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Abstract. We show how the interplay of non—linear dynamicgjravitating Newtonian fluid in a FRW background. Through a
self—gravity, and fluctuations leads to self-affine behavior séries of steps involving physically justified approximations,
matter density correlations quite generically, i.e., with a powtrese equations reduce to a single evolution equation for the
law exponent whose value does not depend in a very direct wansmic fluid’s velocity potential. At this point one has a single
on the specific details of the dynamics. This we do by meadsterministic hydrodynamic equation. To this we add a noise
of the Renormalization Group, a powerful analytical tool fasource which represents the influence of fluctuations and dis-
extracting asymptotic behavior of many-body systems. sipative processes on the evolution of the fluid, arising from,
but not limited to, viscosity, turbulence, explosions, late Uni-
Key words: gravitation — hydrodynamics — methods: analytiverse phase transitions, gravitational waves, etc. The resulting
cal — cosmology: theory — cosmology: large-scale structureexjuation is recognized as a cosmological variant of the Kardar-
Universe Parisi-Zhang (KPZ) equation (Kardar etlal. 1986) which is the
simplest archetype of nonlinear structure evolution and has been
studied extensively in recent years in the context of surface
growth phenomena (Barabi & Stanley _1995). While the es-
sential steps involved in arriving at this KPZ equation are re-
The Universe at short and moderate distance scales is inhoiiewed in Sec12, we refer the reader to the concise details of its
geneous, being filled by numerous structures. In fact the clumgymplete cosmological-hydrodynamical derivation in Buchert
structure of matter in the Universe extends for over 15 ordessal.[1997. The relevance of stochastic fluctuations in struc-
of magnitude in linear size, from stars to the largest clusterstgfe formation in the Universe has been addressed in Berera &
galaxies, and for about 18 orders of magnitude in mass (F=-ing 1994, where théle of the KPZ equation was empha-
trikerl1991). At scales from galaxies to clusters of galaxies asted. For FRW cosmologies with curved spatial sections, this
even superclusters, the Universe exhibits self-similar, fractal k@ruation contains a time-dependent mass-term. In[Sect. 3 we
havior (Mandelbrot 1983; Peebles 1993). At the largest scaléiscuss briefly the adiabatic approximation which allows one to
those probed by COBE observations (Smoot et al. 1991), tesat this mass term as a constant during most of the expansion
example, the Friedmann-Robertson-Walker (FRW) cosmolog§the background cosmology.
which is based on the hypotheses of homogeneity and isotropy, Having thus reduced the essential hydrodynamics to a single
provides adequate description of many uncorrelated obserdgnamical stochastic equation, we turn to the results of a dy-
tions. Isotropy is broken by the primordial fluctuations in theamical renormalization group analysis to calculate the precise
matter density which subsequently become amplified by th@m of the density-density correlation function using the KPZ
gravitational instabilities. equation. To do so we proceed first by extracting the renormal-
In this paper we explore the observed self-affinity and scatation group equations governing the evolution of couplings
ing in the density correlation function and tackle them with thgppearing in the cosmological KPZ equation with respect to
renormalization group, atool originating in quantum field theohanges in scale and integrating out the short distance degrees
(Gell-Mann & Low[1954), then extended to condensed matteffreedom. As we are interested in the behavior of the system at
physics (Wilson & Kogut 1974), later on extended to problemsyer larger scales, we will run the renormalization group (RG)
in hydrodynamics (Forster et al. 1977) and applied to surfagguations into the large scale (infrared) limit, a process known
growth (Kardar et al. 1986) and in the last few years applied 4 coarse-graining. The fixed points of these RG equations de-
gravitation and cosmology éPez-Mercader et al. 1996, 1997)termine the long-time, long—distance behavior of the system
Our starting point will be the non-relativistic hydrodynamiend their subsequent analysis yields both the power law form
equations governing the dynamical evolution of an ideal selff the correlation functions as well as their explicit exponents.
In particular, the value of the galaxy-galaxy correlation func-

1. Introduction
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tion exponenty ~ 1.8 is calculated, and its value understood Following the Zel'dovich approximation, we make the as-
in terms of spatio-temporal correlated noise. A summary of osmmption that in the weakly non-linear regime, the parallelism
results and discussion are presented in the closing section. condition [4) continues to hold, with(¢) given as the solution

of but we now employ the fully non-linear Euler equation
2. From hydrodynamics to the KPZ equation (@) with pressure term included. That is, we assume that the

non-linearities and pressure have not yet had enough time to
Structure formation in the Universe in the range of a few Migestroy the alignment in the acceleration and velocity fields of
up to several hundred Mpc can be modelled as the dynamig@d cosmic fluid. Assuming also that the pressure is a function

evolution of an ideal self-gravitating fluid and studied withiryf the densityp = p(p), one arrives at the following equation
the framework of General Relativity. However, we will restrictoy the velocity potential (Buchert et al. 1997)

our treatment to the case of Newtonian gravity for a numb%r%b ()

of physically justifiable reasons. First and foremost, the lengt¥’ _ . V24 + A OV + I3 t Lot 6

scales involved in large scale structure formation by matter afté¢ LOVTY 2f2( JVY) T vt (6)
decoupling from radiation are smaller than the Hubble radius (@here we have also added a stochastic source or nojsee

order~ 3000Mpc atthe presentepoch), so that general relativig-feyy lines below for a discussion). The three dimensionless
tic effects are negligible. Secondly, it is known observationalfyinctions of time,f;, f» and f; are

that matter flow velocities are much smaller than the speed of
light and that this non-relativistic matter plays a domindier . () _ p(p)Ft) 1 @
over radiation in the epoch of structure formation. Thus, the evo- 4Gp(t)a?(t) v’
lution in space and time of large scale structure in the Universe

will bg described z:;\dequately by the Nevvtonign hydlrod.ynamfg(t) = 1 T (8)
equations for a fluid whose components %re in gravitational in- a(t)

teraction in an expanding background metrithe connection . B

with observations and the subsequent phenomenology is mgﬁg) = (F@) - HOT. ©)

by writing these equations in terms of the comoving coordinates The positive constants, \ and 7" are introduced to carry
Y

« and coordinate time, and are (Peebles 1993) dimensions. One can think of them as typical values of the cor-
a6 1 responding time-dependent coefficients during the epoch we are
ot + gV (1 +0)v] =0, @ interested in. The reason why we introduce them here explic-
v 1 1 itly (instead of setting them equal to unity) will become clear
5 + Hv + 5(0 Viv=w-— a—Vp, (2) in Sectl 4. Thef;-term arises from the pressure term in the Eu-
P ler equation which we have expanded to lowest order about the
V  w=—47Gap(t)d, V x w =0, (3) zero-pressure limit. Note that higher-order terms in this Taylor

. . expansion will yield higher-derivative teri® (V?21)?) involv-
wherev(x,t) andw(x, t) are the peculiar velocity and accel- : hiah f the fiebd The f.- :
eration fields of the fluid, respectively. In the above equatio Ing quadratic and higher powers of the figkd The f,-term is

Smply th tive term from the original Eul tidn (2
H = a(t)/a(t) is the Hubble parametet(t) is the scale fac- ply the convective term from the original Euler equatidn (2)

tor for th derlvi logical back d ariel is th written in the new variables, while thg-term entails the com-
or for the underlying cosmological background gid) is the petition between the damping of perturbations due to the expan-

(time—dependent) average cosmological density. Thus, the Io& (—H4) and the enhancement due to self-grayityF'v)
density isp = p(1 + ¢) and the dimensionless density contrast The Zel'dovich approximatiori{4) together with the Pois-

is§ = L=P i : . . :
Is o = 552, son equation yield an important relationship between the den-

p
In the linear regime and for dusp (= 0), the vorticity of itv contrast and’2. the Laplacian of the velocity potential
the velocity fieldv damps out rapidly by virtue of the back-SI y rast and’"y, placi v P '

namel
ground expansion, and therefarean be derived from a veloc- y
ity potentialy, v = —V4, in the long-time limit. Furthermore, . 2
parallelism betweew andv holds, i. e., o) = 47rGaﬁV izt (10)
w = F(t)v (4) which shows that the density contrast tracks the divergence of

the peculiar velocity. Because of this identity, we are able to
calculate density correlation functions in terms of (derivatives
i of) velocity potential correlations. This is why it is worthwhile

F = 4nGp(t) — HF — F>. (5) investigating the scaling properties of the KPZ equation in de-

whereF (t) is the long-time limit solution of the following Ri-
catti equation

1 The resolution length must be large enough so as to legitimize ttr?él' h . L he eff
use of continuum equations (i.e., to validate the long-wavelength, or 1 1€ noiser)(x, t) appearing in[(6) represents the effects

hydrodynamic limit) for the description of the matter density, peculi@f random forces acting on the fluid particles, including the
velocity and acceleration fields. This requirement implicitly singles off€sence of dynamical friction, and also of degrees of freedom
a lower length scale which we may take to be greater than roughly tB80se size is smaller than thearse—graining lengtkindeed,
mean galaxy-galaxy separation length § Mpc). the very fact that we are using continuous fields to describe the
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dynamics of a system of discrete particles means that we @fardar et al. 1986), and differs from the standard KPZ equation
implicitly introducing a coarse—graining length, such that thathe linear (mass) termwhich, as seen from Eg|. (16), originates
details below this resolution length are not resolvable. (The rakthe expansion present in the background cosmology. ktere,
evance of this length-scale will become clear in $éct. 4.) Thepkays the éle of a diffusion constant whilg is proportional to
exist a number of physical processes on various length and tithe average “speed of growth” gf
scales that contribute to an effective stochastic source in the Eu-
ler equation. Indeed, any dissipative or frictional process le SAd' bati imati
to a stochastic force, by virtue of the fluctuation-dissipation the- 1abatic approximation
orem. So, fluid viscosity and turbulence should be accountaltethis section we briefly comment on some results about the
to some degree by adding a noise term in the dynamical eqtime—dependent mass terim{16) of Eql(13). The detailed anal-
tions. Early and late Universe phase transitions, the formatigsis that justifies our assertions is carried out in Buchert et al.
of cosmic defects such as strings, domain walls, textures, @B97.
sources for a noisy fluctuating background, as are also the pri- For equations of state of the form = xp, the time—
mordial gravitational waves and gravitational waves produceépendent mass term{16) is identically zero for flat FRW back-
during supernovae explosions and collapse of binary system@unds, but evolves with time in closed and open FRW back-
Another way to visualize the noise is to imagine a flow of watgjrounds, keeping a constant sign during the epoch of interest:
in a river; there are stones and boulders in the river-bed whigl¥ > 0in open backgrounds ama? < 0 when the background
obviously perturb the flow and have an impact on its nature. Theclosed.
noise can be thought of as a means for modelling the distribution There are two time scales in our problem: an intrinsic time
of obstacles in the river bed. In cosmology the obstacles in theale associated with the dynamical evolution prescribed by
river-bed represent, e.g., density fluctuations and the fluid is thg. [13), which is determined by the values of the coefficients
matter flowing in this “river”. The noise is phenomenologicallyn it, and an extrinsic time scale associated with the background
characterized by its average value and two—point correlatiexpansion, which is determined by the parameters defining
function as follows, the background cosmology. A numerical study of the function
m?(t) for the physically interesting range of parameters, reveals
(n(=,1)) =0 (11) that its relative variation over these two time scales is small,
n(z, (' 1)) = 2D(x, x';t, 1), (12) which justifies an “adiabatic” approximation: we can assume
m?2(t) to be a constant, rather than a function of time, when
with D(x,2';t,t") a given function of its arguments (see beperforming the Renormalization Group analysis in the next sec-
low). All higher cumulants vanish. The noise is thus Gaussiaion. This assumption greatly simplifies the analysis, and the
However, the velocity field need not be (and in general, wiliresence of a non-zero mass term in the KPZ equation results in
not be) Gaussian as a consequence of coarse-graining ofghguch richer renormalization group trajectory flow and fixed

dynamics. point structure than that corresponding to the massless case, as
The stochastic hydrodynamic equatidh (6) can be furthge will see below.
cast into
%I/ = V20 + EA(V\I!)z —m2(7)V + 7, 7) (13) 4. The renormalization group equations
T 2 T

by means of the following simple change of variables and rghe starting point for the subsequent analysis is the KPZ equa-

definition of the “physical—time? into a “conformaltime’r tion for the_: velocity potential, ed_(13). Because this is a nonlin-
ear equation, and because there are fluctuations, as represented
t
W(w,7) = f2(t(7))

by the stochastic noise term, it is to be expected on general
fi(t(r)) grounds that renormalization effects will modify the coefficients
. appearing in this equation. Due to the existence of fluctuations,
- / dt' f (). (15) th.e coeff|C|en'ts in Eq(13)v, A\, m?) do not remain constant
to with scale: asis wellknown (Ma 19776; Amit 1984; Binney 1992)
there are renormalization effects that take place and modify
these coefficients (or “coupling” constants); the modifications

P(,i(7)), (14)

The linear (mass) term in EQ.{IL3) is given by

d 1 [t are calculable and can be computed using dynamical renormal-

2 f2 (T) ’ ’ . . . . .

m*(r) = ———In o P\ T dt’ fs(t') ||, (16) ization group (DynRG) techniques. The renormalization group
! to(7o) is a standard tool developed for revealing in a systematic way,

and the noise transforms into how couplings change with scale in any physical system un-

der the action of (coarse)-graining. Moreover, it predicts that all
- ~ fa(?) . , i
n(x,t) = "y n(x,t). (17) correlation functions go as power laws when the system is near
h(®) a fixed, or critical point, i.e., they exhibit self—similar behav-

Finally, Eq.[13) is a generalization to a cosmological settirigr. However, the value of the scaling exponent changes from
of the Kardar—Parisi-Zhang (KPZ) equation for surface growtine fixed point to anothein fact, the values for the couplings
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at some reference scale establish the fixed point to which thieerez andy are numbers which account for the response to
system will be attracted to or repelled from, because these ridfe re-scaling. By eliminating from the above, we arrive at
erence values will belong to a specific “basin of attraction"the fact that the two-point correlation function for the velocity
We will look for the IR stable fixed points since these reflect theotential scales as

system behavior characteristic of long times and large distances ,

and ceases to change as we look at the system at ever laf@gt, )W (', t')) |  — ' |>X f (M) 7 (19)
scales. -

Indeed, even before fluctuations are accounted for, one %rex is the roughness exponentthe dynamical exponent

easily obtain the so-called canonical scaling laws for the parag the scaling functioyfi() has the following asymptotic be-
eters appearing ifL(13); these follow by performing the simultgz, ior (see, e.g., Barabi & Stanley 1995):
neous scaling transformation— sx, 7 — s*7 andy — sX1) T

and requiring the resultant equation tofoem-invariant that  lim f(u) — u?X/?, (20)
is, that the KPZ equation transforms to a KPZ equation at ttie’ >
new, larger ¢ > 1) length and time scale. This simple require-jy, f(y) — constant. (21)

ment leads to scale dependence in the parameters appearirigif

the original equation of motion as well as in the correlation : ;
. . . Notice that because of ef.{18), largeneans going to the
functions built up from the KPZ fieldi(x, ). When fluctua- large distance or infrared (IR) and (fer> 0) long time limit,

tions anq noise are turned on’, rgnormallzatmn effects Ch"?m\glﬂile small s corresponds to the short distance or ultraviolet
the scaling behavior of the couplings and correlation funCt'OK@V) and short time limit
e

away from their canonical forms, in a way which depends on t Making use of the relations EG.{14) and EgJ(10), one can
basins of att.raction for the fixed points of the DynRG equatiori}ﬁmediately obtain the scaling behavior of the 2—p;oint cor-
of the couplings. relation function for the density contrast, and thus study the
asymptotic behavior of this function in different regimes. In
4.1. Calculation of the RGEs the following we will implement this procedure. First, we ob-
. . . ain the scaling or RG equations for the couplings by imposing
The RG transfqrmanon consists of an averaging OVeT MOGKP 1 invariance on the Ed.X6), then by using the property of
W'thl n}on:en;a’c It?w thte ranfgeA/ St.g & fS”A wr:jelr)es g d'll 'f tthe cfonstancy of the couplings near fixed points, we obtain and cal-
scaje factor for the trahstormation, Toflowed by a dliatation gl q the fixed points themselves and the corresponding values
the length scal&x — sx in order to bring the system back to
. - [ . of the exponents.
its original sizH. Here, A plays the éle of an UV-momentum,

. L We now characterize the Gaussian noigez, ¢). This is
or short distance, cut-off characterizing the smallest resolvalalgne by choosing the noise correlation function. Here we will

Qetall whose physms is to be qescrlped by the dynam'|cal e.q.H e colored or correlated noise, whose Fourier transform satis-
tions. In classical hydrodynamics, this scale would be identifi

with the scale in the fluid at and below which the molecular gran-

ularity of the medium becomes manifest and the hydrodynamic (f(k,w)) = 0,

limit breaks down. The renormalization group transformatio S ~ d+1 ' /
k k 2D(k 2 ok + kK)o

has the important property that it becomeseamctsymmetry Ul ’w)n(~ @) (k@) 772) 725 FE)w ),

of the physical system under study whenever that system ap- D(k,w) = Do+ Dok w™, (22)

pr(_)aches or is near a critical point, becggse itis near th_e criticdlare Dy and Dy are two couplings describing the noise
point (or points) where the system exhibits scale-invariance Qfyangth, and the, 6 exponents characterize the noise power
equivalently, where the system can be described in terms af @ .t m in the momentum and frequency domains. White noise
_copforma! field theor_y. The hgllmark for a system near Cr't'(_:all:'orresponds td, — 0. The explicit functional form of the

ity is that its correlation functions display power law behav'oﬁoise amplitudeD (k, w) reflects the fact that correlated noise

This means that the statistical properties of the system remaip, power law singularities of the form written above (Medina
the same, except possibly up to a global dilatation or change,, 1989)

of unit of length. We can calculate the power law exponents by The solution of [IB) can be carried out in Fourier space

requiring that the dynamical equations remain invariant unqﬁﬁere iterative and diagrammatic techniques may be devel-

tsi:;llzbove RG transformation and under the further change 3 (Medina et al. 1989). A standard perturbative expansion of

the solution to Eq[{13) coupled with the requirement of form—
invariance and the property of renormalizability, lead to the fol-
lowing RG equations for the couplings:

2 The term “renormalization group” is actually a misnomer, sinced 9
due to the process of averaging over small distances and the subsé — 2m?
guent loss of information, the RG transformations do not have an ifllog s
verse. Consequently the technically correct name would have to be thdr

“renormalization semi-group”. dlog s

x— sr t— s°t, and U — sXWU, (18)

>‘2Kd d—27,—2 -1
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+(d =2V~ = 2p) DV =2 sec(6m)(1 4 20)}], or the noise intensity (as given by the paramefegsand Dy)
dDy MKy 4o grow, and they become smaller when the diffusive action (mea-
dlogs Do(z —2x —d) + 771\ V3 (23)  sured byv) grows. The dimensionless couplifigmeasures the
_ag competition between the diffusion and mass terms. Indeed, ne-
[DG + 2DoDgV =" sec(fm)(1 + 20) glecting for the moment the noise and nonlinear terms, one can
+DFV 4 sec(207)(1 + 40)], write (I3) in Fourier space as
dDy -
dlog s Dol=(1+20) = 2x = d + 2], g—\f = —(vk* + m?)V. (25)
dA
dlogs Atz -2 Now, if m? > 0 (i.e.,V > 1), the perturbations in the field
)\ Dy Kd o590 are damped. But if on the other hand? < 0 (V < 1), there
5 ATTVTITTO(L A+ 20) sec(nd)]. exists alength scale = /— -2 below which the perturbations

are damped, but above which they grow. The dase 0 corre-
The full details of the calculation of these equations will be prgponds to a length scale< A~ this scale ismallerthan the
sented elsewhere (Mamt-Garéa & Pérez-Mercader 1998). Theminimum resolvable length scale in the problem at hand, and
calculation of the RGE's for thmassles&PZ equation in the therefore the diffusive term becomes unimportant. We remark
presence of colored noise is giveniin (Medlna etal. 1989). Hefig passing that the limiting behavior in the RG flowlas— 0+

s is the scale factor of Eq.{18), anfd; = (z,r)d is a dimen- |eads to a technical requirement: one must assume that the dif-

sionless geometric factor proportional to the surface area of fogive term is non-negligible (i.ey;, # 0) in order to compute
d-sphereSy, whered is the spatial dimension. This set of equathe RG equations.
tions describes how the coupling constants\,, m?, Dy, Dg From the above equations one calculates their fixed points to
evolve as one varies the scale at which the system is stughich the graining flow drives the couplings. The correspond-
ied, a process commonly referred to in the condensed maitgy fixed point exponents andy follow from substituting the
literature as “graining”. In the present context we will be infixed point solutions so obtained back into the previous set of
terested in the coarse-graining behavior, since we seek to R® equationd (23). These exponents control and determine the
cover the behavior of our cosmological fluid as one goes ¢alculatedasymptotic behavior of the correlation functions. The
larger and larger scales. In actual practice we will investigaggstem will be attracted to fixed points in the IR or UV regimes
the coarse-graining flow in a two-dimensional (white noise) elepending on whether they are IR-attractive or UV-attractive
three-dimensional (correlated noise) parameter space. Thialidough, as with any autonomous set of differential equations,
because one may cast the above set of RG equations in termstieér possibilities exist.
a smaller, yet equivalent set, by employing the dimensionless
couplings defined a¥ = 1 + % Uy = N2 DoKgA%=2 /13,
andU, = \2Dy K 4A?=2-20=4% /13420 Doing so, one arrives
atthe following reduced set of renormalization group equatiorihe fixed points, collectively denoted lgy, are the solutions

to the system of algebraic equations obtained by setting the

5. Fixed points

dtp Ug right hand sides of equatioris {24) equal to zero. They control
dlogs @=d+ 1575 4dV3 [d+3(aV = 2) the stability properties of the system of DynRG equations and
U} therefore they characterize the asymptotic behavior of correla-
T3 +ae sec(2mf)(1 + 49) tion functions. When the couplings attain their critical values,
UoUp the system becomes critical and the correlation functions en-
+W(1 + 26) sec(mf) x ter into power law regimes, characteristic of physical systems
[2d — 80 + 3((d — 2p)V — 2)] (24) in Fhe critical state where they are scale invari&khich fixed
AUy UyUs pomt the system is attracted tp or repeIIe.d_ from depends on the
dlogs (2—d+2p+40)Up + Y¥IE (dV —2)(3+20)  basin of attraction where the initial conditions for the DynRG
2 equations are locatedAs the couplings evolve under grain-
(1 4 26) sec(wh) x ing into their critical values, the—point correlation functions
4dV3+29 approach power law (or scaling) forms because they are the so-
[—80 + ((d — 2p)V —2)(3 +20)] lution to first order quasi—linear partial differential equations
v VD24 —— 1 (dV — 2)U (the Callan-Symanzik (CS) equations (Arnit 1984; Binney et
dlogs 4dV3 0 al.[1992)) whose characteristics are the solutions to EQQs. (23).
+((d = 2p)V — 2)V2°(1 + 26) sec(70)Uy]| This CS equation simply expresses the fact that the correlation

functions are invariant under the renormalization group trans-

The dimensionless couplind%, Uy measure the strengthformation. In other words, the system is scale-invariant at its

of the “roughening” effect due to the combined action of noidéxed points, hence, correlation functions must take the form

and the non-linearity against the “smoothing” tendency of tto algebraic power laws, since these are the only mathematical
diffusive term in Eq.[(IB): these couplings grow when either functions that are scale-invariant. Thieysics of each of these
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[N

fixed points allows one to calculate the infrared (IR) stability
properties of the fixed points and thus characterize their behav-
) ior with respect to the coarse-graining. This entails expanding
the RG equations iy — U + Uy andVy — Vi + 614 to

vV 1 L —— _ s , first order in the perturbations and solving fidr, andéVj. In

b2 general, the eigenvectors of this linearized system will involve
linear combinations oéU, andéVj. The associated eigenval-

' L3 <\ ues, which determine the stability properties of the fixed point,
‘\\\\\\'Q'\\ are also listed in Table 1. A positive eigenvalue indicates that the
0 0 1 5 3 coarse-graining induces a flow away from the point along the

Uy ' eigen-direction, while a negative eigenvalue indicates the point
) is stable in the infrared, since the flow will be into the fixed point.
Fig. 1. Flow diagram in {o,V') space. Arrows indicate IRs(— oo)  The type, or class, of fixed point, whether it be IR-attractive (all
flow. eigenvalues negative), IR-repulsive (all eigenvalues positive) or
a saddle point (mixed sign eigenvalues) is listed in Table 1. The
coarse-graining flow of the couplings in the white noise case is
given in Fig[1. These flow lines were calculated by integrating
numerically the set of two coupled first order differential equa-
tions forUy andV/, using general choices for the RG equation
initial conditions.

5.2. The value of the critical exponents at each critical point.
Colored noise

For colored or correlated nois®§ + 0), we now deal with a
three dimensional space of dimensionless couplingé/, and

V. Using the same procedure as discussed above, we solve for
the RG equation fixed points which lead to a total of seven fixed
points, including the same three poitit$, P2 andP3 obtained

in the white noise limit. Thus, allowing for colored noise yields
four additional fixed points which we will denote liy4+ and

P54+, since they arise in pairs. Their coordinates are listed in
the table, together with their associated expongraadz and

fixed points is different, because it depends to a large extent!fh€igenvalues and stability properties under coarse-graining.
the magnitude and sign of the scaling exponent as well as Bgth, the positions of these points and values of their exponents,
the attractive or repulsive nature of the fixed point. depend in general upon the values of the noise expopeants

The flows and the fixed points of our set of RG equations Afewhich parametrize spatial and temporal correlations in the
represented in Fifl 1, for white noise and Elg. 2 for colored noidt?ise. The pair of fixed points labelled &8+ always lie in

while the features of our fixed point analysis are convenientije planeV* = 1, (i.e.,m*" = 0) but their location within
summarized in the adjoining Table 1. this plane varies with the noise exponents. Moreover, any RG

flow which starts off in this plane will always remain in this
plane (this plane acts as a separatrix). It is important to point
'out that there are values of the noise exponeniswvhich lead

to complexvalues of the fixed point coordinates fBrd+. This

In the case of white noiseljy = 0) we solve for the fixed is because these fixed points arise as solutions of a quadratic
points of the (reduced set) of RG equations. Sifige= 0 in algebraic equation whose discriminant can become negative for
this case, these fixed points will all lie in a two-dimensional coiyalues of andd in certain domains in parameter space. We must
pling space spanned ky/y, V). There are three fixed points,ule out such values of the noise exponents because of physical
labelled asP1, P2 and P3, whose coordinates are listed in Taf€asons. For the allowed valuesodnd® (i.e., those that lead

ble 1. Two ofthemP1, P2 lieinthelineV* = 1, corresponding 10 real fixed points), we find that4+ have exponents andy

to m*2 = 0 in the RG-evolved KPZ equation, whilé3 lies in that are complicated functions of these parameters, but we have
the region bounded between thie= 1 andV = 0 lines. By checked that for all allowed values, either< 0 or x > 5. The
substituting these fixed point values back into the original set&t eigenvalues and the nature of these fixed points depend on
RG equations{23), we solve for the corresponding fixed pointf- For the choice shown, i.ep, = 2.65 andf = 0.1, both
exponentsy andz. These values are listed in the third columd’4= are saddle points. In fact, we have confirmed that the pair
of Table 1. Linearizing the RG equations about each one of th&ifi+ Wil always be saddle points whenevere (2.60,2.75)

Fig. 2. Flow diagram in Uy, Uy, V) space around P5+.

5.1. The value of the critical exponents at each critical point
White noise



A. Dominguez et al.: Dynamical scaling of matter density correlations in the Universe 33

Table 1. Characteristics of the fixed points.

Point PositionUyg, Uy, V™) (z,X) vy=4-2x IR-eigenvalues Class
P1 (0,0,1) (2,-1/2) 5 (4.7,-1,2) Saddle point
P2 (0,2,1) (13/6,—1/6) 13/3 (5.2,1,2.2) IR-repulsive
P3 (0,1.55,0.38) (0,2) 0 (-1.7,2.0,—15.1)  Saddle point

V" =1, (Ug,Us) depend or{p, 0) Some :

. ’ ’ VL pendorip,) x < Depends on(p,6) Sign depends on
P4+ pairs are not allowed by a discriminant
Oorx >4/3 >4o0rvy<4/3 ,0

conditiort x =4/ v =>4dory <4/ (p,0)
Forp =2.65, 6 =0.1
P4+  (4.2,6.4,1) (0.64,1.53) 0.94 (—6.2,1.8,0.64) Saddle point
P4-  (3.4,1.7,1) (0.62,1.52) 0.96 (—5.5,—1.6,0.62)  Saddle point

E)Zier;U;r’evn)ot (jiellrc)s:edd g; (6[1)7 Zi)scﬁr%rirrimt(o’p - 3/2) =
X € [—3/2,2] which

-, . . Sign depends on
P5+ conditiori'. Essentially the allowed region includes the range 7T—2p (5, 0)

isp €[0,7/2],
0c0,1/4) (1.1,1.25) for x
Forp =2.65, 6 =0.1
P5+(—0.1,0.43,0.19) (0,1.15) 1.7 (0.4 + 3.5i,—27.3)  IR-attractive
P5-(3.0,—1.96, —0.55) (0,1.15) 1.7 (—19.2,8.5,—1.5) Saddle point

* These fixed points are obtained as real solutions of a second degree algebraic equation, and therefore the set of pairs that give real fixed points
are restricted by a discriminant inequality.

Remarks:

— Only P5+ has a basin of attraction, which is approximately in the reigien(0, 1), Uy € (0,1.5),Us € (—0.2,0). P2 has a large “basin of
repulsion”, and the other points are saddle points.

— The trajectories outside the P5+ basin of attraction reach infinity or fall to the sifigua0 plane at a finite “time”.

— Only with P5+ can we adjust the observed valyes (1.5, 1.8), because P5—-has" < 0 in this region, which implies smaller length scales
than the one corresponding to the UV cut-aff

andf € (0,0.23). The reason for choosing these particulgg(|x — y|,t) = (§(x,t) 6(y, 1)) (26)
exponent intervals will become clear in SEtt. 6. F 2 £2
The next pair of fixed pointg®5+ also have coordinates = (47rGaﬁ> ,levivi (U(z, )W (y,t")) |rr=t -
J2

and exponents depending on the noise exponents. As in the
case ofP4+, there are values ¢f 6 (same as foP4+) leading We see that the scaling behavior&gf) is determined once we
to complex couplings, which we rule out. The allowed valugsiow the scaling behavior for the equal time two—point corre-
of the noise exponents lie roughly in the respective intervdiion function of the density contrast for the velocity potential
p € [0, 2] andd € [0, ). The exponents foP5+ are given by ¥(zx, ),
the simple functiong = 0 andyx = p — % and the stability

properties do not depend on the particular values of the nogg:B —yl) = (U@, )Yy, 1)) - (27)
exponents within the above mentioned intervals. For the chofegm Eqns.[{19) and{21), we have

p = 2.65 andd = 0.1, P5+ is IR attractive whileP5— is an 2y

unstable saddle point. We must nonetheless exdRide from (U(z,)¥(y,1) ~ |z —y[™X. (28)

our consideration since it lies below the plarie= (2) .., it Introducing (for convenience and notational consistency with
corresponds to a renormalized KPZ mass < —vA2, which the literature in critical phenomena)= 2 — d — 2y, we have

therefore exceeds the scale of the momentum cut-off imposed (d—24m) . .
on our perturbative calculation. C(r) ~r= 75T C(k) ~ K" (29)

which on using Eq[{26) above for equal times gives

&(r) ~ rm (2, (30)
We can now begin to put together the results we have obtained . .

in relation with the scaling propertigsedictedby the DynRG. or the correlation function, and

Using equationg (10) and(114) we can write for the 2—point COP (k) ~ K2+, (31)
relation function of the density contrastin comoving coordinates

that for its Fourier transform, the power spectrum.

6. Scaling properties of matter density correlations
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Egs.[(30) and[(31) are now suitable for comparison wifixed point as larger and larger scales are prohedine tuning
observatior$ since they are written in comoving coordinatess required
and therefore correspond to quantities directly inferred from
observations and provided we assume that light traces MaSS:ccussion and conclusions
Otherwise we would need to correct for bias, a strategy wé
leave for a future publication. Fro{30) and the definition dh this paper we have presentedaralyticalcalculation of the
the exponent), we see that the exponentneasured from large density-density correlation function for non-relativistic matter
scale galaxy surveys, whefeps(r) ~ r~7, is calculable in in a FRW background cosmology. The calculation hinges on

term of the roughening exponentand is given tﬂ blending two essential theoretical frameworks as input. First,
we take and then reduce the complete set of non-relativistic
v =4-2x(p,0). (32) hydrodynamic equations (Euler, Continuity and Poisson) for

. ) . . If-gravitating flui ingl hasti ion for th
Using our fixed point analysis we have computed all thae self-gravitating fluid to a singlstochasticequation for the

exponentsy and z for all the fixed points (fourth column in peculiar-velocity potentia). The noise term(x, t) models in

Table 1). The predicted values fgiare tabulated in the table as phenomenological but powerful way different stochastic pro-

: . : esses on various length and time scales. Second, we apply the
shown. Thus, at each fixed point, we derive a power law for the ; : . T
: . ) _ .. well-established techniques of the dynamical Renormalization
density correlation functiog(r) ~ 7. In the case of white

noise alone, we see that none of the three corresponding ﬁ)({;?rgup o calculate the long—time, long-distance behavior of

points are capable of reproducing any of the inferred vaIuesLoF correlation function of the velocity potential (which relates

< < ) ) ] _“directly, as we have seen, and under the conditions we have
v (1.5 ~ v ~ 1.8) from observations. It is of interest to pointg

, . pecified, to the density-density correlation) as a function of the
out, however, that the point’3 yields the exponent = 0, giochastic noise source in the cosmological KPZ equation.
which means that the correlation function is strictly constant at \yhen we carry out a detailed RG fixed point analysis for our

this point, i.e., the matter distribution is perfectly homogeneoysp equation, we find that simple white noise alone is not suf-
However, P3 is an IR unstable saddle point and a fine-tunin

. . < < .
in the initial values o/, andV would be required in order to feient to account for_the scaling expongtt ~ - ~ 1'8_) n
S L ferred from observations of the galaxy-galaxy correlation func-
have the system flow into it under coarse-graining.

For colored noise, the RG behavior becomes significanHon' However, we can get close to this range for the observed

. . : . .exponent if the cosmic hydrodynamics is driven by correlated
richer since we now must map out RG equation flow trajectorlesp Y y y

. . : . . noise. In fact, we need only adjust the degree of spatial corre-
in a three dimensional space of couplings (sedfrig. 2). A gla &fion of the noise to achieve this, since the calculated value of
at the tabulated calculated values of the exponestiows that i

. . . S the exponent = 4 — 2x(p) associated wittP5+ is indepen-
P5+ s the only fixed point capable of yielding values pf ﬁ/lent of the degree of temporal correlations, as encoded in

within the currently accepted range of values inferred from o loreover, P5-+ is the only fixed point with this property, and
servations, by choosinge (2.60,2.75) and any € (0,0.23), is simultaneously IR-attractive, both desirable properties from

sincey = x(p) = 7 — 2p for P5+. Although~ is independent . : : . .
of §, a non-zero value df in the above interval must be choserﬁhe phenomenological point of view. This last property is very

in order thatP5+ exist (this pair of fixed points vanish identi—:::t!%?]r;aigt’ Sg;;;é?jgg;?i?%iSdeh;]_;r'nn:é:rsveor;jgfr: Or;(iﬁgre-
cally whené = 0). It is also theonly IR-stable fixed point in o y '

the three—dimensional coupling space spanned by the couplitr}hgas:n an atypical property that the system exhibits only under

(V, Uy, Uy). This implies the following behavior: any point ini- fy special conditions.

M . . O . Thus we have learned that colored noise seems to play an
tially in the basin of attraction aP5+ inevitably ends up at this important ble in the statistics of large scale structure. Ne

% Observation has shown that large scale structure depends on ddsthata ”9”'29”9 and & < (2'6_’ 2.75) are the relevant noise
mological parameters such as the age of the Univarsend initial  €XPonents is a question one still has to ask. To answer it, one

densityQ,. While these parameters (and others) do not appear expNgould in principle have to derive the noise source itself starting
itly in our calculations, they are there implicitely in quantities such ds0m the relevant physics responsible for generating the fluctu-
ro, the scale factor, whose calculation cannot be carried out withouaions. Here, we content ourselves with the phenomenological
deeper knowledge of the noise sources. Nevertheless, the renormaliggeroach. Nevertheless, at some future point, it may be possible
tion group gives one a way to calculate the power law scaling law aflsay more about the spectrum of noise fluctuations.

its exponent as a function of which particular basin of attraction the |t must be pointed out that the Renormalization Group al-
systems happens to start out in. This explains exactly what we Me&'s us to compute onlgsymptoticcorrelations, i.e., after suf-

when we claim that no fine tuning of parameters is required in orderﬁgient time has elapsed so that the effect of noise completely
account for the value for the scaling exponent inferred from the obser- shes out any traces of the initial conditions in the velocity

vations. Irrespective of where the system starts out in a particular ba\féll S . i . .
of attraction, in time it inevitably flows into that basin’s fixed point: ield orinitial density perturbations. Hence, there will be a time—

this is very much a kind of independence of initial conditions. dependenma_ximumlength scale, above which noise has not

4 Notice that when written in this way, the value pfseems to be beécome dominant yet and correlations therefore remember the
independent of the spatial dimensionatitBut this is fallacious, since initial conditions, as well as a transition region between these
x itself depends od as is seen from the RGE's. two regimes. The length scale at which this transition occurs
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depends on noise intensity and on the amplitude of initial pdeferences

turbations. Therefore, a physical model of the origin of nois&

) . . itD.J., 1984, Field Theory, the Renormalization Group and Critical
would enable us to predict this scale, but such a task is well Phenomena. World Scientific, Singapore

beyond the scope of the present paper. BaralasiA.L., Stanley H.E., 1995, Fractal Concepts in Surface Growth.
Itis also interesting that the Renormalization Group allows cambridge University Press, Cambridge

us to compute the proportionality coefficient of the matteferera A., Fang Li-zhi, 1994, Phys. Rev. Lett. 72, 458

density correlations, i.e., the quantity in £(r) = (r/r9)~", Binney J.J., Dowrick N.J., Fisher A.J., et al., 1992, The Theory of

by means of the so-callemnprovedperturbation expansion  Critical Phenomena. Oxford University Press, Oxford

(Weinberg 1995). This length scalgmarks the transition from Buchert T., Doninguez A., Rrez-Mercader J., submitted to Physical

inhomogeneityf < 7, £(r) > 1) to homogeneitys( > ro, Review D., astro-ph/9709218 _

&(r) < 1). Butrg is also dependent on the noise intensi:gav's M., astro-ph/9610149 and references therein.

and other free parameters of our model, so that a predictio %lst&;?]; luelsL%r\Jv?:.R'l’ gssfpgﬁ;SMé‘]é\'/;??lézgys' Rev. A1, 732

impossible without a deeper knowledge of the noise sourcgs. R ' : "

At this point, we should mention the recent debate about t ardar M., Parisi G., Zhang Y.C., 1986, Phys. Rev. Lett. 56, 889

) - . - S.K., 1976, Modern Theory of Critical Phenomena. Benjamin,
observational value of): on the one hand there is the viewpoint Reading

that homogeneity has been reached well within the maximyndelbrot B., 1983, The Fractal Geometry of Nature. W.H. Freeman
scale reached by observations (Ddvis 1996) € 50Mpc); and Company, New York

on the other hand there is an opposing viewpoint as expresbadtin-Garda J.M., Rerez-Mercader J., 1999, in preparation.

by Sylos Labini et al[ 1998 who argue that 2 200Mpe. Medina E., Hwa T., Kardar M., Zhang Y.C., 1989, Phys. Rev. A 39,

Either viewpoint can be easily incorporated into our modeé 3053

. . N ) . striker J.P., 1991, Development of Large-Scale Structure in the Uni-
by suitably choosing the noise intensity. But if the latter value verse. Cambridge University Press, Cambridge

of o turns out to_ be. Corre.Ct’ _th's would indicate within OUpggpes P.J.E., 1993, The Large Scale Structure of the Universe, Prince-
model that the noise intensity is really large and therefore, that (o, university Press, Princeton, 1980 and Principles of Physical
noise and stochastic processes played a much more importanicosmology. Princeton University Press, Princeton, 1993
role in the History of the Universe than has been thought to datérez-Mercader J., Goldman T., Hochberg D., Laflamme R.,
1996/1997, Phys. Lett. A222, 177; Hochberg Ceréz-Mercader
J.,Gen. Rel. Grav. 28, 1427; Barbero J.F., Doguez A., Goldman
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