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Abstract. The escape with the formation of a binary in three- Here, the subject is the general problem of three bodies and
body problem is studied in a series of two papers. This pagbe equilateral Lagrangian solution in a symmetric rotating con-
deals with the systematic regularity of escape with the formatifiguration. The masses of the participating bodies are equal. If
of a binary with low perturbing velocities for equal masses in thhe mean motion is such that the virial coefficient is unity, the
evolution of stellar systems in a plane. The main results are: (i§tances between the bodies are constant. In Lagrangian solu-
o2 \? ) tion, the symmetric configuration is never destroyed, therefore,
2|Et> ; (0) aco (B, — escape does not occur and all motions are periodic, even when
9 1/2 angular momentun® is small. It is equally important for un-
4F;) = 2, (C) voo = [ {2E, + (as0) ™"} ., Wherel,, is stable Lagrangian solutions.

3 In the equilateral configuration, @ is small and asymmet-

ric changes of the initial conditions are introduced, it leads to

binary formed and, the escape velocity of the escaper. odg>eare instead of |_oeriod_i<_: ork_)its. Fg_rthermore, if the total en-
results also indicate that the conjecture of Szebehely (197%gy of th_e system s pOS|t|ve,_|nstap|I|ty always occurs gnd the
viz. “The measure of escaping orbits is significantly higher thzfﬁ(étem elther. explodes ora plnary IS f°“.””ed and the third body
the measure of stable orbits” is likely to be true. Further OIE capes, butin the astronomlcally more important case of nega-
result regarding escape probability is in contrast to the res g total energy, one or several triple close approaches proceed

of Agekian’s et al. (1969). The second paper deals with cert%ﬂd an eventual escape, ifit occurs at all. Therefore, the detailed
parameters of the participating bodies in 3D space. ehaviour during triple close approaches might be considered

relevant to stellar dynamics.

) : . e .hing. INthe present paper, our aimis to study which body is likely
Key words: celestial mechanics, stellar dynamics — stars: blnt% escape and the other two forming a binary with the help of

For triple close approachds, > (

the minimum moment of inertia of the syste@js the angular
momentum,E; the total energyq., the semimajor axis of the

ries: close relative distances of the participating bodies when perturbation
is used, and compare the results with the Agekian’s escape prob-
) ability.
1. Introduction According to the Szebehely (1971) and Agekian & Marti-

In the general three-body systems, one encounters motion§@fa’s (1973) classification of the states of motion in the general
different types under certain initial conditions. In fact, the mairoblems of three bodies, the family presented in this paper be-
problem is the partition of the phase space of the initial colngs to class ‘0".

ditions. According to Henon (1974), the region of phase space

with bounded motion is mixed with escape.

The conjecture of Birkhoff (1922, 1927) and later reformuz-' Statement of the problem
lated by Szebehely & Peters (1967), Szebehely (1973) stdt@sially, three equal masses are considered to occupy the ver-
that sufficiently triple close simultaneously asymmetric apices of an equilateral triangle, P, P in a plane. These masses
proach results with the formation of a binary and escape iafthe absence of any disturbance will move along the medians
the third body. The above statement is numerically confirmefithe triangle and collide at the centroid of the triangle. Here, to
by Agekian & Anosova (1967), Szebehely & Peters (1967gvoid such a collision the massedat P, andP; are subjected
Szebehely (1974b), Chandra & Bhatnagar (1998a) and othéossmall perturbing velocitieg, , v, andvs in directionsa , as
Closely related to this problem has also been investigated doryda; respectively withP; Ps.

Waldvogel (1976) and Marchal & Losco (1980). We wish to study for what values of perturbing velocities

According to Sundman (1912) for a triple collision the tota¥; ando; (i = 1, 2, 3), the asymmetry will result in systematic
angular momentur® must be equal to zero and for triple closeegularity of escape with the formation of a binary with the help
approachC should be sufficiently small. of the relative distances of the participating bodies.
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v, The introduction of perturbing velocities break the symme-

try and collision can be avoided. The distances between the
masses are functions ef andt, (i = 1, 2, 3).

Let rio,703,731 represent the lengths of the sides
P, P, P,P3, P3Py, respectively at timé. In subsequent mo-
tion the values of the distances up to first ordet afe

> X T12:1+(A1732)t+"‘,

1 1
o, 7"23:7’12_141{?—%5142154—5,431f_|_...7

P,(m,) P,(m,) 1 1
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Fig. 1. Initial conditions. 2 2
where

3. Equations of motion Ay = v Cosay, Ay = wy(Cosas — V3Sinay), Az =

U3(C050¢3 +\/§Sina3), By =1 (COSOél + \/§Sina1), By =

Vo COSOé27 B3 = Ug(COSOég, — \/§Sin03) .

In the present study we require some more parameters at

= 0, which are given below:

(i) Moment of inertia I:

Let there be three equal masses = my = mg each equal

to unity occupy the vertices of an equilateral triange Ps.

At t = 0, the centre of masg), of the system is taken as the

origin, z-axis parallel to one of the sidg, P, of the eqwlateral

triangle P, P, P; andy-axis lying in the plane of the triangle.

We choose the unit of distance such thatat0, P, P, = P, P3 I . { (
t +

1 .
= P3P, =1 (Fig. 1). Cosay — ﬁ Sinag

The masses aP;, P, P; are subjected to small perturb-

ing velocities vy, vo and vy respectively such that; = — v (COSQQ + € Sina2> + lvg Sinag}
vi[Cosay I + Siney J] (i = 1, 2, 3). Att = 0, the position V3 V3
(z;,y;) and velocities;, 4;), i = 1, 2, 3of 1, Py, P; are given t+ (v} + 3402 =32+ 0,
by 10) = 1,
ry = 1/27332 = _1/27'1:3 = 07y1 =Y2 = _1/(2\/3)’ (0) = (COSO{l _ i Sina1>
Y3 = 1/\/5,3.31‘:7}1'005041‘,@2':UiSimi,(i:1,273). \/§
The equations of motion df;, having position vectar; are —vy <C08a2 + 1 Sina2> + ivg Sinas,
given by V3 V3
3
Zi — Z 1) = 2 (Z v? —3)
Zy =G i :
g 2 1Zi— 2z, ™ P
iFk=1
whereZ, = zp + iyi,7 = 1, 2, 3 andG is the constant of (ii) Total energyFE;:
gravitation. o 1 (<,
By symmetry, the motion aP; with zero perturbing velocity ~ Kinetic energy T'(0) = 5 Z Ui
will take place alongP;O and triple collision will occur aD. _ =1
When there is no perturbation ag; is the force between the Potential energy’(0) = _33'
ith andjth mass and the unit of time is so chosen fHat 1, Thus B, = 1 Z w2 6
then the equation of motion of each mass in terms;, orts 2 \— ’
. L 1
distance from the origin is expressedias — N (iif) Angular momentuncC:
T
Takingrdr = dt and solving, we obtain ic| = 1 {vl(COSal +v3Sina,)
1 2V/3
r = ——(1+ Cosv2r), .
2\/§( ) —’UQ(COSOQ + \/§SIna2) + v3 COSO(;J,} .
1 1
t = ——(7 + —= Sinv2r)
’ . - - 2T
2v3 V2 (iv) Virial CoefficientQ : Q = —
This corresponds to the Kepler's equation. The colliding ||
time is thus given by L3
o T QO)=3>_ vl

V2 i=1
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Immediately after the motion starts2 0 (a) Whenrgs > r31, we havers; < ra3 < ria = mg may
3 . escape anehg, m; form a binary.
for ZVi < 3. (b) Whenrys < r31, it meansros is smallest and therefore,
=1

may escape angh,, m3z form a binary.
(c) Whenrys = r31. We can not take a decision due to equality
the curvel = I(t) is convex or concave from below, sign.
the total energy of the system is positive or negative,
3. the virial coefficient of the system is or < unity.

From this inequality, it may be observed that

N

Case (V) whenrys < 112 andrsy = 1.

Thus we getras < 112 = 731 = my; May escape and
For small values ob; (i = 1, 2, 3), the total energ¥; m,, ms form a binary.

and I(0) are negative and virial coefficient of the system igase (VII) whenraz = r12 andrsy > 71a.

. I . 3 9 Here, we can not take a decision due to equality sign.
less than unity. This is evidently true for< >~ v < 3and - e (VIIl) whenras = r1p andrs, < r1s.

i=1 _
so the motion begins with contraction for all directions of th]g It ms'anSrgl < T12 = 123 = M2 May escape andh;, m,
perturbing velocities in a plane. orm a binary.

Proceeding as in Szebehely (1974a), we can show that §f25€ (IX)whenras = 712 andrs; = 712 o
minimum value ofl, sayI,,, for initial collapse satisfies Here, we cannot take a decision due to equality sign.
The above results may change for higher valuesaufrre-

7 <c2> 2 sponding to certain directions of the perturbing velocities given

"=\ 2|E to the participating bodies but escaper must be opposite to the
Itis also true for unequal masses as well. Moreover, this is mésrrga"eSt relative distance .Of the participating bodies.
general than Szebehely’s (1974b) result.Mzz> v4/6z,1 which From the above analysis, we concludg that out of the 9 cases,

=0 we may be able to take a decision only in 6 cases.

can be deduced from our result. . ” .
. A ., Inthe literature, many escape conditions exist. By Sundman
Since the distances of the escaper from the two-body whi o -
12), it is sufficient for escape that

formabinary will go on increasing and eventually will be greater
than the distance between the binary, the body which is likely, < 5%,
to escape must be opposite to the shortest distance between the

participating bodies. Keeping this criterion in view, it may bé&/hereé, I, = minimum moment of inertia,

observed from the relative distances of the participating bodigsy S, = LV, )
that when low values of perturbing velocities(i = 1, 2, 3) are P+1I,+1,
introduced the initial symmetry gets destroyed and thatthere i8¢, o = a*(g1 + g2),
possibility of a body to escape which is opposite to the smallest P= (A+ A’];/‘l)?,
side provided escape conditions are satisfied. S‘C]i%'
Ic = 5=
4. Possible regions of escape 2|E|
_ G(mlmg + moms + m3m1)
From relative distances of the participating bodies for small ¢ m | B ’
value oft, it may be possible to point out the body which is likely g = mmz _ HMs
. . . > K M

to escape with the formation of a binary. We may haye< r12 |E,] =T-F,
andra; 3 r12. When we combine each of; % r12 With each A= \/2glaG(m1m2 + mams + msgmy)
of ra; 2 r12, for small values ob;, we get the following cases. A’ = 44 /QMGQS/Z ,
Case (I) whenrys > 119 andrs; > r12. 3

It meansri; is the smallest and therefore; may escape o2 = Z mi(r; X 1) |, =my +ma,
andmy, mo form a binary. py)
Case (”) whenrys > rip andrs; < ria. M =mq 4+ mo + mg,

Thus we haves; < ri2 < re3 = mg may escape and T — }Zm_fg F—a Z m;m;
ms, m, form a binary. 2 e iy T '
Case (“l): WhenT23 > 719 andrgl =T12. G = Constant of gra\7itati6n,

We cannot take a decision as it is not possible to point out r;,t; = Position and velocity vectors af.
the smallest distance. According to the above escape conditiom,, m, form a
Case (IV)whenrys < rip andrsy > r12. binary andms escapes. It has to be modified according to the

Thus we haves < rip < 731 = my may escape and gscaper.
m2,ms form a binary. In our case, the above condition is satisfied and escape does
Case (V)whenrys < 712 andra; < r1a. occur for sufficiently small values of; (i =1, 2, 3). This follows

Now there are three possibilities according@s% r31. from the factthat as; — 07, I,,, — 0%. The asymmetric triple
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close approaches after reachifhg generates sufficiently large It is also true for unequal masses as well. Moreover this is
values off and! for escape with the formation of a binary. Aftermore general than Szebehely’s (1974a, b) resultaig(v?, —
attaining of,,, one of the three bodies that is opposite to the2

shortest distance escapes and the remaining two form a bin&syt 4) = 2/30Mvee = {

deduced from our results.

9 1/2
E v2 — 4} , which can be

Qoo

5. Escape velocity in terms of semimajor axis

The asymptotic hyperbolic escape velocity relative to the 6. Numerical analysis

centre of mass of the general gravitational three bodies af\te numerical integration is performed by two different com-
its asymptotic value of the semimajor axis of the binay, pyter programmes through Unix System to obtain consistent
depends on the perturbing velocities(i = 1, 2, 3). For these 5 reliable numerical results. We have chosen an upper bound
small values ob; and any values of their directions (i = 1, {or 12 places of decimal for the local truncation error in both
2, 3), we havei, (3v%, — 4E;) = 2. the programmes.

To show it, first attention is directed to the double limit pro-  Tnefirst numerical integration is performed by using Runge-
cess involved in the above result. After the binary is formeﬁutta-Fetherg 7(8) method. The second programme is devel-
the distance between the escaper and the centre of mass of gb:ed by Sverre Aarseth, IOA, Cambridge, with the Aarseth &

binary,r — oo, the velocity of the escaper, — v, and the 75 (1974) regularization applied simultaneously to the two
semimajor axis of the binary:" approaches asymptotically t0gmgjjest distances at all times. The programme is able to handle
the valuen . In this limit process the original three-body probie yalues of; (i = 1, 2, 3) up to the order afo—10.

lem approaches its partition into two two-body problems. The
escaper and the centre of mass of the binary form a hyperbolic )
two-body problem and the members of the binary form anothéd- Actual regions of escape

elliptic two-body problem. _ As the purpose of this paper is to investigate triple close ap-
The first limit process refers to the behaviour of the ge”erﬁ\loaches with systematic regularity of escape with the forma-

gravitational three-body problem as the perturbing velocitiggy, of a binary, so it is restricted to low velocities of the partic-
approach zero and we consider the general form of the tq{@iing bodies. It has been observed that keeping two velocities

energy fixed, the maximum magnitude of the third velocity for which
A the escape occur with the formation of a binary depends upon
E == (Z v? — 6) . its direction. It is denoted by;(«;), (i = 1, 2, 3) (Fig. 2).
2 i=1 It is observed that the values of (o) fluctuates between

er&aximum and minimum values. When the magnitude of the
velocity is greater tham (o) the escape changes into ejection
or interplay. Here, escape means that escape occurs simultane-
E,=FE.,+ Ey,+ Eo, ously with the formation of a binary whereas in the case of in-

: , , terplay, the bodies performed repeated close approaches and in
vv_hereEe IS th_e escape en_erg)y]b is the energy stored in thethe case of ejection the two bodies form a binary and the third
binary, andZ.; is the correction due to three-body effects. EQugy,yy, ejected with elliptic relative velocity (Szebehely 1973).
tions forE, andE}, may be written from two-body conS|derat|onThe trend remains the same in all other cases.

as follows:

The second limit process refers after the binary is form
The total energyF;, may be written as

Now we define the following families:

£ — Mms V2 G ma(my + ma) 1.v; varies andv,, v fixed,
C 2(my +ma) r ’ 2.V varies andv,, vs fixed,
Gmims 3. vy varies andvy, v fixed.

by = - 20 There are two sub-cases in each of these three families,

1(a) varying magnitude; and keeping direction; fixed,
(b) varying directiony; and keeping magnitudg fixed.
Similarly for the cases (2) and (3).

wherem; andms form the binary and\/ is the total mass of
the participating bodies. In this limit process is fixed,

Gmims Mmav?, We have studied these families with perturbing velocities
Eep — 0, By =& —— — andg, — 2(m1 + m3)’ varying fromv; = 1071 to v;(a;) and for all values ofy; i.e.
0<qo; <27 (i=1,2,3).
orE, — Mmy v — Gmymg . In actual experiment escape with the formation of a binary
 2(my +m3) 2000 does occur according to our analysis in Sect. 4.
Equating the above two forms of the total energy we have  as our main aim is to study in detail the effect of the per-
a0 (302, — 4E,) =2 turbing velocities on various parameters, we have taken typical

representative member of the cases 1(a) and 1(b) of the first
2 1142 family. For case 1(a), we have taken = 1073, vz = 10~}
or Voo = |3 2B+ — : andv; varying betweer0~* and10~1° with the grid of10~!,

Qoo
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0 30 60 90 120 150 180 210 240 270 300 330 360 Fig. 3. Orbits near triple close approach@s = 1072, a; = 20°;

_ -3 _ o. _ —1 _ o
Fig. 2. Maximum initial velocity to escape with the formation of av2 = 10" @2 =307 v3 = 107", az = 50 )-

binary (0° < a1 < 2w, v2 = 1072, g = 30°, w3 = 107}, a3 =

50°).

4. the body which escapes is opposite to the minimum rela-
tive distancer;; corresponding to the first close approach,
though the actual escape occurs aftgris attained. The
distances of the escaper from the two bodies forming the

having directionsy; = 20°, as = 30° andas = 50° (Table 1)
and for case 1(by; = 1072, v, = 1073, v3 = 10!, having
directionsa, = 30;)’ as = 50° anda lying between 0 andr binary go on increasing to infinity @ggoes to infinity.

atan interval o20° (Table 2). 5. the two bodies, amongst the participating bodies having the

In these tables, in the column of time, there are two val- f.qt cjose approach, are different from the two bodies which
ues against each for Table 1 and each angte for Table 2. have the second close approach

The first value gives fche timig for the first close approach anq 6. the values of virial coefficien), F andy varies for each
the second,, at the time of second close approach. Here, first family. For case 1(a), of the first family these vary up to a

close approach means the ]‘|rst minimum relative distance be- certain value of; after that they remain constant, and for
tween the participating bodies and the second close approach

) : R case 1(b) they vary with; .
means the smallest relative distance between the participating
bodies when minimum moment of inertia is attained. Corr&imilarly, we can deal with the other two families.
sponding to these timings the other columns in the two tables
give the values of the moment of inertig and 7,,,, the dis- . .
tancesr;, r2, 73 from the centre of mass, the relative distanceesz' Orbits near triple close approaches
712,23, 731, the magnitude of the velocitids , V2, V3 and the  The orbits near triple close approaches for a typical representa-
relative velocities o, v23, v3; Of the three participating bodies.tive member of a family (Case (I), Sect. 4) have been shown in
We have also calculated absolute potentiavirial coefficient Fig. 3.
@, and escape probability= F/|E,|) that is linked with the  The timet [also the transformed time= (¢ —0.641) x 10]
behaviour of escaper according to Agekian’s et al. (1969) apdrresponding to the points of the above figure are listed in
Szebehely (1974b). The escaping body is mentioned in the ggble 3. The first close approach occurs at the point B and the
column. second close approach (whép occurs) at the point C.
In actual experiments we have observed that We observe that at the time of first close approach, the mini-
1. two close approaches occur before the formation of a binamyum moment of inertia does not occur. The reason is that when
2. minimum smallest relative distance of the smallest relatiasymmetric initial conditions are introduced, just then all the
distance among the relative distances of the participatitigee bodies begin their motion with a contraction towards the
bodies occur at the time of first close approach. centre of mass and an interesting feature occurs between two
3. I,,, occurs slightly latter than the first close approach.  bodies. These two bodies experience a first close approach while



N. Chandra & K.B. Bhatnagar: Escape with the formation of a binary 657

Table 1.Timingsty, & tm; Ip & Ln;r1,72,73; 112, 23, 7315 V1, V2, Va; V12, V23, v31; F, Q, n and escaper correspondingto(c: = 20°; v =
1073, e = 30% w3 = 1071, a3 = 50°).

U1 J, Time M.I. r r2 r3 ri2 r23 r3i1 Vi Vo V3 Viy Vas Vg F E Q Esc.
(t) (I) Body

107" 0.665922 9.348E — 03 6.817E — 03 7.362E — 03 6.817E — 02 7.524E — 02 7.524E — 01 1.859E — 05 299 5 234 224 240 464 53818 17999 1.999 mo>
0.670687 8.022E — 03 6.078E — 02 2.348E — 02 6.148E — 02 4.213E — 02 4.226E — 02 5.594E—-02 5 8 6 12 13 8 64 2 1.907

1072 0.654100 6.913E — 03 9.454E — 03 1.457E — 02 8.131E — 02 6.316E — 03 8.835E — 01 8.799E—02 10 15 5 25 20 6 181 60 1.967 m3
0.660517 4.679E — 03 3.307E — 02 3.981E — 02 4.473E — 02 6.767E — 02 3.482E — 02 5470E—-02 4 7 8 7 14 10 62 21 1.903

1072 0.651993 8.179E — 03 1.410E — 02 1.700E — 02 8.770E — 02 5.216E — 03 1.003E — 01 1.002E—-01 12 16 5 28 21 8 212 71 1.972 mg3
0.659779 5.406E — 03 3.946E — 02 4.127E — 02 4.633E — 02 7.795E — 02 4.353E — 02 6.113E—-02 4 6 7 6 13 10 52 17 1.885

10~* 0.651784 8.312E — 03 1.460E — 02 1.729E — 02 8.832E — 02 5.120E — 03 1.014E — 01 1.014E—-01 12 16 4 28 21 8 215 72 1.972 ms
0.659599 5.485E — 03 3.982E — 02 4.088E — 02 4.720E — 02 7.825E — 02 4.450E — 02 6.255E—-02 4 6 7 6 12 10 51 17 1.883

107° 0.651762 8.326E — 03 1.464E — 02 1.732E — 02 8.838E — 02 5.111E — 03 1.016E — 01 1.015E—-01 12 16 4 28 21 8 215 72 1.972 m3
0.659731 5.493E — 03 4.015E — 02 4.169E — 02 4.628E — 02 7.924E — 02 4.446E — 02 6.1556E—-02 4 6 7 6 12 10 51 17 1.833

107% 0.651760 8.327E — 03 1.465E — 02 1.733E — 02 8.839E — 02 5.110E — 03 1.016E — 01 1.015E—-01 12 16 4 28 21 8 215 72 1.972 mg3
0.659727 5.493E — 03 4.015E — 02 4.168E — 02 4.630E — 02 7.923E — 02 4.447E - 02 6.158E—-02 4 6 7 6 12 10 51 17 1.883

1077 0.651760 8.327E — 03 1.464E — 02 1.733E — 02 8.839E — 02 5.110E — 03 1.016E — 01 1.015E—01 12 16 4 28 21 8 215 72 1.972 mg3
0.659729 5.494E — 03 4.016E — 02 4.169E — 02 4.629E — 02 7.924E — 02 4.447E — 02 6.157TE—-02 4 6 7 6 12 10 51 17 1.883

107% 0.651760 8.327E — 03 1.464E — 02 1.733E — 02 8.839E — 02 5.110E — 03 1.016E — 01 1.015E—-01 12 16 4 28 21 8 215 72 1.972 ms
0.659729 5.494E — 03 4.016E — 02 4.169E — 02 4.630E — 02 7.924E — 02 4.447E —02 6.157TE—-02 4 6 7 6 12 10 51 17 1.883

1079 0.651760 8.327E — 03 1.464E — 02 1.733E — 02 8.839E — 02 5.110E — 03 1016E — 01 1.015E—-01 12 16 4 28 21 8 215 72 1972 mg3
0.659727 5.494E — 03 4.015E — 02 4.168E — 02 4.631E — 02 7.923E — 02 4.447E - 02 6.158E—-02 4 6 7 6 12 10 51 17 1.883

107'° 0.651760 8.327E — 03 1.464E — 02 1.733E — 02 8.839E — 02 5.110E — 03 1.016E — 01 1.015E—01 12 16 4 28 21 8 215 72 1.972 mg3
0.659728 5.494E — 03 4.016E — 02 4.168E — 02 4.630E — 02 7.923E — 02 4.447E — 02 6.158E—-02 4 6 7 6 12 10 51 17 1.883

the third body is delayed. At the time of this first close approachpproaches respectively. The point B (Table 3, see also Fig. 3)
the moment of inertia is not minimum, since the delayed thisghich corresponds to the first close approach, the absolute value
body called latecomer for all members of the family still movesf the potentialF' is maximum. At the point C (Table 3, see also
towards the centre of mass along with another body. The lakég. 3) which corresponds to the second close approach and at
comer comes closest to the centre of mass with the other tths point the absolute value of the potentials another max-
and experiences a second close approach. After the minimumum but smaller than at the point B. Consequeifily > F-
moment of inertia is attained, the latecomer at the time of fiist.n5 > nc. And therefore, the minimum moment of inertia is
close approach is always the escaping or ejected body andribeassociated with the maximum absolute value of the poten-
other two that experience close approach at this time forntial. This fact agrees with Agekian’s et al. (1969) observations
binary. that ' may be governed by one single close binary approach
We have carried out experiments for a large values while I is governed by the closeness of all three bodies which is
v;(10710 < v; < (i) Whereq; lies between 0 andr, indeed for escape and which is an indication of a forthcoming
and in each family, we see how a condition of complete cascape. But on the other hand, we have also some cases where
lapse may be perturbed to obtain well-established families mfnimum moment of inertid,,, is associated with maximum
asymmetric triple close approaches with systematic regularétigsolute value of the potentiél and in such caséx > Fp
of escape of the third body with the formation of a binary. Thuse.nc > 1. For example, when case (Il) (Secta4;= 1073,
we see that infinite escapes occur with the formation of a binary = 50°; v, = 1072, ay = 30°; v3 = 1071, a3 = 10°) is
which indicate that the conjecture of Szebehely (1977), viaken, we haveyz = 27 andnc = 4004. It meansnc > np.
“The measure of escaping orbits is significantly higher than tAi@ough this does not indicate the forthcoming escape but in
measure of stable orbits”, is likely to be true. actual experiment escape does occur with the formation of a
binary.
Thus we conclude that the valuerpthat links the behaviour
of escape according to Agekian’s etal. (1969) does not necessar-
Agekian’s et al. (1969) have defined the probability of escapi#y indicate the forthcoming escape for all perturbing velocities.

6.3. Comparison with Agekian’'s escape probability

F Hence our result is in contrast with Agekian’s et al. Here the
n= W . reason is that the value d@f is governed by one single close
K binary approach aftef;, is attained and not before it, whereas
(Strictly speaking; is not a probability as it is already1). I, is governed by the closeness of all the three bodies. So we

The same definition is used by Szebehely (1974b). Both@innot conneck with 7,,,.
them linked the behaviour of with the escape and the forma-
tion of a binary. Sincé’;, the total energy is fixed, so it depend - .
on the absolute value df which varies withv;(«a;). The de- 7. Characteristics of the families
tails may be seen in Tables 1 and 2, where the first and secdie following characteristics of the earlier mentioned families
rows of eachy; (orv;) correspond to the first and second closare observed for0—1° < v; < v;(;), 0 < a; < 2.
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Table 2.Timingsty, & ty; Iy & Inn; 11,79, 73; 12, T3, r31; Vi, Va, Va; v12, v23, v31; F, Q, n and escaper correspondingito(v; = 1072 vy =

1073, e = 30% w3 = 1071, a3 = 50°).

a1} Time M.I. ri ro r3 ri2 ro3 ra; Vi Va2 V3 Via Vo3 V33 F E Q Esc.
(t) @ Body

0° 0.654230 7.207E — 03 1.185E — 02 1.580E — 02 8.257E — 02 5.216E — 03 9.120E — 02 9.112E—02 12 16 5 28 21 7214 71 1.972 ms
0.660900 4.882E — 03 3.676E — 02 3.804E — 02 4.573E — 02 7.019E — 02 3.846E — 02 5.656E —02 4 6 8 7 13 10 58 19 1.897

20° 0.654100 6.913E — 03 9.454E — 03 1.457E — 02 8.131E — 02 6.316E — 03 8.835E — 02 8.799E—02 10 15 5 25 20 6 181 60 1.967 msg
0.660517 4.679E — 03 3.307E — 02 3.981E — 02 4.473E — 02 6.767E — 02 3.482E — 02 5470E—-02 4 7 8 7 14 10 62 21 1.903

40° 0.653711 6.768E — 03 7.576E — 03 1.359E — 02 8.079E — 02 7.355E — 03 8.682E — 02 8.641E—02 9 14 5 23 19 5 159 53 1.962 mg
0.659866 4.558E — 03 2.967E — 02 4.048E — 02 4.515E — 02 6.523E — 02 3.240E — 02 5498E—-02 4 7 8 7 14 11 65 22 1.908

60° 0.653098 6.796E — 03 6.626E — 03 1.293E — 02 8.114E — 02 8.127E — 03 8.702E — 02 8667TE—02 9 14 5 22 18 5 146 49 1.959 mg
0.659364 4.539E — 03 2.800E — 02 4.221E — 02 4.443E — 02 6.566E — 02 3.144E — 02 5460E—-02 3 7 8 7 15 10 65 22 1.908

80° 0.652308 7.015E — 03 6.828E — 03 1.281E — 02 8.249E — 02 8.474E — 03 8.930E — 02 8876E—02 9 13 5 22 18 5 140 47 1.958 mg
0.658750 4.632E — 03 2.773E — 02 4.270E — 02 4.527E — 02 6.670E — 02 3.206E — 02 5.655E—-02 3 7 8 7 14 10 64 21 1.906

100° 0.651455 7.393E — 03 8.294E — 03 1.319E — 02 8.456E — 02 8.342E — 03 9.290E — 02 9.254E—02 9 13 5 22 18 5 141 47 1.958 mg
0.658290 4.835E — 03 2.926E — 02 4.337E — 02 4.580E — 02 6.961E — 02 3.422E — 02 2.891E—-02 3 7 8 7 14 10 61 20 1.901

120° 0.650619 7.915E — 03 1.047E — 02 1.433E — 02 8.718E — 02 7.791E — 03 9.775E — 02 9.739E—-02 9 14 5 23 18 5 149 50 1.960 m3
0.658127 5.132E — 03 3.233E — 02 4.477E — 02 4.564E — 02 7.451E — 02 3.762E — 02 6.063E—02 3 6 8 6 13 10 57 19 1.894

140° 0.649923 8.506E — 03 1.308E — 02 1.597E — 02 8.989E — 02 6.953E — 03 1.029E — 01 1.027E—01 10 14 4 24 19 6 163 54 1.963 mg
0.657997 5.492E — 03 3.585E — 02 4.497E — 02 4.673E — 02 7.883E — 02 4.184E - 02 6.37T0E—-02 3 6 7 6 13 10 53 18 1.886

160° 0.649451 9.092E — 03 1.569E — 02 1.792E — 02 9.233E — 02 5.985E — 03 1.078E — 01 1.076E—01 11 15 4 26 19 7 186 62 1.968 ms
0.658138 5.865E — 03 3.964E — 02 4.535E — 02 4.730E — 02 8.344E — 02 4.632E—-02 6.583E—-02 3 6 7 6 12 9 49 16 1.877

180° 0.649274 9.586E — 03 1.804E — 02 1.980E — 02 9.417E — 02 5.025E — 03 1.117E — 01 1.116E—01 12 16 4 28 20 8 217 72 1.972 mg
0.658346 6.198E — 03 4.292E — 02 4.476E — 02 4.850E — 02 8.658E — 02 5.065E — 02 6.811E—02 3 5 7 6 12 9 46 15 1.870

200° 0.649418 9.913E — 03 1.993E — 02 2.129E — 02 9.520E — 02 4.178E — 03 1.143E — 01 1.143E—01 13 18 4 31 22 9 257 86 1.977 mg
0.653810 6.437E — 03 4.574E — 02 4.433E — 02 4.878E — 02 8.920E — 02 5.408E —02 6.873E—-02 4 5 7 6 11 9 44 15 1.865

220° 0.649857 1.003E — 02 2.110E — 02 2.232E — 02 9.534E — 02 3.506E — 03 1.153E — 01 1.153E—01 15 19 4 34 23 11 303 101 1.980 ms3
0.659597 6.549E — 03 4.816E — 02 4.450E — 02 4.742E — 02 9.175E — 02 5.601E — 02 6.694E—-02 4 5 7 6 11 9 44 15 1.864

240° 0.650535 9.933E — 03 2.155E — 02 2.271E — 02 9.462E — 02 3.041E — 03 1.146E — 01 1.146E —01 16 20 4 36 24 12 346 116 1.983 ms3
0.660104 6.523E — 03 4.912E — 02 4.277E — 02 4.775E — 02 9.104E — 02 5.692E — 02 6.649E—-02 4 5 7 6 11 9 44 15 1.863

260° 0.651361 9.638E — 03 2.126E — 02 2.245E — 02 9.317E — 02 2.795E — 03 1.124E — 01 1.124E—01 17 21 4 38 25 13 375 125 1.984 mg3
0.660698 6.371E — 03 4.939E — 02 4.136E — 02 4.712E — 02 8.972E — 02 5.617E — 02 6.464E—-02 4 5 7 6 11 9 44 15 1.865

280° 0.652226 9.197E — 03 2.029E — 02 2.164E — 02 9.120E — 02 2.778E — 03 1.090E — 01 1.090E —01 17 21 4 38 25 13 378 126 1.984 ms
0.660973 6.122E — 03 4.829E — 02 3.896E — 02 4.767E — 02 8.600E — 02 5.439E — 02 6.388E—-02 4 5 7 6 11 10 46 15 1.870

300° 0.653027 8.672E — 03 1.875E — 02 2.035E — 02 8.892E — 02 3.002E — 03 1.047E — 01 1.047TE—01 16 20 4 37 25 12 352 118 1.983 ms3
0.661206 5.814E — 03 4.650E — 02 3.741E — 02 4.746E — 02 8.212E — 02 5.126E — 02 6.223E—-02 4 5 7 6 12 10 48 16 1.874

320° 0.653665 8.132E — 03 1.669E — 02 1.887E — 02 8.659E — 02 3.487E — 03 9.999E — 01 9.993E—02 15 19 4 24 24 11 307 102 1.980 ms3
0.661344 5.484E — 03 4.403E — 02 3.704E — 02 4.662E — 02 7.835E — 02 1.714E —02 5989E —-02 4 6 7 6 12 10 51 17 1.883

340° 0.654079 7.628E — 02 1.433E — 02 1.729E — 02 8.440E — 02 4.237E — 03 9.538E — 01 9.524E—02 13 18 5 31 22 9 257 86 1.977 mg
0.661159 5.116E — 03 4.052E — 02 3.685E — 02 4.654E — 02 7.373E — 02 4.281E — 02 5.8556E—02 4 6 7 7 13 10 54 18 1.888

Table 3.Timet and transformed time corresponding to points on the
orbits in Fig. 3

Case | Point —

(Sect. 4) Time J/ AZ Bi CZ Di
Case (1) t 0.652480 0.654100 0.660517 0.663747
T 11480 13100 19517 22747

When abody escapes, its distances from the other two bodies
. . 1
tend tooo and F' varies according te—, wherei andj do
o

1,
not take up the values correspondi{ﬂg to the suffix of the
escaper. This also means thais minimum or maximum
according as the distance between the binary is maximum or
minimum. Thus we conclude that the valueis governed
by one single close binary approach aftgris attained and
not before it.

Besides the observation of Sect. 6.1, we further observe that When the perturbing velocities have the same magnitude

and direction, by symmetry the relative distances between

1. For allmembers of a family, the general shape of the orbits the participating bodies remain equal. But if directions of the

is the same so long so the escaper remains the same.
2. We know that

m;m.;
F =G 7
Z Tij
1<i<j<3
forG = 1, andm; = my = m3(Fis positive

-y L

r
1<i<j<3 Y

perturbing velocities are not equal (keeping the magnitude of
the velocities equal), we are able to say which body amongst
them is going to escape with the formation of a binary.

I . o
4. The quantity 5 (the total mass is three), which is used

as the radius of gyration by Birkhoff (1927) and Sundman
(1912) instead of moment of inertia, always hold the fol-
lowing inequalities
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Vi a e
Uoo > \/T” > smallest relative distance
3 - 0.975
at the time of second 0.066
close approach.
and ax(l1—e€) > smallestrelative distance 0.064 -
at the time of first 0.062 - 0.875
close approach. a,
5. The magnitude of velocity of the latecomer (escaper) aftes.o6 -
the time of first close approach increases and the escaper L 0.775
moves towards the centre of mass. 0.058 -
6. The latecomer (escaper) must pass close to the centrg, g4 |
mass after the first close approach.

7. In each family, the body for which the perturbing velocity.054 0675

is varied never escapes.

8. The semimajor axia., and its eccentricity for case ()
(Sect. 4) of the first family with their sub- cases are showry g5 - - 0.575
in Figs. 4a and 4b.

9. Proceeding as in Szebehely (1974a), it can be shown th&048 -

0.052 A

oo (302, — 4E;) =2 0.046 - 0.475
or D P v for all families >4 Vi
Voo = g ¢+ @ lies. 0.042 : : : : 0.375

4

T 1 | —
The relation is in good agreement with the numericalresults. 0 10" 10° 10° 107 10° 10° 10* 10° 10% 10
We have shown the value of, for both the sub cases of _. L . - o.

. . A Fig. 4a. Semimajor axisu. and eccentricitye Vs v1 (a1 = 20°;
the first family for case (I) (Sect. 4) in Figs. 5a and 5b. A3 amo. 1 Lo

N Uz—lo ,(12—30,1}3—10 ,(13—50).

It may be noted from the above Figs. 4a and 4b that for the
family 1(a), whenv, varies from10~1° to 10~! and other
parameters are fixed, the semimajor axjsdecreases ag _07?:' 0.8
increases up to a certain value and then a rapid fall. Further, ©
eccentricitye decreases slowly with, up to a certain value 0:065 7
and then there is sharp decrease and after that it increasgge -
rapidly. And for the family 1(b) when varies from)° to 27
and other parameters are kept fixed as above, the semim3j8§5 i
axisa., and its eccentricity fluctuate. These trends are the ¢.05 -
same for all other families. Further, it may also be noted
in Figs. 5a and 5b that for the first family 1(a) the escap%045 i
velocity v, decreases slowly ag increases up to a certain 0.04
value and after that it increases rapidly. And for the famil
1(b), escape velocity,, decreases as; increases up to a
certain value after that it increases rapidly. 0.03 1

10. The minimum moment of inertif,, and the differencé\t g 555
betweert,,, andt. (At = t,, — t.) of the families are char- e
acterised. For the family 1(a) for case (I) (Sect.),de-  0.02 7
creases slowly up to a certain valuevagncreases after that g,91 5 -
it decreases sharply and then increases rapidly whetég as
increases slowly up to a certain value with after that it
increases rapidly (Fig. 6a). For the family 1@y andl,, 0.005 -
fluctuate (Fig. 6b). The trends fdy, and At are the same
for all other families.

- 0.6

3.035 - L 0.4

- 0.2
0.01 -
al

T T T T T T T 0

0 30 60 90 120 150 180 210 240 270 300 330 360

Fig. 4b. Semimajor axisi., and eccentricitye Vs a1 (v1 = 1072;
8. Applications ve = 1073, s = 30°% w3 = 107, a3 = 50°).
Early references regarding individual orbits or statistically es-
tablished families exist in the literature (Agekian & AnosovaValdvogel (1977), Szebehely (1974a, b, 1979), Chandra &
1967, Szebehely & Peters 1967 and others). Nahon (197Bhatnagar (1998a) have also investigated dynamical methods
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v

Fig. 5a.Escape velocitys Vs v1 (a1 = 20°%; v2 = 1073, ap = 30°;

vy = 1074, ag = 50°).
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Fig. 5b.Escape veloCity.. Vsai (v1 = 107 % v = 1072, a2

v3 = 10_1, a3 = 500).
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At I
0.035 - 0.009
- 0,008
0.03 -
- 0,007
0.025 -
- 0,006
Im
0.02 - At
- 0.005
vl
0.0164+—1—— 1 . 0.004
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0o 10" 10° 10® 107 10° 10° 10* 10® 107 10"
Fig. 6a. Time to triple close approacht and minimum moment of
inertia I,,, Vs vi(ar = 20° v2 = 1073, aa = 30°% vz = 1071,
a3 = 500).

At I
0.022 - 0,007
Il'll
0.021 -
0.02 - 0.006
0.01_9 1
0.018 - 0.005
0.017
a f
0.016 T T T T T T T T 1 —t 0.004

0 36 60 90 120 150 180 210 240 270 300 330 360
Fig. 6b. Time to triple close approacht and minimum moment of
inertia I, Vs aq(v1 = 1072 v = 1073, aa = 30°; v3 = 1074,
a3 = 500).
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thatis closely related to this problem. The present study is basai@ral triangle at_,,, = 1 pc apart. The unit of tim&},, = 1.5
on a family rather on individual orbits. So it allows the continx 107 yr and the unit of velocity},, = 0.0655 Km/Sec. Here,
uous adjustment and matching of physical parameters. uw=p=1Llandl. = 107 yr.

For physical consideration, we shall consider the relative

distances of the bodies at the time which has the MINIMYRH el (IN: The second model consists of three 40 Eridani-B-

smallest relative distance between the first and the second Cllﬂ?@stars WithM,, — 0.43M., and R, — 0.016R.. The units
m — U. ® = U. ®-

approaches. To simplify the notation in the sequel, we den%tﬁimeT — 2.97 x 107 yrandV,, — 0.043 Km/Sec. Herey
asymptotic value of the semimajor axis, asa, the relative _ 0.43 pZ 0.016 andr’. — 1.45 xm107yr

distances, ro3 andrs; of the participating bodies asr’, "’
respectively at the time of first or second close approach (which
has the minimum smallest relative distance). The magnitudeNdedel (11l): The third model consists of three white dwarfs of
relative velocity between the bodies at the time of having firgelar masses (i.e/,,, = M) which placed at 1 pc distances.
close approach as and the hyperbolic escape velocity, of The radius of the participating bodies & = 0.0068R,
the escaper as following Chandrasekhar’s estimate. The unit of tiffig =

In actual experiment, we have found in the range;afe. 1.5 x 107 yr and the unit of velocity i3/, = 0.0655 Km/Sec.
10710 < o; <1073, (4 = 1, 2, 3) for the same escaper of each this case much closer approaches are allowed without signif-
of the families that icant tidal effects. Her@ = 1, p = 0.0068,T,. = 107yr.

(a) the minimum smallest relative distance between the bodies
at the time of first or second close approach (which has thodel (IV): This model consists of three neutron stars of solar
minimum smallest relative distance) is directly proportionathasses and placed at 1 pc distances. The radius of participating
to the Semimajor axis of the binary"i.e_ E = const. =v bodies ISRb =10 Km. The units of tim@m =15x 107 yr and
r

i - - - 5
(say). Herer is the minimum ofr, 1/, " velocity V,,, = 0.0655 Km/Sec. Herg, = 1, p = 1.44x10° and

) - T, = 107yr.
(b) 7:(_3” * 4%) =2 Model (V) of Szebehely (1979) involving galaxies cannot
() -, =const. < (say). be taken as galaxies are not point masses.

These results mean that if in the non-dimensional system Here, our main aim is to find the principal characteristics of
used, a minimum relative distaneeat the time of first close the models. Such characteristics are the velocity of escape
approach is selected, we may compute andx. The members the escaper, semi-major axi®f the binary formed, its eccen-
of the family of escape orbits corresponding to these preselectégity ¢, and the time necessary to reach maximum contraction.
r is associated with a given value of the parameter@ndc;. The time necessary from the beginning of the motion to the oc-
For0 < v; < 103, the above mentioned formulas (a)-(c) aréurrence of the escape in all cases is approximately 0.64
applicable with sufficient accuracy. time units. Therefore, the escape times are determined by the

The system reaches minimum size or rather minimum migme units applicable to the various cases. Here, we have taken
ment of inertia in approximately//24 = 0.6413 non- dimen- typical representative member of both the sub-cases 1(a) and
sional time-units. 1(b) of the first family. For this, we have observed from the

All results of numerical aspects of triple close approachddbles 1 and 2 that the values of earlier mentioned formulas

are presented in non-dimensional form to facilitate any appl@)-(c) are constant (i.e. = 12, ¢ = 11) for the same escaper
cations. The non-dimensional parametefis/,,, 72 = L3, in for both the sub-cases of the first family as mentioned earlier.

the numerical investigation. Heré! is the constant of grav- Here, smallest relative distance at the time having the first close
ity and M,,,, Ty, L., are the units of mass, time and lengti@Pproach is-2 and escaper isz3. The method of selection
and the subscript: refers to ‘model’. Consequently, the unitof the proper member of the families are based on the choice
of time T, — L?r{z/\/m and the unit of velocity is of minimum dlstange from phy§|cal coq3|derat|on§. This mini-
Vi = \/(GM,,)//Tm. Here, note that in the following dis- """ distancet? during a realistic, physically possible motion
cussion lower case letters will denote the dimensionless quan%lqu.t be cor;}adr(?ri\blx Ionger tnamb' Since i f:hz)‘Rb’ the

ties, while capitals will be reserved for dimensional quantitie%? les touch whe . 1. For the purposes of this paper, we
The relations between these symbols&Are- rL,,; V = vV, will select the following three values fov/A; :

andT = tT,,. In addition, it is expedient to introduce the sym-— = 10 (which is admittedly rather lower), 100

bolsp = Ry/R, whereR, is the distance between the binary.* (corresponding to 1AU if%, = R.) and 1000.

Moreover, as well ag = M,, /Mo andA = R/2R,. The the- At this point some simple results are offered as follows:
ory so developed can be applied to any desired model without o i . ]
difficulties. We have, therefore, considered the following fout- the semimajor axis of the binary formed4s = vR =

astronomical models as in Szebehely (1979). 2vRy, . i
2. the velocity of escape is

3
Model (I): The first model consists of three Sun-like stars. For Vesp = [31 ( j > <GM®> +§ <V2 Z U2> B
1%

characteristic units\/,,, = M, placed at the apices of an equi- 3v \\p Ry
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Table 4. Applications to models of three-body systems

Model X R A Vcsc Vmaz
Km/Sec Km/Sec
ey 10 20Rg =0.09AU 23 x 10R = 1.1AU 23 253
10> 2 x 10°Re) = 0.9AU 24 x 10°R = 11 AU 7.3 80.3
10° 2 x 10°Re) = 9AU 24 x 10°R = 110 AU 2.3 25.3
(II) 10 0.32Re =1.5x10"°AU  3.84Rp = 1.8 x 107*AU 19.25 1311.75
10> 32Rm =15x107?AU  38.4Re =18 x 107'AU 377 4147
10* 32Rp = 1.5 x 107 "AU 384Re = 1.8AU 11.93  131.23
(Il) 10 0.136Re =6.3 x 107*AU 1.632R = 7.6 x 107 °AU 729 3069
10> 1.36Re = 6.3 x 107°AU  16.32Re = 7.6 x 107 °AU 88.2 970.2
10° 13.6Re =6.3 x 107°AU  116.2Rq, = 7.6 AU 279 306.9

(IV) 10 2x10°Km = 1.3 x 107°AU 2.4 x 10°Km = 1.6 x 107°AU 6,062 66682
102 2 x 10°Km = 1.3 x 107°AU 2.4 x 10*Km = 1.6 x 107*AU 1,917 21087

10 2 x 10*°Km = 1.3 x 107%AU 2.4 x 10°Km = 1.6 x 1072AU 606 6666
4G?*M,,, ( 1 N 1 N 1 ﬂ 1/2 References
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