Astron. Astrophys. 343, 788-800 (1999) ASTRONOMY
AND
ASTROPHYSICS

An analysis of 900 optical rotation curves:
the universal rotation curve as a power-law and the development
of a theory-independent dark-matter modeller

D.F. Roscoe
School of Mathematics, Sheffield University, Sheffield, S3 7RH, UK (e-mail: D.Roscoe@ac.shef.uk)

Received 26 June 1998 / Accepted 27 October 1998

Abstract. One of the largest], rotation curve data bases ofl. Introduction
spiral galaxies currently available is that provided by Persic Ic%

Salucci, hereafter PS 1995, which has been derived by thgn?ats irt])egnr(;(ré?\_/rvhfor:nsi\j/e:]alryef::\rf RBflgfl' eﬁﬁmtple,ti RT?'”’
from unreduced rotation curve data of 965 southern sky s',:%g Stein, Fo onnard, nereafte - (hat optical ro-

rals obtained by Mathewson, Ford & Buchhorn, hereafter M { gosneﬁgévt?];thwﬁna; Strﬁ/g%'{ﬂ%?tirg?én?:albéalll;rsng‘r?;gv:
1992. Of the original sample of 965 galaxies, the observatio]ns ' y 9 P 9 y

on 900 were considered by PS 1995 to be good enough for rq om the innermost part of the rotation curve, high luminosity

. . h . laxies have almost flat rotation curves, whilst low luminosit
tion curve studies, and the present analysis concerns itself %axies have more ‘rounded and rising’ rotation CUrves y
these 900 rotation curves. 9 9 )

The analysis is performed within the context of the baSlﬁ Eg;l\\//veeve?r:,rgrt];ltli(r)icsglrt\l/i?(Iilnsélr;dallii;;;hde ﬁgg:llat;?;i ex:zt
hypothesis that the phenomenology of rotation curves in e . . g 9 y prop
. . . . erties have necessarily been confined to relatively small samples
optical disc (that is, away from the dynamical effects of thé . .
. . . of rotation curves, and have therefore been subject to the corre-
bulge) can be systematically described in terms of a genera

: - o ) _ ~ = sponding uncertainties. This problem has been rectified by the
gﬁvﬁrﬁﬁ\gg (; tﬁftrér\:giltlii;o:ajziuz :; ”&l;’é’evxh;:figgésma&%blication of 900 good quality rotation curves by PS 1995. A
g Irst analysis of this data was given by Persic et al (1996), here-

and disc-dominated dynamics. The analysis begins by Show”]"?er PSS, in which they concluded that there exists a ‘universal

. . — a

how this model provi n extremel ription of the, . . . o ) . .
0 s model provides an extremely good description o tretatlon curve’ for spiral galaxies which is determined primarily

v the total luminosity of the galaxy concerned, and the essence

generic behaviour of rotation curves in the optical disc an
furthermore, how it imposes very detailed correlations betwe . o . .

the free parameters} anda, of the model. of this concluspn is confllrmed here. The presgnt analysis of

These correlations are investigated, and shown to impﬁhe same data differs crucially from that o'f RSS in that an early

Oé_C|S|on was taken to analyse the data within the context of the

ypothesis that rotation curves in the optical disc (that is, away

via first and second-order models, a third-order model acco
ing to which the rotation velocity’, at any radial displace- from the dynamical effects of the bulge) could be reasonably

ment in the optical disc of any given spiral galaxy is given b . A - o
V/Vo = (R/Ro)®, whereRy > Romin, andV, are given as a/escnbed by a generalized power la,; = A R*, where

: ; ; : R, > Rpn and R,,;, represents an estimate of the transi-
approximate functions of the galaxy's absolute magnitude a{i]gn radius from bulge-dominated to disc-dominated dynamics.

surface brightness whilst is an unidentified function of other his decision, which was motivated by arguments which are in-

alaxy parameters - of which the most significant ones will . .
ge th)e/ Felative proportions of the disc bulge and halo masge_pendent of the matters at hand, could easily have resulted in

components. It is this latter function which provides the Oppert_alatwe failure in the sense of providing no particular insights

tunity for a dark-matter modelling process which is independe'{ﬂ]{o rotation curve structure. In. cht, the opposite happened and
it was found that the hypothesis imposes extremely strong cor-

of any particular dynamical theory. ) ! . . L9
yp y y E)elatmns between rotation curve kinematics, total luminosities

Furthermore, it is shown that the conclusion of PS 198 ) e : ' .
. . . . . ..ahd surface brightnesses, thereby giving a detailed confirmation
that optical-disc dynamics contain no signature of the transiti cr)1the eneral thrust of the PS studies. and a strona confirmation
from disc-dominated dynamics to halo-dominated dynamics, is 9 u ucies, 9 ! !

: . 't0 the particular idea of the universal rotation curve.
extremely strongly supported by this analysis. . . . . o
Y gly supp Y Y In detail, the primary conclusion of this analysis is that the

Key words: galaxies: fundamental parameters — galaxies: kinreqtatlon curve in th_e optical disc of any given spiral galaxy
. : h ) ith absolute magnitud&/ and surface brightness behaves
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according to 2. The data
o The data given by PS is obtained from the tdw data of MFB
4 — (R) 7 (1) by deprojection, folding and cosmological redshift correction.
Vo Ry For any given galaxy, the data is presented in the form of esti-
logVh ~ —0.584 — 0.133 M — 0.000243 S, mated rotational velocities plotted against angular displacement
log Ry ~ —3.291 — 0.208 M — 0.00292 S, from the galaxy’s centre; estimated linear scales are not given
a =~ g(dm, b, hm), and no data-smoothing is performed.

The analysis proposed here requires the linear scales of the
galaxies in the sample to be defined which, in turn, requires

whereg(dn, b, hyn)is some undetermined function for whichjyisiance estimates of the sample galaxies from our own locality.
the mostsignificant parameters are probably the disc-mia9s ( s information is given in the original MFB paper in the form

bulge-massi,,) and halo-massi;) respectively. Since this ¢ yhree variations of the Tully-Fisher, hereafter TF, distance

model is shown to account for over 90% of the variation in ﬂl,?stimate say TF1, TF2 and TF3. TF1 is derived by using the
pivotal diagra”"! (equivalent to a regression correlation of O'QQF relation for Fornax obtained from magnitude data; TF2 is the
it can be considered as, at the very least, an extremely gqﬁglmquist-bias corrected form of TF1 giving TF2=1,08F1

approximation to the statistical reality, as judged for a largg; 4 galaxies; TF3 is obtained by using the TF relation for

number of spiral discs. ) ) Fornax obtained from rotation curve data. The current analysis
The best model that can be given for the undetermined €xy,,caq upon TF3.

ponent,a, in terms of the data provided by P? 1995 is that 56 3 gives the morphological type-distribution in the PS

a = 2.56+0.105 M, which accounts for over 29% of the vari-jgg5 jata base, and shows that the great majority of the se-

ation in the(«, M) plot (equivalent to a regression correlatloqbcted galaxies are of types 3,4,5 and 6, with only two examples

of 0.55). We see immediately from this model that high lumys¢ types 0,1,2 and a tail of 31 examples of types 7,8,9. For the

nosity galaxies are the ones which possess the flattest rOtaBHPposes of the following analysis, no distinction is made be-

curves, whilst the low luminosity galaxies are the ones whigfyeen type classes, and so the whole sample of 900 rotation
possess the ‘rounded and rising’ rotation curves - thereby Cfiyyes is used. However, the results of this analysis remain un-
firming the RBFT result for a very large sample. changed, except in the numerical details, when it is repeated on

Afurther, and very significant, consequence ofthe successd% of the subsets consisting of types, {4, 5} or {6}.
(l) is its |mp||6d confirmation of the PS 1986 result that Optical The details of the data-reduction used in these analyses are

discs appear to contain no signature of the transition from di iven in Appendix B and, briefly, they amount tpaor-decided

dominated dynamics to halo-dominated dynamics. PS reachigdl, s of minimizing the effect of the bulge on the rotation-curve
this conclusion after an analysis of 42 rotation curves showed %culations

near-constancy, over the whole of each optical rotation curve,
of the parameteV” = (2 — K/2)R, for angular velocity2 and N _
epicyclic frequencyK. The connection between this result o- A necessary condition for the power-law hypothesis

PS and the present perspective is discussed in Appendix A.g,nnose the power-law hypothesis of (1) to be true: in this case,
~ Further evidence supporting the apparent absence of apy excepting for the inevitable high level of noise, a plot of any
kinematical transition region in the optical disc arises througﬁ,en rotation curve in thélog R, log V) plane would lie on a
the discovery of very strong correlation betwdes; andRmin,  straight line. Since the rotation curves are not identical then, for
Whel’eRmm isa theory-lndt_apendent estimate O_f the transitiqe 9o rotation curves, we would obtain 900 distinct straight-
region between bulge-dominated and disc-dominated dynamjigg piots in the(log R, log V) plane. In the following, we show
(see Appendix B). The existence of such a correlation impliegy; in this case, the mean plot of the 900 separate plots must
causal connection betwed,;, andR,,; which, again, argues 454 pe a straight line: For a givéng R, the corresponding

against the existence of sharply delineated transition regiqgs y, yajye for each of the 900 rotation curves would be given
between disc-dominated and halo-dominated dynamics. |,

Finally, and of potentially greatest significance, it is to be
noted that halo-mass only enters the system through the unde-V, = ax + by log R, k = 1..900.
termined functiony; this fact provides the possibility of a dark- ] ) )
matter modelling process which is independent of any particg¥Mming overk, and forming the mean response, we find
lar dynamical theory. Specifically, since, for any given gaqux,lean (logV) = A+ B log R,
reasonable estimates fdy, andb,, can be obtained, then it
becomes possible to modelin terms of these two quantities.so that, as stated, the mean plot is also a straight line. It follows
Analysis of any systematic differences arising betwesafalues that a necessary condition for optical rotation curve data to be
calculated from the rotation curves, and the modelledilues, described by a power law is that the mean plot of all the rota-
will then, in principle, allow systematic estimates of any givetion curves in thélog R, log V') plane must be a (statistically)
galaxy’s dark-matter content to be given in terms of the galaxystraight line. So, the strategy of the initial analysis is described
disc-mass, bulge-mass and surface brightness. as follows:
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Type 0..9 Spirals; Average Over Raw Data

25 . i i . . Table 1. Ropt = bo + b1 Rmin. Before data reduction
24 1 Predictor Coeff StdDev trato p
Const. 7.25 0.13 57 0.00
23 1 Rmin 1.62 0.11 14 0.00
~ R?=19.2%
S22r i
e
-
§2_1 L | Table 2. Ropt = bo + b1 Rmin. After data reduction
al | Predictor Coeff StdDev t-ratio p
Const. 5.73 0.14 41 0.00
19f 1 Rmin 1.64 0.07 24 0.00
R? = 38.6%
o ) 1 1 1 L L
8 0.2 04 06 08 1 12 14
Log(R)
Table 3.

Fig. 1. Mean of 900 individual rotation curves

Galaxy type Sample size

— Reduce all the data in the combined sample of 900 rotatign 2 2
curves to a uniform linear scale based on TF3; 3 306

— Superimpose all the data of the combined sample into4® 177
single data set; 6 384

— Divide the data set into bins subject to some convenieh8.9 31

criteria. For present purposes, the bin-width was chosen as
0.057kpc subject to the constraint that each bin contained

at least 200 data points. In practice, the average per binyiSen rotation curve according to how statistically ‘unusual’

about 800 data points. . . _ those points are in relation to the rest of the data, and its effects
— Form the average of the data in each bin and plot it. are described below in Figs. 2 and 3 and in Tables 1 and 2.

The rationale is simply that, if the power law hypothesis is cor- Fig. 2 plots the measurefi,,;, against the measure, ,;

rect, then the internal noise on the data for the 900 separ@@doreany data reduction is performed, whilst Fig. 3 plots the
rotation curves should largely cancel out over the averagifiglculatedr,,;, arising from the data reduction process against
process. The result is plotted in Fig. 1 — and it is to be empHie measure®,,. It is clear from these diagrams that the data
sized that this plot does not represent a physical rotation curfgduction process reveals a fairly strong correlation between
but is merely a convenient graphic tool designed to illustrate/anin @ndRop:. The change between the two diagrams is quan-
statistical point. The only discernible sense of any possible syified in Tables 1 and 2. It is surprising to note that Table 1
tematic deviation from a purely linear behaviour occurs in tiféearly shows thak,,,;,, in theunreducediata is already a very
innermost part of the plot; apart from this, the figure providedgnificant (if very noisy) predictor foR,,,. However, after the
solid support for the idea that a general power law is, at the vélgta reduction process, both the significance and the reliability
least, a good working approximation £, rotation curve data, ©f 2min @s a predictor fof?,,, increase considerably.

and provides the necessary rationale for the basic analysis of!f we consider the post data-reduction valuesitf;, as
this paper. strong predictors of bulge-radius (which is reasonable), then the

strong post data-reduction correlation betwégyy,, and R,

can be seenasacorrelation between bulge radius and optical disc
radius. The fact that a significant correlation betw&ep,, and

R, already existed prior to the data reduction can then be inter-
Before beginning the analysis proper, we note that the apparprdted to indicate that the pre data-reductity;,, values were
deviation from linear behaviour onthe innermost part of the rotalready significant (if very noisy) predictors of bulge-radius.
tion curve, noted in the previous section, is easily understood in There is a further significant implication of the strong post
terms of the transition from bulge-dominated to disc-dominateta-reduction correlation betwefy,;,, andR,,.: the correla-
dynamics. In this section, we describe the effect of implemenisn implies a strong causal connection between the two values
ing the data-reduction process described in Appendix B whichagich, in turn, implies that any effect the halo has By}, is
designed to minimize the effects of bulge-dominated dynamicscessarily balanced by a corresponding effect of the halo on
in the present considerations. In effect, this process is a numgy;;,,. In particular, the correlation is inconsistent with the ex-
ical process which removes the innermost data points on astence of any strong transition region between disc-dominated

4. The minimization of bulge-dominated dynamics
in rotation curve data



D.F. Roscoe: An analysis of 900 optical rotation curves 791
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Fig. 2. Before data reduction Fig. 4. (a, log A) plotted for each of 900 rotation curves

After Data Reduction Process

The only obvious deviations from what could be called an almost
perfect linear correlation are, firstly, a slight hint of curvature
along the lower boundary of the distribution and, secondly, the
fan-like behaviour of the diagram going from a broad spread of
points at the bottom right-hand of the figure to a narrow neck at
the top left-hand of the figure.

Inthe following sections, we show that the structure of Fig. 4
orders the galaxies in the sample according to their absolute
magnitude and surface brightness properties.

Inner Transition Radius

6. The first-order 70% model

6.1. The basic analysis

The first-order model simply assumes that thelog A) rela-
tionship underlying Fig. 4 is linear, so that

° Optical Radius 10 ' log A =ag + boa, 2

Fig. 3. After data reduction whereay andby are constants, and linear regression shows that
this model can account for 70% of the variation (equivalent to

and halo-dominated dynamics in the opticakdia conclusion aregression correlation coefficient of 0.84) in Fig. 4.

already reached by PS 1986, and others and clear from Fig. 1.
6.2. Geometric implications

5. A basic correlation imposed It is easily shown that when the parametdps., c), of a set
by power-law rotation curves of linesy = max + ¢ in the (z,y)-plane are constrained to
In the following, itis shown that an extremely strong correlatioptiS’y ¢ = vo — zom, for constantg(zo, yo), then the lines
exists between the power-law parameters over the whole P&MSelves are constrained to meet at the fixed pointo) in
sample, and the correlation is detected in the following Way:t,he plane. Co,”seq“e”t'y; In t'he present con'text, the first-order
linear approximation (2) implies that all rotation curves,
— The basic assumption is that rotation velocities behave

as
V = AR® so thatiog V = log A + a log R; log V= log A+ alog I, 3

— For each of the 900 rotation curves in the sample, regreées which log A anda are related by (2), intersect at the fixed
log V onlog R to obtain estimates dbg A and«; point (—bg, ag) in the (log R,log V') plane. If this fixed point

— Plot the 900 pair$« , log A) on a single diagram. is denoted aglog Ry, log V;), then (2) is more transparently

The results of this exercise are shown in Fig. 4, and shows dhafien as

there exists an extremely strong negatiwelog A) correlation. log A = log Vi — alog Ry 4)
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Intersection of Rotation Curves For Types 0..9 Spirals
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Types 0..9 Spirals: Averaged Rotated Data
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Fig. 7. Types 0..9 spirals; averaged rotated data

6.3. The intersection frequency diagram

Adirectillustration of rotation curve convergence is given as fol-
lows: we have calculated the coordinates of intersection between
all possible pairs of 200 randomly sampled rotation curves
drawn from the full sample, and have plotted the frequencies
of intersection along thibg R andlog V' axes respectively in
Figs.5 and 6. It is clear from these figures that there is a very
sharp peak of intersection points in both diagrams. Using the
mean points in each diagram, together, they are consistent with
a peak intersection point éog R, log V') ~ (1.02,2.24).

6.4. A geometric illustration of rotation curve convergence

A second, and dramatic, illustration of rotation curve conver-
gence can be formed from the realization that, if the rota-
tion curves really do converge on a single fixed point in the
(log R,log V') plane, then all of the rotation curves withns-
form into each othemunder rotations about the fixed point,
(log Ry, log Vp), in this plane.

This idea can be tested in the following way: suppose
that an arbitrarily chosen straight line passing through the
point (log Ry, log Vp) is defined as a standard ‘reference line’.
Since, according to the first-order model interpretation of Fig. 4,
all the rotation curves in the sample pass through the point
(log Ry, log Vy), then every rotation curve in the sample can be

Assuming the model (4), a linear regression on the data of Figrdnsformed into the standard reference line by a simple bulk-
subsequently giveog Ry, log V) = (0.84,2.22). Whilst the rotation aboutlog Ry, log V;). Since, according to this idea, the
idea of a single intersection point for all rotation curves in th®tation curves are reduced to equivalence by the rotation, then
sample seems rather extreme, it is unambiguously deducedhasprocess of forming an ‘average rotation curve’ from the set
a consequence of the first-order modelling of Fig. 4 — and a$ rotated such curves should greatly reduce the internal noise
therefore to be seen as a first-order approximation of the realagsociated with the individual rotation curves, and we would
In the following sections, we give two powerful illustrationsexpect the resulting average curve to be a very close fit to the
of the reality of the idea that optical rotation curves can ksandard reference line, referred to above.
considered, in the first approximation, to converge in a very In the following analysis, which is performed for all 900

small region of th€log R, log V') plane.

galaxies in the sample, the technique described in Appendix C
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Table 4. 24 . ; . : .
23 4
Method log Ro logVo
Regression 0.84 222 22 1
Mean Values 1.02 2.24 21 |
Minimization 1.06 2.29 ’
~ 2 J
<
e

is used to refine the histogram estimatg bf)2,2.24), given 3,4
in the last section, to the optimal value for the fixed point as
(log Ry, log Vp) = (1.06,2.29). The solid line in Fig. 7 is the 18
standard reference line which is defined to pass through the fixed
point (log Ry, log Vy) = (1.06,2.29), and fixed arbitrarily so
thatlog A = 1.5. The results are not sensitive to the choice,
of this latter parameter. The circles in the figure show the re-
sults of rotating the 900 rotation curves of the sample about the3 ; 02 03 0z o5 06
fixed point so that they coincide a least-square senséth the alpha

standard reference line, and then averaging over all the rotatjg 8. (o, log A)
curves. Each circle represents an average of approximately 8

separate measurements.

When Fig. 7 is compared with Fig. 1, we see that virtuall
all of the scatter present within the latter figure is eliminated ir
Fig. 7, thereby providing the strongest possible evidence for tRg™Ple
idea of the equivalence of rotation curves with respect to rotati i€

data averaged in magnitude-limited quartiles

;I}able 5.(a, log A) data averaged in magnitude-limited quartiles

Mean Mean Mean
abs(mag) « log A

about particular fixed points in thgog R, log V') plane. 224 —2220 022 215
227 —21.16 0.34 1.96

. . 224 —20.27 0.47 1.79

6.5. A comparison of thre@og Ry, log V;) estimates 295 1880 058 165

As we pointed out in Sect. 6.1, the first-order approximation of
the(a, log A) plot of Fig. 4 implies directly that ali,, rotation
curves pass through a single fixed point in the; £, log V) est 25% and so on. For each quartile, we then form the mean

plane, and we have three distinct ways of estimating the po- . .
sition of this fixed point. The first way was by a direct linea}2 €S Of the absolute magnitudeg A anda respectively, and

rearession on the data of Eia. 4. the second wav was b :{hlg results of this exercise are listed in Table 5 and plotted in
9 g4, y y 8. The solid line in the figure is the linear regression line

: . . . . ig.
mating th? peaks .Of the mtgrsecnon histograms O.f I_:lgs. 5 aﬁ@ed to the four data points, and the whole diagram can be
6 respectively, whilst the third way was by the minimization

procedure described in Sect. 6.4 the results of which are sh corqadered as a condensed representation of the data plotted in

in Fig. 7. The three estimates are shown together in Table Ag.4sh0wing the variation of absolute magnitude through that

There is clearly a high degree of consistency between the thgeaéa' Itis clear from Table 5 and Fig. 8 thaéndlog A are each

methods which serves to emphasize the reality of the first-order?, s_trongly correlatgd V\."th th_e ab_solute magnitude, thereby
effect. justifying a more detailed investigation.

7. The second-order 85% model 7.2. The refined analysis

We begin by plotting the(«, log A) data for each of these

magnitude-limited quartiles and displaying these plots in Fig. 9.

Whilst, so far, Fig. 4 has been analysed on the basis of a firgtewed collectively, the four diagrams of this figure display

order linear model, there is the possibility that systematic ithree significant features:

ternal structure exists in Fig. 4. In this section, we show how

the existence of this internal structure is strongly supported on Firstly, the diagram corresponding to the brightest

the data, and leads to a second-order model which accounts formagnitude-limited quartile shows that, log A) data ex-

over 85% of the variation (equivalent to a regression correlation hibits almost scatter-free linear behaviour, whilst the data of

coefficient of 0.92) in the pivotal diagram, Fig. 4. the remaining quartiles exhibits increasing scatter as abso-
We begin by taking the 900 pairs ¢, log A) data which lute magnitude increases.

form the basis of Fig. 4 and partition them as near as possible Secondly, apart from this scatter, there appears to be a sys-

into quartiles according to absolute magnitude; thus the data is tematic variation of the data through the four diagrams when

partitioned into the brightest 25% of the sample, the next bright- they are viewed in order of increasing absolute magnitude.

7.1. The basic analysis
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-23.55 <M < -21.58 -21.59 < M < -20.72 26— T T T T T T T T T
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Line B: M=-21.16

Line C: M =-20.27

Log(A)

Line D: M=-18.80

0 0.5 1 1.5 0 0.5 1 1.5
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. . . Fig. 10.Regressions ofw, log A) data in magnitude-limited quartiles
alpha alpha
Fig. 9. (o, log A) plotted for each magnitude-limited quartile Table 6.

log A =log Vo — a log Ry

— Thirdly, the scatter evident in Fig.4 is seen to be a fung@mple logVo logRo ~ MeanM

tion of increasing absolute magnitude which, at face valudze of quartile
would suggest it is a function of increasing measuremezg4 2.35 0.90 —22.20
uncertainties at the dimmer end of the sample. Howeveg7 2.23 0.80 —21.16
there is a feature which suggests that the situation is not tB&# 2.10 0.65 —-20.27
straightforward: specifically, the lower boundary of pointg25 189 041 1880

in each diagram of Fig. 9 is very sharply delineated whilst it

is the upper boundary which becomes increasingly diffuse in i )

the higher magnitude quartiles. If measurement uncertaiff§™ Which we getog Vo = 1.51 + 0.93 log 1%y, which con-
is the basic cause of scatter in these diagrams, then it is 'S the result obtained directly from Fig. 10. We now note that

immediately obvious why the lower boundary of points ithe constants and coefficients in (6) can be ‘fine tuned’ in the
every quartile is sharply delineated. following way: If we substitute Egs. (6) into (4) we obtain the

relationship
The reality of a systematic variation with increasing magnitude
in the diagrams of Fig. 9 is confirmed by forming the linear r§9g A = logVp —alogRy —
gression oflog A on « for the data of each of these diagram¥g A = —0.67 —0.14 M
so that, for each diagram, there is a linear model analogous to  + 2.34a + 0.15a M, (7)
(4). The results are listed in Table 6 and plotted in Fig. 10. The

figure shows very clearly that the four regression lines me#fich shows directly that the model (6) is equivalent to a model
in a very small neighbourhood of the poiff.9, 1.5) of the forlog A expressed interms éf/, « anda: M . Given this model

(a, log A) plane. We have already noted that, when a set of linfe¥ log A, its coefficients can be optimised in a least-square sense

y = mz+cinthe(z, y)-plane are constrained to meet at a fixeBY régressindog A directly on the predictord/, a anda M
point, (o, yo) Say, then the parametefs, c) of the lines are ©Ver the whole data set. This process gives

constrained to satisfy = yo — z¢om. In the present case, repre- log A = —0.56 — 0.13 M

senting any of the linesin Fig. 10 kg A = log V) — a log Ry,
this means that the parametéksz Ry, log V) are constrained +227a+0ldaM, —
to satisfylog Vo ~ 1.5 + 0.9 log Ry. Since, in Fig. 10, the only 10g A = log Vy — « log Ry, where
thing which varies between the lines is the absolute magnitudeg V, = —0.56 — 0.13 M,

then we can expedig V andlog Ry to be individual functions Ry = —2.27 —0.14 M.

of absolute magnitude and this is confirmed by Table 6. Linear

regression of the data of this table gives with very strong statistics on the constant and coefficients, and

shows that this regression accounts for over 85% of the variation

logVp = —0.67—0.14 M, (6) (equivalent to a regression correlation coefficient of 0.92) in
logRy = —2.34—-0.15 M the pivotal diagram, which is Fig.4. A comparison with (7)



D.F. Roscoe: An analysis of 900 optical rotation curves 795

T T T T T T T T

shows only minor adjustments to the constants and coefficients
of the (log Ry, log V) models. Consequently, and using (5), 300} ]
the optimised second-order model gives the universal rotation Mean Log(A) = 0.002

curve as 2501 .

v ( R ) o Std Dev Log(A) = 0.081
)

A 8
7 o 8
logVy = —0.56 — 0.13 M,
—2.27—-0.14 M.
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8. The third-order 90% model 100} .

It has been shown that over 85% of the variation in the pivotal
diagram, Fig. 4, is accounted for by the second-order model (8)°[
which depends only on absolute magnitudes. However, the PS H H

i 1 i L = 1) L L Mo L —tr—
data-base for the 900 rotation curves also provides estimates tQ . — 57705 01 o o1 o0z o3 04 05
the optical radiusR,,:, which, with the absolute magnitudes, Log(A)
allows us Fo estlmate the surfage brlghtness.of each .gala.xy 'nlt—:?%;e. 11. Distribution of 900 regression constants
sample; since this represents independent information, it seems
sensible to consider the effect of its inclusion in the model an_ld, e 7
for present purposes, we define it to be in solar luminosities p&b er

square parsec so that

logA=bo+bt M+b2S—coa—ciaM —caaS
2. 5—M
S~ ( > ) . Pred Coeff StdDev t-ratio p

mR2,, x 10* x 10*
The second-order model, (8), was arrived at by initially NOE st —5840 890 _7 0.00
ing that Table 6 implied the relations (6) which, in conjunction , ~1330 44 —30 0.00
with the basic relationshijpg A = log Vo — « log Ry, allowed g _2.434 0.77 _3 0.00
the deduction of the structure o 32910 1600 21 0.00
o8 4 =00+ 0s0 - as M+ RO B

for thelog A model. If (8) is to be modified by the introduction 5
of S, so that R? = 90.3%

log%:b0+b1M+bQS
log Ry =co+c1 M+ ¢3S,

Referring to Table 7 again, we see tltats a very strong pre-

then thelog A model will have the structure dictor forlog Ry, whilst its effect onlog V5, whilst significant,
logA = by+by M +by S is much less so. This conclusion is supported by numerical ex-
— coa—craM—cyaS ©) perimentation which shows that it can be omitted friaig 1

with hardly any effect on the model. However, Table 7 shows

The results of regressirfigg A on the predictord/, S, o, « M that it probably is a real predictor fsg V,, and so itis retained

and « S are given in Table 7. This model now accounts fgk the model.

marginally over 90% of the variation (equivalent to a regression

correlation coefficient of 0.95) in the pivotal diagram, Fig. 4

and we see from the t-ratios that the surface brightness is m%gt A secondary test of the model

certainly a significant component of the model. Interpreting the secondary test of the validity of the third-order model can

table according to the model be given as follows: For each galaxy we comp(f), Vp)

log A = log Vpy —  log R, according to (10), form the scaled profil&/ R, V/Vp) and

log Vi — bo 4+ b1 M + by S regresdog(V/Vy) onlog(R/Ry). If (10) is good enough, then
V0 =% 10 2 the regression constant shoulddiatisticallyzero. The distri-

logRo =co+c1 M +c2 S, bution of the 900 regression constants is shown in Fig. 11, for
we arrive, finally, at the third-order model which a one-parameter t-test gives the 95% confidence inter-

v R\ val for the mean of the distribution &s-0.003, +0.007) whilst

— = () ) (10) the 99.999% confidence interval is given(a€).010, +-0.014).

Vo Ro Thus, for all practical purposes, the regression constant can be
logVp = —0.584 —0.133 M — 0.000243 5, considered as statistically zero, thereby confirming the quality

log Ry = —3.291 — 0.208 M — 0.00292 S. of the model.
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Fig. 12.Brightest quartile regression constants 0 0.5 1 1.5 .
alpha alpha
) ) Fig. 13. Surface-brightness boundaries shown for each magnitude-
8.2. The brightest quartile limited quartile

Finally, as a means of demonstrating that the (already small)

scatter about the zero point evident in Fig. 11 is a function of

uncertainty in the data, rather than due to a poor fit of the baslistribution of points in each of the quartiles is closely bounded
power-law model, we apply the third-order model directly tby the lines

the 224 rotation curves of the brightest quartile, for which the

(a, log A) data is plotted in the first diagram of Fig. 9. For thidog A = F(a, My, 0),

data, the distribution of the 224 regression constants arising frisg A = F(a, M,nin, Smaz),

the linear regression dbg(V/Vy) data onlog(R/Ry) data is

given in Fig. 12. A direct visual comparison with Fig. 11 showi# the («, log A) plane for each of the magnitude-limited quar-
immediately that the scatter of points about the zero pointis veilgs. The results are shown in Fig.13, and the plots in the
much reduced in the brightest quartile data, thereby supportthgee brightest quartiles show very clearly that the lower bound-
the hypothesis that the scatter which exists in Figs. 11 and 12iges of points in these quartiles coincide very closely with the
due purely to uncertainty in the data, and not at all due to aqy = 0, M = M,,.,) boundary in the plane, whilst the dif-
lack of fit of the general power-law model. fuse upper boundaries of points coincide very closely with the
(S = Smaz, M = M,,,) boundary in the plane.

The only partial exception to this rule is the plot in the
dimmest magnitude-limited quartile. Here, the upper (very
It has already been noted that the lower boundary of poim#fuse) boundary of points still coincides with the& =
in each of the magnitude-limited quartile plots (@f, log A)  Syee, M = M,,.,) boundary; however, it was found that the
shown in Fig.9 is very sharply delineated, whilst the corré$S = 0, M = M,,,..) boundary is not even close to the lower
sponding upper boundaries become increasingly diffuse as mlagdandary of points in the plot but, instead, we find that the lower-
nitude increases. We shall show that this phenomenon aribesindary of points follows closely the&s = 0, M = M,,:»)
because the lower boundary of points in each of this dibeundary. The important point is that the lower boundary of
grams effectively defines aero surface-brightness boundarypoints is still a5 = 0 boundary. The obvious explanation for
and therefore represents a real physical cut-off boundary. Bys discrepancy is that objects of very low surface brightness
contrast, the upper boundaries are closely associated with manxd very high magnitude are observationally excluded by se-
imum surface brightnesses in each of the quartiles, andlsction effects, and therefore do not exist in the dimmest quar-
the magnitude-dependent scatter observable through the filersample whilst, simultaneously, the same selection effects
magnitude-limited quartiles almost certainly arises from olwill also ensure that the low surface-brightness objects in the
servational uncertainties. This is shown in the following mamimmest quartile will tend to be the low magnitude objects.
ner: for each of the quartiles, which is magnitude-limited inits To summarize, the sharply delineated lower boundaries in
own specific rangéM,,;, < M < M,,q.), we determine the the magnitude-limited quartiles of Figs. 9 or 13 define a physical
surface-brightness limit§) < .S < S,,.4. ), which contain 95% S = 0 cut-off boundary, whilst the increasingly diffuse upper
of the sample (to eliminate the effects of long tails). Then, usitgundaries probably arise as a function of the increasing obser-
the third-order modellog A = F(«, M, S), we find that the vational uncertainties associated with increasing magnitudes.

8.3. The surface-brightness cut-off
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Table 8. One-parameter t-test for confidence limits of Méag(A) Ist-Order Model

300 Model St Dev Log(A)
Model 95% Interval  99.999% Interval 5222 1stOrder  0.149
1st-Order 0.009,0.029 —0.003, 0.041 %150
2nd-Order —0.006,0.007 —0.014,0.015 £ 100 2nd-Order  0.098
3rd-Order —0.003,0.007 —0.010,0.014
50 HHHH H-‘ . 3rd-Order  0.081
'] Ol i
. . 05 0 0.5
9. A comparative test of the first, second , Voder Vol
and third-order models nd-Order Mode 3rd-Order Mode
. 300 300 M
The three models share the basic structure 250
1% R\“ 8200 200
=== Q1) ¢
Vo Ro g 150
L . 100 100
and are distinguished only by the models assume@Rgr 15). 5
These three models are defined, respectively, according to: HHHH Hﬂmm 0 nﬂﬂ Hﬂn _
The First-Order Model -0.5 0 05  -05 0 0.5
Log(A) Log(A)
1 = 1.02 12
08 Fo 02, (12) Fig. 14.Comparative test of the three models
logVy = 2.29;

The Second-Order Model curves in the sample as a single class within which all the ro-

log Ry = —2.27—0.14 M, (13) tation curves pass through the single pdiog Ry, log V5) in
log Vo = —0.56 — 0.13 M; the (log R, log V') plane. .

. By contrast, the second-order model, Eq. (11) with (13), re-
The Third-Order Model places the single pointlog Ry, log V;), of the first-order model
log Ry = —3.291 — 0.208 M — 0.00292 S, (14) by aclassof such points parametrized By . All rotation curves

_ in the class specified by/ then pass through the single point,
log Vo = —0.584 — 0.133 M — 0.000243 S. (log Ro, log Vi), defined by (13).

As a final comparative test of these three models we note The third-order model, Eq. (11) with (14), is a refinement of
that, assuming each to be ‘correct’, then a linear regressiongé second-order model in which the class to which any given
log(V/Vp) data onlog(R/ Ry) data should give rise to a statistotation curve belongs is defined by specifyihgand S, the
tically zero constant terms, indicating that the regression linggrface brightness. All rotation curves in the class specified by
(tend to) pass through the origin. The distribution of these CoMy/, S) then pass through the single poifilyg Ry, log Vo),
stant terms for each of the 900 rotation curves is given, for eagéfined by (14).

of the three models, in Fig. 14. To make the visual compari- |f we make the (reasonable) assumption that all of the sys-
son easy, the three diagrams in the figure are each drawn totliatic variation in the pivotal diagram, Fig. 4, has been ac-
same scale, and it is clear that the process of successivelycgunted for by the 90% third-order model then we can re-
fining the model has the effect of tightening the distribution @flistically assume that, although the functional form of the
log A about the zero-point. Specifically, the first-order model isiodel is probably an approximation to some ideal, there are
comparatively very poor, whilst the third-order model is Vistho further physical parameters involved in the specification of
ally significantly better than the second-order model. The resultsg R, log V;). It will then follow that the rotation curves of

of a one-parameter t-test for limits on the position of the meai galaxies of having the same absolute magnitude and surfaces
value oflog A for each of the models are given in Table 8. ApaBrightness will pass through a single poifibg Ry, log Vo), in

from showing that théog A distribution for the 1st-order model the(log R, log V) plane. Consequently, all such rotation curves
is slightly asymmetric with respect to the zero point, the tabigill be equivalent to within a rotation through the point, and can

shows that the 2nd and 3rd-order models place very tight 93fferefore be considered to defineeguivalence classf rota-
and 99.999% confidence intervals on the mealgfA about tion curves.

the zero point. Thus, for all practical purposes, the regression
constant computed over the 900 rotation curves is statisticall
zero in both the second and third-order models, so that th
models receive the strongest possible support from the dataysing the third-order model, it is shown that the universal ro-

tation curve for spiral galaxies can reasonably be assumed to
10. Equivalence classes of rotation curves have the general structure

The universal rotation curve

As already discussed in detail in Sect. 6, the first-order model, v ( R )“ (15)

Eq. (11) with (12), effectively defines the set of all rotation v, = \ p,
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Table 9. specifically:
o =bo+bi M vV _(RY
: - Vo Ry
Predictor Coeff StdDev t-ratio p
log Ry = —2.27 —0.14 M, (16)
Const. 2,560  0.112 23 0.00 PN
M 0.105  0.005 19 0.00 log Vo = —0.56 —0.13.47,
a = 2.560 + 0.105 M,
R?=29.2%
which can be considered as a formal refinement of the infor-
mation contained in Fig. 8. This latter approximation confirms
log Ry = —3.291 — 0.208 M — 0.00292 S, the conclusions of PS 1996 which are that the universal rotation
logVp = —0.584 — 0.133 M — 0.000243 S, curve is substantially determined by absolute magnitude alone,
@ = g(dm, by om) especially for the brightest galaxies.

Whel’eg(dm,. b,,%,. h.,)is some undetermined functionfor_whic 2. Theory-independent dark-matter models

the most significant parameters are probably the disc-mass,

bulge-mass and halo-mass respectively of the spiral galaxy cB®S, used essentially the same data set as that analysed here to
cerned. show that whilst, at high luminosities, there is only a slight dis-
crepancy between observed rotation curves and those predicted
on the basis of the observed luminous matter distributions, the
discrepancy is far more serious at low luminosities. This con-
Reference to (11) with (12), (13) and (14) shows that, onceclusion is already strongly supported by the simple model given
model fora in terms of the physical properties of spiral galaxieat (16) which shows how the power-law exponentincreases

is obtained, then (11) with any one of (12), (13) or (14) castrongly with absolute magnitude. Since, (relatively) large val-
be considered to represent a universal rotation curve. In thes ofa correspond directly to the most steeply rising rotation
following, we consider the problem within the context of theurves, and since it is precisely these kinds of rotation curves
third-order model. that require the largest amounts of dark matter for their expla-

As we have already noted, the issue depends entirely up@iion, according to the virial theorem, then the findings of the
the functiona, and what galaxy parameters it is a function oforesent analysis are in direct accord with those of PSS.

A least-square linear modelling of in terms of the available In this way, PSS have already used the data to show that
parameters)/ and.S, gave the best model as= —0.583 + the dark-matter component of spiral galaxies does not seem to
0.105 M, with no evidence of any significant dependency dmave the form of an unconstrained and independent structure
S. The details of the best model are given in Table 9 whigdded onto the visible structure of spiral galaxies, but appears
shows the dependency afon M to be extremely significant, to make its presence felt in some kind of systematic way which
but which also shows that the model accounts for only 29% isfstrongly inversely correlated with the visible component of
the total variation in thé«, M) plot (equivalent to a regressionthe galaxy structure. This effect, together with the detailed con-
correlation of approximately 0.55). To test the possibility thaiderations of the foregoing sections, allows the construction
the scatter in this latter plot was, perhaps, due to noisy data, @felark-matter models which amedependenof any particular
tried modelling on the brightest 25% and 50% of the data, bdynamical theory and therefore, as a side effect, provide strong
found no evidence at all to support this possibility. The only retests of such theories.

sonable conclusion was that the unaccounted-for 71% variation Specifically, referring to the final form of the universal ro-
inthe(a, M) plot arises through the effects of unaccounted-féation curve, given at (15), we see how dark-matter can only
additional physical parameters. make its presence felt through the exponentGiven that rea-

The major unincluded determinants of disc dynamics asenable light-based estimates can be made of disc-rmiggs (
the relative amounts of disc-mass, halo-mass and bulge-massl bulge-massy,) for spiral galaxies, then itis (in principle)
Consequently, defining,,, = disc-massb,,, = bulge-mass and a simple process to form empirical modelsadirectly in terms
h.,, = halo-mass, and noting thaf is effectively a measure d,,, andb,,. Once such models are formed for a reasonably sized
of the total visible mass, then we can reasonably assert ttlata-base of spiral galaxies, then it becomes a straightforward
a = g(dm, b, hin)- process to investigate the structure of any systematic deviations
of predictions based on the model~ ¢(d,,, b,,) from the
a-values calculated directly from the rotation curves. The pres-
ence of any such systematic deviations can then reasonably be
Finally, itis interesting to note how the foregoing analysis allonsonsidered due to the presence of a dark-matter halo, so that,
the construction of a very simply universal rotation curve, basedbsequently, estimates for the amount of dark-matter present
on absolute magnitude alone. This is given by (11) and (1) any given galaxy can be given in terms of the directly mea-
together with the model forx described in Table 9 so that,surable properties of the galaxy concerned.

11.1. The general situation

11.2. A simple approximation
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13. Conclusions From this, we see that, whenever wheneve[ a rotation curve
is such thaty < —0.5, then the corresponding/ /d R rapidly

By demonstrating how completely the power-law model for r%'eéomes small forincreasiitr and this correspondsto anearly

tation curves resolves rotation curve data, magnitude data an stant’. Reference to Fig. 8 shows that this conditions holds

! ; - Co
surface brightness data over a large data-base, this paper: for all galaxies brighter than/ ~ —20 and, of the PS (1986)

— substantially refines the well-known correlations that example of 42 galaxies, 37 are brighter theih~ —20 so that
ist between the rotational kinematics of spiral galaxies aad< —0.5 generally, indicating very fldt functions, as actually
various of their non-kinematic properties, such as absoluteown by PS.
magnitude;

— shows how the power-law rotation curve is, almost certainlgppendix B: data reduction
exact for idealized discs (that is, for discs without the irre

ularities inevitably present in real optical discs). %\ basic assumption is that optical rotation curves can be de-

o ] o ) ~scribed in terms of a simple power law, and the validity of this
Additionally, at its lowest approximation, the analysis Conf'rméssumption as, at the very least, a good approximation to the

the conclusion of PSS (1996) that the rotation curve of any giveshity over the approximate range, 20)kpc has been demon-
galaxy is largely determined by the absolute luminosity of thgrated in Sect. 5.
galaxy concerned, and supports their conclusion that absoluteHowever, spiral galaxies can be considered to consist of a
luminosity is inversely correlated with dark mass. Such an igpherical bulge surrounded by a flat disk, and we can be rea-
verse correlation obviously provides a means of dark-mati@dnaply certain that the bulge and the disk represent distinct
modelling, but the detailed nature of the present analysis g{namical regimes. In practice therefore, the structure of the
lows a further step in providing a means for the generation giner parts of rotation curves will be determined one dynamical
statistical dark-matter models which are independent of any pafgime, whilst the structure of the outer parts of the rotation
ticular dynamical theory. Apart from the objective desirabilityrves will be determined by another. Since it is not reasonable
of such models, they have an obvious potential in distinguishiwsuppose that a single simple power law can bridge the two
between competing dynamical theories. dynamical regimes, there is a need to find a way of eliminating
Furthermore, in showing that optical discs contaisig-  the effect of the bulge dynamics from the rotation curve data. In
nature of the transition from disc-dominated dynamics to halgrger to ensure that no subjective bias isimposed on the data dur-
dominated dynamics, and in showing the existence of a stroAg such a data reduction process, the process adopted must be
correlation betweetR,,i, and R, the work provides very aytomatically applicable according to strictly predefined rules.
strong supportfor the conclusion of PS (1986) that the disc-magse adopted procedure is described below.
distribution and the halo-mass distribution are very strongly cor- The original analysis was done using the commercial statis-
related, and suggests that the bulge-mass distribution shagdd package Minitab; when regressions are performed in
also be factored into this correlation. Minitab, it automatically flags observations which have an un-
usual predictoor if they have an unusual response. In both cases

Appendix A: the constancy ofV ‘unusual’ is defined by internal parameters of the software. It

PS (1986) showed that the parameter was decided, in advance of any data processing, that when a
~ K Minitab regression flagged thienermostobservation on any
V= <Q - 2) R, given rotation curve (that is, the one most likely affected by

. . o _ the central bulge) as ‘unusual’ then that observation would be
where(2 is angular velocity, andy’, the epicyclic frequency, is geleted from the analysis, and the regression repeated. If, on the

defined by repeated regression, the new innermost observation was flagged
s 1 d V2R as unusual, then it too would be deleted from the analysis. This
T R3dR ( ’ process was repeated until the innermost observation remained

is almost constant over the larger part of any given optical dideflagged after the regression process.
for a Samp|e of 42 Spira| ga|axie5, and they deduce from this There are 900 rotation curves with a total of 19183 obser-
constancy that rotation curves contain no signature indicati#gtions recorded with a non-zero radial coordinate (those with
transition from disc-dominated dynamics to halo-dominated d§-zero radial coordinate were necessarily deleted because data
namics. In the present case, the same conclusion can be dré@h transformed into logarithmic form). Of these 19183 obser-
from the fact that the kinematics over the whole optical digétions, the ‘innermost deletion’ strategy led to the exclusion
are amenable to description bgiaglepower-law prescription. of 2264 observations, which is.8% of the sample. This was
Such a power-law also provides an extra insight into the cofnsidered to be an acceptable attrition rate.
stancy of the// parameter:

Using the general power-law prescriptibh= AR“ inthe Appendix C: determination of fixed points,
above we find, after some algebra, (log Ry, log Vo)

av aos 0 1 1\ — In Sect. 4 and Sect. 5 it was determined that the form of Fig. 4
dR ~ AR <\/§ T 9 (O‘ + 2) 200+ 3) : implied the first-order hypothesis that all rotation curves in the
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sample passed through a fixed poifitbg Ry, logVp), in the — Keep a cumulative sum of all the least-square residuals aris-

(log R, log V') plane. The problem is to determine the position ing from the foregoing rotation operations performed on the

of the fixed poin(log Ry, log V). Inthe following, we describe individual rotation curves.

how this can be done using a minimization procedure. — Minimize this cumulative sum of least-square residuals with
The hypothesis implies that all 900 rotation curves in respect to variations in the estimated position of the fixed

the sample should be equivalent to within a rotation about point, (log Ry, log Vj).

(log Ry, log Vp); in this case it should be possible to super- o

impose all such rotations curves upon each other by meand{9f€ that the minimization processes referred to above are

a simple appropriate rotation. However, the very noisy natdrinimizing functions defined on noisy data. It_ is rout|r_1ely

of rotation curve data means that, at best, such a process off §GoMmmended that such problems are solved using the Simplex

perimposition can only be defined in some averaged statistif}ft0d, whichis extremely robust - although slow. The original
way. implementation of the method is given by Nelder & Mead

In practice, what is done can be characterized as follows{1965)-

— Define an initial guess for the fixed poifibg Ry, log V5);
this is done py the S|mple expecﬁent of |dent|fy|ng the p?alﬁzéeferences
of the rotation-curve intersection frequency distributions
show in Figs. 5 and 6, and they are found tddaeR ~ 1.02 Burstein D., Bender R., Faber S.M., Nolthenius R., 1997, AJ 114, 1365
andlog V ~ 2.24. Mathewson D.S., Ford V.L., Buchhorn M. 1992, ApJS 81, 413
— Define a standard reference curve passing through the fdglder J.A., Mead R., 1965, Comp. J. 7, 308-313
timated fixed point; typically, this is done by making th&€'si¢ M, Salucci P., 1986, MNRAS 223, 303

. . a . _Persic M., Salucci P., 1995, ApJS 99, 501
arbitrary choicdog A = 1.5 and then using (4) to deter Persic M.. Salucci P.. Stel F., 1996, MNRAS 281, 27

minéa. , o _Rubin V.C., Burstein D., Ford W.K., Thonnard N., 1985, ApJ 289, 81
— Rotate the data corresponding to each individual rotatigfyin v.c. Ford W.K.. Thonnard N.. 1980 ApJ 238, 471
curve about this estimatétbg Ry, log V{) until it coincides

in a least-square senseth the standard reference curve.



