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Abstract. Radial pulsations of neutron stars and strange quariatter and the strange quark matter described by the simple bag
stars with nuclear crust are studied. The avoided crossing phedel.
nomenon occurring for thedial modes is found and discussed.  The plan of the paper is as follows. In Sect. 2 we describe
Neutron star models are constructed using a realistic equatimuations of state for which we found the avoided crossing phe-
of state of dense matter and strange star models using a pt@nenon. We calculate here also the adiabatic index of the mat-
nomenological bag model of quark matter. The eigenfrequee+ which is crucial for the existence of the avoided crossings.
cies of the three lowest modes of linear, adiabatic pulsations &reSect. 3 we present the formulation of the problem of linear,
calculated, using the relativistic equations for the radial oscilladiabatic, radial pulsations of stars. We discuss here also the
tions. method of determination separately the oscillatory properties
of the inner part of a star and the outer regions (envelope). Nu-
Key words: dense matter — stars: neutron — stars: oscillationmerical results for the eigenfrequencies of the lowest modes of
radial pulsations of stars are presented in Sect. 4. Finally, Sect. 5
contains a discussion of our results and conclusions.

1. Introduction

Radial oscillations of dense stars (neutron and strange st&skquation of state and adiabatic indices

i . indblom ( . . : :
were studied by many authors (see eg. Glass & Lindblom ‘198§?1e starting point for the construction of our equation of state

Vath h (1992 f herein).
ath & Chanmugani ( ) and references therein) I%EhOS) for the neutron star models was the model of hot dense

Inthe present paper we study the radial pulsations of heut .
stars and strange quark stars with nuclear crust in the fra gtter of Lattimer and Swesty (1391), hereafter referred to as

work of general relativity. Our aim is to present an interesti 'Lhécitﬁscl)?/rll V::szisbeizlcijt Orrfozsleucsmgt Iiﬁerzoa?jrlégg:zse?;td'g?
phenomenon — avoided crossing of this radial modes. Avoidg:d metric nupclear mat){ef( — 990 MeV. We use LS model 03;
crossing manifest itself as a rapid change of the frequency o . R

atter in the low temperature limit, which can be treated as a

the certain oscillatory mode when stellar configuration gradu-
y 9 g gro—temperatur@“ = 0 model.

ally changes. At this point the frequencies of two consecutid . . . A :
modes are very close and star “switches” the oscillatory proép- The detailed discussion of the EOS and equilibrium condi-

erties from one to another. This effect was previously notic q n,islsaprseesfonr:gdeIQaFr?plzrvl\./e consider the strange stars with
in the analysis of theonradial oscillations in “ordinary” stars P 9

(Aizenman et al.[[1977), Christensen-Dalsgaard (1980)) a%clear crust. The interior of this star is build of strange quark

. . tter, containing nearly equal numberof ands quarks. This
has been recently discussed by Buchler el al. (1997) in the C%]%tter is described in the framework of the bag model with the

of radial pulsations of the classical variable stars. For neutro . = .
P ye of bag constart = 60 MeV fm—3 (Witten (1984), Farhi

) . . I
stars the avoided crossing phenomenon was considered byé% .
. o . ~ & Jaffe (1984), Haensel et al. (1986)). The crust of a quark star,
& Strohmayer[(1996) fononradialoscillations of rotating neu at densities below neutron drip poipk(p = 4.3-10'! g cm™3),

tron stars. X .
The avoided crossings of radial modes in neutron stars V\E‘gepre.sented by the BPS equation of state (Baym eLall 1972).
In Fig[d we show our equations of state for nuclear and

mentioned in our recent paper (Gondek, Haensel and Zdunik rk matter
(1997, hereafter Paper I) also in the case of hot protoneutr%%a atter.
star.

In this paper we study the avoided crossing phenomen®ri. Adiabatic indices

for two models of dense matter. the low temperature limit qrhe adiabatic index within the stdr, plays a crucial role for

the Lattimer & Swesty|(1991) equation of state of the neutron . :
) oscillatory properties of the star.

Send offprint requests td.L. Zdunik The oscillation frequency depends sensitively on the value
Correspondence tglz@camk.edu.pl of the adiabatic index and on the shape offtfie) function. The
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Fig. 1. Pressure versus baryon density for our models of dense nfaiy. 2. Parametel s versus pressure, for the nucleon matter.
ter. The solid curve corresponds to cold catalyzed nuclear matter. The
dotted curve presents the EOS for strange quark star with nuclear crust.o®

108

increase of" means the growing stiffness of the matter leading 104
to the effect of the “wall”, setting the bounds for the regions of
oscillatory motion. e, 10°

To calculate properly the oscillations of the star one has
to know the relevant index, governing linear perturbation of
the pressure due to the density perturbation. This index will be 10
denoted byl ..

In the case of a sufficiently cold matter, the reactions be- 1, L —
tween matter constituents are so slow, that the matter compo- 30 35 0 5 10
sition remains fixed (frozen) during perturbations in the dy- log,,P [dyn em~?] P [10% dyn cm?]

namical timescale, becausgac: > 7ayn. In such a case, the Fig. 3. Parametell',s. versus pressure, for the strange quark matter.

appropriate adiabatic indexi§:ozcn i-e. The left figure in logarithmic scale visualizes the huge jumpiat
n /dP the crust—strange core boundary. In the right figure we preséhited
< )57Ye ’

1

(1) linear scale in the region of core oscillations. For comparison we show
T for nuclear matter (dashed line)

Fosc - Ffrozcn =p dn
wheres, Y, correspond to the equilibrium model. Fixed value

_of Y. du_ring oscillatory motiqn results in freezing of the weak | .4 adiabatic radial pulsations of stars

interaction processeg{reactions).

The detailed discussion of the relevant adiabatic indiggs The stellar configurations in hydrostatic equilibrium are de-
at different physical conditions (hot protoneutron star with édermined by the integration of Tolman-Oppenheimer-Volkoff
without trapped neutrinos) was presented in Paper . (TOV) equations (Tolman 1939, Oppenheimer & Volkoff 1939).

The dependence ®Ts on the pressure in the stellar interior, The mass-radius relation for the neutron and quark star mod-
for our models is displayed in Figs.[2, 3. In this figures (arelsis shownin Figl4. In Fif] 5 we show mass vs. central pressure
also some next figures) we choose pressure as an indepentfgrmur stellar configurations. The points on the M(R) curve for
variable because pressure is continuous through the star a@dtron stars correspond to the stellar models for which oscil-
describes very well some stellar parameters (e.g. mass ablabery properties were studied in details and presented ifFig. 8
given radius). This is not the case of densitywhich exhibits and discussed in Sect. 4.
large density jump at the crust—core boundary of quark stars.  To find eigenfrequencies we solve the equations govern-

ing infinitesimal radial adiabatic stellar pulsations in general
relativity derived by Chandrasekhar (1964), and rewritten by
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Fig. 4. The gravitational mass versus stellar radius for static models_g}l‘%; 5.The gravitational mass versus central pressure for static models

neutron stars (solid curve) and quark stars (dotted curve). The poig eutron stars (solid curve) and quark stars (dotted curve). The points

0
on the M(R) curve for neutron stars correspond to the stellar modg T the M(R) curve for neutron stars correspond to the stellar models
which oscillatory properties were studied in details and presented

for which oscillatory properties were studied in details and present%a
in Fig [8. in Fig.[8.

Chanmugan (1977) in a form, which turns out to be particv__—

larly suitable for numerical applications. Two importantquantl-Or quark stars the crust-core _bogndary is very well defined
d connected with huge density jump at the presgiyre=

ties, describing pulsations, are: the relative radialdisplacemear%ﬂ . . .
' . . 10%° dyncm™2. At this boundary the density of the crust is
= Ar/r, whereAr is the radial displacement of a matter ele= :
¢ /T " P ual toonp = 4.3-10'! gcm ™3 and the density of quark core

ment, andA P — the corresponding Lagrangian perturbation of ' . 9 ° 14 3
the pressure. These two quantities are determined from asys&%ﬁ{ﬁgt:]yasgi\éeilg/lc th_e 452%6;; gc 81;1 di ti;)ns aporooriate for
of two ordinary differential equations which can be reduced to pply Y pprop

e cne secon order (1), near el e equaton, o e T VLR BUSALons i e inestgaton of i coe

Sturm-Liouville type with.” as the eigenvalue of the Sturm—e uation at the?, wiF'zh the bougndar conditions correspondin

Liouville problem. As a result for a given stellar configuration q oD I y PC 9
9 to the “free” envelope oscillation with the frequency defined by

we get a set of the eigenvalueg < w? < ... < w2 < .., :
with corresponding eigenfunctions, &1, ..., &y, ..., Where the the central core —we tre_at the env_elope as a méss laying .
on the central core and simply moving in a way governed by this

eigenfunctiort,, hasn nodes within the staf) < r» < R (see, . . : .
e.g., CoxX1980). The detailed form of the equations and solviﬁgtnr:;a]!c:?g',on' This assumptions leads to the boundary condition

method is presented in Paper I.

To solve linear radial wave equation one needs two boundagyp GM 2R3 2oGM\ !
conditions. The condition of regularity at= 0 requires - = |4t (RCQ + GM> ( - ch> )
(AP)center =-3 (grp)center . (2)

The oscillation of the envelope we can define by the bound-

The surface of the star is determined by the condition that fafy condition:
r — R, one has” — 0. This implies
£(p) =0 (5)

(AP) =0 3) , .

which means that central core do not move (in other words

To study the oscillations of the core and envelope separatély > p1,) = 0).

we divide the star into two parts: core from the center down to
the boundary density, and envelope with density smaller tha
pp. In the case of neutron matter the dengityis defined by
the steep change in (Fig.[2) and is equal te- 10'* gecm™=3. As a result of the numerical integration of linear wave equa-
The corresponding pressure is equaPp~ 1032 dynecm~2. tion with boundary conditions appropriate for three situations

surface

. Eigenfrequencies
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Fig. 6. The eigenfrequencies of the three lowest modes, versus stelti 7- The eigenfrequencies of three lowest modes, versus stellar mass

mass for neutron star's radial oscillations. The solid curve correspori@sduark star's radial oscillations. The solid curve corresponds to the
to the oscillations of the star as a whole, the dotted curve descrilg§illations ofthe starasawhole, the dotted curve describes oscillations

oscillations of the crust of a star and dashed curve — oscillations of fdhe crust of a star and dashed curve — oscillations of the core.

core. The points on the M(R) curve for neutron stars correspond to the

stellar models for which oscillatory properties were studied in detajl§ the Newtonian limit and for constait = Terust throughout

and presented in Figl 8 the stellar crust the wave equation for crust oscillations can be
reduced to the form of Bessel equation of the order défined

(Egs. [2[BU5)) we obtain eigenfrequencies of oscillations fg¥ the formula:

each stellar configuration. 1

In Figs[6[F we plotted the eigenfrequencies of the three lo=1+ ; (6)
estn = 0, 1, 2 radial modes versus stellar mass for neutron acl% i i f hould then b ional
quark star oscillations respectively. The solid line correspondse resu “T‘g oscillatory frequency should then be proportiona

: . - t0 the gravity at the stellar surface

to a whole star pulsations with boundary conditions at the cen-
ter and stellar surface (EqEl (2, 3)). The avoided crossing phe- 1 Jun Ob
nomenon is clearly visible and manifest itself as abrupt, neafty = 5 m \/;b
stepwise changes in frequencies of the consecutive (neighbour- v
ing) oscillation modes. This effect occurs also in the case of hatherej, ,, denotes the n-th zero of the Bessel functibifz) of
isothermal models of protoneutron stars (Paper I). the order ofv andg = %]‘24 is gravitational acceleration at the

This stepwise changes af, are due to the change of thestellar surface. This approximation agrees very well with our
character of the standing-wave solution for the eigenprobleaxact numerical results for neutron and quark stars. Especially
Namely, at the avoided crossing point the solution changes fréon strange quark stars whereis nearly constant and equal to
the standing wave localized mainly in the outer layer of the stdy,3 in the large part of the crust (Fid. 3) the difference between
to that localized predominantly in the central core. This is vetyue, numerical results and approximation by the formila (7)
clearly visible from the comparison with solutions of oscillatorwith » = 3 is smaller than 5%. In the case of neutron stars due
equation for core and crust pulsations separately. The solid lioethe changes df through the outer layers the identification
ofthe frequency of stellar pulsations nearly coincides with eithef subsequent oscillatory modes with Bessel functions is less
“core” or “crust” solutions. With increasing mass of the star thaccurate, but the linear dependencevgfon g in formula [1)
subsequent modes,, (M) choose between the crust or coréolds very well.
solution to fulfill the conditionv? < w? < ... < W? < ... To confirm our conclusions we have studied in details prop-
Because of the different dependengg M) for crust and core erties of the three lowest radial modes for some stellar configu-
oscillatory modes this leads to the avoided crossing effect. rations. The parameters of this configurations and eigenfrequen-

The crust region in the stars under consideration is relativediesw,, are presented in Fids.[4-5 by dots A—F. In Elg. 8 we plot-
small. Thus the oscillations of the crust could be very well déed the energy density of oscillations calculated per pressure gra-
scribed neglecting the mass of the crustin the gravitational forcéent in the star i.ee.s.(P) d P is equal to the energy due to the

(7)
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n=0 n=1 n=2 Table 1.ldentification of radial oscillatory modes of neutron star (see

Fig.[8)

_ N

propagation  fundamental first second
region mode overtone  overtone

crust AOBOC1E3 Al B2
core B1 CO DO EO FO D2E1F1 F2
mixed A2C2D1

The identification of the radial modes in Table 1 is consistent
with the Fig[6. The specific oscillatory mode for stellar configu-
A/\/\ rations A—F corresponds to the crossection points of the vertical
lines at points A—F and the curveg (M) for given stellar con-
figuration. The location of these points very well define type

N T
N
I NG
P N/
/‘ of oscillatory motion. The nearly constant parts of thg M)

—"~—_____ functions correspond to the core oscillations while regions of
increasingu,, (M) describes crust oscillations. The region close
to avoided crossing points is characteristic to mixed modes: star
pulsates in crust as well as in the core.

-8 -4 0 log(P/P, . . ;
8(P/Pecnir) 5. Discussion and conclusions

Fig. 8. The oscillatory energyes.) vs relative pressure{(r) / Peentr) . . . . .
for three lowest radial modes, = 0, 1, 2 for neutron star. The The avoided crossing phenomenon in thdial pulsations of

subsequent rows (marked by letters A—F) correspond to stellar mod%%‘se stellar objects was presented. Bolth strange quark stars
with growing central density (from A to F) marked by dots in Fig§] 4, 3Vith crust and neutron stars could be subject to this effect.

The energy is normalized to unity i.€ £osc d(P/Peentr) = 1. The The main reason for the abrupt changes of the oscillatory
function P(r)/ Pentr approximates very well the relative mass fronproperties of the star as one change a little stellar configuration
the stellar surfacéM — m(r))/M. is the very well defined division of the star into two regions:

inner core and outer crust. This two parts have different equa-
tion of state and oscillatory properties. The latter have been
) o . 9 \ . studied in this paper by the separation of the outer and inner
This function is propqrﬂonal tg;(r). As an independent vari- regions by appropriate boundary conditions. Resulting oscil-
able we choose n F@ F(r)/gcem' For the ou'ter layers of latory frequencies of crust and core pulsations depend on the
the star thls_ function is proportional to the relative mass abogfe"ar configurations (e.g. mass of the star) in completely dif-
the radius-i.e.: ferent manner. The functions, (M )...s are rather steeply in-
P(r)) Peoonte ~ (M — m(r))/M (8) creasing whilev,, (M)ore are nearly constant (neutron stars) or
decreasing (quark stars).
with proportionality constant of the order of unity. The in- The oscillatory properties of the star could be characteristic
tegral of the energy in Fi@l8 is normalized to unity i.eeither to the crust or core pulsations. The frequency spectrum
[ €osc A(P/Peentr) = 1. depends on the mass of the star. The core pulsations determine
The Fig[8 very well visualizes where the mode is locathe oscillatory properties of the lower order radial modes for
ized. We can also identify modes by the shapg of energy of relatively massive neutron or strange stars. The star could be
oscillation. The three lowest radial “core modes” are charactsmubject to the crust pulsations for sufficiently high frequency or
ized by the functions presented in row F in [Eig. 8. The stellfow stellar mass. For given mass the fundamental mode of crust
configuration F is the most massive and crust plays very litihscillationswo (M )..ust define the frequency below which the
role in oscillatory properties (see also . 6). The two lowestar pulsates in the core (Fig$[®, 7).
“crust modes” correspond to the columms= 0 andn = 1 in The avoided crossing phenomenon is strongly related to the
row A of Fig.[8. For the low massive model A the crust is relachanges of compressibility of the matter throughout the star,
tively large and determines frequencies for fundamental modéich is described by the shape of thg,.(p) function. The
and first overtone. Second overtome= 2 is strongly contam- increase of the stiffness of the matter outward leads to the max-
inated by the core oscillations (Figs$. 8 and 6). Fig. 8 allows fanum of ', (p) close to the boundary between core and crust.
very clear division of oscillatory modes by the real pulsation#th the case of strange quark matter this is the consequence of the
properties and not the number of nodes. This is presented in ffee fact that it is self-bound at the very high density &ne> oo
ble 1, where for example Al denotes configuration A, numbas P — 0. In neutron matter described by LS equation of state
of nodesn = 1. the symmetry energy leads to the increasé&’pfinward and

oscillatory motion of the matter in the sphe«&) —r(P+dP).
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in this case more symmetric matter is softer. The same eff@cfchler J.R., Yecko P.A., Kdith Z., 1997, A&A 326, 669
could be seen for the field model of dense matter considered®yandrasekhar S., 1964, ApJ 140, 417
Diaz Alonso & Ikéiez [1985). The functioRi(p) for their EOSs Chanmugan G., 1977, ApJ 217, 799

(Fig. 9 of their paper) resembles LS result at low temperatgdristensen-Dalsgaard J., 1980, MNRAS 190765
limit. CoxJ.P., 1980, Theory of stellar pulsations. Princeton University Press,

Princeton
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