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Gravitational lensing by rotating stars
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Abstract. The equations giving the position of the images of
a point source by a rotating point lens are derived by a new,
elementary method. It is shown that only two of the three im- Lensplane
ages are visible. It is argued that the projection of the angular
momentum of the lens star on the lens plane can be measured if
the lens is a rapidly rotating early type star. This is achieved by
performing a series of astrometric measurements of the position
of the images.
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1. Introduction Observer 0«

Gravitational lensing has become an important tool for obseryag. 1. An observer located at O receives photons from a source star at
tional astrophysics. A formalism based on the Fermat principi, The source star is lensed by a lens star at L. The distance between
first advocated by P.Schneider (Schneider 1985) gives physital observer and the lens Bo 1, the distance between the lens and
insighton arange of problems related to lensing, such as the cths-source i$1.s. The lens plane is normal to the line of sight OS. H
sification of lensing topologiés (Blandford & Narayan 1986) d# the intersection of the lens plane with OS.

evaluations of time delays (Krauss & Small 1991). The calcula-

tions of gra\{itationgl Ier_lsing do notin general take into accouply ;o6 of the lensing of a point source by a rotating point lens,
stellar rotation, which is e>.<pe_cted to be a very sma_ll SECONR show that only 2 images are visible. Orders of magnitude
order ef;ect. I—:]owev_er, gfra_vny |r]:du_c e(_:i liy ste]lar rpt.at'?]n 'S M5t the various rotation-induced effects are evaluated. A method
portgnt rom the point of view o principies, since Itis the mosf, measuring the aplanar deviation with accurate astrometry is
straightforward example ofgrgv!tymduc_ed byacurre_nt of ma ven. The angular momentum of a rapidly rotating early type
The problem of the deviation of light by rotating star tar at distance of a few tens of parsec can be evaluated with

has bgen studied in the generf':ll case of a Kerm Met& rometric measurements in thas (microarcsec) range.
(Dymnikova 1986). Other calculations have been performe

based on the PPN expansion (Epstein & Shapiro 1980) or on _ _ o
a power series in gravitational constant G fiba 1983). We 2. Lensing by a non-rotating point-like star

show here that a simple modification of F_erm_ats principle C%his section is devoted to establishing notations and recalling
take the lowest order effects of stellar rotation into account. P 31l known results on the theory of lensing by point masses

sible physical effects induced by stellar rotation include a sm e lensing geometry is shown on Fiy. 1. A source star located

additional deflection of the light ray in the pla[\e which co_nt{:u % S is lensed by a massive lens star (mass M) at L and observed
the observer, the lens and the source star (“planar deviatio

a small deflection away from this plane (“aplanar deviation’%, The Schwarzschild radius; and the Einstein radius; are

and a time delay between the images of the source. Gravitatioa@lined by:

lensing provides a natural framework to test for these effects,

which affect differently the multiple images of the source. D,y = Do, + Drg (1)
2GM
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2rsDpsD
rp = )28 ELSTOL 3) 6,
Dos
The generic point P on the light ray has spherical coordinates -
1,01, $1. The gravitational time delay is: U Sourees

ATS — (1/0) /dS + (1/6) Eds (4) Ang armomentumoft/r}ellens
. 1 ;
The first term on the right hand side of the equation is the ge- K tert

ometric time delay, while the second is the “Shapiro” effect
(Weinberg 1972). The right hand side of HG. (4) can be evalu-
ated to first order by replacing the true light ray by 2 straight
lines OH’ and H'S. Defining a,b and h by

LH' =ak +bi, LH = hi ®) Opeerver ©
wherej is along the line of sight to the actual position of th Plane containing the observer, the lens and the source
source k is the normal to the SLO plane and= j A k, one
has: Fig. 2. Angular momentum of the lens star. Lines LH and LZ are in the
1 1 Dos 9 lens plane. Line LK lies in the direction of the projection.bon the
AT, = —(Dos + = (=—=—)((b—h)* + a?) SLO plane.
C 2 DOLDLS

—2rgIn /b2 + a?) (6)
) o ) ) whereC' = 2/5 for a uniform mass distribution af' ~ 0.2
By differentiating [6) with regard ta, one finds that: for a more realistic mass distribution. The impact parameter
=0 in the lens plane of light rays from the source is always large
in comparison of the Schwarzschild radius of the lens. In this
so the photon trajectory is in the SLO plane. The equation diwit, the metric around the rotating lens can be described
tained by differentiating with regard tois to first order inrg/r; and GJ/r1c® by the Lense-Thirring

Lense & Thirring 1918) metric
b—h—12/b=0 @ \ g 1918)

2 _ _ 2 2
The source has 2 images located at: ds” = (1 —rg/m)dt” = (1 +rs/m)do

+4G.J /r1sin®0, dtdp, (15)
by = 1/2(h+ Vh? + 4rg?) (8)
b = 1/2(h — /B2 + 4r5?) 9) whered.a = \/dr12 +r}df? —|—.sin2 l?ld<]§2 is the. euclidian.
spatial line element at the generic point P on the light ray. Since
Note that: rotation effects are in general very small, it is not obvious that
bib — 2 (10) the Lense-Thirring metric applies to a real life star. This will be
T B true only if the metric around the star is such that second order
by +b- =h (11) terms inrg/r, are negligible compared to the first order term
by —b_ = /hZ+drp2 (12) inGJ/ri?c. Thisin turn is true provided
It is somewhat puzzling that this equation has only 2 s¢s <Y (16)

lutions, since one can show (Blandford & Narayan 1986) thdt ~ ¢
lensing systems have odd numbers of images. The rotating lensFor a main sequence stag/R ~ rso/Re ~ 107°. The

star case, to which we now turn will allow us to solve this pargondition [16) holds for an early type fast rotating star, such as

dox. F or B stars, since for these staréc ~ 10~3. For the Sun,
one haw/c ~ 0.6 1075 ~ g, /R so that the conditiof (16)

. ] ~ fulfilled for a fast rotating white dwarf withs/R ~ 3 1074,
The lens star has aradius R and is assumed to rotate rigidly Wjth is invalid for a neutron star or a black hole.

period T. The star spin is (see Fig. 2) With this choice of the metric, the extra delay due to rotation
J = J(cos Ook + sin 0o (cos ¢os + sin ¢oj)) (13) (Sagnac effect) is (Landau & Lifschitz 1970)

The equatorial velocity of the lensis= 27 R/T. ltcanbe AT, = — /(LG‘P{ _ sin? 1d¢1)
related to the angular momentufrby: ric® (1 —rs/r1)

2GJ . ,
J ~ CMRv (14) ~ = / (T1c3 sin” 61d¢1) (17)
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The integral is again evaluated on the path shown or[Figvihere thet sign depends onthe orientation of the photon trajec-

which should be accurate to first order. tory relative to the star spin axis. One has a third order equation
After a straightforward, but lenghty calculation, one findsin b, with 3 real solutions (on physical grounds). This means

that we have now explicitely the 3 lensing images. Two of the

(=bcos o + asinfy cos ¢o) (18) solutions of the equation in b are closeltp andb_ and the

AT, = —4GJ/c?

(a2 +b%) third solution is
The total time delay is J v v
by = ~CR(-)~02R(-)< R (24)
AT = ATs + AT, Mecrg c c
B E(D n 1( Dos )(b— h)2 +a?) Hence, the image &t is always eclipsed by the lens star. The
T 9% T 9 Do Drg number of visible images is 2, like in the non-rotating case.
Possible signatures of the lens rotation are now investigated
—2rgIn/b? + a? X . : . X
e (—b+ ¢ 00 + asinf o) by comparing the properties of the 2 images with and without
4GP0 T AT R B0 (19) rotation. Two possible signatures for rotation are an extra time
(b? +a?) delay betweenthe 2 images (Sagnac effect) and a misalignement

The equations fob anda are found by differentiating the between the 2 images and the source (gravitomagnetic effect).
total time delay with regard tbanda. The equation for is

D 5. Time dela
——95 ) = —(4GJ/b>) sin Oy cos ¢ + o(a?) (20) Y
DorDrs The time delay between the 2 imaged$atandb_ caused by
or equivalently: the rotation of the lens is easily calculated from Eq] (18). It is
. largest when
_ Jsinfpcos g rE 2 9
“=- Mec (T> +o(a) (1) cosby = £+1

This equation describes the motion outside the plane containgigy given in that case by:
the observer, the source and the lens, a “non-planar” deviation

caused by rotation. Note thatscales likel /b%. The equation 0Ty = ATy (by) — AT, (b-) (25)
. S _ 4GJ 1 1

for bis, anticipating thaf = 6 < 1, S - (E _ F) (26)
Dos _oTs 2 3 -

(DOLDLS)(b h)=2 2 +4GJ/b*c’ cos by (22) _ :|:4CiJ /(h2 :_47%) @)

These equations agree with those ofiba(lbd&ez 1983) which ¢ "E

were obtained by more involved calculations based onthe grav- — AGJ (22 + 4) (28)

itational scattering of spinning particles. Hg.J(22) describes the rpct

usual (or “planar”) deviation of light rays in the plane containn the following, « is defined byz = h/rp. For early type
ing the lens, the source and the observer. The right hand sigi&s withM > 1.12M,,, J given by the empirical formula
is the deviation angle of a light ray in the gravitational field qiKraft 1967)

a rotating mass. This formula for the deviation angle was first 5/3
found by Cohen and Brill (Cohen & Brill 1958). 7~ 100521 29)
For a rigidly rotating star, the size of the last term in the Mg

right hand side of the “planar” equation is of the order af the distance to the lens is much closer than the distance to the
(rsR/r?)(v/c). It is always much smaller than the 1/r termsource, then

by a factor(R/r)(v/c). Typically v/c ~ 3 10~3 for a fast ro- 100pc /2 A /6

tating star and- > R so the effect of the lens rotation on thes, ~ +0.5 1074 s ( pc) (—) +(22+4) (30)
planar deviation is expected to be very small. The effect on pla- Dot o

nar deviation is largest for a light ray travelling in the equatori@lven for very massive star, this time is in the 10 ns range

plane of the sping, = 0). at best, much smaller than the time delay between the two
images of a non-rotating star which is in the A& range
4. Number of images (Krauss & Small 1991).

Eq. (22) has 3 solutions, so in principle one should see 3images ,. .. .
unless oneis eclipsed by the lens. The distance of the third imﬁgzvllsallgnement of the images

to the lens is maximal in the equatorial plane of the lens spifihe rotation of the lens induces a non-planar deviation of the
so the best chance to see the third image is whea 0. The light rays. In particular, EE21 shows that J(rE/bi)2.
equation for b becomes (with the extra assumptiong¢hat 1):  The order of magnitude of this deviation is

v ) R
300kms 710 Ry

bon_TEy L TE (23) CR(Z)~06107( VAU (31)

b~ Mc b2
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within the capabilities of the planned “Spatial Interferome-
try Mission”|(Allen et al. 1997). In traditional photometric sur-
veys such as EROS (EROS collaboration 1993) or MACHO
(MACHO collaboration 1993), the lensed images are not re-
solved. If the source is very far from the lens, the Einstein radius
is:

1/2

—— Dor '?, M
re &~ QTsDOL ~ 66(50 pC) (M7®) AU (37)

This givesrg ~ 40mas for a star with\/ = 100, located at

50 pc. Since the separation between the closest image and the
lens is roughlyr g/« for z > 1, the image ab_ can be tracked
down to x=4. This assumes of course that the photometry is
sensitive enough to detect this faint object.

The lens velocity is the source of another potential prob-
Fig. 3.Misalignement between the lens (in the center) and the projecledn. Gravitational lensing by stars is usually detected when
images of the sourcé? is the deviation to a straight line. Angles ardenses move in front of distant sources. In the previous sec-
grossly exagerated tions, the position of the images of the source was calculated

in a coordinate system where the lens was at rest. The actual
for b = r. The deviation depends only on v, R and the parallositions seen by the observer can be obtained by performing a
of the lens. Itis in the 0.Las range or above if the lens is closekorentz transformation from the lens rest frame to the observer
than 50 pca, scales withl /22 while a_ scales withz?. rest frame. It turns out that the relative positions of the images

The aplanar deviation is different for the image$.atand and the lens are modified by corrections of ortléf /c> and
b_, which gives a very small misalignement between theimagé$’/c)(rr/Dor), whereW is the velocity of the lens in the
and the lens (see F[d.3). The non-planar deviation is largesserver frame. EJ.(87) shows that/ Do, < 1075. Hence
when the only terms which can affect seriously the relative position
of the images are of ordé¥2/c2. These terms are comparable
to the deviation caused by the rotation of the lens (Ed. (31)) for
Under this condition, the differential deviation between the inyelocities larger than 300 knTs. The velocity of nearby bright

Lens plane

cos ¢g = sinfy = 1

ages ab, andb_ is stars is typically less than 50 km The effect of the motion
50 = 0(by) —0(b_) (32) of the lens on the relative positions of the lens and the images
T 1 1 of the source is thus expected to be small.
= <ﬁc)r%(b7 - bT) (33) Next, arbitrary coordinate axis are chosen in the lens plane
g it 3

and the positions of the far image. : (z+y4+) and the near
The latter expression can be simplified with the help of Eg$. (lij)age M _ : (x_y_) are measured relatively to the lens posi-

to yield tion. Since the actual position of the source is not known, the
J (W2 +r2)\Whe £ dra2 _aX|s take_n are not those deflne(_j |_n Sect. 2. The line forming the
00 = (m)( E)r4 E (34) intersection of the plane containing the observer, the lens and
2 the source with the lens plane has to be found from the measured
— J 2 2 positions of the images and the lens. The equation of this line
( Yz + 1)V +4 (35)
Merg isy = ax, wherea has to be determined.
Hence Eq.[21) gives the constraint
v, R
60 ~ (=)(—) (36) y-—ar_ CE%r + yi (38)
© e yp —oxy a2 +y?
It is maximal for a large fast rotating star. For a early type star o -
at a few tens of parsedy is in the arcsec range. Solving fora gives an estimate far., :
The deviations.4 anddd are not directly measurable by as- (@ yr—zry_)(@2 +42)
;[;ogr]zé?i/é\eNe now examine how these quantities can be extracted = N T A L T T L T TS [ Ry [ e
' (z-ys —2z1y-)(2] +93) (39)
- 2 2N _ 2 2
7. Measurement of the angular momentum v (22 +y7) — o (2l +y3)
of the rotating lens A similar expression holds far_. Taking the relatior{{12) into
Before considering the astrometry of the 2 images, we ne%%count, one obtains:
to know if they are resolved. We assume an angular resolu- (r_yy —x1y-) rh (40)

tion of 10 mas and a positional accuracy ofués. This is = (22 +y2) —wy(2f +yi) (23 +y3)
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Fig. 4. Simulated measurements(@f, y_ — z_y.) versuse, (3 +
y3)—z_ (22 +y2). The positions of the imagés v+ ) and(z_y_)
are obtained with a as accuracy. Thes are normalized teg. J is
assumedto be along the x axis and= 0. The values\/ = 30M and
J/Mecrg = 7.910° were used in the generation. The lens moves wi

avelocityV < 300kms™!. The time interval between measurements
is 10~2rg/V, which is a few hours for typical values of V. The fit is

Eq.[42) can be used to obtaif) /M and sometimes/, /M.
Firstuy andV/rg are easily found, for instance by the usual
“microlensing” photometric method. Hq.J42 shows that:
5(J1V(t B to) + JZUOTE) ~ é (43)
(JV(t—to) + Jouore) Y~
whereA ~ 1 pas is the accuracy of a single position measure-
ment. For a30M, lens at 50 pcy_ is expected to be in the
0.1 pas range and scales a$, while positions are measured
with a 1 uas accuracy. For & measurement, one has

5(J1V(t - to) + JZUOTE) N E
(J.V(t—to) + Jouprg) a2

For N measurements up to an x ©f,,,, one has (with the
simplifying assumption that thé, term dominates):

6J,  10v5
Iz z?n,ax\/ﬁ

HenceJ, can be measured with a reasonable accuracy with
a few hundred measurements as longMthe image is tracked
close enough to the lens. This is illustrated on Hig. 4. In the
general case, botli, andJ, contribute and can be evaluated
by a 2-parameter fit. The, term dominates whem,,, ... /u,
is large. This is presumably the case for an event triggered by
W Earth-based photometric survey; (< 1) and tracked by an

(44)

(45)

astrometry satellite close to the lens$> 1).

shown by the solid line. The fitted value with 400 measurement points

is Jpie/Mcrp =7.1107° £0.7 1075, The dotted line is] = 0.

Comparing with Eq[{21), it is clear that:

J sin 0 cos ¢g _ (x1y— — x_y+)1"% (41)
Mec r_(22 +92) —xs (22 +92)

8. Conclusion

Gravitational lensing by rotating stars has been investigated. It
has been shown that the best prospect for observing a rotation
effect is a precise astrometric measurement of the position of
the images of the source. The lens has to be a luminous nearby
located fast rotating star, which unfortunately are rare.
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projected velocity V, one has:

V(t—t,) S
oS = Dos CJ = J,
UQTE J.
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