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Abstract. In the theory of diffusive acceleration at obligue Recently, adiscussion has arisen in the literature concerning
shock fronts the question of the existence of a discontinuitye occurrence of discontinuities in the density of accelerated
of energetic particle density is contentious. The resolution pérticles at an oblique shock front. Whereas Ostrowski (1991)
this problem is interesting from a theoretical point of viewhereafter O91) finds a substantial effect, Naito & Takahara
and potentially for the interpretation of observations of part{1995) (hereafter N&T95) assert that the density is continu-
cle densities at heliospheric shocks and of high-resolution radios. Both of these papers present Monte-Carlo simulations of
observations of the rims of supernova remnants. It can be shguanticle acceleration in which the velocity of the shock front is
analytically that an isotropic particle distribution at a shock fromt significant fraction of the speed of light, and take explicit ac-
implies continuity of the particle density — whether or not theount of a possible anisotropy of the particle distribution. From
shock is oblique. However, if the obliquity of the shock inducetbe theory of diffusion, it is well-known that the anisotropy of
an anisotropy, a jump is permitted. Both semi-analytic compparticles of speed is of the order of:/v, whereu is the speed
tations and Monte-Carlo simulations are used to show that, arwhich the shock sweeps through the medium responsible for
interesting parameter ranges, a jump is indeed produced, withking the particles diffuse. Atan oblique shock front, the speed
accelerated particles concentrated in a precursor ahead ofrtHevant for particles diffusing along a magnetic field line is the
shock front. velocity of the intersection point of the shock front and a given
field line, uw = us/ cos ®, whereu is the inflow speed along
Key words: acceleration of particles — shock waves — methodte shock normal and is the angle between the shock normal
numerical — ISM: cosmic rays — ISM: supernova remnants and the magnetic field, measured in the upstream rest frame of
the plasma. Thus, if the field is oblique, even a relatively slow
shock front can produce a substantial anisotropy. The question
which we address in this paper is whether or not this anisotropy
1. Controversy — general description leads to a discontinuity in the particle density and under what

In the test-particle theory of diffusive shock acceleration, tﬁ:é)nd't'ons suc_h an effect_cou_ld be observe_d. . .
phase-space spectral indexf accelerated particles depends An approximation which 'S often USEd In treating oblique
solely on the compression ratio= /' /p of the shock (wherg shocks is t_hat in which a particle crossing the §hock conserves
andy’ are the upstream and downstream densities respectivelly) agnetic moment (also referred to as the first adiabatic in-
s = 3r/(r — 1), which results ins — 4 for a strong shock in riant; e.g., \/ngb et al. }983). This apprquangn is valid
an ideal gas with, /c, — 5,3 (Axford et al [ 1977; Krymskii for non-relatlvE,tlc perpendicular shocks (Whipple et al. 1986).'
1977; Bell 1978; Blandford & Ostrikér 1978). This result, like! €'a5awa.(1979) and Decker (1988) have performed numeri-

many other analytical predictions (for a review see Drury :L98§a||_s'mUI?]t'OES Wh('jcg conlflrm 'g’ z_ccku(rfc? goathnon-relagwstlc d
Blandford & Eichler 198J7), depends on the assumption th%f? Ique shocks and begeiman ik (1390) ave con ucte
s at relativistic shocks. It is important to bear in mind, how-

the phase space density is close to being isotropic, even at hat thi imation breaks d ¢ Hiciently f
shock front. In this case, the density profile of accelerated tgﬁfer’ that this approximation breaks down for sufficiently Tast
ocks (see, for example, Kirk etlal. 1994, page 241). Conserva-

particles is a continuous function of position (e.g., Kirk et aP . o )
1992, page 262). In planar symmetry, the density is const lop of magnetic moment implies that a particle can be reflected

downstream and drops off exponentially upstream of the shoB¥.[N€ magnetic compression at a fast-mode shock front, and the
estion of the existence of a discontinuity in the particle density

This situation applies to both parallel and oblique shocks, gues s .
was pointed out by, for example, Axford (1981). IS |'nt|mately. connected with the phenomenon of reflection, as
) pointed out in an early paper on this subject (Achterberg & Nor-

Send offprint requests tgieseler@msi.umn.edu mar 1980). If this approximation is adopted, the problem of ac-
* Present addresdJniversity of Minnesota, Department of Astron-Celeration at an oblique shock of particles which undergo pitch-
omy, 116 Church St. S.E., Minneapolis, MN 55455, USA angle diffusion along field lines can be solved semi-analytically
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(Kirk & Heavend 1989, hereafter K&H89), at least for the cag891. The second level of approximation is one in which the par-
in which the accelerated particles are ultra-relativistic= ¢) ticle is described by five coordinates: the position of the guiding
and build a power-law distribution in momentum. In SEkct. 3, weentre, the magnitude of the momentum and the pitch angle. The
address the question of the existence of a discontinuity usingragnetic field is assumed uniform and the guiding centre fol-
new Monte-Carlo code incorporating the assumption of consaws a field line except when crossing the shock. The magnetic
vation of magnetic moment (Gieseler 1998). Since there alreadpment is conserved in between scattering events, which are
exist contradictory simulations in the literature, we take particassumed to change only the pitch angle, and also upon crossing
lar care to check the results obtained with this new code agaitist shock front. This is the approximation used by K&H89 and
the analytic results of K&H89. Both the code and the analyd&T95. It is generally referred to in the literature as the ‘drift
find a discontinuity. However, although N&T95 also adoptedpproximation’, and we adopt this terminology here, although
the assumption of conservation of magnetic moment in there do not explicitly consider the drifts themselves.
simulations, they did not find a discontinuity. We show that this In both levels of approximation a discontinuity can in prin-
can be caused by low spatial resolution of the simulation anghle arise in the formal description of the dependence of the
does not necessarily invalidate results concerning the spectmistribution function on the spatial coordinate along the shock
of accelerated particles. Ostrowski (1991), on the other hamdymal. However, the physical interpretation of a mathematical
did find a discontinuity, without implementing the conservatiodiscontinuity is different in each case.
of magnetic moment. In Sefl. 2 we argue that Liouville's the- In the first approximation, the shock front is taken to have
orem in fact guarantees continuity in this case. This result cagro thickness. In reality, the shock transition will extend over a
once again be caused by a rapidly varying density profile whifihite region in space, which is assumed to be small compared to
is sampled at low spatial resolution; in this case it appears ltee other length scales of interest, for example the gyration ra-
cause the length scale of a gyration radius was not resolvdils of the energetic particles. Thus, if the acceleration process
However, Ostrowski’s results do indicate that the accumulati@rere to produce a significant change in the energetic particle
of particles upstream of a relativistic shock front is an importadensity over a length scale smaller than the gyration radius, but
physical effect, even though there may not be a discontinuityperhaps comparable to the shock thickness, this would appear
the strict sense. as a discontinuity in simulations such as those of 091. However,
At non-relativistic shocks, such as those observed in the since particles do not suffer impulsive deflection at the shock
lar system, the analytic method of K&H89 fails, and one mufibnt, i.e., the momentum coordinates of a particle are in general
rely on simulations. Here again the situation is not clear-cabntinuous functions of position even at the shock front itself,
Monte-Carlo simulations by Ellison et al. (1996) do not shoit follows from Liouville’s theorem that the phase-space dis-
discontinuities or a jump across the shock front, whereas tabution function, which is constant along trajectories, is also
cent numerical solutions using the finite difference method haaecontinuous function of position across the shock front. The
found such effects (Ruffolo 1999). In Sdct]3.3 we present higlarticle density is simply an integral of this function over all
resolution test-particle simulations using parameters appropriementa, so that it is also continuous, provided the momen-
ate for solar system shocks and demonstrate the existencéuof is measured in the same frame of reference both upstream
accumulated particles in the precursor of the shock. and downstream of the shock. Thus, there can be no formal
The resolution of this question is not only of formal interestiscontinuity in this approach. Of course, the density may vary
but is also relevant for the interpretation of data taken by tsenoothly on the length scale of the gyration radius, so that we
Ulysses spacecraft and of observations of the radio emissiorcah interpret Ostrowski’s result as due to a strong gradient in
supernova remnants. These applications are discussed briefthédensity on this length scale.
Sect( 4. The drift approximation, however, can only resolve changes
which occur on length scales longer than a gyration radius, so
that the distribution found by Ostrowshkiustappear as a dis-
continuity in simulations which use this approximation. There is
The system we consider consists of energetic particles whiklose relationship between such a discontinuity and the angu-
move in two ha|f-5pace5 Separated by a shock front. p|a5m@distribution, which can be understood as follows. Consider
flows into and out of the shock front carrying with it a uniforn?n oblique shock viewed in the de Hoffmann-Teller (hereafter
magnetic field. In addition to the uniform field, we assume thef1T) frame (de Hoffmann & Teller 1950; Kirk et al. 1994), in
exist magnetic fluctuations static in the rest frame of the plasiy@ich the electric field vanishes and the shock is stationary. A
on each side of the shock whose effect on the particle motiparticle trajectory is now described by only five coordinates, of
may be described via a scattering operator. Two levels of appriich the magnetic moment is conserved both between scatter-
imation are important. In the first, the particle is described B#§gs and on encountering the shock front. Denoting bythe
its full six-dimensional phase space coordinates. The traject&gmponent of the particle momentum perpendicular to the mag-
is integrated in an explicit realisation of the stochastic magnefigtic field B, the magnetic moment js; / B. Becausg = |p|
field, taking full account of the gyration phase. Upon CI’OSSiﬂg also conserved in the dHT frame (in which the electric field
the shock front, the trajectory experiences no forces other théishes) this leads to
those exerted by the magnetic field. This is the approach used by

2. Analytical considerations
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L—p?  1-() (1) from Eq.() and Eq[{6) are quite different, as discussed be-
B B low. The reason for the upstream and downstream densities to
where a prime denotes downstream quantities. Rearranging,tiﬁed'ﬁeren,t can be understood from EQ. (8), which preserves
downstream pitch angle is given by a bglance of 'the transmitted particles, Whergas the rgflected
particles contribute only to the upstream density. A continuous
o= (/) (2 = p2) /(1= p2), (2) density is obtained if there is no compression of the magnetic
field (B = B’). In this case no particles are reflected { = 0)
where the cosine of the of the loss-cone angle is givenby=  and Eqs[(5)E(8) then give = »'. This is valid for a parallel
v/1—B/B'. Thus, according to its pitch angle, an upstreaghock and the trivial case in which no shock front is present.
particle may be reflected or transmitted, and we can divide pha@gsghe pitch-angle distribution is isotropic at an oblique shock
space on the upstream side of the shock into four regions: front, then one again finds = n’ by integration of Eqs[{5)
r’ind [®). Noting that in this case (1) andn, (1) have the same
constant value, continuity follows from Efl (8). In other words,
(b) 0 < 1 < ..., particles approaching the shock which wilfhe contribution of th(_e reflected particlt_as upstream exactly bal—.
) ances the compression of the transmitted ones downstream in
be reflected,; this case

(€) —pes < p < 0, particles leaving the shock after reflection; . . L .
@) -1 < p<— articles leaving the shock after trans- To summarise this section, in general the density of acceler-
missiolr: from ﬁanZtream 9 ated test particles at oblique shocks will vary on the length scale

of the gyration radius across the shock front. This variation is

The phase space downstream splits into just two regidns,0  closely connected with the anisotropy of the angular distribu-
andy’ < 0, since no trajectories incident from downstream af#on. It should appear as a discontinuity in treatments which use
reflected. the drift approximation to the particle motion. However, when
In the drift approximation, the phase-space distributigtPnditions are such that the theory of diffusive acceleration ap-
function is independent of gyration phase to lowest order (e.Blies. i.e., the particle velocity is much larger than the shock

Spatschek 1990, page 145), so that application of Liouvilles§eed projected along the magnetic field% us/ cos @), then
theorem yields the anisotropy and the associated density variation are small.

() o < @ < 1, particles approaching the shock which wil
be transmitted (i.e., in the loss cone);

f(p7 /”') = f(p7 —,lt) for |:u| < Herit (reﬂection) ’ (3) 3. Monte-Carlo simulations

) = f(p, ') for|u| > prene (transmission), (4
Jb.1) i) Il > p ( ) @) We now present results from test-particle simulations of accel-

where conservation of the momentyin the dHT frame is erated particles at shock fronts. The key aspects of the technique
used. have been used and described by several authors (e.g., Kirk &
The upstream and downstream densities are given by  Schneidef 19§7; O91; Baring et al. 1993; N&T95), so that a
brief description suffices. We consider oblique shocks, where
Them Hepe ; the magnetic field is inclined at an angbewith respect to the
n = / dung(p) + / dun.(p) + /du ne(1),  (8)  shock normal in the upstream rest frame, and has no dynamical
21 —flerit Herit effect on the plasma flow. The shock speed in this framg.is
1 We consider (in principle) the whole range®for subluminal
' /dl/ (4, (6) shocks, e.gus < us/cos® < 1 (here and below: = 1). The
gyration centre of a particle’s trajectory is followed in the up-
stream and downstream rest frames of the background plasma.
where we have defined the quantities In these frames, as in the dHT frame, the momentum |p|
is constant. Particles move along the magnetic field under the
nec(p) = /f(p, p) 27 p*dp, (7) influence of small scale irregularities which lead to pitch-angle
scattering. We do not investigate the effect of transport of par-
nl()) = /f’(p, W) 2mp?dp = ne(p), 8) ticle_s perpendicular_ to the mean magnetic field. We use an al-
gorithm for calculating a pitch angle,.., from a given pitch

such that the suffix r refers to particles which are or will bBN9!€x Which was given by O91 (see Fig. 1 therein). From two
reflected (i.e.|u| < pi....) and the suffix t to ones which are o@ndom number&; andR, which are uniformly distributed on
will be transmitted || > .., OFr —1 < p/ < 1). The second the interval0, 1], the new pitch angle is given by
relation in Eq.[(B) follows from EqL{4). cos AQ = 1 — (1 —cos AQ,...) Ry, 9)

A continuous density distribution at the shock framt£ n') . T
is in general not guaranteed. This can be seen by using specificu‘“w = ncos AL+ /1= sin AL cos(2mhs), - (10)
assumptions about the density of transmitted and reflected paxtiere we have chosek(?, ... = 0.1 for most of the simulations
cles and Eqsl{5)X(6) (Gieseler 1998). For the physical distrilehown below. This gives a very good approximation of pitch-
tion of Fig[4, the values of the density which can be calculatedigle scattering with an infinitesimal amplitude. The results (at

3
|
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least for the spectral index and the density distribution) do notr the spectral index. Departures start to occunat= 0.5,
change substantially for a factor of 5 higher or lower value bt always diminish ass/ cos ® — 1. Furthermore, we have
Aﬂmxﬂ The time stepAt for successive scatterings is keptlirectly compared our simulations with his fay = 0.3 at
constant. These scatterings are performed in the upstream @&nd 60° and70° and found the same density discontinuity (see
downstream rest frames. At a shock crossing, we transform tiedow).
particle momenturp and the pitch anglg into the dHT frame, To test the accuracy of our scheme against the calculation
which is always possible at subluminal oblique shocks (for a def K&H89, particles are injected in the upstream plasma with
scription of the Lorentz transformations between these framevelocity corresponding tov = p/m > 2, which means
see K&H89 or Gieseler 1998), and apply the conservation thiat they are already relativistic at injection. For intersection
magnetic moment (EQ] 1) to find the new downstream pitch aspeeds of shock and magnetic fieldwf/ cos(®) > 0.9 the
gle in the dHT frame. Transformation into the downstream resfjection momentum has to be even higher. We are interested
frame then gives the new values of the momentum and pitch amparticles with momenta where the distribution has attained
gle. This method is also used by K&H89 and N&T95, to which pure power law, and especially in the spectral index of this
we compare our results. power law. Only particles from the power-law region in the mo-
The validity of the assumption of conservation of the magnentum distribution are used for the pitch-angle and density
netic moment can be evaluated as follows. First, considediatributions. Within this region we found that the angular dis-
‘strict’ condition which can be applied to a single particle crossribution is independent of the momentum range chosen, and
ing the shock (Kirk et al. 1994, page 241). The number of timése power-law index is thus independent of angle. Simulation
a trajectory intersects the shock front can be estimated as of an individual particle terminates when a maximum momen-
tum is reached (two orders of magnitude higher than the upper
limit of Fig.[), or when the particle reaches a distance from
wherea = cos~!  is the pitch angle, an@ .. is the an- the shock on the downstream side which is three times greater

gle between the upstream field and the shock normal mdhan the left boundary of Fifl] 5, at which the density distribution
sured in the dHT franfé.Adiabatic behaviour is expectedhas already reached its constant downstream value. These lim-

when N.... > 1. An accurate separation between transmiltS Vary with the parameters and®, and were always chosen
ted and reflected particles is guaranteed if we demand tRiEh that boundary effects are not important. The results from
condition to be valid for at least all particles outside the loddonte-Carlo simulations and semi-analytical computations are
cone, i.e.u| < pon = cosaw. = \/1— B/B’, where shown (with the exception of FiQl 8) for a compression ratio of
B/B' = [(1 + tan® ®uur) /(1 + r2 tan? dupr)] /2 andris 7 =% , ,

the compression ratio. Inserting the critical pitch anglg, in The three main aspects of the results are spectral index,
Eq. (T3) and expanding in powers bfN..... , we get a condi- angular distribution and spatial distribution, and these are pre-
tion for the upstream inclination angle in the dHT frame whichented in turn.

is independent of the fluid speed:

3.1. Spectral index

tan ®upe > Vi — 1. (12) P

o ] The momentum distribution of particles is measured at the shock
For the non-relativistic shock speed = 0.01, Eq. [12) is ful-  front in the upstream rest frame. An example is shown inFig. 1,
filled for essentially the whole parameter rangeuify cos ®  \here106 independent particles were simulated. The plot also
considered here. For shock speeds in the mildly relativisigntains a fit to the functiop = 10P1+72% together with the
region, Eq.[(IR) always holds in an (albeit small) region @hjues of the fit parameters and their statistical errors. The spec-
us/ cos ® — L. _ _ tral index can be calculated froldN/Alog(p/m) o p=5+3;

The conditionV....., > 1is, however, muchtoo strict. Alessthjs givess = 3 — p,. The statistical error of the fit to the spec-
conservative approach is to assume validity of the approximgy s |ess thari % for all spectral indices discussed below. To
tion in an average (over phases) sense. This has been showadieve maximum accuracy from the Monte-Carlo simulations,
simulations as mentioned above. For example Decker (1988 fit the spectrum over a large finite range of momentum and
finds that for non-relativistic shocks the results compare Wiy not include loss mechanisms. For< 3.2 the statistical
with adiabatic behaviour over the whole rangebolin particu- errors are less thai1%. For spectral indices near~ 3 the
lar, the data shown in his Fig. 8 show close agreement conCedpgistics are very much better, because particles then gain en-
ing the reflection probability for the approximate and numericglgy mainly due to reflection. This means that not much time
results. Ostrowsk[(1991) used an extended Monte-Carlo cqd§aken in following the particle trajectories in those parts of
which does not assume adiabatic behaviour. He was thus aRie downstream region where the particle has a low chance of
to check the quality of the approximation at mildly relativisti¢etyrning to the shock front. As a result, the erros is less than
shock speeds. His Fig. 3 shows good agreement with K&Hg9)1% for spectral indices corresponding 4g/ cos ® > 0.8.

1 091 usedAQ,... — 0.3 as an approximation for infinitesimal Flg.lg §hpws the spectra_ll indices fo_r non-relat|V|_st|c_anq mildly
pitch-angle scattering. relativistic shock velocities and a wide range of inclination an-

2 Note thatcos® ® = 1+ u? tan? Daur)/(1+ tan? Daur) .

N,.ow = tana tan @45, (12)
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squares) with semi-analytical results from K&H89 (solid ling: =
0.5; dashed lineus = 0.3; dotted line:us = 0.01).

line: us = 0.3; dotted line:us = 0.01).

ticles. Under pitch-angle scattering witk2 ... = 1 particles
have a higher escape probability from the shock because they
are free to change their pitch angle to a value in the loss cone
(terie < p < 1) within a few scatterings, and may then be trans-
mitted through the shock. This reduces the upstream density, as
we will see later, but also leads to a steeper spectrum for accel-
erated test particles. F[d. 3 shows a comparison of the spectral
index for intermediate and infinitesimal pitch-angle scattering.
The stars, squares and dots show Monte-Carlo results for in-
termediate pitch-angle scattering wifft2,... = 1.0, whereas
the lines are (as in Fip] 2) results from K&H89 for infinitesimal
pitch-angle scatteringX2,.., < 1). Itcan be seen that even for
arelatively large value oAQ2,...,. = 1.0, the effect is very small
for most intersection velocities of magnetic field and shock.

For infinitesimal pitch-angle scattering and/cos® >
0.8, a flats ~ 3 spectrum is achieved. In the standard picture,
this spectrum corresponds to acceleration with vanishing escape
probability. Here it is associated with a very strong pile-up (see
Fig[6). A large ¢ 1) value of AQ,,... reduces the pile-up (see

ns

gles®. The lines in this plot are taken from Fig. 2 and Fig. 6 dfig.[1) and effectively increases the escape probability, leading
K&H89 and are in precise agreement with the simulations. to the steeper spectrum shown in Eig. 3 fQy cos ® > 0.95.

Very important for an understanding of the spectral indésor A(2,,.,. = = (isotropisation at each scattering) the spectrum
and the density profile is the effect of the underlying scattdsecomes steeper for all inclination angles. This point was noted
ing law. The results become quite different for isotropisatidsy N&T95 (their Fig. 7), and our results for the spectral index
after each scattering, given B\(2,...., = 7. Although this does are in good agreement with theirs.
not correspond exactly to the simulation of large-angle scat-
tering on point-like scattering centres (for which it would b§ 2
necessary to choose exponentially distributed time steps, and
consider cross field diffusion), the effects it produces shouls shown in Secfl]2, the pitch-angle distribution of accelerated
be qualitatively similar. Using a scattering law in the transparticles plays a crucial role in determining whether the den-
tion regime between infinitesimal pitch-angle scattering armsity distribution has a jump at the shock front. For every set of
isotropisation after each scattering allows an investigation mérameters we have measured the pitch-angle distribution and
this dependence. We focus on one example wifh, .. = 1.0 presentanexample oftheresultsin Elg. 4. The linesrepresent the
(intermediate pitch-angle scattering). This kind of scattering cdistributions calculated semi-analytically by K&H89, whereas
have a very big influence on the precursor of accelerated pwe discrete symbols show the contents of the ‘bins’ filled in the

Pitch-angle distribution



U.D.J. Gieseler et al.: Particle acceleration at obliqgue shocks and discontinuities of the density profile 303

a) upstream b) downstream

~

M

~
C

3
Fig. 5. Monte-Carlo Simulation of the density profile at an oblique
shock with compression ratieo = 4, maximal scattering angle

Fig. 4aand b.PltchTangIe _dlstrlbutlon atthe shockfron_t fA_ﬂ,,,?fx = AQu.. = 0.1, shock speed, — 0.4 and inclination angle — 45°
0.1 and compression ratip = 4. a andb show the distribution at

ompare Fid]1 and Fifl 4). The solid line shows the ‘bins’ of a posi-
the upstream and downstream side of the shock. In each figure E% P '] ial 4) 190 W ! posi

i ‘ K&HS9 and the di bols display the ‘bins’ measurement of particles, whereas the filled dots show a density
INES are from o9 an the |scret_e Symba's dispiay the "bins’ Qf o asured through the flux through a surface with constant distance up-
the Monte-Carlo simulations. The solid lines and the circles show t

eam of the shock. The filled square indicates a measurement down-
distribution in the dHT frame, and the dashed lines and the triang a

Peam of the shock.
show the distributions in the upstreaand downstrearh rest frame.

See text for the normalisation. The shock speed;is= 0.4, and the ) ]
upstream inclination angle of the magnetic fidld= 45° (compare which cross the shock from the downstream side. A Lorentz

Fig.[l and Fid.b). transformatiofl of the critical angle—p..;, = —0.826 into the
upstream rest frame givés-p...,)* = —0.949. At the down-
stream side of the shock the distribution in the dHT frame (solid
iﬂg of Fig[4b) is simply divided into particles going upstream
—1 < p < 0) and those going downstreard € p < 1).
e boundary:, = 0 between these regions is transformed to
= —(.446 in the downstream rest frame.

above described Monte-Carlo method. The four representati
of the pitch-angle distribution at the shock shown in Elg. 4 ar
1. Upstream of the shock in the upstream rest frame [(Fig.
dashed line and open triangles). 2. Upstream of the shock in
dHT frame (Fig[#a solid line and open circles). 3. Downstream

of the shock in the downstream rest frame (Elg. 4b dashed liB&. Density profile

and open triangles). 4. Downstream of the shock in the dHT : . .
frame (FigCtb solid line and open circles). The upstream dis't_'::ifqm the pitch-angle distributions one can calculate the density

butions (Figl ##a) are normalised to their maximum value. TheY EqsI() and {6), which is the integration of the pitch-

normalisation at the downstream side of the shock are as fa?_gle distributions in the dHT frame. From HIg. 4 we see that

lows: the Monte-Carlo distribution in the dHT frame has thﬁ?1e d|str!but|oq |mmed|ately downstream of the shock i8.38
. ; gpen circles in Fig.l4b), compared to 1 for the upstream
same normalisation as the corresponding upstream one, to'al-". . ; i .
, . . distribution (open circles in Fify] 4a). By comparing the upstream
low a direct comparison between the two (see below); however Lo . o .
LT and downstream distributions in the dHT frame, it is obvious
the Monte-Carlo distribution in the downstream rest frame

. . . .fﬁat the downstream integral is less than upstream, and therefore
normalised to a maximal value of 0.4 to enable it to be dig- o :
e density is discontinuous at the shock.

layed in the same figure. In each case, the normalisation of thé N
play g In planar symmetry, the density distribution of accelerated

semi-analytical results of K&H89 are chosen to provide the best : . : .
fit to the Monte-Carlo distributions. Comparison of the pitcl%e[’t particles is a function of the distance from the shock front.

angle distributions from the two methods in Fig. 4 confirms tha e use the dHT frame m_order to compare the de_znsmes up-
. stream and downstream directly, as in 9dct. 2. In this frame the
they are in close agreement.

Particles with pitch angle > 0 in the dHT frame move shock is stationary (at = 0). We normalise the distance

in the downstream direction. From EQl (1) we can calcuIa[f’éarpendlcuwlr to the shock as the dimensionless variahte

a critical pitch angle cosine below which these particles Wﬁordmg to
be reflected upstream of the shock. o 4, & = 45° and __ U . 13)
us = 0.4 we gety..,, = 0.826. Reflected particles contribute”  # cos?® '

symmetrically abouf = 0 and constitute the major part of thga e is the upstream inclination angle of the magnetic field

distribution (see solid line of Figl4a), indicating that repeatea% defined above, and the paralle! diffusion coefficient (e.g.
reflections are effective in keeping particles upstream. The par-

ticles withy < —p..;, = —0.826 inthe dHT frame are particles 2 For particles with velocity = c.
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Jokipii[1971; Skilling 1975; Deckér 1988): { 0L | ‘ |
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wherev; is the scattering frequency and we have usedc in 107
the normalisation. Note tha;, while convenient for the deter-
mination of alength scale, does not describe the transport of par- 1o
ticles for the anisotropic distributions discussed here. The mean
squared variation ip can easily be calculated from EdS. (9) and
(T0). Definingd g := cos(AQ,,..), then

1

1 1 9 | T T T T |
<(A,u)2> _ 5(1 _ 5#0) (1 _ 5M0M2) _ 6(1 _ (5,u0) . (15) 0 0.2 0.4 0.6 0.8 1
u,/cos(®)

Fig.5 Sh.OWS the.steady—state density I.n the (_jHT frame forF%. 6. Ratio of the upstream to the downstream density at the shock
shock with velocityus = 0.4, compression ratie = 4 and ; hei . locity of the shock and th ic field f
inclination analed — 45° The upstream plasma velocit in_ro_nt_vs._t e intersection velocity of the shock and the magnetic field for
Inc 9 o ) P p y infinitesimalpitch-angle scattering withA(2,,,.. = 0.1, compression
the dHT frame is then,/ cos ® = 0.5657. The plot ShoWS yatiq, — 4 and three different shock speeds. The values of’ are

the densityn(¢) as a function of the distance to the shack taken from flux measurements at the shock front, exemplified by the

Contributions to this density were limited to particles from thfiled circle and square &t= 0 in Fig.[3.
power law part of the spectrum, indicated by the fitin Flg. 1. Be-
cause the question of spatial resolution is of crucial importange il | ‘

to our discussion, we use two independent methods to evaluate £ x u. = 0.01
the density. The solid line shows the contents of spatial ‘bins’, Foos ou, =03 1
where particles simply contribute after every time step to the 103;’ . U, =05 E
‘bin’ at their actual position. These ‘bins’ are located such that i ]
the shock lies at the border between two of them. An indepen- 0?  , _ 4 -

dent way of measuring the density is to count particles which _ .
cross a plane at a certain position. The count rate is proportional . | %o X
to the flux through this plane; to obtain the density, one divides

this quantity by the relative velocity of the binned particle and L , xoo 8 ° ﬁ*.n D_ ]
the plane. The shock plane and other planes at conStard VE - ’ ) 0 3
stationary in the dHT frame, so that the particle velocity relative F .
to the planes s/ cos @, in the upstream region (see foot- = X RV T E— T
note[2 for the relation betwe@hand®.;;.), where the patrticle U,/ cos(®)

velocity v is multiplied by the cosine of the angle with respect
to the magnetic fielgh and the cosine of the inclination angle™ig. 7. Ratio of the upstream to the downstream density at the shock
of the magnetic field relative to the normal of the plane. TH@ntvs.theinFersection velocit){ ofthg shock and the magneticf.ieldfor
three filled dots at = 0,0.5 and 1 show the density in themtt_ermedlatepltch-angle s_catterlng with Q.. = 1.0, compressul)n
upstream region, whereas the filled square shows the densit lip = 4 and three different shock speeds. The values, 6f
the downstream side of the shockat 0. In particular, the two re taken from flux measurements at Fhe shock front. For values of
. . s/ cos® < 0.8, the results are essentially the same as those shown
values at = 0 are calculated from the integration of Eqs. (5, Fig 8.
and [6) over the dHT distributions shown in Higj. 4 (open cir-
cles). The normalisation is in each case such as to give unity far
downstream of the shock. get a continuous density. (= n') for all shock speeds, because
Both methods display a discontinuous density profile imere no reflection can occur (see Sekct. 2). If the velocity of the
Fig.[5. However, finite spatial resolution means that the binnimgtersection point of the shock and the magnetic field exceeds
method systematically underestimates the value of the densit§ of the particle velocity (inthe case= cdiscussed here), the
when approaching the shock front from either side. The secamastream density becomes more than 10 times the downstream
method, on the other hand, is a precise measure of the densityeatsity at the shock front. This ratio increases very rapidly for
¢ = 0. For the example of Fifg] 5 (° independent particles) wehigher intersection velocities. Our calculations are performed
getn/n’ = 3.641 4+ 0.004, wheren represents the filled circle, for test particles, butin reality such particles may exert a substan-
andn’ represents the filled square @t= 0. Fig[8 shows the tial pressure, which would be important in calculations which
ration/n’ for various shock velocities and inclination anglesnclude the back-reaction of the particles on the flow, as pointed
(The number of particles lies between103 to 5 - 106 and the out by O91. However (as discussed in Seci. 3.1), increasing the
statistical error ofi /n’ is < 5%). For® = 0 (parallel shock) we magnitude of the maximal change in pitch angl,..) leads
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oo pTTTTT T n et p/n/ = 2.81 4 0.02 at this ‘energy band’ (note that the error

I ) 1 represents only the statistical fluctuation). It can be seen from
Fig[8 that these ratios depend on the velocity of the particles. If
the particle velocity exceeds the velocity of shock and magnetic
4 field intersection by an order of magnitude, the distribution be-

] comes more isotropic and therefore the density jump tends to
disappear, as discussed in SECt. 1[@nd 2.

log(p/m)=(—2.3,-2.2)

I log(p/m)=(-2.1,-2.0)
4. Discussion

We have presented an analysis of particle acceleration at oblique
shocks, with special emphasis on the density of accelerated test
particles. It was shown analytically that in general a density
jump can occur at an oblique shock front. This was done on
the basis of Liouville’'s theorem and by integrating the phase
space density, without the a priori assumption of an isotropic
pitch-angle distribution. It turns out that for situations in which
the pitch-angle distribution is non-isotropic, a density peak at
the shock front can appear. This peak has a discontinuity at the
position of the shock, if the adiabatic treatment is used. One
can describe the resulting precursor of upstream accelerated
?)articles as due to reflections at the shock front.

log(p/m)=(-1.9,-1.8)

P I T S S [ S S ST R PR I P
—0.4 -0.3 -0.2 —0.1 0 0.1 0.2 0.3 0.4

S x 10

Fig. 8. Monte-Carlo Simulation of the density profile at an obliqu

shock @ = 60°) with compression ratie = 3.5 and shock speed - .
us = 300km s-1, for various regions of the particle velocity. The, We used Monte-Carlo simulations to calculate the spectral

normalisation of each plot is chosen to avoid overlap. The maxin{3d€x and the pitch-angle distribution. These results are in good
scattering angle i&\Q,..... = 0.5. The filled dots show the upstre(.ﬂmag;;reementW|th semi-analytical calculations from K&H89. The

density measured from the flux at the shock and normalised to the vaf@sresponding density profile shows a pronounced discontinu-

of the corresponding plot far downstream. ity for a large range of parameters, which was also found by
091 (see Fig. 6 therein), and our results are quantitatively in
very good agreement (= 5.28, us = 0.3, AQ,.. = 0.1,

to a strong reduction of the highest possible upstream densitieg.cos ® = 0.6 = n/n’ = 6.31 £ 0.04; andus/ cos ® =

This can be seen very clearly from HIg. 7, where the maxim@B771 = n/n’ = 393+ 7). This discontinuity results from the

change in pitch angle &12,... = 1.0, and arises because in thidarger density of reflected particles as compared to transmitted

case the angular distribution cannot develop a sharply peakees than is found in the isotropic case. Especially in the case

structure such as that shown in [Ei. 4. For isotropisation of tbéinfinitesimal pitch-angle scattering, the particles undergo re-

pitch angle after each scattering event, the rafio’ forr = 4 peated reflections (by which they are accelerated) before they

is always smaller than 2 for all inclination angles which anmeach a pitch angle at which they are able to cross the shock into

3

possible for subluminal oblique shocks (< cos ®). the downstream region.
Finally, in Fig[8 we show the density profile for an oblique  Allowing for a larger maximum value in the change of the
shock @ = 60°) with non-relativistic shock velocity,; = pitch angle increases the probability of entering the loss cone per

300 km s™*. We have simulated the acceleration of test particlgsattering event, and therefore crossing the shock from upstream
at an unmodified low Mach-number shock with compression & downstream. This reduces the density contrast[(Fig. 7). The
tior = 3.5, typical for shocks in the solar wind. The pitch-angleffect on the spectral index is restricted to a small region in the
scattering is described by Edsl (9) ahdl(10) wif?,..,. = 0.5. parameter/ cos @ (the intersection velocity of magnetic field
This plot shows the density for 4 different velocity regimeand shock) (Fid.l3). The reason for this steepening is that the
of the accelerated particles, which were injected with velociicceleration due to reflections becomes less effective. For large
p/m = 2.1-1073, just higher than the intersection velocity opitch-angle scattering where the pitch angle is randomised after
shock and magnetic field:{/ cos ® = 2 - 10~3). The density every scattering event, the pile-up effect is almost absent, and
is normalised such that overlap of the four plots is avoided. Rive minimal spectral index (the flattest spectrum) which can be
each plotin Fid.B the filled dot represents the density measuredched at oblique shocks with non-relativistic shock velocities
atthe shock front on thepstream side from the flux at the shocks s 2 3.4 (see also N&T95).

plane (compare Fifl 5 and the corresponding text). For the low- In the case of non-relativistic particles accelerated at solar
est energy particles shown in Hig. 8, which would corresposgistem shocks, a significant density peak can occur only for
to protons with a kinetic energy between 12 and 19 keV, tinighly oblique magnetic fields for particles whose velocity is
density upstream of the shock exceeds the density far dodass than an order of magnitude greater than the intersection
stream by more than a factor of 3, and the ratio of the densitglocity of shock and magnetic field. The occurrence of a den-
upstream relative to downstreaahthe shock front is given by sity peak of accelerated particles at the shock front could in
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principle be detected in situ by space observations in the sostrongly modified oblique shocks (Reynolds & Ellison 1992).
lar system, so that it is important to determine whether effedt¢hereas in the former case a density peak ahead of the shock
such as modification of the velocity profile by the pressure dbes not arise (Gieseler 1998), in the latter case the pile-up of
accelerated particles can affect our results. Simulations of thiscelerated particles may be an important effect. Alternatively,
nonlinear problem have been performed by Ellison et al. (1996pnlinear hydrodynamic effects of the accelerated particles can
However, they detect no difference in the spectral index betwesreate an unstable density spike downstream of the shock, as
runs with infinitesimal and large pitch-angle scattering, wheresisown by Jun & Jone$§ (1997), which may be responsible for
we predict that a difference should accompany a high denditye enhancement in the synchrotron emission.
peak ahead of the shock front, as discussed il Sdc. 3.1. Very re\We have shown that highly oblique shocks can produce a
cently, numerical solutions of the transport equation for mildigronounced density peak due to a pile-up of accelerated particles
relativistic particles at solar system shocks have found a densityead of the shock front. In Monte-Carlo simulations, this might
peak at the shock front (Ruffolo 1999). appear as a discontinuity or even be overlooked, depending on
A pile-up of electrons ahead of the blast-wave associatdet method used and the spatial resolution achieved. We point
with a supernova remnant could cause a synchrotron flux whiaht that the nonlinear effects of such a pile-up could be signif-
decreaseslownstream of the shock instead of increasing dueant, so that it is important to locate this effect in simulations
to the compression of the magnetic field (091). Whereas thitich incorporate the reaction of the pressure of accelerated
could always happen at a shock which propagates in an inlparticles on the plasma dynamics.

mogeneous me.dlum, such a S|gnatur§ could be also ,prOdu_ﬁgIgnowledgementsThis work was supported by the European Com-
by a shock moving in a homogeneous interstellar medium wWithssion under the TMR programme, contract number FMRX-CT98-
an oblique magnetic field as a result of a pile-up of reflectedss. U.D.J.G. acknowledges support from the Deutsche Forschungs-
particles. gemeinschaft under SFB 328.
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