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Abstract. This paper considers the growth of circumstellar dust
grains formed from the elements silicon, magnesium, and iron.
The stability of olivine (Mg2xFe2(1−x)SiO4), quartz (SiO2),
iron, and periclase (MgO) dust in a circumstellar environment
is discussed. The role of exchange of Fe2+ and Mg2+ cations,
solid diffusion of Fe2+ cations within the SiO4 matrix of the
silicate lattice, and annealing of an initially amorphous lattice
structure during olivine growth is considered. The complete set
of equations describing the vapourisation and growth of a mix-
ture of olivine, quartz, iron, and periclase grains, including the
internal diffusion and the surface exchange processes, is de-
rived. These equations are solved for a simplified model of a
stellar wind for the case of an M star. The calculation shows
that for M stars the dust in the circumstellar shell is a multicom-
ponent mixture dominated by olivine and iron grains. Olivine
grains likely show variations of their magnesium and iron con-
tent between the core and the surface. Some periclase and a tiny
fraction of quartz also are formed in the outflow.

Key words: stars: circumstellar matter – stars: mass-loss – stars:
AGB and post-AGB

1. Introduction

During the late stages of stellar evolution, on the asymptotic
giant branch (AGB), stars with initial masses on the main se-
quence in the range 1 M� <∼ M <∼ 8 M� loose a significant frac-
tion of their mass during a short phase of an intense mass-loss.
In this phase they are enshrouded by an optically thick dust
shell, in which solids condense from the gas phase as tiny dust
grains. Most of the observed objects have an oxygen rich ele-
ment composition and show in the infrared spectral region in
their emission two broad emission features at roughly 9.7µm
and 18µm. These are generally believed to be associated with
vibrational modes of the fundamental SiO4 tetrahedron in sil-
icate condensates of a largely disordered lattice structure. A
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somewhat smaller fraction of the objects has a carbon rich ele-
ment mixture; they are not considered in this paper.

Besides these main features some less pronounced features
have been detected. A broad feature around 13µm found in a
number of objects usually is ascribed to corundum dust grains
(Vardya et al. 1986, Onaka et al. 1989, Little-Marenin & Little
1990, Stencel et al. 1990, Begemann et al. 1997). Some other
features observed between 10µm and 19µm are ascribed to
metal oxides and/or crystalline silicates (Goebel et al. 1989,
1994)

Recent observations in the far infrared spectral region with
the ISO satellite revealed the existence of a series of dust fea-
tures in the wavelength region between 30 and 44µm. These
are tentatively identified with features of crystalline olivine
(Mg2xFe2(1−x)SiO4) and pyroxene (MgxFe1−xSiO3) (Waters
et al. 1996). These observations show that the dust formation
process in oxygen-rich circumstellar shells results in the forma-
tion a variety of dust components with quite different mineral
compositions and lattice structures ranging from being com-
pletely disordered amorphous condensates to crystalline mate-
rials.

From a theoretical point of view the formation and growth of
such grains is still a widely unsolved problem. In order to shed
light on this unsatisfactory situation, as a first order approxima-
tion, in this paper we refer to the highly simplified picture of a
stationary stellar outflow. For this cooling flow we (i) discuss the
stability conditions of the relevant condensates and (ii) investi-
gate heterogeneous, non-equilibrium grain growth by adopting
suitable seed nuclei and a reasonable chemical gas phase com-
position, typical for the shells of M giants. From the results we
expect a better insight into the complex grain formation pro-
cesses taking place, providing a safer physical basis for more
realistic future descriptions, e.g. for modelling dust formation
in Miras and LPV’s.

We concentrate on the formation of dust from the most abun-
dant elements forming refractory compounds: Mg, Si, and Fe.
These elements, together with oxygen, form the main dust com-
ponents responsible for most of the dust opacity and the emis-
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sion of infrared radiation. Less abundant dust species like corun-
dum are not discussed in this paper. Also we do not consider the
problem of nucleation of dust grains but simply assume that the
main dust components grow on seed nuclei, which are formed
at a temperature somewhat above the stability limits of the main
dust components. The problem of nucleation is discussed in Gail
& Sedlmayr (1998b).

The plan of this paper is as follows: in Sect. 2 we discuss the
stability limits of the possible condensates formed from Mg, Si,
and Fe. In Sect. 3 we discuss the basic principles of grain growth
and vapourisation for the essential dust components, including
the exchange process of Fe2+ and Mg2+ cations for olivine dust.
In Sect. 4 we consider cation diffusion in olivine and annealing
processes. Sect. 5 contains results of a preliminary model cal-
culation for the formation of a multicomponent dust mixture in
the wind of M stars. Sect. 6 contains some concluding remarks
and an appendix briefly present our method for solving numer-
ically the coupled problem of grain growth and cation diffusion
within the grains.

2. Equilibrium chemistry of the Si-Mg-Fe complex

If one tries to calculate the condensation and growth of dust in
circumstellar shells one of the most important questions is the
temperature and pressure where some specific solid compound
starts to condense from the gas phase in a cooling gas. The
onset of condensation depends critically on the question whether
there exist already surfaces, on which the special compound can
be precipitated or not. If no surfaces exist, condensation first
requires the formation of some kind of seed nuclei from the gas
phase which is a process quite different from the growth of a
condensate and is a difficult problem of its own which is not
considered in this work. In the opposite case, if surfaces already
exist, condensates usually can easily grow on these surfaces
once the condensed phase becomes thermodynamically stable,
which means that in a thermodynamic equilibrium state part (or
all) of the previously gaseous material reacts to form a solid
compound.

Condensation of dust in circumstellar shells is a process
which operates under conditions far from thermodynamic equi-
librium. Nevertheless it is instructive to start the discussion
with some considerations based on equilibrium thermodynam-
ics. Such discussions have a long history, starting with the note
of Gilman (1969). A brief discussion of the main facts with
respect to equilibrium condensation under circumstellar condi-
tions was given by Salpeter (1977). Equilibrium condensation
also has extensively been discussed in the context of the chem-
istry of the Solar Nebula (e.g. Grossman 1972, Lattimer et al.
1978, Saxena & Ericksson 1986, Sharp & Huebner 1990). More
recently, condensation of circumstellar dust has been discussed
by Gail & Sedlmayr (1998a, 1998b). Such calculations show
that for pressure-temperature conditions encountered in the
condensation zone of circumstellar dust shells (T ≈ 1 000 K,
P ≈ 10−4 dyn·cm−2) the most stable condensate formed from
the abundant elements Si, Fe and Mg is forsterite with composi-
tion Mg2SiO4, followed by enstatite with composition MgSiO3

and metallic iron. All these compounds have their stability limits
under equilibrium conditions in the temperature region between
≈ 800 K and≈ 1 100 K, depending on the specific compound
and the gas pressure. At much lower temperature some other
compounds of these elements (e.g. FeS, Fe3O4) may become
more stable (cf. Saxena & Ericsson 1986) but it is unlikely that
these can be formed in stellar winds (Gail & Sedlmayr 1998a).
In the following we give a modified and extended version of
the discussion of equilibrium condensation of compounds of
silicon, magnesium, and iron of Gail (1998a) and Gail & Sedl-
mayr (1999) which fits to the requirements of our later non-
equilibrium calculations.

2.1. Stability of magnesium-iron silicates

The most stable condensate formed from the abundant el-
ements O, Si, Mg, and Fe is the magnesium-iron silicate
Mg2xFe2(1−x)SiO4 with x ∈ [0, 1]. The end members of this
continuous series of compounds are forsterite withx = 1 and
fayalite with x = 0. The mixed compound with0 < x < 1
is called olivine. The olivine can be considered as an ideal so-
lution of fayalite in forsterite (cf. Saxena & Ericksson 1986).
Pure forsterite is stable up to the highest temperature while pure
fayalite has a much lower stability limit.

If we consider the stability of these species, we have to con-
sider that circumstellar dust grains are embedded in a carrier
gas which is dominated by hydrogen. There emerge two possi-
bilities:

– The microscopic reactions responsible for the destruction of
the silicate dust are not affected by the presence of hydrogen.
In this case olivine decomposes as if it is vapourised in
vacuo.

– The hydrogen reacts with the SiO4 groups at the surface and
reduces the silicon to free SiO, Mg, and Fe molecules and
water vapour. In this case the silicate is disintegrated by a
process which we may call chemisputtering.

We consider both processes in turn.

2.1.1. Free evaporation

The purethermal decompositioncan be considered as a chem-
ical reaction of the type

Mg2xFe2(1−x)SiO4(s)
−→ 2xMg + 2(1−x)Fe + SiO + 3O

in which the solid disintegrates into free molecules. The
molecule SiO and the free atoms Mg, Fe, and O are the most
abundant gas phase species that exist in chemical equilibrium at
temperaturesT >∼ 1 000 K. However, some other molecules can
also be formed, especially O2 is also very abundant. The true
vapour in chemical equilibrium is a mixture of several species
which is dominated by the four species SiO, O2, Mg, and Fe. In
order to calculate the partial pressures of the gas phase species
we have to consider the chemical equilibrium state between
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Fig. 1. Stability limits of olivine with respect to pure thermal decompo-
sition (full lines) and chemisputtering (dashed lines) for three different
compositions:x = 1 (upper lines) corresponding to pure forsterite,
x = 0.5 (middle lines), an iron rich olivine, andx = 0 (bottom lines)
corresponding to pure fayalite.

olivine and its decomposition products. The two extreme cases
x = 1 andx = 0 have been considered in Duschl et al. (1996).
We have calculated the decomposition equilibrium for olivine
with 0 ≤ x ≤ 1 analogously to the method described in their
appendix and determined the vapour pressurepv,SiO of SiO
molecules over solid olivine.

In doing this we assumed olivine to form an ideal solution of
forsterite (Mg2SiO4) and fayalite (Fe2SiO4). Experimentally it
is found that this assumption is correct; deviations from ideality
are very small (cf. Saxena & Ericksson 1986). The free enthalpy
of formation of one mole of olivine then is given by

∆G(ol) = x∆G(for) + (1 − x)∆G(fa) + ∆Gmix (1)

where∆G(fo) and∆G(fa) are the free energies of formation
from the free atoms of one mole of olivine and fayalite, re-
spectively. Here and in the following we abbreviate the mineral
names olivine, forsterite, and fayalite by “ol”, “fo”, and “fa”,
respectively. The entropy of mixing is

∆Gmix = 2RT (x lnx + (1 − x) ln(1 − x)) (2)

because the Mg++ and Fe++ ions are distributed over two moles
of cation sites. Thermochemical data for molecules and solids
are taken here and in all our following calculations from Sharp
& Huebner (1990), if not explicitly stated otherwise.

Let fol denote the fraction of the silicon condensed in
olivine. In the gas phase at temperaturesT >∼ 1 000 K only the
SiO molecule is abundant. Other silicon compounds and free
Si atoms have completely negligible abundances. The partial
pressurepSiO of SiO molecules in the gas phase then is

pSiO = (1 − fol)εSiPH . (3)

HerePH denotes the fictitious pressure of all hydrogen nuclei.
Under pressure-temperature conditions where dust condenses in

circumstellar dust shells (P ≈ 10−4 dyn cm−2, T ≈ 1 000 K)
the hydrogen is completely associated to H2. Then we have

PH =
2

1 + 2εHe
P . (4)

In equilibrium between olivine and the gas phase the partial
pressure in the gas phasepSiO equals the vapour pressurepv,SiO
of SiO over olivine. Then we have

P =
1 + 2εHe

2(1 − fol)εSi
pv,SiO . (5)

The stability limit of olivine is defined byfol = 0. This defines
a limit curve in theP -T -plane above and to the left of which no
olivine exist while below and to the right of this limit curve part
or all of the silicon is condensed into olivine. Some limit curves
of stability for different compositions of olivine (different values
of x) are shown in Fig. 1 as full lines.

If the silicate disintegrates by pure thermal decomposition
despite the presence of a lot of hydrogen, then the decomposi-
tion process operates under conditions far from chemical equi-
librium between the gas phase and the solid since the decom-
position products O and O2 have negligible abundances in a
hydrogen rich environment. After being liberated by thermal
decomposition they immediately react in the gas phase with H2
to form H2O. The chemical composition of the gas phase with
respect to the abundance of species produced by vapourisation,
thus, is different from their abundance in the vapour. The solid
and the gas phase are not in chemical equilibrium in this case.

2.1.2. Chemisputtering

Chemical equilibrium between solid olivine and a hydrogen rich
environment requires that disintegration occurs according to the
following chemical net reaction

Mg2xFe2(1−x)SiO4(s) + 3H2 −→
2xMg + 2(1−x)Fe + SiO + 3H2O (6)

since the dominating gas phase species of the elements Si, Fe,
and Mg are not changed by the presence of hydrogen, but the
oxygen forms water vapour. In chemical equilibrium the partial
pressures of the gas phase species have to satisfy the law of mass
action

p2x
Mg p

2(1−x)
Fe pSiO p3

H2O

p3
H2

= e−∆G/RT = K−1
p (ol) (7)

where∆G is the change of free enthalpy in reaction (6). This
is given by

∆G = 2x∆G(Mg) + 2(1 − x)∆G(Fe) + ∆G(SiO)
+3∆G(H2O) − ∆G(ol) − 3∆G(H2) (8)

where∆G(xy) denotes the free enthalpy of formation ofxy
from the free atoms.

Since magnesium and iron are present in the gas phase as
free atoms their partial pressures arepMg = (εMg−2xfolεSi)PH
andpFe = (εFe − 2(1 − x)folεSi)PH. Since oxygen bearing
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species from the gas phase other than CO, SiO, and H2O have
negligible abundances, the partial pressure of H2O is pH2O =
(εO − εC − (1+3fol)εSi)PH if we assume that no other oxygen
bearing solid than olivine exists. The partial pressure of H2 is
pH2 = 1

2PH. It follows from (7)

P 3 =
(1 + 2εHe)3

(εMg − 2xfolεSi)
2x (εFe − 2(1 − x)folεSi)

2(1−x)

1
26 (1 − fol) εSi (εO − εC − (1 + 3fol)εSi)

3
Kp(ol)

. (9)

The curve in theP -T -plane defined byfol = 0 and givenx
describes the stability limit of olivine in chemical equilibrium
with the gas phase. Above and to the left of this line no olivine
exists in a chemical equilibrium state. Below and to the right of
the limit line part of the silicon is bound in solid olivine. Some
limit curves of stability for different compositions of olivine
(different values ofx) are shown in Fig. 1 as dashed lines.

The stability limit of olivine in chemical equilibrium occurs
100 . . . 200 K below the stability limit for thermal decompo-
sition. Thus, the true stability limit depends critically on the
question whether there exist chemical surface reactions be-
tween olivine and the hydrogen molecules which disintegrate
the solid. The recent laboratory experiments of Nagahara &
Ozawa (1994, 1996) on forsterite vapourisation in the presence
of H2 have shown, that such reactions really do occur. They
found in their experiment conducted at 1 973 K and H2 pres-
sures between10−3 and3 101 dyn cm−2 a linear dependence
of the vapourisation rate on the H2 pressure in the high pres-
sure region and a pressure independent vapourisation rate for
their lowest pressures. They interpreted their experimentally de-
termined decomposition rates as being a superposition of free
vapourisation, which dominates for very low H2 pressures, and
chemisputtering, which dominates at high pressures. The fit to
their experimentally determined vapourisation rate is given as
(Nagahara & Ozawa 1994)

Jvap = 8.0 10−7 + 2.7 10−7 pH2 [gramm · cm−2 · s−1] . (10)

The free vapourisation rate is consistent with the experimen-
tally determined rate of vapourisation in vacuo of forsterite, as
determined for instance by Hashimoto (1990).

In the detailed analysis of their experiment Nagahara &
Ozawa (1996) compared their measured chemisputtering rate
with the expression

Jdep = α
∑

i

pi√
2πmikT

(11)

for the theoretical deposition rate of Si bearing speciesi from the
gas phase at the surface of forsterite if the forsterite is in kinetic
equilibrium with the gas phase with respect to chemisputtering
and growth. They calculatedJdep for a chemical equilibrium
gas phase composition at the H2 pressures of the experiment and
derived a value for the sticking coefficientα of the order of 0.1.
Since SiO has a much bigger abundance than all other Si bearing
molecules in the gas phase,Jdep is determined essentially by
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Fig. 2. Stability limits of some solids and molecules. The dashed lines
show the stability limits for Olivine Mg2xFe2(1−x)SiO4 for three dif-
ferent compositions:x = 1 (top), i.e. pure forsterite,x = 0.5 (middle),
an iron rich olivine, andx = 0 (bottom), i.e. pure fayalite.

SiO. This also means that the deposition of SiO at the surface
is the rate determining step for the growth of forsterite.

The experimental finding that chemisputtering occurs if
forsterite is embedded in a hot H2 gas means that the stability
limit (9) is the relevant one for condensation or vapourisation in
circumstellar dust shells and not that of thermal decomposition
considered in the previous section.

A different iron-magnesium silicate which may condense
in a circumstellar dust shell is orthopyroxene with composition
MgxFe1−xSiO3. This material is not considered in this paper
for reasons which are explained below.

2.2. Condensation of silicon oxides

The silicon forms the two solid oxides SiO and quartz (SiO2)
which may be formed from the SiO molecules in the gas phase.
In calculations of the equilibrium composition of a solid-gas
mixture with standard cosmic element composition both solids
are not found as condensed species. This is because the silicon is
completely consumed by the formation of the much more stable
olivine and pyroxene and some minor compounds (e.g. Lattimer
et al. 1978, Sharp & Huebner 1990). In spite of this, in a circum-
stellar shell these oxides may be formed due to rapid cooling of
the outflow and slow growth of solids which means that much
of the gas phase components are not yet condensed at tempera-
tures where they would completely be consumed by formation
of solids under equilibrium conditions. At temperatures around
1 000 K the silicon not yet condensed in solids is present as the
molecule SiO. Once the gas temperature of the outflow drops
below the stability limit of quartz or solid SiO these substances
may start to condense as separate solid species. If cooling is suf-



598 H.-P. Gail & E. Sedlmayr: Mineral formation in stellar winds. I

ficient rapid such that the increase of the supersaturation ratio
of SiO due to cooling always exceeds the reduction of the su-
persaturation ration due to SiO consumption by particle growth
for all solid silicate compounds present in the outflow, all these
species continue to grow from the gas phase1, until the gas is so
much diluted that all growth processes are stalled.

The quartz can be formed from the gas phase by the reaction

SiO + H2O −→ SiO2(s) + H2 .

In chemical equilibrium between the gas phase and the conden-
sate we have

pH2

pSiO pH2O
= e−∆G/RT = Kp(qu) . (12)

Here we abbreviate with “qu” the mineral name quartz. We
denote byfqu the fraction of the Si condensed into quartz. The
partial pressure of SiO in the gas phase then is given bypSiO =
(1 − fqu − fol − fpy)εSiPH, assuming that part of the silicon
is already condensed into olivine and pyroxene, and the partial
pressure of water vapour ispH2O = (εO − εC − (1 + fqu +
2fpy + 3fol)εSi)PH. It follows from the law of mass action

P =
1 + 2εHe

4 (1 − fqu − fol − fpy) εSi
(13)

1
(εO − εC − (1 + fqu + 2fpy + 3fol)εSi)Kp(qu)

.

The curve withfqu = 0 is the limit curve below and to the
right of which quartz becomes thermodynamically stable. This
limit curve (assumingfol = fpy = 0) is shown in Fig. 2. If
some fraction of the silicon is already condensed into olivine or
pyroxene, it is shifted to a somewhat higher pressure for given
T .

Obviously, quartz becomes thermodynamically stable at a
temperature only slightly below the stability limits of enstatite
but much above the stability limit of fayalite. It depends, thus,
on the iron content of the olivine during the very first growth
phase, which one of the two condensates, olivine or quartz,
appears first. In chemical equilibrium the olivine would be very
iron poor,x>∼ 0.99, as is shown in Gail & Sedlmayr (1998a).
Then olivine condenses first and at an approximately 20 K lower
temperature quartz becomes stable and starts to condense. If,
however, the composition of olivine during the initial growth
process is more iron rich than in chemical equilibrium, as it
might be for kinetical reasons, then quartz is the first silicate
component which starts to condense and olivine appears at some
lower temperature. This problem is treated in detail in Sect. 3.4.

Next we consider the possible condensation of silicon
monoxide. We take its vapour pressure from Nuth & Donn
(1982b)

pv,SiO = e12.81−25700/T [atm] . (14)

1 In a system evolving into equilibrium the reduction of the gas phase
abundance of SiO by particle growth ultimately reduces the partial
pressure of SiO to a level where the gas phase for the least stable
species becomes subsaturated. This species then starts to vapourise in
favour of growth of the more stable species until finally only the most
stable species survive.

The gas phase pressure of SiO at the stability limit of SiO(s),
if no other silicate would be condensed, ispSiO = εSiPH. We
obtain the following limit curve for the condensation of SiO

P =
(1 + 2εHe)pv,SiO

2εSi
(15)

which is shown in Fig. 2. Solid silicon monoxide becomes stable
only at very low temperatures (T <∼ 500 K) when the dust growth
process in the stellar wind is nearly completed. Thus, SiO does
not condense as a separate dust species and needs not to be
considered further.

2.3. Condensation of periclase

Magnesium forms the very stable oxide periclase (MgO). This,
again, is not found to be a condensate in equilibrium calcula-
tions for condensates in a Solar System element mixture (e.g.
Lattimer et al. 1978, Sharp & Huebner 1990) since Mg is com-
pletely bound in compounds with Si and Al, which are even
more stable than periclase. In a circumstellar shell it may, in
spite of this, be formed due to rapid cooling of the outflow and
slow growth of solids which means that much of the gas phase
components are not yet condensed at temperatures where they
would completely be consumed by formation of solids under
equilibrium conditions. Since at temperatures around 1 000 K
the Mg not yet condensed in solids is present as the free atom,
periclase may be formed in the reaction

Mg + H2O −→ MgO(s) + H2

once the solid becomes thermodynamically stable. This reac-
tion may for instance occur at the surface of growing magne-
sium silicates in competition with the growth of the substrate.
In chemical equilibrium between periclase and the gas phase
we would have

pH2

pMg pH2O
= e−∆G/RT = Kp(pe) . (16)

Here we abbreviate with “pe” the mineral name periclase. We
denote byfpe the fraction of the Mg condensed into periclase.
The partial pressure of Mg in the gas phase then is given by
pMg = ((1 − fpe)εMg − (2xolfol + xpyfpy)εSi)PH and that
of water vapour bypH2O = (εO − εC − (1 + fqu + 2fpy +
3fol)εSi)PH. It follows from the law of mass action

P =
1 + 2εHe

4 Kp(pe)
((1 − fpe)εMg − (2xolfol + xpyfpy)εSi)

−1

(εO − εC − (1 + fqu + 2fpy + 3fol)εSi − fpeεMg)
−1

. (17)

The curve in theP -T -plane withfpe = 0 defines the limit
curve below and to the right of which periclase becomes stable.
This limit curve (assumingfol = fpy = fqu = 0) is shown
in Fig. 2. If some fraction of the silicon is already condensed
into olivine, pyroxene, or quartz, it is shifted to a somewhat
higher pressure for givenT . Periclase obviously becomes stable
at a temperature only slightly below the stability limits of the
silicon compounds and may well be formed in a non-equilibrium
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condensation process. It is, thus, to be considered as being a
possible condensate in circumstellar dust shells of M stars.

Calculations of the chemical equilibrium composition of
the gas phase show that at sufficiently low temperature MgOH
becomes the dominating molecular compound of Mg. Since the
dominating oxygen bearing species in the gas phase is H2O the
chemical reaction for its formation is

2Mg + 2H2O −→ 2MgOH + H2 .

In chemical equilibrium we have

p2
MgOH pH2

p2
Mg p2

H2O
= e−∆G/RT = Kp(MgOH) . (18)

The limit curve in theP -T -plane where one half of the Mg
available in the gas phase is converted into MgOH is obtained
by lettingpMg = pMgOH in (24). The partial pressure of H2O
in the gas phase then is

pH2O =
[
εO − εC − (1 + fqu + 2fpy + 3fol)εSi (19)

− 1
2 [(1 − fpe)εMg + (2xolfol + xpyfpy)εSi]

]
PH .

It follows

P =
1 + 2εHe

4Kp(MgOH)

(
εO − εC −

[
1 + fqu +

3 + xpy

2
fpy

+(2 + xol)fol

]
εSi − 1 − fpe

2
εMg

)−2
. (20)

This limit curve is shown in Fig. 2. The magnesium hydroxide
molecule occurs at such a low temperature that periclase in any
case condenses (if it does) before MgOH consumes significant
fractions of the gas phase Mg. It needs not to be considered
further in the context of condensation.

2.4. Condensation of iron

Iron is found to be a condensate in equilibrium calculations
for solid-gas mixtures with Solar System element mixture (e.g.
Lattimer et al. 1978, Sharp & Huebner 1990). At temperatures
of the order of 1 000 K or above and pressures typical for the
circumstellar condensation zone iron is present in the gas phase
as the free atom. Its partial pressure in the gas phase is

pFe = ((1 − fir)εFe − 2(1 − xol)folεSi

−(1 − xpy)fpyεSi)PH . (21)

wherefir denotes the fraction of the element Fe condensed
into solid iron. We have considered that part of the Fe may
be condensed into olivine and pyroxene. The condensation of
solid iron from the gas phase corresponds to the simple chemical
reaction

Fe −→ Fe(s) .

Under chemical equilibrium conditions between the gas phase
and condensed solid iron we have

1
pir

= e−∆G/RT = Kp(ir) . (22)

We abbreviated with “ir” the name of the metal iron.pir is the
vapour pressure of iron. Then we have

P =
(1 + 2εHe)Kp(ir)

2 ((1−fir)εFe − 2(1−xol)folεSi − (1−xpy)fpyεSi)
(23)

For fir = 0 this defines the stability limit of solid iron in the
P -T plane. This limit curve (assumingfol = fpy = 0) is shown
in Fig. 2. If some fraction of the iron is already condensed into
olivine or pyroxene, it is shifted to a somewhat higher pressure
for givenT .

The iron starts to condenses at a temperature well below the
stability limits of forsterite, quartz, and periclase. Only for very
iron rich olivines the condensation temperature of olivine may
fall below the condensation temperature of solid iron. In any
case, iron is not the first condensate starting to grow on the seed
nuclei.

Calculations of the chemical equilibrium composition of the
gas phase show that at sufficiently low temperature Fe(OH)2
becomes the dominating molecular compound of Fe. Since the
dominating oxygen bearing species in the gas phase is H2O the
required chemical reaction is

Fe + 2H2O −→ Fe(OH)2 + H2 .

In chemical equilibrium we have

pFe(OH)2 pH2

pFe p2
H2O

= e−∆G/RT = Kp(Fe(OH)2) . (24)

The limit curve in theP -T -plane where one half of the Fe avail-
able in the gas phase is converted into Fe(OH)2 is obtained by
letting pFe = pFe(OH)2 in (24). The partial pressure of H2O in
the gas phase is

pH2O =
[
εO − εC − (1 + fqu + 2fpy + 3fol)εSi (25)

−[(1 − fir)εFe + (2(1 − xol)fol + (1 − xpy)fpy)εSi]
]
PH .

It follows

P =
1 + 2εHe

4Kp(Fe(OH)2)

(
εO − εC − (1 − fir)εFe − (26)

[1 + fqu + (1 + xpy)fpy + (1 + 2xol)fol]εSi

)−2
.

This limit curve is shown in Fig. 2. The iron hydroxide molecule
occurs at such a low temperature that iron condenses before
this molecule consumes significant fractions of the gas phase
iron. It needs not to be considered further in the context of iron
condensation.

3. Grain growth

3.1. Formation of condensation centres

Dust formation is initiated by the clustering of molecular species
from the gas phase into clusters consisting of roughly 10. . . 100
atoms on which irreversible growth of gas phase species be-
comes possible. This nucleation process is the most difficult
step in the chain of events which ultimately results in the con-
densation of solid dust grains. Since aggregates of this size are
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usually less tightly bound than the bulk condensate, consider-
able supercooling below the stability limit of the corresponding
solid material is required before the first seed nuclei are formed
which then serve as centres for subsequent growth to macro-
scopic grains. If the gas phase consists of a mixture of several
species from which at least some may condense into different
solids, that material in a cooling environment which first starts
to nucleate with a significant rate provides the required seed
nuclei on which all other possible condensates may precipi-
tate. The material which initiates dust formation needs not to be
identical with the main dust material formed during subsequent
growth on the initial seed nuclei, since even a rare component
in the mixture can provide the required seed nuclei if these are
formed at a higher temperature than for all other materials from
which seed nuclei might be formed.

With respect to circumstellar shells around stars of spec-
tral type M the chemical composition of the condensate is quite
clear. For normal element abundances the dust mainly consists
of compounds formed from O, Si, Fe, and Mg. Some dust may
also be formed from less abundant elements, especially com-
pounds of Al and Ca. Less clear is the process which initiates
dust formation. The recent discussion of the problem of nucle-
ation for M stars (Gail & Sedlmayr 1998a, 1998b) has shown
that a direct nucleation involving the abundant gas phase species
SiO, Fe, and Mg is not responsible for the observed circumstel-
lar dust formation process, since formation of seed nuclei from
these species occurs at much lower temperatures as that for
which dust formation is observed to start in circumstellar dust
shells. Nucleation in M stars, thus, involves molecular species
from some less abundant elements. We have then shown (Gail &
Sedlmayr 1998a) that the most likely processes for nucleation
are formation of AlmOn and TimOn clusters and the results of a
preliminary calculation presented in Gail & Sedlmayr (1998b)
shows that cluster formation from TiO2 molecules indeed oc-
curs at temperatures above the stability limit of the condensates
based on the metals Si, Fe, and Mg. Whether nucleation based
on aluminium bearing molecules occurs at an even higher tem-
perature than nucleation of titanium oxides is an open question
since the required data for cluster bond energies for aluminium
oxides presently are not available.

Independent from this uncertainty, it seems now clear that
condensation of the abundant silicate dust seen in the IR emis-
sion from circumstellar shells condenses on seed nuclei which
are formed already before the cooling track of the stellar wind
crosses the stability limit of forsterite, which would be the first
stable compound formed from the abundant elements O, Si, Mg,
and Fe in chemical equilibrium in a cooling gas. Since the pos-
sible seed nuclei are formed at a temperature where aluminium
already condenses, for instance, into corundum (Gail & Sedl-
mayr 1998b) there occurs already some growth of solid material
on the initial seed nuclei before the onset of silicate growth. The
growth of the visible dust then starts on particulates which most
likely have already sizes of the order of nanometers.

There exists the possibility that the process of nucleation
of seed particles has not yet come to a rest when silicate dust
starts to condense. Without a detailed model for the kinetics

of the nucleation process we cannot decide whether nucleation
continues into the region of silicate formation. For simplicity we
assume in our model calculation that all seed nuclei are formed
prior to the onset of silicate condensation.

3.2. Dust species

In this paper we consider the formation of the visible dust
in shells around M stars. From considerations of equilib-
rium condensation as in Sect. 2 we expect that the main dust
component is a magnesium-iron silicate with composition
Mg2xFe2(1−x)SiO4. In chemical equilibrium the iron content
of this olivine would be negligible small, at least under condi-
tions encountered in the condensation zone. In a circumstellar
dust shell the dynamical timescale is not long compared to pos-
sible growth time scales. Then, since the initial abundance of
Mg and Fe in the gas phase are nearly equal to each other, we
must take into consideration that initially much more iron is
built into the lattice during the grain growth process than in
a chemical equilibrium state and that subsequent evolution to
the equilibrium composition may be too slow compared to the
dynamical timescale. Additionally we observe that since the
abundance of Si also is nearly equal to the iron and magnesium
abundance, there is not enough Mg available to condense all the
Si into pure forsterite (Mg2SiO4). The iron content of the olivine
also for this reason needs to be higher than in thermodynamic
equilibrium. Thus, we consider the formation of olivine with a
compositionx different from its composition in an equilibrium
state, which then has to be determined from the kinetics of the
growth processes.

We do not consider the possible formation of pyroxene
(MgxFe1−xSiO3) since this material hat not been found to
be formed in condensation and subsequent annealing of lab-
oratory analogues of circumstellar condensates (Day & Donn
1978, Nuth & Donn 1982a, Hallenbeck et al. 1998, see how-
ever Rietmeijer et al. 1986). In chemical equilibrium this com-
pound would take up a big part of the Si and Mg and since the
(Mg+Fe)/ Si ratio in pyroxenes is unity and the iron content in
equilibrium is small, most of the iron would condense as the
free metal if substantial amounts of pyroxene are formed.

If no pyroxenes are formed, much of the iron is consumed in
the formation of olivine. Indeed, for Solar System abundances
as given by Anders & Grevesse (1989) the combined Mg and
Fe abundance is insufficient to condense all Si into olivine. In a
stellar wind the degree of condensation of the silicon into solids
never reaches a value near unity for the following reason: Once
a certain fraction of the silicon is condensed into dust the radi-
ation pressure on the dusty gas exceeds the gravitational pull of
the star (usually 20% condensation of Si into dust is required for
this). The gas then is rapidly accelerated to highly supersonic
outflow velocities with the consequence that the gas is rapidly
diluted and growth timescales become prohibitive long for fur-
ther condensation. Part of the Si then remains in the gas phase
and is incorporated into grains only much later if the stellar
wind material has long become part of the interstellar matter.
The iron and magnesium from the gas phase then is not com-
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pletely consumed by silicate dust formation. Since solid iron
itself becomes stable at temperatures only slightly below the
stability limit of the silicates, it is to be expected that in a stellar
wind part of the iron condenses into solid iron dust grains. For
this reason we consider in our calculation the formation of a
separate iron dust component.

Solid iron forms with Ni a solid solution with a small neg-
ative enthalpy of solution (cf. Saxena & Ericksson 1986). This
means that Ni atoms from the gas phase are easily incorporated
into iron grains. Since the Ni abundance for a standard element
mixture is 5% that of iron and since part of the iron is bound
in the silicate dust component, the iron grains should contain
a significant fraction of Ni. We do not consider this additional
complication in this paper and treat the iron grains as being pure
iron.

As we have seen, an additional condensate which may be
formed from the SiO molecules in the stellar wind is quartz
(SiO2) which would condense at rather high temperatures from
the gas phase. Though quartz is not found to be formed in cal-
culations of the chemical equilibrium composition of solid-gas
mixtures with standard element abundance (e.g. Saxena & Er-
icksson 1986, Sharp & Huebner 1990) since formation of the
Mg-Fe-silicates is thermodynamically more favourable, it nev-
ertheless may condense in the stellar wind since condensation
occurs under non-equilibrium conditions where only part of the
gas-phase SiO is consumed by formation of the Mg-Fe-silicates.
In this case some fraction of the SiO may condense into quartz.
For this reason we consider in our calculation the formation of
a separate quartz dust component. For the same reason we also
consider the formation of periclase.

Other dust components than olivine, iron, and quartz are not
considered, though some might be formed in small amounts, es-
pecially Al-Ca compounds. Also, we do not consider the possi-
ble conversion of the iron grains into iron sulfide or oxide grains
at temperatures well below the condensation temperature. Some
estimates which show the latter processes to be unlikely to oc-
cur in circumstellar shells are presented in Gail & Sedlmayr
(1998a).

3.3. Growth of silicate dust grains

We assume that silicate dust grows by vapour deposition on the
surface of some pre-formed seed nuclei. The seed nuclei are
assumed to be spheres with a monodispersed size distribution
with radiusa0. These seed nuclei likely are nano-sized corun-
dum grains, which in turn may have grown on titanium oxide
clusters. The precise chemical nature of these seed nuclei is not
important in what follows.

Since the nominal monomer of olivine does not exist, the
silicate grows by addition of SiO, Mg, Fe, to the surface and
by oxidation with water vapour from the gas phase. The net
reaction is

2xMg + 2(1 − x)Fe + SiO + 3H2O
−→ Mg2xFe2(1−x)SiO4(s) + 3H2 . (27)

The details of the surface reactions involved in the silicate
growth are not known. We assume here that the rate determin-
ing step of the total growth process is the deposition of a SiO
molecule on the surface. The deposition rates per unit time and
surface area for a particle in rest with respect to the gas phase
are

Jgr
SiO = αSiOnSiOvth,SiO (28)

Jgr
Mg = αMgnMgvth,Mg (29)

Jgr
Fe = αFenFevth,Fe (30)

Jgr
H2O = αH2OnH2Ovth,H2O . (31)

α denotes the sticking coefficient,n the particle density in the
gas phase andv is the root mean square thermal velocity of the
particles

v =

√
kT

2πm
. (32)

If the rate determining step for silicate growth is SiO addition
all other deposition rates adjust to this rate and the growth rate
for spherical grains of radiusa is

1
V0

d
dt

4πa3

3
= 4πa2 Jgr

SiO . (33)

V0 denotes the volume of the nominal monomer in the solid,
which is given by

V0 =
AmH

ρD
. (34)

A is the atomic weight of the monomer andρd the mass density
of the bulk condensate.

We determine the rate of the decomposition reaction of the
silicates, which is the reverse of reaction (27), by a Milne relation
from the growth rate. In an equilibrium state for each species
the rate of loss by decompositionJdec equals the rate of gain by
growth from the gas phaseJgr. If the rate determining step for
silicate formation is SiO addition then the decomposition rate
in a thermodynamic equilibrium state is given by

Jdec = αSiO vSiO
pv,SiO

kT
(35)

wherepv,SiO is the partial pressure of SiO molecules in chemical
equilibrium between the gas phase and the solid which is given
by (7). The relation can also be applied if the dust grain is not in
thermodynamic equilibrium with the gas if this rate is calculated
for the internal lattice temperatureTd of the grain which may
be different from the actual gas temperatureTg.

The equation for the radius change of spherical dust grains
then is

da

dt
= V0αSiOvSiO

[
nSiO − pv,SiO

kTg

√
Tg

Td

]
. (36)

This equation has to be solved with the initial conditiona = a0
at the instant when for an outwards moving gas parcel the bracket
on the r.h.s becomes positive.
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If the dust grain moves with velocityV with respect to the
gas, the growth rate has to be modified. The deposition rate
Jgr

SiO for SiO has to be replaced byJgr
SiO · F (S) whereF (S)

is a complicated function of the ratioS = V/vSiO given, for
instance, in Schaaf (1963). For practical purposes this can be
replaced with an error of at most a few percent by the much
simpler expression

F (S) =
√

1 +
πmSiO

8kTg
V 2 . (37)

Eq. (36) then changes into

da

dt
= V0αSiOvSiO

[
nSiO

√
1 +

πmSiO

8kTg
V 2

−pv,SiO

kTg

√
Tg

Td

]
. (38)

3.4. Change of composition of olivine

Next we consider the composition of olivine particles with re-
spect to the fractional abundance of Mg and Fe. The abundance
ratio of the cations changes with time by particle growth and
evaporation. Since olivine can be conceived as an ideal solution
of forsterite (Mg2SiO4) and fayalite (Fe2SiO4) each site for a
cation can either be occupied by an Fe++ or Mg++ ion. We then
can assume that the probabilityx that a freshly created surface
site for Mg or Fe during particle growth actually is occupied
by Mg is given by the ratio of the deposition rates from the gas
phase

xg =
αMgnMgvMg

αFenFevFe + αMgnMgvMg
. (39)

This does not necessarily equal the actual abundancex of Mg
within the grain and, thus, particle growth changes the compo-
sition x at the grain surface. Vapourisation, however, does not
change the surface composition of a grain since by this process
Mg and Fe are ejected in proportions corresponding to their
local abundancex in the grain surface.

In order to calculate the compositionx of the olivine grains
we follow the method outlined in Gail (1999). LetN denote the
number of Si atoms within a silicate grain. The change ofN
with time by growth and decomposition is

dN

dt
= 4πa2 (

Jgr − Jdec) . (40)

LetM denote the number of sites for cations occupied by Mg++.
This number changes during growth and decomposition as

dM

dt
= 4πa2 · 2 · [

xgJ
gr − xJdec] . (41)

The change of the probabilityx of occupation of the cation sites
with Mg-ions is

dx

dt
=

d
dt

M

2N
= − M

2N2

dN

dt
+

1
2N

dM

dt

= − x

N

dN

dt
+

1
2N

dM

dt
. (42)

It follows

dx

dt
=

4πa2

N
(xg − x)Jgr . (43)

Hence, by the growth and decomposition process the composi-
tion of both the grains and the gas phase changes untilx = xg

is achieved. Introducing the volume4πa3/3 = NV0 in (43) we
obtain

dx

dt
=

3V0

a
(xg − x) Jgr . (44)

The second process that changes the fractional abundance
of Fe and Mg in the silicates is cation exchange: If for instance
a magnesium atom collides with the surface of a silicate grain
at a site which is occupied by a Fe++ cation the particles may
exchange and the outcome of the scattering process is an iron
atom in the exit channel. This process is exothermic because the
enthalpy change of the reaction

Fe2SiO4(s) + 2Mg(g) −→ Mg2SiO4(s) + 2Fe(g) (45)

is ∆H = −156.72 kJ mole−1 (data taken from Lide 1995).
The replacement of iron cations by magnesium cations, thus, is
exothermic with 0.81 eV per particle which favours the replace-
ment of Fe by Mg. Let us consider this exchange processes
from the point of view of chemical thermodynamics. In Gail
(1998a) it is shown that the partial pressures of magnesium and
iron in the gas phase in equilibrium with olivine of composition
Mg2xFe2(1−x)SiO4 at temperatureT have to satisfy the relation

pMg

pFe
= e−∆G/RT = Kp(T ) (46)

where

Kp(T, x) = exp
[
−∆G(fa) − ∆G(fo)

2RT
− ∆Gmix

2(1 − x)RT

]
(47)

and

∆Gmix = 2RT [x lnx + (1 − x) ln(1 − x)] . (48)

∆G(fa) and ∆G(fo) are the free enthalpies of formation of
fayalite and forsterite, respectively, from the free atoms and
Gmix is the entropy of mixing for two moles of cations. Thus,
olivine grains with a given compositionx are in equilibrium with
the gas phase if and only if the partial pressure of magnesium
atoms in the gas phase equals

pMg,eq = pFe · Kp(T, x) . (49)

If the actual partial pressurepMg exceeds its equilibrium value
pMg,eq the grain is unstable with respect to replacement of the
excess iron by magnesium, or vice versa.

The exchange rate of Fe by Mg per unit surface area during
collisions of Mg with the grain surface is

Jex
+ = nMg vth,Mg αex . (50)

αex describes the probability of exchange of Mg and Fe in the
scattering process. The rate for the reverse reaction is

Jex
− = nFe vth,Fe βex . (51)
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Fig. 3. Dependence of the initial compositionx of olivine on tempera-
tureT and the ratio of the ion exchange coefficientαex to the sticking
coefficientαSiO for grain growth.

In chemical equilibrium we haveJex
+ = Jex

− from which it
follows

βex = αex vth,Mg

vth,Fe

nMg,eq

nFe
. (52)

nMg,eq is given by (49). The rate of change of the numberM
of surface sites occupied by Mg++ cations is

dM

dt
= 4πa2 (

Jex
+ − Jex

−
)

. (53)

Adding this to the r.h.s of (41) yields our final equation for the
change of the compositionx of olivine

dx

dt
=

3V0

a

[
(xg − x) Jgr + 1

2

(
Jex

+ − Jex
−

)]
. (54)

The effective exchange rate is

Jex
+ − Jex

− = vth,Mg αex (nMg − nFeKp(T, x)) . (55)

If diffusion within the grain is important, some modifica-
tions are necessary. This case is treated in Sect. 4.2.

3.5. Composition of olivine at the onset of grain growth

The vapour pressure of a solution depends on the concentration
of the solvent, as is well known. For olivine this means that the
stability limit where olivine starts to grow on the surface of seed
nuclei depends on the composition of the olivine during the very
first stage of grain growth. Comparing Eqs. (54) and (36) we see,
that the characteristic timescale for grain growth and change of
composition roughly are of the same order of magnitude. During
the first stage of olivine growth the compositionx then nearly
equals the stationary equilibrium composition obtained from
Eq. (54) by putting its left hand side to zero

x = xg +
Jex

+ − Jex
−

2Jgr . (56)

The consumption of SiO, Fe, and Mg from the gas phase may
be neglected during the initial phase of grain growth and we
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Fig. 4. Dependence of the condensation limit of olivine on the ratio
q of the ion exchange coefficientαex to the sticking coefficientαSiO

for grain growth. The upper limit curve corresponds to nearly pure
forsterite Mg2SiO4, the lower limit curve to olivine with a composi-
tion which approximately equals MgFeSiO4. The intermediate curves
correspond to the values ofαex/αSiO in Fig. 3. The dashed curves
show the stability limits of quartz and iron, for comparison.

can take the partial pressures of these particles equal to the
abundances of the elements Si, Fe, Mg2. Then we obtain the
following equation for the initial compositionx of olivine

x = xg +
1
2

αex

αSiO

εMg − εFeKp(T, x)
εSi

√
mSiO

mMg
. (57)

This determinesx for given temperatureT and composition of
the gas phase. It determines the initial value to be used in the
integration of (54).

Fig. 3 shows the dependence ofx on T and the ratio of the
ion exchange coefficientαex to the sticking coefficientαSiO for
grain growth. The dependence onT is only weak;x is mainly
determined by the ratioαex/αSiO. If this ratio is≥ 1 the com-
position of the forsterite–fayalite solution is determined by the
ion exchange processes at the surface. In this case the composi-
tion is as in chemical equilibrium andx is close to unity since in
equilibrium olivine is nearly pure forsterite. Ifαex/αSiO � 1
the composition is determined by growth processes andx equals
its valuexg for the gas phase.

This initial value forx determines the limit for the onset of
olivine condensation. For given temperatureT Eq. (57) deter-
minesx and from (9) withfol = 0 we obtain the total pressure
P at the stability limit of olivine. Fig. 4 shows the dependence of
the stability limit on the ratioαex/αSiO. At a fixed gas pressure
there is a temperature difference of 50 K between the conden-
sation temperatures of olivine with a composition correspond-
ing to the two limit cases Mg2SiO4 and MgFeSiO4, which are
formed if ion exchange either is efficient (αex/αSiO ≥ 1) or

2 Some fraction of the Mg and Si may be bound into Ca-Al-
compounds at the onset of olivine growth, but taking this into account
would introduce only minor corrections and is neglected in this calcu-
lation
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completely inefficient (αex/αSiO � 1). This is not a small dif-
ference which may result in observable differences for models of
circumstellar dust shells. Which case is realised is presently un-
known. Since there is no obvious reason why exchange of Fe++

and Mg++ should be much less efficient then grain growth, we
expect thatαex ≈ αSiO. Our choice ofαex is given in Sect. 5.5.3.

3.6. Growth of iron grains

Next we consider the formation of iron grains. A direct nucle-
ation of iron clusters from the gas phase and subsequent growth
of iron particles as formation mechanism for iron grains can
be excluded. Iron nucleation would occur at temperatures of the
oder of 500 K (John & Sedlmayr 1997, Gail & Sedlmayr 1998a)
where already large amounts of silicate dust are formed. In this
case iron will condense by precipitation on the surface of the
grains which are already present when the iron vapour becomes
unstable with respect to condensation. It seems unlikely that
silicates condense only on some part of the pre-formed seed
nuclei such that some of them are left which may then act as
growth centres for iron grains. Hence it is to be expected that
iron precipitates on the surface of silicate grains and grows in
competition with the substrate. Since the stability limit for iron
condensation occurs at a temperature only 50. . . 100 K below
the stability limit of the silicates (cf. Fig. 4) the growth of sili-
cates is not yet finished if iron starts to condense. This means
that iron condensation, if it occurs, has to operate simultane-
ously with silicate growth at the surface of silicate grains.

This can only occur if at the surface of the silicate grains
part of the iron particles adsorbed to the surface and moving
around are not incorporated into the silicate but associate with
small iron island adhered to the silicate surface. The formation
of such iron islands at the surface is not unlikely since thermo-
dynamically it is more favourable for the olivine to build Mg
into the lattice instead of Fe. The iron atoms which are adsorbed
from the gas phase, but are not used for iron growth, or which
first are incorporated into the silicate surface but then are re-
placed by magnesium, may hit such an iron island and stick
to its surface before being desorbed from the silicate surface.
There arise two questions in this context:

– how does such an island forms by surface nucleation and
– how long does it exist on the surface until it either is over-

grown by a silicate layer or it splits off from the surface due
to the build up of strong mechanical stresses at the bound-
ary between iron and the silicate which may occur during
irregular growth, or it is stripped off from the surface during
grain-grain collisions.

It seems to us plausible that part of the iron particulates form-
ing on the surface of the silicate grains later form tiny metallic
inclusions within the silicate grains while some others attain to
the gas phase, growing there as an independent dust species, but
we cannot prove this presently. These questions can only be an-
swered by a detailed study of the kinetics of the surface growth
of olivine and iron and the microscopic structure of the surface
which is out of the scope of the present paper. We study the

possibility of simultaneous iron condensation besides silicate
formation by simply assuming a prescribed number of growth
centres and calculating the condensation of iron on these centres.
We leave the question open whether the resulting iron particles
are formed as separate grains or as inclusions within the silicate
grains.

The growth of iron grains then is calculated by solving the
analogue of equation (38) where all quantities now refer to Fe
atoms instead of SiO.

Iron has often been speculated to form a separate dust com-
ponent in circumstellar shells (eg. Jones 1990 and references
therein). The recent detection of iron and troilite inclusions in
glassy silicate grains of presumably interstellar origin (Bradley
1994, cf. also the discussion in Martin 1995, Goodman & Whit-
tet 1995) supports the assumption that metallic iron grains do
form in circumstellar dust shells. Also the models for the com-
position of interstellar dust discussed by Mathis (1996) indicate
that iron grains form a component of the interstellar dust mix-
ture.

3.7. Growth of quartz grains

With respect to formation of quartz grains we are confronted
with the same basic problem as in the case of iron grains: Direct
nucleation from the gas phase and subsequent growth as a sepa-
rate dust component would occur at temperatures below 500 K
(Gail & Sedlmayr 1998a). Quartz then would, if ever, condense
onto the already existing grains.

The stability limit for quartz may either be lower or higher
than the stability limit of olivine. If the ratio of the ion exchange
coefficientαex to the sticking coefficientαSiO for olivine growth
exceeds approximately 0.3 the stability limit of olivine occurs at
a higher temperature than that of quartz (cf. Fig. 4). The magne-
sium abundance in olivine then isx>∼ 0.8 (cf. Fig. 3). In the op-
posite case olivine starts to condense at a lower temperature than
quartz. The order of the first appearance of quartz and olivine,
thus, depends on the unknown value of the exchange coefficient
αex. We assume in this paperαex ≈ αSiO in which case olivine
condenses first. Growth of quartz and olivine, then, should occur
simultaneously at the same surface. It does not seem impossi-
ble that a mixed material of microcrystallites, partially with the
composition of olivine, partially with that of quartz, grows from
the gas phase. The condensation experiments of Nuth & Donn
(1982a) or Hallenbeck et al. (1998) seem to indicate that this
may really be possible. In order for studying the possibility of
growth of a quartz dust component we, again, simply assume
a prescribed number of growth centres and calculate the con-
densation of quartz on these centres by solving the analogue of
equation (38) adapted to the case of growth of quartz grains.

4. Solid diffusion and annealing

For dust materials like olivine which form a solid solution of two
(or more) components the concentrations of the different solu-
tion components may vary within the grain. In case of circum-
stellar grains such concentration gradients arise from a change
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of concentration of the growth species in the gas phase during
grain growth or a shift of the equilibrium concentration of the
solution components of the mixture with a changing tempera-
ture experienced by a grain during the outflow. Concentration
gradients within the dust grains may have significant effects on
the properties of the grains and the distribution of the solution
components between the condensed phase and the gas phase
and, thus, have to be considered in a calculation of circumstel-
lar grain growth.

On the other hand, concentration gradients gives rise to the
effect of concentration diffusion within the grain which tends to
smooth out local concentration differences. The actual spatial
variation of the concentration of the solution components then
is determined by the interplay between exchange processes of
the solution components between the condensed and the gas
phase at the surface of a dust grain and the transport of solution
components within the grain by solid diffusion. In the follow-
ing we describe how the composition of an olivine grain in a
circumstellar dust shell can be calculated.

4.1. Diffusion within dust grains

Olivine has the composition Mg2xFe2(1−x)SiO4. Since the an-
ions SiO4−

4 forming the backbone of the silicate lattice are the
same for both solution components, forsterite (Mg2SiO4) and
fayalite (Fe2SiO4), the composition differences within the min-
eral refer to the local concentrations 2x of Mg++ and 2(1 − x)
of Fe++ cations. Hence, we have to consider the diffusion of
these ions within the lattice. We do not consider at this place self
diffusion of the SiO4 anions which, however, may be important
for annealing of an amorphous structure. A spatial variation of
x gives rise to a current density of magnesium and iron ions
which is given within the frame of the usual approximations by

jdiff = −nD · 2
∂x

∂r
, (58)

wheren is the total particle density, in the present case that of
magnesium and iron cations, andD is the diffusion coefficient.
By means of the continuity equation we obtain for instance for
the particle density of magnesium cations

∂nMg++

∂t
= 2n

∂

∂r
D

∂x

∂r
. (59)

If we assumen to be constant and observenMg++/n = 2x then
we obtain

∂x

∂t
=

∂

∂r
D

∂x

∂r
. (60)

For spherical grains this diffusion equation reduces to

∂x

∂t
=

1
r2

∂

∂r
r2 D

∂x

∂r
. (61)

This describes the redistribution of Mg++ and Fe++ cations in
the interior of a grain by diffusion processes. For its solution we
require appropriate initial and boundary conditions forx.

The boundary condition at the grain surface is determined
by the grain growth process and by exchange processes of the

solution components with the gas phase. This is considered in
the next section. A second boundary condition is required in
the interior of the grain. It depends on whether the specific dust
material under consideration formed directly by nucleation from
the gas phase or grew on a seed nuclei of a different composition.
In the first case the dust consists throughout of the same material
and the diffusion current (58) in this case has to vanish for
symmetry reasons at the centre. This requires

∂x

∂r

∣∣∣∣
r=0

= 0 . (62)

If at the centre there is a seed particle which does not mix with
the material of the outer dust particle the diffusion current has
to vanish at the surface of the seed particle. According to (58)
this requires

∂x

∂r

∣∣∣∣
r=r0

= 0 . (63)

This is essentially the same boundary condition as (62) though
the physical reasons from which they originate are different.

4.2. Boundary condition at the surface

In order to determine the boundary condition for the concentra-
tion of Mg++ cations at the surface of the grain we consider a
short time interval∆t and determine the change of total num-
ber∆N of nominal molecules and the number∆M of Mg++

cations within the grain during∆t. For∆N we obviously have

∆N =
∫

S

dS
(
Jgr − Jdec) ∆t . (64)

The integration is over the surfaceS of the grain. For∆M we
have according to the discussion in Sect. 3.4 for the contribution
of vapourisation/decomposition and of ion exchange

∆M =
[
2

∫
S

dS
(
xgJ

gr − xsJ
dec)

+
∫

S

dS
(
Jex

+ − Jex
−

)]
∆t (65)

wherexs denotes the concentration of Mg++ cations at the
surface of the olivine grain. Additionally, diffusion of Mg++

from the interior of the grain into its surface layer, or from the
surface layer into its interior, contributes to the change∆M of
Mg++ cations in the surface. This contribution is

− 2
V0

∫
S

dS D n · ∂x

∂r
∆t

wheren denotes the (outwards directed) normal unit vector of
the surface.

The concentrationxs of Mg++ in the surface layer now is

xs = lim
∆t→0

∆M

2∆N
. (66)

For spherical dust grains we obtain

xs =
2

(
xgJ

gr − xsJ
dec

)
+

(
Jex

+ − Jex
−

) − 2
V0

D ∂x
∂r

∣∣
a

2(Jgr − Jdec)
(67)
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which obviously may be written as

x(a) = xg +
Jex

+ − Jex
−

2Jgr − D

V0Jgr

∂x

∂r

∣∣∣∣
r=a

. (68)

SinceJex
− itself depends onx(a), this is a complicated equation

between the surface concentrationx(a) and the derivation of the
concentration at the surface. Eq. (68) is the boundary condition
for x at the grain surface which has to be prescribed for the
solution of the diffusion equation (61). Except for the diffusive
contribution it is identical with (57).

In order to see how this compares with our previous con-
sideration in Sect. 3.4 we consider the total numberM of all
Mg++ cations in the grain

M =
2
V0

∫
dV x (69)

and differentiate this with respect to time. For spherical particles
we obtain

∂M

∂t
= 2

4πa2

V0
x(a)

da

dt
+ 2

4π

V0

∫ a

0
dr r2 ∂x

∂t
. (70)

Substituting the diffusion equation (61) into the second term on
the r.h.s. we obtain

∂M

∂t
= 2

4πa2

V0

[
x(a)

da

dt
+ D

∂x

∂r

∣∣∣∣
a

]
. (71)

Inserting (67) forx(a) and the equation for grain growth the
terms depending on the concentration gradient at the surface
cancel and we recover our result from Sect. 3.4 for the change
of M with time. The concentrationx in Sect. 3.4, thus, has
the meaning of a mean concentration for the whole grain. This
is identical with the true concentration, if diffusion is so fast
that no concentration gradients develop within the grain. In this
case Eq. (54) can be used to determine the composition of an
olivine grain. If diffusion is not fast, the composition has to be
determined by solving (61) subject to the boundary conditions
(68) and(63).

4.3. Diffusion coefficient

Diffusion coefficients of several double valued cations in
forsterite and some types of olivine have been measured in
laboratory experiments. Of special interest in our case is the
diffusion of Mg++ and Fe++ cations in olivine. According to
Morioka (1981) the diffusion coefficient can be approximated
by

D = D0 e−ED/RT−αcx . (72)

ED is the activation energy for the internal hopping process
within the lattice which results in cation diffusion.x is the con-
centration of the Mg++ cations andαc is a constant describing
the concentration dependence of the diffusion. The experimental
results indicate that the concentration dependence of diffusion
results from the formation of defects in the forsterite lattice in
replacing Mg++ cations by different cations with different ionic

radii (Morioka 1981). This enables diffusion via vacancies with
increasing concentration of the substituents.

The coefficientα is slightly temperature dependent. From
Fig. 5 of Morioka (1981) we take a value ofαc = 4.4 at
T = 1 100 K for Fe++ diffusion in olivine which we adopt
for our calculations. For Mg self-diffusionαc equals zero. The
values forD0 andED/R are different for different temperature
regions. For Fe++ diffusion we take from Table 3 of Morioka
(1981) the diffusion coefficient given for the lowest temperature
region (900. . . 1 000 K)

DFe = 1.08 10−2 e−30300/T (73)

and for Mg++ self diffusion

DMg = 1.82 10−8 e−17200/T , (74)

since for circumstellar dust shells only the low-temperature ap-
proximations are relevant. These coefficients have to be multi-
plied byexp(−αcx).

4.4. Annealing

As dust forms by growth from the gas phase, initial mis-
alignments of the fundamental building blocks of the olivine
minerals due to rapid growth later may be removed by internal
hopping and re-arrangement process. This “annealing” tends to
form a more homogeneous, crystalline lattice structure.

The characteristic timescale for annealing is

τ−1
h = νe−Ea/kT . (75)

ν is the number of attempts per unit time for hopping to a neigh-
bouring lattice site or to change the orientation of a SiO4 tetra-
hedron within the lattice.Ea is the activation energy barrier
for this process. The characteristic activation energy for sili-
cate materials has been estimated by Lenzuni et al. (1995) and
Duschl et al. (1996) to beEa/k = 41 000 K based on the an-
nealing experiment of Nuth & Donn (1982a) for condensates
from magnesium-silicate smokes and assuming the character-
istic frequencyν to equal the average vibrational frequency
ν = 2 1013 s−1 of the SiO4 tetrahedron. The new laboratory
experiments on silicate annealing of Hallenbeck et al. (1998)
yield the same activation energy.

We assume that annealing proceeds by internal diffusion
of SiO4 tetrahedrons within the lattice and approximate this
diffusion process by a 3D random walk on a cubic lattice. The
diffusion coefficient in this case is

D =
1
3
λ2νe−Ea/kT (76)

(e.g. Dekker 1963).λ is the average step length which we
estimate from the volumeV0 of the basic molecule forming

the lattice byλ = V
1
3

0 . The molecular weight of Mg2SiO4 is
A = 140.7 and its mass densityρ = 3.21 g cm−3 (Lide 1995).
We obtain for the coefficient of solid state diffusion within the
silicate

D = 1.2 10−2 e−41 000 K/T [cm2/s] . (77)
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Fig. 5. Limit curves for formation of a locally ordered lattice struc-
ture during grain growth over distances∆a indicated at the curves.
The upper set of curves are the stability limits of olivine for different
efficiencies of ion exchange (compare Fig. 4).

The same estimate forD has been used in our previous papers
Gail (1998a) and Gail & Sedlmayr (1998a).

For a crude estimate of the importance of the annealing
process we compare the timescale required to deposit a new
layer of thickness∆a on the grain

τgrowth = ∆a

∣∣∣∣da

dt

∣∣∣∣
−1

(78)

with the timescale required for annealing which we take to be
the time

τannealing =
(∆a)2

D
(79)

required to move across the same distance∆a by a random
walk. If τannealing is shorter thanτgrowth we expect that a locally
ordered lattice structure develops which extends at least over
distances∆a. An ordered lattice structure then is expected if

∆aV0Jgr

D
< 1 .

For olivine growth this may be written as

P < kT
D(1 + 2εHe)

2∆aV0αSiOvth,SiOεSi
(80)

Above and to the left to the limit line in thep-T -plane de-
fined by this relation the growth process is slower than internal
re-arrangement processes within the lattice such that there is
sufficient time for annealing of lattice defects which may result
from irregular growth.

Some results for∆a = 10−7, 10−6, and10−5 cm are shown
in Fig. 5. For pressures of the order of10−4 dyn cm−2, typical
for the condensation and initial growth zone in circumstellar
dust shells, aboveT ≈ 900 K the dust grains develop at least
a microcrystalline ordered lattice structure over distances of
the order1 . . . 10 nm. If asubstantial fraction of the total grain

growth process occurs at lower temperatures, the grains develop
over a crystalline core a thick amorphous outer mantle. If, on the
other hand, most of the grain growth occurs above roughly 900 K
the grains are expected to have an essentially microcrystalline
structure. The outcome of the growth and annealing processes
depends on the details of the cooling track and can only be pre-
dicted by model calculations. Obviously, both amorphous and
micro-cristalline grains may be formed. Even monocrystalline
grains may be obtained for suitable cooling tracks. This diversity
of products of the growth process seems to be what is observed
for circumstellar dust shells.

5. Model calculation

5.1. Model of the stellar wind

As a first application of the equations determining the conden-
sation and composition of the dust in circumstellar shells we
calculate the formation of a mixture of dust grains simultane-
ously with a simple model for the stellar wind. We consider the
outflow from a single star with massM∗, luminosityL∗ and ef-
fective temperatureTeff . The star is assumed to be not variable
and the outflow to be stationary and spherically symmetric with
a mass-loss ratėM . The mass densityρ and velocityv of the
wind is determined by the equations of mass conservation

4πr2 ρv = Ṁ (81)

and momentum conservation

ρv
∂v

∂r
= −∂P

∂r
− GM∗

r2 [1 − Γ] . (82)

The ratioΓ of radiation pressure on the dusty gas to the gravi-
tational pull of the central star is

Γ =
L∗

4πcGM∗
κH , (83)

whereκH is the flux averaged mass extinction coefficient. Prior
to condensation of significant amounts of dust one hasΓ < 1
since the gas opacity is too small in order that radiation pressure
exceeds gravitational attraction. If dust starts to condenseΓ
rapidly increases and ifΓ becomes greater than unity radiation
pressure on the dusty gas accelerates the gas-dust mixture to
highly supersonic outflow velocities.

The pressureP is given by the ideal gas law

P =
ρkT

µmH
. (84)

mH is the mass of the H atom andµ is the mean molecular
weight. In order to avoid unnecessary complications of the so-
lution resulting from the existence of a singular point through
which the solution has to pass we neglect the pressure gradient
in (82). Since in this approximation the velocity gradient is neg-
ative prior to the onset of significant dust condensation (Γ < 1)
we assume

∂v

∂r
= 0 if Γ < 1 . (85)
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Fig. 6. Temperature variation of the Rosseland mean of the mass ex-
tinction coefficient for the indicated dust species (full lines) for an
ensemble of grains with a MRN size distribution. The dashed lines
show the analytic approximations forκ(T ) given in the text.

In this approximation the flow enters the condensation zone
with some constant initial velocityv0 and is accelerated to high
outflow velocities once dust has formed.

The temperature structure in the dust shell is calculated in a
strongly simplified way. First we do not discriminate between
the lattice temperatures of the different dust species, which are
usually different due to quite different absorption properties of
the different dust species, but only use a single temperatureT for
all species. Second we assume the gas temperature also to equal
this temperatureT . Third we calculateT by the approximation
given by Lucy (1971, 1976). The temperature in this case is
given by

T 4 = 1
2T 4

eff

[
1 −

√
1 − R2∗

r2 + 3
2τL

]
(86)

whereτL is defined by

dτL

dr
= −ρκH

R2
∗

r2 (87)

and is subject to the boundary condition

lim
r→∞ τL = 0 . (88)

Eqs. (81). . . (88) completely specify the velocity and theP -
T -stratification in the stellar wind, if the opacityκH is known.
The problem depends on the parametersM∗, L∗, Teff , Ṁ , and
on the element abundances in the outflowing gas. In principle
these parameters are uniquely determined by the initial mass of
the star on the main sequence and its age. Presently the precise
relations between the parameters are not yet known and it is
more convenient to consider them to be free parameters for
which we choose some typical values. Red Giants with optically
thick dust shells start on the main sequence with masses between
≈ 2 M� and≈ 8 M�. Massive mass-loss and dust formation
occurs on the top of the AGB when the stellar luminosity has
climbed up toL∗ >∼ 104 L�. Since most of the stars observed in

this phase have lost already a good part of their initial mass by the
strong stellar wind we assume in this calculationM∗ = 1 M�
for the stellar mass. For the luminosity we assume a typical value
of L∗ = 2 104 L�. ForTeff we assume a value of 2 500 K which
is representative for late type M stars (Dyck et al. 1974). The
element abundances are chosen as Solar System abundances
as given by Anders & Grevesse (1989) with the corrections of
Grevesse & Noels (1993). Though dredge up processes carry up
products of nuclear burning to the surface of the stars in the late
phases of stellar evolution, the abundances of the elements O, Si,
Mg, and Fe, from which the main dust components are formed,
are not significantly affected by this as long as the star remains of
spectral type M. The mass-loss rateṀ varies typically between
10−7 and a few times10−5 M� yr−1 (Loup et al. 1993). This
parameter is varied in our model calculation.

5.2. Dust extinction

The extinction in Eqs. (83) and (87) is calculated by a simple
superposition of the extinction of the different dust species and
the gas

κ = folκol + fsiκsi + firκir + fquκqu + κmol . (89)

κol, κsi, κir, andκqu are the mass extinction coefficients of
crystalline olivine, amorphous olivine, iron, and quartz, respec-
tively, if all of the Si or Fe is condensed into the indicated dust
species.fol,fsi andfqu denote the fraction of the Si actually con-
densed into crystalline olivine, amorphous olivine, and quartz,
respectively, andfir is the actual fraction of iron condensed into
metallic iron grains.κmol is the extinction by the gas phase.

Absorption and scattering efficienciesQ(a) for the differ-
ent dust species are calculated for spheres of radiusa by means
of Mie theory. The complex dielectric coefficients required for
this calculation for crystalline olivine and solid iron are taken
from sources as described in Gail (1998a), the complex dielec-
tric coefficient of amorphous olivine is taken from Dorschner
et al. (1995) and that of quartz is taken from Brewster (1992).
For a grid of wavelengths, at each grid-point the extinction co-
efficient is calculated for a grid of dust radiia and the resulting
extinction coefficient for the different particle sizes is averaged
by means of a Mathis-Rumpl-Nordsieck (Mathis et al. (1977)
size distribution (MRN). From these results the Rosseland mean
of the extinction coefficient is calculated. The results are shown
in Fig. 6. The procedure of averagingQλ(a) with a MRN dis-
tribution certainly is not very realistic for circumstellar dust
shells, but since particle radii generally are small compared to
the relevant wavelengths of the radiation field in a circumstel-
lar dust shell, the extinction does not depend critically on the
assumed particle size distribution. We can take the results to be
representative for any distribution ofsmallparticles.

The extinction coefficientκH in Eqs. (83) and (87) is the
flux average of the extinction coefficient. If optical depth in the
dust shell are high this average approaches the Rosseland mean
of the extinction coefficient. For this kind of average, however,
the average of the extinction for a mixture of absorbers is not
merely the superposition of the corresponding average of the
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individual components as it is assumed in (89). Since, how-
ever, the extinction usually is dominated by one component of
the mixture and dust extinction is rather smooth with respect
to wavelength, the approximation (89) should be of sufficient
accuracy for our present calculations, which are of a more ex-
plorative nature.

The mass extinction coefficients of the different dust mate-
rials for purposes of numerical calculations are approximated
by analytical fit formulas. For crystalline olivine we have

κol(T ) =
[
(6.147 10−7 T 2.444)−2 +

(
(6.957 104 T−2.329)2+

√
(3.505 10−4 T 0.755)4 + (1.043 10−9 T 2.523)4

)−1
]− 1

2

(90)

and for amorphous olivine we obtain

κsi(T ) =
[

1
(3.240 10−5T 2.061)2

+
(
(2.092 104T−1.836)4+

(4.265 10−3T .67)4 + (2.022 10−8T 2.383)4
)− 1

2
]− 1

2

(91)

For iron we have

κir(T ) =
[

1
(3.341 10−5 T 1.632)4

+ (92)

1
(6.405 10−4 T .777)4 + (4.385 10−7 T 1.981)4

]− 1
4

and for quartz

κqu(T )

=
[( 1

(3.898 10−6 T 2.054)4
+

1
(3.100 105 T−2.622)4

)− 1
2

+
(
(2.023 10−5 T 1.074)4 + (9.394 10−11 T 2.701)4

)1
2
] 1

2

. (93)

These approximations fit the calculated values within a few
percent accuracy in the whole temperature region 10 K≤
T ≤3 000 K as can be seen from Fig. 6.

The gas opacity is approximated by the fit formula for the
Rosseland mean of the mass extinction by molecules

κmol = 1 10−8 · ρ
2
3 · T 3 (94)

given by Bell & Lin (1994).

5.3. Chemical composition of the gas phase

We simply assume that H is completely associated to H2, that
carbon is completely bound in CO, that the silicon not con-
densed into solids is bound in SiO, that the oxygen not bound in
Si, CO, and solids is bound in H2O and that the Mg and Fe not
bound in solids are present as free atoms. These are the dominat-
ing gas phase species in chemical equilibrium at temperatures
aroundT = 1 000 K and pressures aroundP = 10−4 dyn cm−2

typically encountered in the condensation zone of circumstellar

Table 1.Data used in the calculation of growth and vapourisation rates

Substance A ρD α αex

Iron 55.845 7.87 1.0
Quartz 60.085 2.196 0.01
Forsterit 140.694 3.21 0.1
Fayalite 203.774 4.30 0.1 0.06
Periclase 40.304 3.6 0.2

A andρD from Lide (1995), forα see text

dust shells. These species should also be the most abundant gas
phase species if chemical equilibrium does not apply for reasons
of bond energies and element abundances. They are the most
important species for dust growth with respect to formation of
dust species from the Si-Mg-Fe complex.

There exist a lot of less abundant molecular species, but
calculating their abundances from chemical equilibrium is not
realistic and a fully non equilibrium calculation of the gas phase
chemistry is out of the scope of the present paper.

5.4. Equations for the dust growth

We now present the complete set of equations for the time
evolution of the abundances and compositions for the olivine,
quartz, periclase, and iron dust component. The equations for
the change of grain radii are

dair

dt
= V0,ir (Jgr

ir − Jvap
ir ) (95)

daqu

dt
= V0,qu

(
Jgr

qu − Jdec
qu

)
(96)

daol

dt
= V0,ol

(
Jgr

ol − Jdec
ol

)
(97)

dape

dt
= V0,pe

(
Jgr

pe − Jdec
pe

)
. (98)

The growth rates are

Jgr
ir = αirvth,Fe nFe (99)

Jgr
qu = αquvth,SiO nSiO (100)

Jgr
ol = αolvth,SiO nSiO (101)

Jgr
pe = αpevth,Mg nMg (102)

where

vth =

√
kT

2πm
. (103)

nFe, nSiO, andnMg are the gas phase particle densities of Fe,
SiO, and Mg, respectively. The vapourisation or decomposition
rates are given by

Jvap
ir = αirvth,Fe

pv,Fe

kT
(104)

Jdec
qu = αquvth,SiO

pqu
v,SiO

kT
(105)

Jdec
ol = αolvth,SiO

pol
v,SiO

kT
(106)
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Jdec
pe = αpevth,Mg

ppe
v,Mg

kT
. (107)

pv,Fe is the vapour pressure of Fe atoms over solid iron,pv,SiO
is the partial pressure of SiO in the decomposition products of
quartz and olivine at the given temperatureT and composition
x, andpv,Mg is the partial pressure of Mg in the decomposition
products of periclase. These partial pressures (different for each
of the three species) can be calculated as indicated in Sect. 2.
The equations for the change of the gas phase abundances of
Fe, Mg, and SiO are

dnFe

dt
= −4πa2

ir nd,ir (Jgr
ir − Jvap

ir )

−4πa2
ol nd,ol 2

(
(1 − xg) Jgr

ol − (1 − xol)Jdec
ol

− 1
2

(
Jex

ol,+ − Jex
ol,−

))
(108)

dnMg

dt
= −4πa2

ol nd,ol 2
(
xg Jgr

ol − xolJ
dec
ol

+ 1
2

(
Jex

ol,+ − Jex
ol,−

)
+ Jgr

pe − Jvap
pe

)
(109)

dnSiO

dt
= −4πa2

qu nd,qu
(
Jgr

qu − Jvap
qu

)
−4πa2

ol nd,ol
(
Jgr

ol − Jdec
ol

)
−4πa2

py nd,py
(
Jgr

py − Jdec
py

)
. (110)

nd is the particle density of the dust species. The equation for
the change of the total water abundance in the gas phase is not
considered; it is only important for the gas phase chemistry of
other molecules from the gas phase which is not considered in
this paper. The equation for the change of the composition of
olivine is
dxol

dt
=

3V0,ol

aol

[
(xg − xol) Jgr

ol (111)

+ 1
2vth,Mg αex

ol (nMg − nFeKp(T, xol))
]
.

xg is defined by (39).
These equations form a system of eight differential equa-

tions which determine the radii and composition of the grain
species and the gas phase abundances of the relevant species
Mg, Fe, and SiO. They have to be solved with appropriate ini-
tial conditions which are prescribed at the radius where the first
dust species starts to condense. At this radius all particle radii
are put to the radiusa0 of the seed nuclei. This is chosen arbitrar-
ily as a0=1 nm. Forx we take as initial value the composition
of olivine as determined by (57) at the point where the cool-
ing track of the wind crosses the stability limit of olivine. With
respect to the gas phase species see below.

For the calculation of the gas phase abundances we take
advantage of the fact that we immediately can write down three
first integrals of our system of equations. Since iron, for instance,
either is bound in metallic iron grains and in olivine grains or it
is present as the free atom in the gas phase, we have

εFe =
nFe

NH
+

4πa3
ir

3V0,ir

nd,ir

NH
+ 2(1 − xol)

4πa3
ol

3V0,ol

nd,ol

NH
. (112)

NH is the density of hydrogen nuclei. We calculate from this
the gas phase densitynFe of the iron atoms. Correspondingly
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Fig. 7. Cooling track in theP -T -plane (full line) of the stellar wind
with a mass-loss rate oḟM = 110−5 M� a−1. The dashed lines show
the stability limits of crystalline olivine, quartz, periclase and iron.

we have for the total abundance of magnesium and silicon

εMg =
nMg

NH
+ 2xol

4πa3
ol

3V0,ol

nd,ol

NH
+

4πa3
pe

3V0,pe

nd,pe

NH
(113)

εSi =
nSiO

NH
+

4πa3
ol

3V0,ol

nd,ol

NH
+

4πa3
qu

3V0,qu

nd,qu

NH
. (114)

nMg andnSiO are the gas phase particle densities of magnesium
atoms and SiO, respectively. They are calculated from these two
equations. Using these exact integrals instead of (108) . . . (110)
reduces the system of differential equations for the growth of
dust to five differential equations coupled with some algebraic
equations.

If the internal mixing ratiox of the two components
forsterite and fayalite forming olivine is calculated one has to
solve the diffusion equation (61) subject to the boundary con-
ditions (63) and (68) instead of (111). The total system of equa-
tions to be solved then changes its character from a system of
ordinary differential-algebraic equations into a system of partial
differential-algebraic equations.

5.5. Numerical results

We have calculated a model for a stellar wind by solving simul-
taneously the set of Eqs. (95) . . . (114) for the condensation and
growth of dust and Eqs. (81) . . . (88) for the outflow. We started
the outwards integration at the stability limit where the first of
the dust species condensing at the highest temperature (olivine
or quartz, cf. Fig. 2) starts to condense. Except for very lowαex

this usually turns out to be olivine. The calculation then follows
the path of a gas parcel on its way out. As initial value for the
velocity we choose in all calculationsv0 = 1 km s−1, i.e., we
assume that the gas enters the zone of condensation of the main
dust components with roughly sonic velocity. The initial value
of τL required for solving (87) was determined by a multiple
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shooting method until the boundary condition (88) is satisfied.
The integrations were done by an Adams-Bashforth solver of
third order accuracy (e.g. Golub & Ortega 1992) which requires
only one evaluation of the r.h.s. of the equations for each time
step. We did not use an error estimate for the choice of the
time step size but rather determine step sizes from the condi-
tion that the most rapidly varying function changes by about
3% in each time step. The diffusion equation for iron cations
in olivine is solved by standard methods Richtmyr & Morton
1967) using a fully implicit scheme. Some details are described
in Appendix A. The solution of this partial differential equation
coupled to the differential-algebraic equations for the wind and
the dust growth offers no special problems.

5.5.1. Wind model

The model for the wind calculated on the basis of Eqs. (81)
. . . (88) is not very realistic since real dust forming stars with
optically thick dust shells usually are variables. The following
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condensed minerals and the gas phase for an ion exchange coefficient
of αex = 0.6αgr: a Silicon,b Magnesium,c Iron.

results of a model calculation for the wind should only be con-
sidered as a numerical experiment illustrating the formation of
a multicomponent dust mixture in a simple model of a stellar
outflow. Fig. 7 shows the cooling track of a stellar wind model
for a mass-loss rate oḟM = 1 10−5 M� yr−1, which is repre-
sentative for an object heavily obscured by an optically thick
dust shell. This rate is near the upper limit of observed mass-
loss rates for circumstellar dust shells around M stars (Loup et
al. 1993). The dashed lines show the stability limits of the dust
components considered in this calculation. If the cooling track
of the wind crosses one of these limit curves, the corresponding
dust component starts to condense. As can be seen from Fig. 7
the four dust components considered in this calculation start to
condense in the following order: olivine, quartz, periclase, and
iron.

Fig. 8 shows the ratioΓ of radiative to gravitational acceler-
ation. This exceeds unity once substantial amounts of dust have
been formed and the wind, then, is accelerated to highly super-
sonic velocities. The terminal outflow velocity in our model is
8.5 km s−1, which is within the frame of observed wind veloc-
ities.
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5.5.2. Grain mixture

This calculation considers four dust species which may be
formed from the most abundant elements (Si, Fe, and Mg) form-
ing refractory compounds in an oxygen rich environment. These
are olivine, quartz, iron, and periclase. The calculation assumes
for all four components a density of seed nuclei ofnd = 1 10−13

per hydrogen nucleus. This number is rather arbitrary and cho-
sen in such a way that the result for the final size of the olivine
particles is roughly of the order of0.1 µm. The precise number
of the seed nuclei for olivine has to be calculated from a theory
of nucleation which is not considered in this paper but will be
discussed in a subsequent paper. The density of growth centres
for quartz, iron, and periclase has to be derived from a theory
of surface nucleation on olivine which is presently not at hand.

The sticking coefficientα for particle growth for olivine
is chosen as0.1 since Nagahara & Ozawa (1996) found that
this gave the best fit for their experimental results. For iron
we take the experimental value ofα = 1 at T ≈ 1 000 K
(Landolt-Börnstein 1968). For periclase we choose a value of
α = 0.2 which is near the upper range of experimental values
given by Hashimoto (1990). For quartz we takeα = 0.01 from
Hashimoto (1990) which is in accord with older experimental
determinations (Landolt-B̈ornstein 1968).

Fig. 9 shows the radii of the four dust species for a stellar
wind model with a mass loss rate oḟM = 1 10−5 M� yr−1,
calculated with an ion exchange efficiency ofαex = 0.6αgr
(see below). The main dust component clearly is olivine, as
is to be expected, but additionally a significant fraction of the
iron condenses into metallic iron grains. A small fraction of
the magnesium condenses into periclase grains. Quartz grains
practically do not grow in the wind, which is a consequence of
the small sticking efficiencyα for this material.

The fraction of the elements Si, Mg, and Fe condensed into
dust is shown Fig. 10. This shows that most of the silicon con-
denses into an iron rich olivine which consumes nearly all of
the available magnesium but only part of the iron. The remain-
ing fraction of the iron forms metallic iron grains. The amount
of the magnesium condensed into periclase is only small. This
material obviously does not form a major dust component.

These results depend to some extent on the ion exchange
efficiencyαex. Fig. 11 shows the distribution of the elements
calculated with an exchange coefficient ofαex = 0.1αgr instead
of our preferred value ofαex = 0.6αgr. In this case, more iron
condenses into metallic iron grains and a much bigger fraction
of the magnesium condenses into periclase which, then, is one
of the major condensates. Also in this case, formation of quartz
grains can be neglected.

In their condensation experiment, Nagahara et al. (1988)
found that the condensation products from the vapour of mag-
nesium rich olivine in a hydrogen atmosphere were an iron rich
olivine or pyroxene, metallic iron and silica (which at temper-
atures somewhat higher as that observed for circumstellar dust
grains had the structure of tridymite). Qualitatively this fits well
to the results of our calculation, except for quartz, which is most

0.0

0.2

0.4

0.6

0.8

1.0

400500600700800900100011001200

0.0

0.2

0.4

0.6

0.8

1.0

400500600700800900100011001200

0.0

0.2

0.4

0.6

0.8

1.0

400500600700800900100011001200

f

f

f

T [K]

(c)

(b)

(a)

Olivine

Quartz

?

Olivine

Periclase

Iron

Olivine

SiO(g)

Mg(g)

Fe(g)
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probability ofαex = 0.1αgr: a Silicon,b Magnesium,c Iron.

likely is found to be abundant in their experiment because of a
much lower H excess in the gas phase.

The particles obtained in the experiment of Nagahara et al. at
temperatures>∼ 1200 K are coarse grained, rectangular or platy,
while at lower temperatures they found fine grained and rounded
particles. This shows that our assumption that the grains grow
as small spheres is not unrealistic.

5.5.3. Composition of the olivine

Fig. 12 shows some results of the calculations of the concen-
tration x of magnesium cations in olivine grains. We solved
the diffusion equation (61) with the temperature and concen-
tration dependent diffusion coefficient according to Sect. 4.3.
The concentration at the grain surface is calculated according
to Eq. (68). Since the grain radius, at which the boundary con-
dition (68) is prescribed, increases in time with a rate which
depends to some extent (via the vapour pressure enteringJvap)
on the compositionx of the grain, we have to solve a strongly
nonlinear diffusion problem with a free boundary. This is done
by the method briefly outlined in Appendix A.
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Fig. 12.Variation of the magnesium abundancex within an olivine grain (Mg2xFe2(1−x)SiO4) with the time elapsed (in years) since the onset
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Results are given for four different values of the exchange
coefficientαex of iron cations in favour of magnesium cations at
the grain surface. For this quantity we have no direct information
on its magnitude from experimental results. The experimental
finding of Nagahara et al. (1988) that at high temperatures nearly
pure forsterite condenses from an iron rich gas phase suggests
that αex cannot be small compared to the sticking coefficient
for particle growthαgr (cf. Fig. 3). For our model calculations
we choose for the exchange probabilityαex a value of0.6 αgr
which guarantees a low but non-negligible iron content at higher
temperatures, as it is observed in the experiments of Nagahara
et al. A value ofαex>∼ αgr would result in the formation of pure
forsterite which is not observed in the experiments. The result-
ing internal compositional variation of olivine is shown in the
upper left part of Fig. 12. For comparison we calculated the com-
position of the grains also forαex/αgr = 0.4, 0.2, and 0.1. The
results also are shown in Fig. 12. Significant variations of the

Mg/(Fe+Mg) ratio within a grain occur only forαex>∼ 0.2αgr.
For lower values ofαex the particle composition is rather ho-
mogeneous and essentially reflects the element abundances of
both elements.

Fig. 13 shows the magnesium abundance in olivine grains
and in the gas phase for four different values of the exchange
coefficientαex as function of grain temperature. The full lines
show the average magnesium abundance in the grain calculated
from the solution of the diffusion equation (61) and the surface
composition calculated from (68). The dashed line shows the
gas phase composition.

The dotted line shows the average composition of the grain
obtained by solving Eq. (111). The result of this calculation
nearly exactly equals that calculated from a solution of the dif-
fusion equation. A very small difference between the two results
can be recognised in Fig. 13 for the caseαex = 0.6αgr only,
where a concentration gradient slightly modifies the surface
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composition, an effect, which is not accounted for in Eq. (111).
If only the average composition of the grain is required, it ob-
viously suffices to solve (111) instead of the more complicated
diffusion problem for the interior composition variations.

For αex>∼ 0.4αgr, initially nearly pure forsterite is formed
despite of a high iron abundance in the gas phase. With grad-
ual depletion of the gas phase from magnesium due to its in-
corporation into grains the surface abundance of Mg starts to
drop. First, this also leads to a reduced magnesium abundance
in the grains interior by cation diffusion (cf. Fig. 12) but with
decreasing temperature diffusion gradually becomes inefficient
and there develops a considerable concentration difference of
Mg++ between the grains surface and interior: A magnesium
rich core then is surrounded by a thick iron rich rim.

For αex < 0.4αgr the particle composition does not vary
much within the grain. Due to the negligible exchange of Fe2+

cations initially incorporated into the grain in favour of Mg2+

cations, the composition of the grains at each instant roughly
equals the gas phase composition. For smallαex the magnesium
abundance even slightly increases outwards since copious con-
densation of solid iron enhances the relative magnesium abun-

dance in the gas phase. Fig. 11 shows for this case the distri-
bution of the dust forming elements between the gas phase and
the dust components. As compared to the case of an efficient
ion exchange (cf. Fig. 10) obviously much more iron dust is
formed and a significant fraction of the magnesium condenses
into periclase.

Remarkably, the average iron and magnesium content of the
olivine grains does not strongly depend on the magnitude of the
ion exchange coefficientαex, but only the distribution of both
elements within the grain.

Which case is realised, a high or a low ion exchange prob-
ability, can only be decided once information on the ion ex-
change probability from laboratory measurements is available.
This, then, would allow to calculate the precise composition of
circumstellar silicate grains and to predict abundance variations
within grains which might become measurable once improved
technics for detecting circumstellar material in meteorites and
determination of their composition become available which al-
low also to detect silicate grains besides the already accessible
aluminium compounds (cf. Nittler et al. 1997).
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5.5.4. Annealing

Fig. 14 shows the variation of the ratio of the annealing
timescale, defined by Eq. (79), to the growth timescale for
olivine grains, defined by (78), as the grain radius increases
during grain growth. For most part of the grain growth pro-
cess this ratio is short enough, that the grains locally form an
ordered lattice. Only during the final growth stage the temper-
ature is too low to allow for internal rearrangement processes
such that there develops an outer coating by amorphous material
on a (micro)crystalline core.

We presently have taken this into account in calculating
the extinction in a rather crude manner by using the extinction
properties of crystalline olivine only. This introduces no serious
error, despite of the big difference between the extinction prop-
erties of crystalline and amorphous olivine (cf. Fig. 6), since
parallel to the formation of an amorphous rim, there form sub-
stantial amounts of metallic iron grains which absorb and scatter
light at least as efficiently as amorphous olivine.

6. Concluding remarks

We have considered in this paper the condensation of a multi-
component mixture of mineral and metal grains in the stellar
wind of a late type giant with an oxygen rich element mixture.
The grains are assumed to grow on preformed seed nuclei the
nature of which is left open in this paper. The nucleation problem
is discussed in Gail & Sedlmayr (1998b) and will be discussed
in more detail in a forthcoming paper of this series. We have not
included in this paper the formation of aluminium dust grains
which will be treated separately.

We have shown that not only silicate grains form in the
wind, as usually is assumed, but that a substantial fraction of
the iron condenses into separate grains of metallic iron. Also
some periclase is formed. The formation of quartz turned out to
be inefficient as a result of the measured low sticking efficiency.

The iron content of the olivine grains during the early stages
of the growth process is low since cation exchange at the surface

and internal cation diffusion ensures that the olivine composi-
tion always is close to the thermodynamic equilibrium compo-
sition. Only if the gas phase abundance of magnesium strongly
decreases due to consumption in olivine grains with a resulting
increase of the relative iron abundance in the gas phase, the ex-
change processes cannot keep pace with the growth process and
the iron abundance of the grain material increases. The olivine
grains develop a core mantle structure with an iron poor olivine
material in the core and an iron rich material in the mantle. To
what extent this leads to observable effects on the emitted IR
spectrum will be discussed in a separate paper.

We have calculated the grain mixture and composition only
for one wind model for a mass loss rate ofṀ = 1 10−5 M� yr−1

since the present paper only discusses the basic system of equa-
tions. An extended set of model calculations including the ra-
diative transfer in the dust shell will be discussed in a separate
paper.

We presently have not considered the formation of pyrox-
ene, though observationally the existence of a pyroxene dust
component seems likely (Waters et al. 1996). The formation of
this type of silicate material probably requires some solid state
conversion process of olivine into pyroxene. For the rate of such
a process we presently have no experimental data at hand.
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Appendix A: solution of the diffusion equation

Eq. (61) is discretised in fully implicit form as

xn
j = xn−1

j + ∆t
[
Ajx

n
j−1 + Bjx

n
j + Cjx

n
j+1

]
, (A1)

where

Aj =
r2
j−1Dj−1 + r2

j Dj

r2
j (rj − rj−1) (rj+1 − rj−1)

(A2)

Bj = −Aj − Cj (A3)

Cj =
r2
j Dj + r2

j+1Dj+1

r2
j (rj+1 − rj) (rj+1 − rj−1)

. (A4)

The superscriptn refers to the time levelstn, the subscriptj
(1 ≤ j ≤ J) to the radial grid points.∆t = tn − tn−1 is the
step width in time. At the inner boundary of the grain atj = 1
we have according to (62) or (63)

x1 = x2 , (A5)

at the outer boundary we prescribe

xJ = xs (A6)

wherexs is the solution of (68) where the derivative ofx at the
outer boundary is discretised as follows

∂x

∂r
→ xn

J − xn
J−1

rJ − rJ−1
. (A7)
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The resulting tridiagonal system of equations is solved by stan-
dard methods with taking care of avoiding rounding errors by
the method proposed by Rybicki & Hummer (1991) (their Ap-
pendix A).

Thex-dependence of the diffusion coefficient is taken into
account by solving (A1) repeatedly with a diffusion coefficient
calculated from the result of the last iteration step. This proce-
dure usually converged within less than five iterations.

As radial grid points we use the radiia(tn) calculated from
the solution of the growth equation for the dust particle radius.
At time tn this provides then radii a(tn) which have been
calculated at time stepst1 . . .tn which then are taken as our
grid rj at tn. Thus, we have in each time stepJ = n and
rj = a(tj). Our grid expands in this way at each time step by
one point on which a value forx is provided by the boundary
condition (68).

Our calculation ofx is initialised as follows:

– For t1 we have one grid point for which the value ofx is
defined by (68). The derivative ofx in this equation has to
be put to zero in this case since in a layer of zero width there
is no concentration gradient.

– For t2 we have two grid pointsr1 = a(t1), r2 = a(t2). The
value ofx2

2 follows from the outer boundary condition (68)
and the value ofx2

1 from (A5).
– For t3 we have three grid pointsr1 = a(t1), r2 = a(t2),

r3 = a(t3). The values ofx3
1 andx3

3 are given by boundary
conditions (68) atj = J = 3and (A5) atj = 1, respectively.
The value ofx3

2 is obtained from advancingx2
2 to the new

time level by means of (A1).

For all tn with n > 3 we proceed analogously to the last step.
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