, Rb = 1

−45 −4.05 decays
−46 −4.14 3.5 −1.9
−50 −4.5 4.8 −3.2

−100 −9.0 17.2 −20.4
−556 −50.0 123.0 −183.0

zα = 0.2, Rb = 1

−90 −3.6 decays
−93 −3.7 2.9 −0.9

−100 −4.0 4.8 −2.3
−250 −10.0 29.5 −36.0
−500 −20.0 66.9 −91.7

−1250 −50.0 184.0 −275.0

zα = 0.2, Rb = 5

−900 −36.0 decays
−950 −38.0 0.36 −0.014

−1000 −40.0 0.48 −0.023
−2000 −80.0 2.19 −0.250

Fig. 3a–c.The one-dimensional model:a the variation ofDcr with
Rb for zα = 0.5 (solid) andzα = 0.2 (broken), from the numerical
solutions;b the variation ofDcr with zα when Rb = 1, from the
numerical solutions;c B (solid) andBr (broken) atz = 0 as functions
of zα for D = −50, Rb = 1 from the approximate solution of Sect. 4.1
and from the numerical results (circles). In all caseszα = 2zb.

dependence ofDcr on zα is more complicated for other values
of Rb (see Fig. 3a and Table 2).

4.4. Threshold effects

The marginal dynamo number for the buoyant dynamo is not
uniquely defined, as it depends on the strength and geometry of
the seed field. Our investigations have all taken the same, arbi-
trary, seed field. We did note that if the value ofD is appreciably
greater than theDcr value of about−13.5 for Rb = 1 indicated
by Table 1, even a massive increase in the seed field strength
does not give rise to a nontrivial steady solution.
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Fig. 4. The variation of the critical dynamo number as the strength of
the seed field is altered for the one-dimensional model withRb = 1
andzα = 2zb = 0.5; g0 controls the seed field strength – see Sect. 4.4.

In order to investigate the threshold nature of our model
more thoroughly, it is necessary to be a little more careful and
systematic in the choice of the seed field. The problem is that
a seed field of arbitrary spatial form contains only a relatively
small projection onto the growing or steady solution. Note that
we cannot cast our discussion in terms of eigensolutions in this
essentially nonlinear problem. It can be expected that, if such a
seed field is to have a projection large enough for excitation at
small values of|D|, then its overall magnitude must be much
greater. This results in the presence initially of large nonlinear
terms in Eqs. (10) and (11), which cause numerical problems.

Thus, for the calculations discussed in this section, we chose
a seed field whose form is close to that of a growing solution.
We investigated the casezα = 0.5, Rb = 1, and took the seed
to be approximately the steady solution at marginal excitation,
multiplied by an arbitrary scale factor,g0 say. The results ob-
tained forDcr asg0 varies are shown in Fig. 4. We see that for
g0 <∼ 0.1 there is a distinct threshold effect, withDcr ∝∼g

−1/2
0 .

For g0 >∼ 1 the threshold effect is absent, andDcr is almost
independent ofg0, ie the excitation criterion is approximately
independent of the seed field strength, if it is strong enough.
In the first case, with a weak seed field there is an initial stage
of field amplification by differential rotation, before dynamo
action begins, whereas for largeg0, the dynamo is launched im-
mediately. Qualitative arguments to understand this behaviour
are given in Appendix B.

We show in Fig. 5 the behaviour ofB at a point near to
z = 0 with time wheng0 = 10−3. There is an initial quasi-linear
growth, followed by a superexponential phase and eventual sat-
uration. We return to this briefly in Sect. 6 and Appendix B.

4.5. Other calculations

We performed calculations over the range−1 ≤ z ≤ 1, remov-
ing the restriction to a predetermined field parity (quadrupo-
lar/even in the above), starting with a seed field that contained
components with both odd (dipolar) and even (quadrupolar)
symmetry with respect toz = 0. For the range of supercrit-
ical dynamo numbers investigated, the field evolved rapidly
to an even parity state, corresponding to the solutions de-

Fig. 5. The dependence of azimuthal fieldB at z = 0.02 on time, for
the one-dimensional model withzα = 2zb = 0.5, Rb = 1, g0 = 10−3

andD = −230.

scribed above. This is consistent with results from calculations
in 0 ≤ z ≤ 1, with boundary conditions∂A/∂z = B = 0 on
z = 0 appropriate to a purely odd parity field, where dynamo
excitation only occurred at much larger values of|D| than for
the even parity solution.

We also experimented with a buoyant velocity of magnitude
proportional toB2. Unsurprisingly, the action of the buoyancy
in limiting the field at finite amplitude was now much stronger.
Our limited results strongly suggest that the overall conclusions
are relatively little altered by this modification.

Another modification was to makeα anduB proportional to
the total horizontal field strength, rather than toB. In terms of
the dimensionless quantities, we putα, uB ∝ (R2

αB2
r +B2)1/2

with Rα = 2 and used the seed field (17). The nature of our
results was little altered. For example, whenRb = 1, zα =
2zb = 0.5, we found that the critical dynamo number changed
insignificantly to−22 < Dcr < −21, and that the solutions
for D = −23 and−50 quite closely resembled those shown in
Fig. 2.

5. A three-dimensional dynamo model

The mean-field dynamo equation (7) is now solved in cylin-
drical polar coordinates(r, φ, z) using the three dimensional
mean field dynamo code described by Moss (1997). Guided by
previous experience, and the results of Sect. 4.5, that quadrupo-
lar fields are much more easily excited than dipolar, we solved
Eq. (7) only in the regionz ≥ 0, using boundary conditions on
z = 0 that impose quadrupolar parity on the solution. The code
was modified to include a ‘buoyant alpha’ effect as in Eq. (8) and
a buoyant velocity as in Eq. (9), much as described in Sect. 4,
except that now we fully include the alpha-effect terms, and do
not make theαω approximation. The diffusivity is assumed to
depend onz, with

η = η0 ×
{

η1 , z ≤ zη ,
1 , z ≥ 2zη ,

(18)
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with a smooth transition inzη < z < 2zη. The geometrical
factors are taken asfα = f1α(z)f2α(r) with

f1α =
{

sin (πz/zα) , z ≤ zα ,
0 , z > zα ,

f2α =
{

1 , r ≤ 0.8R ,
(R − r)/0.2R , r > 0.8R ,

and

fb =
{

z/zb , z ≤ zb ,
1 , z > zb .

Usually, zα = zb = 0.12R, zη = 0.15R, and valuesη0 =
6 × 1026 cm2 s−1, η1 = 1

3 were adopted, giving a disc plane
value of η = 2 × 1026 cm2 s−1; hereR is the radius of the
computational grid (nominal galactic radius). We used a Brandt
rotation law,

Ω =
Ω0

[1 + (r/rω)2]1/2 ,

with rω = 0.2R.
We scale by measuring lengths in units ofR and time in

units of R2/η0. Henceforth all units are dimensionless, un-
less explicitly stated otherwise. The governing parameters of
the problem are thusCω = Ω0R

2/η0, Cα = α0R/η0 and
Cb = qvtR/η0. These parameters are similar toRω, Rα and
Rb defined in Sect. 4, but defined in terms of a different scale
length,R. In order to compare the three-dimensional solutions
with the one-dimensional ones presented in Sect. 4, note that
Rω = Cω(h/R)2η−1

1 d(ln Ω)/d ln r, Rα = Cαη−1
1 h/R, and

Rb = Cbη
−1
1 h/R.

Eq. (7) is solved on aNr ×Nφ ×Nz grid, covering0 ≤ r ≤
1, 0 ≤ φ < 2π, 0 ≤ z ≤ zm. We adoptedCω = 5 × 103, and
investigated a range of values ofCα andCb.

On z = 0, boundary conditionsBz = 0, ∂Br/∂z =
∂Bφ/∂z = 0 are imposed, selecting solutions with quadrupolar
parity. On the other boundaries there is some freedom of choice.
We use rather arbitrary open conditions onz = zm, consistent
with Br andBφ going to zero at least as fast as a vacuum field.
On r = 1, we assume that∂(rBr)/∂r = Bφ = 0. Previous
experience with the code has shown that the solutions over the
bulk of the computational volume are insensitive to the exact
choice of these boundary conditions.

Preliminary calculations established that for steady solu-
tions to be found,zm had to be ‘large enough’ – in practice,
zm >∼ 0.4–0.5. The influence of the choice ofzm is discussed
further in Sect. 5.1. We also verified that whenCα = 0, solu-
tions with decaying fields are obtained at large times, i.e. there
is no spurious field amplification caused, for example, by the
open boundary conditions. We found thatNr = 31, Nφ = 21
and, withzm = 0.6, Nz = 31 gave adequate resolution. Al-
though the code allowed the possibility of nonaxisymmetry, we
only studied axisymmetric solutions.

5.1. The three-dimensional solutions

We made exploratory calculations, takingzm = 0.6, with sev-
eral values ofCb in the range 5–20. Starting from a finite ampli-

Fig. 6.Br (solid),Bφ (long-dashed) andBz (short-dashed) as functions
of z atr ≈ 0.5 for Cα = 2, Cb = 10, Cω = 5×103, zα = zb = 0.12
andzm = 0.6. The signs of all the field components are the reverse
of those in the one-dimensional solutions discussed above; this has no
physical significance.

tude seed field, containingm = 0 andm = 1 components, we
found axisymmetric, steady dynamo solutions for only a limited
rangeCα1 ≤ Cα ≤ Cα2. ForCα < Cα1, only decaying solu-
tions were found although, as in the one-dimensional model of
Sect. 4.2, the range ofCα values could probably have been ex-
tended to lower values with a larger seed field. ForCα > Cα2,
the solutions were not limited at finite amplitude, but eventually
entered a phase where the fields grew without limit. When the
spatial resolution was increased,Cα1 was little altered, butCα2
did increase somewhat. Thus it is unclear whether the upper
limit, Cα2, at which steady solutions are found, is a real prop-
erty of our model, or due to limitations of the numerical model.
(For Cb = 10, we foundCα1 ' 1, Cα2 ' 5, and the value of
each of these limits increases withCb.)

The unlimited field growth is undoubtedly an artefact of
our simplified model, and it should not occur in more realistic
models. We note that, in order to avoid a similar problem, Bran-
denburg et al. (1998) adopt a form foruB that grows withB
faster thanα. Furthermore,α cannot grow without bound asB
increases since its guaranteed upper limit is the speed of sound;
this can also prevent runaway solutions.

The most noteworthy property of these models is the strong
advection of azimuthal field into the halo, whilst the radial field
is largely confined to the regionz <∼ zα. In Fig. 6 we plotBr,
Bφ andBz as functions ofz in the steady state at radiusr ≈ 0.5,
for Cb = 10 andCα = 2.

The other aspects of our solutions are quite similar to those of
conventional mean-field dynamo models. We present in Fig. 7
vector plots of the magnetic field in the disc plane, and in a
meridian plane for a typical solution. (Note that in the latter
figure, the circular plotting domain is an artefact of the graph-
ics routine: the computations were performed in a cylindrical
domain.)
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Fig. 7. Magnetic field vectors forCα = 2, Cb = 10, Cω = 5 × 103,
zm = 1. Upper panel:the horizontal component in the disc plane;
lower panel:the poloidal component in a meridian plane.

We also investigated the effects of moving the boundary
z = zm, from zm = 0.6 to zm = 1.0. For this test we kept
the same values ofNr andNφ, and the same effective spatial
resolution in thez-direction, so we increasedNz by a factor 5/3.
The solutions withzm = 1.0 were found to differ negligibly
from those withzm = 0.6 in that the fields inz < 0.6 were
almost unaltered by this change.

6. Discussion

Many features of the solutions presented here resemble quite
closely those of conventional galactic mean-field dynamo equa-
tions. In particular, the preferred magnetic field is of even parity,
horizontal and non-oscillatory. Moreover, a negative dynamo

number is required for the excitation of this field. (We have
not considered here oscillatory and odd-parity solutions ana-
lytically, nor discovered numerically any oscillatory solutions.)
We envisage the buoyant dynamo possibly being a continua-
tion, in a strong field regime, of conventional mean-field dy-
namo action at earlier stages. Even simultaneous action of the
two mechanisms may be possible. The buoyant dynamo needs
a seed whose scale is comparable with that of the normal modes
of the Parker instability. Therefore, in contrast to a conventional
mean-field dynamo, a small-scale field cannot be a seed for the
buoyant dynamo. A suitable large-scale field may be provided
by a standard mean-field dynamo.

Nevertheless, some features of the buoyant dynamo dis-
cussed here are very different from those of conventional mod-
els. One such feature is not unexpected: the azimuthal field is
not confined to a relatively thin disc, but pervades the halo re-
gion. This feature appears slightly more weakly in the three-
dimensional model than in the one-dimensional (withzα < 1).
However, in each case the radial field is quite strongly confined
to a narrower disc region. It may be that our models overestimate
the r̂ole of the buoyant velocity far above the disc (see the dis-
cussion at the end of Sect. 2). It can be expected that additional
downward flows will also be present in this region, associated
with galactic fountains. Some associated effects were discussed
by Brandenburg et al. (1995).

Another difference is that in our buoyant dynamos the
magnetic field has larger pitch anglesp = arctanBr/Bφ

(here Br and Bφ are dimensional) than found in the stan-
dard mean-field models. For the three-dimensional model with
Cα = 2, Cb = 10, p typically is in the range−(20◦–30◦).
The one-dimensional model yields the following estimate for
the pitch angle atz = 0 from Eqs. (15) and (16) (see also Ap-
pendix A; note thatfα/fb → π for z → 0):

p = arctan
RαBr

B
' − arctan

πRα

Rb
, (19)

whereRα = Rα/zα andRb = Rb/zb are the effective dimen-
sionless numbers defined by analogy withD; dimensionless
field components are used in the first equality. Takingzα = zb

andRα/Rb = Cα/Cb = 0.2 as in Figs. 6 and 7, we obtain
p ' −30◦ in accordance with numerical results in three dimen-
sions. Still for the nominal valuesRα = 3 andRb = 1–10 esti-
mated in Sect. 3, we obtain unrealistically large values ofp (for
the smaller values ofRb) as compared with the observed values
−(10◦–40◦) (Beck et al. 1996). However, if a passive halo is
present whereuB /= 0 butα = 0, then the pitch angle is much
reduced there because the azimuthal field is still strong, but
Br ≈ 0. When such a system is observed in synchrotron emis-
sion, the average pitch angle will be about〈tan p〉 ' zα tan p
with zα ' 0.5, in better agreement with observations.

A novel feature of our buoyant dynamos is that they can
have an intermediate regime with superexponential growth, cor-
responding to the solutionB ∝ (t − t0)−1 of the equation
∂B/∂t = α(B)B with α(B) = B – see Fig. 5. This may be
relevant to explaining strong magnetic fields in young galaxies
(Beck et al. 1996). In our models, this explosive growth is even-
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tually halted by magnetic buoyancy or becauseα eventually
becomes independent of the Alfvén speed.

7. Conclusions

We have demonstrated that an intrinsically nonlinear mean-field
galactic dynamo with an alpha-effect associated with the Parker
instability in the disc, and quenched by an associated buoyancy,
can have steady solutions in the parameter range typical of spiral
galaxies. The preferred field is non-oscillatory and has an even
parity with respect to the midplane. In the one-dimensional ‘lo-
cal slab’ models of Sect. 4, saturation seems to occur for any
supercritical parameters (i.e. when the seed field strength and
modulus of the dynamo number|D| are large enough). In con-
trast, in the three-dimensional model of Sect. 5, it is unclear
whether saturation can occur whenCα exceeds a certain value,
for a given value ofCb.

Galactic dynamo mechanisms of this sort have been dis-
cussed by a number of authors, beginning with Parker (1992),
and including Hanasz & Lesch (1998). However, to our knowl-
edge, this is the first time that such a mechanism has been in-
cluded in a complete galactic dynamo model. As mentioned in
the Introduction, the concept avoids the objection raised to the
standard mean field dynamo theory, that the growth of small
scale field will suppress the conventional alpha-effect before
the large scale field strength can approach equipartition values.
The major difference in the fields calculated compared with
those of earlier models, is the marked advection of field into the
halo. In this, there are similarities to the calculations of Bran-
denburg et al. (1993), where a quasi-radial galactic wind was
assumed. However, there the poloidal field was extended radi-
ally, whereas in the present case the field in the halo is almost
purely azimuthal.

We realize that our models are very simple, and that we could
have introduced modifications to make them arguably more re-
alistic. However, in this investigation, we have contented our-
selves with an examination of the basic properties of buoyancy
driven galactic dynamos.
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Appendix A: an explicit form
of the approximate steady state solution

Forfα andfb given, as in Sect. 4, by

fα =
{

sin(πz/zα) , |z| ≤ zα ,
0 , |z| > zα ,

fb =
{

z/zb , |z| ≤ zb ,
1 , |z| > zb ,

wherezb � zα are certain constants, Eq. (15) can be integrated
as (with only leading terms inzb/zα retained)

B ≈ −π
D

R2
b

z2
b

zα

×




1 , z ≤ zb ,

1 +
[
1 − cos

πz

zα

]
z2
α

2π2z2
b

, zb < z ≤ zα ,

1 +
z2
α

π2z2
b

, zα < z ≤ 1 ,

Br ≈ π2 D

R3
b

z3
b

z2
α

×




1 , z ≤ zb ,
zα

π

[
1 +

z2
α (1 − cos πz/zα)

2π2z2
b

]
sin

πz

zα
, zb < z ≤ zα ,

0 , zα < z ≤ 1 .

Appendix B: the marginal dynamo number

The approximate steady-state solution developed in Sect. 4.1
cannot be used to estimate the marginal dynamo number. Here
we obtain a very crude approximation which demonstrates the
connection between the critical dynamo number and the initial
magnetic field. Let us replace∂/∂z by 1/L and ∂2/∂z2 by
−1/L2 in Eqs. (10) and (11), whereL is some characteristic
scale. With such a simplistic approach, we replacefb andfα by
unity. Consider the marginal case∂B/∂t = 0 with B > 0 (we
recall thatB denotes the azimuthal field component). We deal
with the result as with a system of linear equations forA and
B, albeit with its coefficients as functions ofB. This yields the
following ‘dispersion relation’:

DcrB + L−1(RbB + L−1)2 = 0 . (B1)

First assume that the initial magnetic field is weak,B �
(RbL)−1. Then

Dcr ∝ B−1 .

Here the marginal strength of the magnetic field at which the
buoyant dynamo is launched differs from the seed field because
the latter can be amplified by differential rotation prior to the
start of the dynamo action. This intermediate regime withB
growing linearly in time can be seen in one-dimensional sim-
ulations discussed in Sect. 4, see also Fig. 5. Thus, we have
B ' RωB0t, whereB0 is the seed field. ReplacingRω by
Dcr/Rα cr, we have

Dcr ∝ B
−1/2
0

as obtained in the numerical solutions of Sect. 4.4, withB0
replaced byg0, for a weak seed field (note thatDcr < 0).

The other solution of Eq. (B1),B = O(DR−2
b ), obtained

for RbB � 1, is the steady-state solution (15). If the seed field
is stronger than this, it decays until it reaches this steady state.

Consider now a seed field of intermediate strength,B =
O(DR−2

b ); then the dynamo can operate in an optimal regime
where the field growth timeτB is minimum. The growth time can
be estimated from a similar ‘dispersion relation’ for Eqs. (10)
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and (11) by replacing∂/∂t by 1/τB , ∂/∂z by 1/L and∂2/∂z2

by −1/L2 as

τ−1
B ' (−DBL−1)1/2 − RbBL−1 − L−2 ,

so that the minimum value ofτB is τ−1
min ' − 1

4DR−1
b − L−2.

The marginal effective dynamo number then follows from
τ−1
min = 0 as

Dcr ' −4Rb , (B2)

where we have takenL = zα. This agrees (rather remarkably
well!) with the results of Sect. 4.4 (see Figs. 3a,b), at least if
Rb = 1 (the only case that we investigated in sufficient detail).
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Scḧussler M., 1993, In: Krause F., Rädler K.-H., R̈udiger G.R. (eds.)
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